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Abstract
Electronic many-body correlation effects in one-dimensional (1D) systems such as carbon
nanotubes have been predicted to modify strongly the nature of photoexcited states. Here we
directly probe this effect using broadband elastic light scattering from individual suspended
carbon nanotubes under electrostatic gating conditions. We observe significant shifts in optical
transition energies, as well as line broadening, as the carrier density is increased. The results
demonstrate the role of screening of many-body electronic interactions on the different length
scales, a feature inherent to quasi-1D systems. Our findings further demonstrate the possibility
of electrical tuning of optical transitions and provide a basis for understanding of various optical
phenomena in carbon nanotubes and other quasi-1D systems in the presence of charge carrier
doping.
PACS numbers: 78.67.Ch, 71.35.-y, 73.22.-f, 78.35.+c
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I. INTRODUCTION
Quantum many-body correlation effects in photon-matter interactions have long been a subject
of central importance in condensed-matter physics. Understanding of these effects in quasi-1D
systems, where their influence is generally far more pronounced than in bulk materials [1, 2],
has been a focus of particular attention. In this context, single-walled carbon nanotubes
(hereafter referred to as nanotubes) provide the ultimate limit for quasi-1D quantum wires. They
have diameters on the order of one nanometer and shells of single-atom thickness. Photoexcited
electrons and holes in semiconducting nanotubes form stable two-particle excitonic bound states
through their mutual Coulomb attraction, with binding energies of hundreds of meV [2-9].
Excitons in nanotubes are therefore highly stable at room temperature, unlike the case for
conventional semiconductor quantum wires. Additionally, one can tune the carrier density and
Fermi energy in nanotubes widely by means of electrostatic gating [10-14]. Nanotubes thus
offer an ideal platform for the fundamental studies of the many-body interactions and their
impact on the optical spectra of photoexcited quasi-1D systems [2-9, 11-60]. Knowledge of the
underlying optical response of nanotubes under carrier doping is also of great importance for the
development of electrically tunable optoelectronic devices [11-13, 56, 59] that operate at room
temperature and on the nanometer length scale. For a complete understanding of the impact of
many-body electronic correlation effects on the optical response, it is highly desirable to
observe broadband optical response of clean and isolated 1D nanostructures over a wide range
of free carrier densities.
Here we demonstrate the direct characterization of the optical transitions as a function of carrier
density using a spectroscopic technique capable of accessing individual nanotubes. The
approach provides optimal conditions for the identification of many-body effects on optical
transitions and for detailed examination of the underlying electron-electron, electron-hole,
exciton-electron (hole), and exciton-photon interactions. Our measurements rely on broadband
elastic (Rayleigh) light scattering spectroscopy [22, 31] from individual, suspended carbon
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nanotubes (Fig. 1a). The experimental configuration allows for measurement of scattering
spectra under conditions of variable electrostatic gating, which provides precise control of the
injected charge density in the lowest energy bands (Fig. 1b). These investigations complement
studies of gate-dependent Raman [13, 14, 27, 28, 41] and photoluminescence [13, 37]
spectroscopy of air-suspended nanotubes, gate-dependent Rayleigh scattering spectroscopy of
individual nanotubes on substrates [52], and chemically-carrier doped nanotubes [38, 44, 47-49,
51, 53, 57, 61, 62] showing spectral features attributed to formation of charged excitons (trions)
[38].
In our investigations we observe peak shifts and broadening of exciton resonances with
increasing carrier density in semiconducting nanotubes. The measured red shift of the exciton
transition energies with doping indicates a reduction of strength of the Coulomb interactions,
leading to a decrease in the quasi-particle band gap, partially offset by a decrease in the exciton
binding energy. The magnitude of the spectral shifts with doping can be understood within the
context of a length-scale dependent dielectric screening inherent to quasi-1D systems. The
width of the excitonic peak is found to increase nearly linearly with injected carrier density.
This behavior is well reproduced by calculations of intervalley scattering processes involving
the injected charges. Our findings provide fundamental information on the optical transitions
and the role of many-body interactions in defining their characteristics in carrier-doped carbon
nanotubes. The results will serve a basis for the interpretation of various optical phenomena
sensitive to the optical resonances under the doped conditions. The demonstrated tunability of
exciton resonance in these systems also provides the basis for the development of novel
optoelectronics devices, such as gate-tunable photon detectors, modulators and metamaterials.

II. EXPERIMENTAL AND THEORETICAL METHODS
A. Sample preparation and device fabrication
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We examined individual single-walled carbon nanotubes prepared by ambient chemical vapor
deposition methods using a modified fast-heating process [63]. The nanotubes were grown
directly over open slits of 20-30 μm width cut in SiO2/Si substrates. The electrical contact to the
nanotubes needed for gating experiments was obtained using electrodes (1 nm of tungsten and
15 nm of platinum) fabricated on both sides of the slit. The chiral indices of each nanotube
spanning the slit were assigned by simultaneous Rayleigh and Raman spectroscopy [22, 64]. For
a nanotube employed in the measurements, we observed two distinct peaks at 1.9 and 2.1 eV in
the Rayleigh scattering spectrum (Fig. 1c). The features correspond, respectively, to the third
and fourth subband exciton resonances (S33 and S44). In the Raman spectrum, G-mode (at 1592
cm-1) and radial breathing mode (at 125 cm-1) features were observed as shown in Fig. 1d. On
the basis of these observations, the nanotube is assigned to a near zigzag semiconducting
nanotube of 2.0-2.1 nm in diameter, belonging to the family with chiral indices (n, m) satisfying
(n - m) mod 3 = 2. The possible assignment of the nanotube structure is a zigzag (26, 0), or
possibly neighboring near zigzag species such as (25, 2) [22, 64]. The narrow G-mode feature at
1592 cm-1 in the Raman spectrum indicating a dominant contribution of zone center longitudinal
optical photon is also consistent with the assignment to near zigzag semiconducting species [64].
Unwanted nanotubes were removed by intense laser irradiation to yield a clean experimental
geometry for the gating measurements.

B. Optical spectroscopy under electrostatic gating conditions
Broadband light generated by a super-continuum source (with integrated power of about 0.4
mW over the wavelength range of ~450-1100 nm, for Rayleigh spectroscopy) or
monochromatic light from a laser (with power of 0.37 mW, for Raman spectroscopy) was
focused at the center of an individual suspended nanotube with spot size of 2-3 µm and
polarization along the nanotube axis. The scattered light was collected by a spectrometer
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through a confocal arrangement [22]. The gate bias for electrostatic doping was applied to the
silicon substrate. The gate electric field from the sidewalls of the slit served to tune the Fermi
energy and carrier density in the nanotube (Fig.1b). The gate capacitance of the device CG =
0.018e/V·nm was determined using the variation of Raman scattering spectra from a chiral
metallic nanotube under gating conditions (See APPENDIX A for details). We confirmed
experimentally that the inhomogeneity of the gating efficiency within a region of ±7.5 µm of
center of a nanotube was negligible by comparing the Rayleigh spectra taken at the different
positions along the nanotube under the gating conditions. All measurements were conducted
under a nitrogen gas environment to prevent any possible modification from ambient air, for
example, through H2O or O2 adsorption.

C. Theoretical treatment
The S33 and S44 exciton energies dependent on carrier density are predicted within a k⋅p scheme
by solving the Bethe-Salpeter (BS) equation. In the calculation, exciton states are determined by
a circumferential length L (= πd) of the nanotube, a characteristic kinetic energy 2πγ/L
[ γ = ( 3 / 2)aγ 0 with nearest-neighbor hopping integral γ0 = 2.7 eV and a lattice constant a
=2.46 Å of graphene], and a characteristic Coulomb energy e2/κL, where

κ

is an effective

dielectric constant accounting for the effects of polarization of surrounding materials and
electrons far from the Fermi level. The dimensionless Coulomb parameter v = (e2/κ)/(2πγ)
represents the Coulomb interaction e2 /κL scaled by the characteristic kinetic energy.

In the

calculations we use, v = 0.16, corresponding to κ = 2.5. In our k⋅p treatment, we consider
intravalley Coulomb interactions near the K (K’) valley of the graphene Brillouin zone. We
calculate the screened Coulomb interaction that depends on the carrier density and the relevant
length scale of the interactions within the static random phase approximation.
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To calculate the decay rates and line broadening of the excitonic transitions we consider the
process in which a photoexcited electron-hole pair in the third (or fourth) subband scatters with
injected electrons or holes in the first subband. We evaluate the corresponding rates within the
second order perturbation theory, and treat the intervalley scattering pathways with the same
Coulomb parameters as were used for the calculation of the peak shifts. As expected, a peak
shift also arises from these intervalley scattering processes. The calculated shift at ρ = 0.42 e/nm
(~2.6 meV) is, however, far smaller than the experimental shift (~60 meV) in Fig. 3. Hence, we
can safely neglect the effect of the intervalley processes in describing doping-induced shifts of
the excitonic transition energies. All the calculations were conducted on a (26, 0)
semiconducting nanotube for comparison with the experimental results. More detailed
descriptions of the calculation of the energy shift and broadening are presented in APPENDIX
B and C.

III. RESULTS AND DISCUSSION
A. Rayleigh scattering spectra under electrostatic gating conditions
Under the application of a gate bias voltage VG to inject charge into the suspended
semiconducting nanotube, we observed clear shifts in the peak positions of the S33 and S44
transitions, as well as broadening of the features with increasing |VG| (Fig. 2). The spectra are
analyzed by a fitting procedure using an excitonic description of the nanotube optical response
[31]. For Rayleigh scattering of a one-dimensional system, the measured scattering
cross-section σ(ω) varies with optical frequency ω as ω3|χ(ω)|2, where χ(ω) is the optical
susceptibility of the nanotube. We model the nanotube excitonic response by a Lorentzian line
shape of the form χ = χb + f[(ω0 - ω) - iΓ/2]-1. Here χb is the (frequency-independent)
background susceptibility arising from the non-resonant transitions, f is a parameter proportional
to the exciton oscillator strength, ω0 is the resonance frequency, and Γ is the line width of the
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transition. This fitting procedure has been successfully applied for higher-order Rayleigh
scattering peaks of metallic and semiconducting nanotubes [31].
This model generates excellent fits to the experimental scattering spectra (Fig. 2). For clarity,
we discuss the results for negative gate bias voltages VG, corresponding to hole doping; the
results for electron doping are similar [65]. Note that the decrease of the peak height for the
large |VG| primarily originates from line broadening, and there is no meaningful reduction in the
oscillator strength parameter f, as confirmed by the fit. We thus stress that the S33 and S44 bands
are not directly filled by the injected electrons or holes within the observed range of |VG|. These
carriers reside only within the lowest energy bands (Fig. 1b). Thus, simple Pauli blocking
effects influence only the S11 transition. By observing the higher-order S33 and S44 transitions,
we directly probe the modification of the many-body interactions induced by the free-carrier
density.

B. Exciton energy shift
The experimentally determined shift in the exciton transition energies of the near zigzag
semiconducting nanotube as a function of the injected carrier density ρ is presented in Fig. 3a.
In order to focus on modifications of the electronic many-body interactions under the gating
conditions, we plot the average value ΔEav ≡ (ΔE33 + ΔE44 ) / 2 of the shifts of S33 and S44 peaks.
This procedure eliminates the effect from electrostatically-induced strain, which causes the two
peaks to shift in opposite directions, but does not change their average position [66]. Here we
denote the strain-induced peak shift of Sii transition as ΔEiist and the purely electronic
contribution (the peak shift from modification of many-body interactions) as ΔEiiel . The total
peak shift, ΔEii = ΔEiist + ΔEiiel , is the sum of the strain and electronic contributions. According to
an earlier study [66], the strain-induced peak shift for the S33 and S44 satisfies ΔE33st = −ΔE44st to a
high

degree

of

accuracy.

Thus,

the
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average

peak

shift

of

the

two

transitions, ΔEav = (ΔE33el + ΔE44el ) / 2 , can be considered as reflecting only the influence of the
electronic contributions. We found that the observed red shift of the averaged exciton energy of
the semiconducting nanotube with charge density ρ is reproduced using a power-law function of
the form ΔEav = Aρ α (dotted line in Fig. 3a), with an exponent of α = 0.6 and a prefactor of A =
106 meV⋅nm0.6.
For the observed peak shift, we first consider possible influence of the direct contribution of the
applied electric field on the excitonic transition energies, i.e., the potential role of the DC Stark
effect in the nanotube on our experimental measurement. For geometries in which no charging
of the nanotube is expected, prior theoretical studies [67] predicted that a Stark shift on the
order of 200 meV for a transverse electric field of 6.7 MV/cm for a zigzag nanotube of a similar
diameter to our semiconducting nanotube. In our case, we estimate an effective transverse
applied field on the order of 0.01MV/cm, implying a Stark effect of at most 0.3 meV [67], far
less than our observed spectral shifts. In addition, prior experimental investigations reported the
absence of any detectable spectral shifts for transverse electric fields up to 0.2 MV/cm [68], and
a shift of 0.35 meV for a transverse field of 1.6 MV/cm [69]. On this basis, we ignore the role of
the DC Stark effect in our measurements.
We also evaluate the possible effect of trion formation in the Rayleigh scattering spectra. In
carbon nanotubes, the trion binding energy (the energy separation between the exciton and trion
peaks) has been reported to be much larger (more than 100-200 meV [38] for S11 excitons) than
those of conventional semiconductors because of strong electron-hole exchange interactions in
nanotubes. For the higher order excitons S33 and S44 with larger effective masses, we expect
comparable or even larger energy separation between the exciton and trion peaks. Hence, the
energy separation of the exciton and trion peaks is expected to be much larger than the energy
range of the observed shift and broadening of the exciton peaks. Moreover, it has been reported
that the optical absorption feature from the creation of trions is much smaller (less than 1/10)
than that of exciton absorption feature even under conditions of relatively heavy doping using
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chemical treatments [38], presumably because of the small oscillator strength of trions [57]. In
the case of Rayleigh scattering spectra, the peak intensity from the creation of trions (if present)
is expected to be still smaller because Rayleigh scattering cross section is proportional to square
of the optical susceptibility. On this basis, we can exclude the effect of trion formation on the
observed spectral changes.
The measured change of ΔEav is thus attributable simply to the consequence of the modification
of the many-body interactions induced by the free-carrier density in the nanotube. In order to
explore the origin of the observed peak shifts, we conducted a theoretical study of excitons
under finite carrier density within the k⋅p approximation [2, 42]. The S33 and S44 exciton
energies dependent on carrier density are predicted by solving the Bethe-Salpeter (BS) equation
(See Sec. II and APPENDIX B). Figure 3b displays the calculated shift for the S33 energy, ΔE33
(red dot-dashed curve), for the S44 exciton energy, ΔE44 (red doted curve), and for their average
(red solid curve) as a function of injected carrier (hole) density. The experimental data ΔEav are
plotted together for comparison (blue circles). The trend of the experimental energy shift is well
reproduced for typical Coulomb parameters (See Sec. II and APPENDIX B).
The calculation provides a clear perspective on the physical origin of the shift in exciton energy
induced by free carriers. As shown in Fig. 3c, the exciton transition energy Eex is determined by
Eex = Esp + Σ − Eb,

(1)

where Esp is a single particle gap between the relevant subbands, Σ is the self-energy correction
for the quasi-particle band gap from electron exchange correlations, and Eb is the exciton
binding energy from the attractive electron-hole interactions. (Here we consider Σ and Eb to be
positive quantities.) Therefore, the net many-body correction energy Em-b to the single particle
gap is Em-b = Σ − Eb, and the exciton energy shift due to modified many-body interactions
originates from ΔEm-b =Δ(Σ − Eb), as shown in Fig. 3c.
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The calculated changes in Eb and Σ (ΔEb and ΔΣ, averaged for S33 and S44) are plotted in Fig. 3b
to show separately the contributions of each component to the net exciton energy shift ΔEm-b.
We find that ΔEb and ΔΣ cancel one another to a significant degree, but that |ΔΣ| is always
larger than |ΔEb|. Thus a red shift of the exciton energy Eex is always predicted (ΔEm-b < 0), in
accordance with experiment. The key to understanding the mechanism of the net red shift lies in
the dependence of the Coulomb interaction on the length scale [6]. The value of Σ in Eq. 1
consists of the contributions both from long-range 1D Coulomb interactions Σl (occurring on a
length scale greater than the nanotube circumference) and from 2D-like short-range interactions
Σs (occurring on a length scale less than the circumference).

Given the spatial extent of the

exciton [30], the exciton binding energy Eb, on the other hand, is dominated by long-range 1D
Coulomb interactions [6, 43]. The changes in Σl and Eb relevant to the 1D Coulomb interactions
are large, but cancel one another to a high degree of accuracy, whether in the neutral or doped
system. Therefore, the shift in the exciton energy ΔEm-b is almost completely dominated by the
change in Σs, namely, ΔEm-b ≈ ΔΣs. We note that our calculations have been carried out in the
limit of static screen. Since the dynamical effects have been predicted to weaken screening of
1D interactions [36], this may lead to an underestimate of values Eb and Σ.

The discussion

above is, however, robust as long as the cancellation of the long-range 1D interactions is
maintained.
Let us therefore consider how Σs is reduced with doping using our experimental observations.
The exciton transition energies in our near zigzag semiconducting nanotube show a red shift of
about 60 meV or 3% of the transition energy at a charge density of ρ = 0.4 e/nm. Our calculation
of the excitons in a (26, 0) nanotube suggests that Em-b (≈ Σs) accounts for about 20% of the net
transition energy in the undoped nanotube. Thus, the 3% red shift of the exciton energy
corresponds to ~15% decrease in Σs, i.e., the short-range interaction strength is reduced to 85%
of its intrinsic strength for ρ = 0.4 e/nm. This tunability of the short-range interaction strength
for a wide range of free carrier density, together with the nearly perfect cancellation of Σl and Eb
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by 1D long-range interactions, makes fine control of the higher sub-band exciton resonance
energy possible without relying on the Pauli-blocking effect in carbon nanotubes.

C. Line width broadening
We now consider another important experimental observation, namely, the change in the line
width of the excitonic transitions with doping. Figure 4a shows the carrier density dependence
of the line width of the S33 and S44 transitions in the near zigzag semiconducting nanotube. We
find that the line widths increase significantly with carrier density ρ. A similar effect for the
higher-order transitions has been observed under strong photoexcitation regime (for S22) [21]
and in individual semiconducting nanotubes on substrates using an optical microscopy
technique (for S44 and S55) [52]. The line width of an excitonic transition reflects the rate of
dephasing of the exciton coherence, and the inferred exciton dephasing times with doping are
shown on the right axis of Fig. 4a. The observed line width change exhibits a nearly linear
increase with increasing ρ, except for the sharp increase of about 10 meV at low ρ. For densities

ρ >0.05 e/nm, the experimental line width Γ(ρ) can be fit with a linear function of carrier
density as Γii(ρ) = Γii0 + βiiρ, where Γii0 and βii are constants. The coefficients β33 = 145 meV·nm
and β44 =114 meV·nm characterize the additional contribution of doping to the dephasing of the
S33 and S44 excitons.
Our theoretical treatment for the peak shift within the treatment of the BS equation also predicts
the exciton line width as the imaginary part of the complex exciton energy. We found, however,
that the additional line width is nearly constant for finite carrier densities of ρ > 0.05 e/nm, and
the linear increase of the line width is not reproduced. To address this discrepancy with theory,
we explored possible contributions to the line width from the intervalley (K-K’) interactions that
were omitted within the treatment of the k⋅p approximation (See Sec. II and APPENDIX C). We
consider the process in which a photoexcited electron-hole pair in the third (or fourth) subband
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scatters with injected electrons or holes in the first subband. The corresponding rates are
evaluated within the second-order perturbation theory, treating the intervalley scattering
pathways with the same Coulomb parameters as were used for the calculation of the peak shifts.
Fig. 4b shows the calculated line width broadening (the sum of decay rate of photoexcited
electron and hole Γe + Γh) as a function of carrier density ρ, plotted together with the same
experimental data shown in Fig. 4a. In good agreement with experiment, we predict nearly
linear increases of the line width of S33 and S44 transitions. The calculation also shows that the
number of decay channels for photo-excited holes in the S44 band is smaller than that for S33.
This explains the counter-intuitive experimental result of a slightly smaller doping-induced
broadening of S44 width than that of S33. We therefore attribute the nearly linear broadening of
the line width with doping to intervalley scattering processes involving the injected charges.

D. Practical implications of the results
Finally, we comment briefly on some practical implications of this study. The observed
tunability of the exciton resonance frequency by a full line width for carrier levels on the order
of only 0.5 e/nm could be useful for applications as nano-sized, tunable photon detectors or
modulators. Furthermore, such tunability of the optical responses may offer the possibility of
constructing tunable metamaterials by integration of individual nanotubes in other structures.
Our findings are also important for the interpretation of various experimental results related to
the optical resonance of isolated nanotubes. In particular, our results imply that one needs to
exercise considerable care in making chirality assignment of nanotubes on substrates, where
unintentionally doping effects may lead to a significant shift in the measured transitions
energies. More broadly, the strong many body effects in these materials imply that their optical
response will be significantly modified by carrier density, even in the absence of Pauli blocking
effects.
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IV. CONCLUSIONS
We have demonstrated that the higher-order excitonic transitions in individual suspended
semiconducting carbon nanotubes exhibit significant red shifts and broadening with increasing
carrier doping. These features do not arise from simple Pauli blocking, since no charge is
injected into the relevant bands, but rather reflect the role of many-body electronic interactions.
Our theoretical investigations show that the decrease in many-body contributions to the
excited-state energy is dominated by intravalley interactions with a quasi-2D character. The
nearly linear peak broadening with increased carrier density, on the other hand, has a different
physical origin: It can be explained on the basis of intervalley scattering processes involving the
injected carriers. These results provide a rigorous basis for the interpretation of changes in the
optical response induced by carrier doping in carbon nanotubes and other quasi-1D systems; the
results also suggest new possibilities for gate-tunable optoelectronic devices.
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APPENDIX A: EVALUATION OF THE GATE CAPACITANCE
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The gate capacitance of our nanotube devices determines the relationship between the applied
voltage and the physically important induced charge density. We evaluated this quantity using
Raman scattering spectroscopy of a chiral metallic nanotube suspended over the same slit where
the near zigzag semiconducting nanotube employed in the measurements described in the main
text was located. For a chiral metallic nanotube, the line width of the G- Raman mode is known
to change systematically as a function of the charge density because of the dependence of the
phonon lifetime [28, 70] on the position of the Fermi energy EF. Thus, this nanotube provides an
excellent sample for calibration of induced charge density.
Figure 5 displays the change in the G- Raman spectra for the different electrostatic gating
conditions of the metallic nanotube. The broad background in the spectrum at 0V arises from
electronic Raman scattering [41] and has been subtracted out for the line-width analysis. The
inset in Fig. 5 displays the measured gate dependence of the line width of the G- mode (red
circles). We fit these data considering the gate-variable electron-phonon coupling [28, 70],
which can be approximated as

Γ(EF ) = Γ0 + Γe− ph [ f (T , EF ,−E ph / 2) − f (T , EF , E ph / 2)] .

(A1)

Here Γ0 and Γe-ph are constants, Eph is the energy of the G- phonon, and f(T, EF, E) is the Fermi
distribution function at temperature T, where we have neglected the effect of the finite
temperature on the chemical potential μ and have set μ = EF.

In the fit, we assume that the

Fermi energy EF in the metallic nanotube is directly proportional to the gate voltage VG.

In

filling the linearly dispersing metallic band, this assumption is equivalent to that of a direct
proportionality between VG and the induced charge density in the nanotube, i.e., as expected for
a constant gate capacitance.
From the fit above and the relation ρ = 4EF / π hvF for charge density in a metallic band with
Fermi velocity vF ≈ 106 m/s, we obtain an effective gate capacitance of CG = 0.018e/V·nm.
Given the range of applied voltages and the shift in the Fermi level, we are justified in
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neglecting the effect of quantum capacitance of the nanotube [71] and considering CG to reflect
just the geometrical capacitance. We apply this same value for the semiconducting nanotube.
The metallic nanotube under study has been assigned as a (18, 3) species based on simultaneous
observations of Rayleigh and Raman RBM frequency (not shown). The difference in diameter
between this nanotube and our near zigzag semiconducting nanotube employed in the
measurements shown in Fig. 2 is only expected to give rise to a difference in geometrical
capacitance of ~ 3% with an assumption of its logarithmic dependence on the nanotube
diameter.

APPENDIX B: DETAILED THEORETICAL TREATMENT FOR THE ENERGY SHIFT
We have analyzed the influence of carrier density on the excitonic transition energies within the
k⋅p scheme. The approach involves solving the Bethe-Salpeter (BS) equation [2, 42]

Eψk = ⎡⎣(Ec,k + Σc,k ) − (Ev,k + Σv,k )⎤⎦ψk − ∑ K k,k+qψ k+q .

(B1)

q

Here E is a complex quantity, corresponding to the exciton energy and the line width [72], k and
q denote wave vectors, Ec(v),k is the single-particle band energy, Σc(v),k is the self energy of the
conduction (valence) band, and Kk,k+q is the Coulomb interaction kernel. In the calculation, the
exciton states are determined by a circumferential length L (= πd) of the nanotube, the
characteristic kinetic energy 2πγ/L [ γ = ( 3 / 2)aγ 0 with nearest-neighbor hopping integral γ0 =
2.7 eV and the lattice constant a = 2.46 Å of graphene], and the characteristic Coulomb energy
e2/κL, where

κ

is the effective dielectric constant from the effects of polarization of

surrounding materials and electrons far from the Fermi level. The dimensionless Coulomb
parameter v = (e2/κ)/(2πγ) represents the Coulomb interaction e2 /κL scaled by the characteristic
kinetic energy. In the calculations, we set v = 0.16, corresponding to κ = 2.5.
For calculation of the energy shift, we consider only intravalley scattering near the K (K’) valley
of the graphene Brillouin zone. We calculate a length-scale (q) dependent screened Coulomb
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interaction W(q) within the static random-phase approximation [2, 42]. The variation with
carrier density is dominated by the q-dependent dielectric function ε(q), which in turn depends
on the Fermi energy through the Fermi distribution function. ε(q) screens the Fourier component
of the bare Coulomb interaction V(q) as W(q) = V(q)/ε(q). The self-energy Σc(v),k is calculated
within the screened Hartree-Fock approximation.
We evaluate the dielectric screening induced by the carrier doping within a static random-phase
approximation. The dielectric function is expressed as [2, 42]
K
K'
ε n−m (q) =1+ ⎡⎣Π n−m
(q) + Π n−m
(q)⎤⎦Vn−m (q) ,

(B2)

where q is the wave vector of the external potential, n, m are the band indices that specifies the
K (K ')
1D cutting lines of the nanotube in the graphene Brillouin zone, and Π n−m
(q) is the

polarization function of the K (K’) valley. Vn-m(q) is calculated as

⎛ 2e2 ⎞
Vn−m (q) = ⎜
⎟ I n−m ( q d / 2)K n−m ( q d / 2) ,
⎝ κ ⎠

(B3)

K
where I and K are modified Bessel functions. Π n−m
(q) is calculated from the relation

Π nK− m (q ) = −

2
∑∑ g cδ n−m,n'− m' M βK'k ',α 'k '+ q
A α ', β ' k '

2

⎡
⎤
fα ',k ' + q (1 − f β ', k ' )
(1 − fα ', k '+ q ) f β ',k '
− K
×⎢ K
⎥
K
K
⎣⎢ Eα ' (k '+ q ) − Eβ ' (k ' ) + iδ Eα ' (k '+ q ) − Eβ ' (k ' ) − iδ ⎦⎥

,

(B4)

where M is the scattering matrix element, A is the nanotube length, E(k) is the energy of
corresponding bands, gc is the energy cut-off function, fα ,k is the Fermi distribution function
for EαK (k) , and the subscripts (α, β) specify the energy bands. A finite imaginary part

δ/(2πγ/L) = 0.1 is introduced in the calculation. The effect of the free-carrier doping is taken
into account through the change of the Fermi energy in the Fermi distribution function.
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APPENDIX C: DETAILED THEORETICAL TREATMENT FOR THE LINE WIDTH
BROADENING
Our theoretical treatment for the peak shift within the k⋅p scheme described above also predicts
the exciton line width as the imaginary part of E in Eq. B1. We found, however, that the
calculated additional line width is nearly constant for finite carrier densities of ρ > 0.05 e/nm,
and the linear increase of the line width observed in the experiment is not reproduced within this
theory. This nearly constant line width can be understood as a consequence of a dominant
contribution of intraband, low energy scattering processes involving electrons near the Fermi
surface to the calculated line width under sufficiently carrier-doped conditions, where the
electronic density of states becomes nearly constant due to hyperbolic band structure of a
semiconducting nanotube.
To address this discrepancy, we explored possible contributions to the line width arising from
the intervalley (K-K’) interactions that were omitted within treatment of the k⋅p approximation,
as we now discuss. The scattering rate of a photoexcited carrier from the doping in
electron-doped nanotubes can be expressed within the second order perturbation theory as
Γ еL =
L
h

Γ =

4π А02

( 2π d )
2

2

4π А02

( 2π d )
2

2

∑

l1l2 ( l3 = L + l1 −l2

∑

∫ dk ∫ dq Mν
)

2

δ ( e0L + ekl − eql − ekl − q ) f kl (1 − f ql

∫ dk ∫ dq Mν

2

δ (h + e − h − e

l1l2 ( l3 = L + l1 −l2 )

1

3

2

1

2

) (1 − f )
l3
k −q

, (C1)
L
0

l1
k

l2
q

l3
k −q

)f

l1
k

f

l2
q

(1 − f )
l3
k −q

where index ν = (k,q,l1,l2,l3), Mν is the matrix element corresponding to the Coulomb
coupling strength [60], A0 = a 3 3 / 2 , and two-fold spin degeneracy of the carriers in the first
subband has been included. Symbols ekl and hkl label the absolute energies of the carriers in
the conduction and valence bands, respectively, with respect to the nanotube midgap, and l is
the angular momentum. The Fermi distribution functions f kl depend on the doping level and
temperature, here T = 300 K. In this analysis of relaxation rates, we neglect the excitonic
character of the optical excitations, assuming that the broadening can be modelled adequately in
terms of the electron and hole dynamics of the underlying states comprising the exciton.
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Within this approximation, Eq. C1 implies an additional S33 and S44 linewidth given by the sum
Γ eL + Γ hL . Because of the electron-hole symmetry in our theoretical treatment, the same

scattering rate is obtained in a hole-doped nanotube, but applies equally well for electron-doped
nanotubes. The calculated decay rates of the third and fourth excited states as a function of
doping are shown in Fig. 4b. The agreement with the data is surprisingly good considering that
our calculations do not use any adjustable parameters (the value of κ (= 2.5) is chosen to
reproduce the energy shift). This agreement may be partly fortuitous, due to the cancelation of
the excitonic effects not included in evaluating matrix elements by the change of the dielectric
response with doping.
The photoexcited electron of the S33 state has angular momentum |L| = 4, and e04 in the K
valley decays primarily into a finite q-momentum state in the second subband in K’ valley (l2 =
2)

eq2

by promoting a first conduction band electron (l1 = -1) ek−1 in the K’ valley into the

state (l3 = 1)

e1k−q

in the K valley with the opposite angular momentum. (Here we use the

notation elq for an electron with angular momentum l and momentum q). This scattering process
is shown schematically in Fig. 6 and can be summarized as e04 + ek−1 → eq2 + e1k − q . The excited
photohole h04 has two decay channels: e1k + hq1 → h04 + ek−−2q and e1k + hq2 → h04 + ek−−1q both
giving about 66% of the total width of S33. The first process, e1k + hq1 → h04 + ek−−2q , in the (26, 0)
nanotube contributes only 25% to Γ 4h .
The photoexcited electron of the S44 state has angular momentum |L|= 5, and electron e05 in the
K’ valley decays primarily into a finite q-momentum state in the second subband (l2=2)

eq2

by

promoting a first conduction band electron (l1=-1) ek−1 in the K’ valley into the state (l3=2)

ek2− q in the K’ valley with the opposite angular momentum. This process is shown schematically
in Fig. 6 and can be described as e05 + ek−1 → eq2 + ek2− q . The photoexcited hole h05 has only one
decay channel: e1k + hq2 → h05 + ek−−2q giving about 40% of the total width of S44, which explains
the slightly smaller doping induced width observed experimentally for the S44 exciton compared
to that of the S33 exciton.
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As expected, a peak shift also arises from these intervalley scattering processes. The calculated
shift for S33 at ρ = 0.42 e/nm (~2.6 meV) is, however, far smaller than the experimental shift
(~60 meV) in Fig. 3. Hence, we can safely neglect the effect of the intervalley processes in
describing doping-induced shifts of the excitonic transition energies.
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Figure Captions

FIG. 1. (Color online) (a) Schematic of our individual nanotube device. The inset shows a
microscope image of a substrate with the slit and electrodes used in this study. (b) Schematic
diagram of the band structure of a semiconducting nanotube under electrostatic gating
conditions (hole doping). (c) Elastic (Rayleigh) and (d) inelastic (Raman) light scattering
spectra of a single undoped nanotube. The inset shows the spectrum around the radial breathing
mode (RBM). We present all the Rayleigh spectra corrected for the ω3 scattering efficiency
factor to reflect directly the optical susceptibility.

FIG. 2. (Color online) Rayleigh scattering spectra for the observed semiconducting nanotube
for gating voltages from VG = 0V to -25V. Similar spectral changes were observed for positive
gating voltages [65]. The Inset shows Rayleigh scattering spectra of the semiconducting
nanotube at VG = 0V (black solid circles) and VG = -25V (red solid circles). The solid green
curves are fits based on an excitonic model of the optical susceptibility described in the text.

FIG. 3. (Color online) (a) Dependence of the exciton resonance energy shifts of the
semiconducting nanotube on the carrier (hole) density. The dotted curve indicates a power-law
function. (b) Calculated S33 and S44 shifts of the exciton transition energies ΔE33 and ΔE44 (red
dot-dashed and doted curves) and their average (red solid curve) for a (26, 0) nanotube as a
function of carrier density ρ. The calculated changes in Eb and Σ (ΔEb and ΔΣ) (blue and green
curves, averaged for S33 and S44 excitons), and the experimental data ΔEav shown in Fig. 3a (blue
circles) are plotted together for comparison. (c) Schematic diagram of the physical mechanisms
for the red shift in the transition energy with doping.

FIG. 4. (Color online) (a) Dependence of the S33 and S44 exciton resonance line widths of the
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semiconducting nanotube on carrier density. The dotted lines are fits of the function Γii(ρ) = Γii0
+ βiiρ to the line widths for the Sii exciton. The right axis indicates the dephasing time of
excitons corresponding to the line width. (b) Calculated decay rates (red and green solid lines
for S33 and S44, respectively) of a photoexcited electron-hole pair in a (26, 0) nanotube due to
the free carrier doping. The calculated data is plotted together with the experimental data
(opaque symbols) shown in (a) with 65 meV offset between the left (for calculated results) and
right (for experimental data) vertical axes to account for decay channels of the undoped
nanotube.

FIG. 5.

(Color online) Raman G- mode spectra for gate voltages of VG=0 (black curve) and

−25V (red curve) taken from an individual chiral metallic nanotube suspended over the same slit
where the near zigzag semiconducting nanotube employed in the measurements described in the
main text was located. The inset displays the measured width of this mode (red circles) as a
function of the gate voltage VG. The green curve is a fit to Eq. A1 for the variation with charge
density.

FIG. 6.

(Color online) Schematic representation of the electronic band structure of a

nanotube near the K and K’ valleys and possible electron (hole) scattering pathways (pairs of
arrows with the same colors) contributing to the observed increase in line width. Only the case
for an electron-doped nanotube is shown. For S33 (S44), only the pathways where a photoexcited
electron and a hole in K (K’) valley are involved are shown.
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FIG. 2. (Color online) Y. Miyauchi et al.
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FIG. 3. (Color online) Y. Miyauchi et al.
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FIG. 4. (Color online) Y. Miyauchi et al.
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