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We study the Kondo lattice model on the geometrically frustrated Shastry-Sutherland lattice
focusing on the quantum phase transition between the valence bond solid and the heavy fermion
liquid phase. By explicitly including spinon pairing of local moments at the mean-field level, we
establish the emergence of a unique heavy fermion superconducting phase induced by dimer ordering
of the local moments coexisting with Kondo hybridization. Furthermore, we demonstrate that
for suitable choices of parameters, a partial Kondo-screening phase, where some of the valence
bonds are broken, precedes the aforementioned dimer-induced superconducting phase. Our results
have important implications in understanding the experimental observations in the heavy fermion
Shasstry-Sutherland compounds.
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I. INTRODUCTION

Heavy fermion materials have been studied extensively
ever since they were discovered in the 1970s (For reviews,
see Refs. 1 and 2). The underlying physics has long
been thought to be captured by the Kondo lattice model
in which the Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction between local magnetic moments competes
with the Kondo interaction between itinerant electrons
and local moments. The competition produces the well-
known Doniach diagram.3 The diagram is characterized
by a continuous phase transition from a long-range mag-
netically ordered phase with a small Fermi surface to a
heavy fermi liquid (HFL) with a large Fermi surface due
to liberation of local moments. The transition point is be-
lieved to be a prototypical quantum critical point (QCP)
that involves large collective quantum fluctuations. In re-
cent years, quantum criticality in heavy fermion metals
has evolved to a central subject to study unconventional
phases in strongly correlated electron systems.4,5

However, experimental observations of separation of
the QCP from the small-large Fermi surface reconstruc-
tion, e.g. for YbRh2Si2 under pressure or doping,6–8

strongly suggest that the Doniach conceptual picture
may be incomplete. Frustration, as a source of
many exotic phases,9 is believed to have an impor-
tant role in shaping the global phase diagram of vari-
ous Kondo lattices.10,11 In fact, different groups of frus-
trated heavy fermion materials have been discovered in
experiments. For instance, pyrochlore Pr2Ir2O7 is geo-
metrically frustrated12 while tetragonal CeRhIn5 is frus-
trated magnetically because of interactions between next-
nearest neighbors.13

A pair of recently discovered frustrated systems,
Yb2Pt2Pb and its cerium analogue, also demonstrate
heavy-fermion properties.14–16 In these materials, mag-
netic moments, with spin 1/2, arise from the f electrons

of Yb or Ce atoms localized on a Shastry-Sutherland lat-
tice (SSL).17 An SSL (Fig. 1(a)) is topologically equiva-
lent to a square lattice with alternating diagonals. The
name derives from the study of the spin-1/2 antiferro-
magnetic (AFM) Heisenberg model on this lattice by
Shastry and Sutherland. They showed that the ground
state of the Shastry-Sutherland model (SSM) undergoes
an interesting phase transition as the ratio of the Heisen-
berg interaction along the diagonal bonds (J) and that
along the principal axes (J ′) is varied. For small J/J ′,
the ground state is gapless with long range AFM order,
whereas for J/J ′ & 1.6, a gapped valence bond solid
(VBS) – consisting of singlets along every diagonal – is
stabilized.17 The model has attracted extensive interest
in the recent past following the discovery of field-induced
magnetization plateaus (akin to quantum Hall plateaus)
in SrCu2(BO3)2.18–25. Yb2Pt2Pb, in which the heavy
fermion feature suggests the Kondo coupling with the in-
teracting local moments, serves as a representative exam-
ple of frustrated heavy fermion metals and an excellent
platform to study the effect of frustration on the Doniach
phase diagram.

The Shastry-Sutherland Kondo lattice (SSKL) was dis-
cussed qualitatively in Ref. 11 and a schematic ground
state phase diagram similar to Fig. 1(b) was shown.
When both the Kondo coupling JK and the ratio J/J ′ are
small, the system should be an antiferromagnet (AFM)
as expected for an antiferromagnetic Heisenberg model.
Possible intermediate phases, such as a plaquette phase
between the AFM and the VBS phase, and a spin den-
sity wave (SDW) phase between the AFM and the HFL
phase, have been actively studied previously. The small-
large Fermi surface transition from the VBS phase to the
HFL phase, however, has remained largely unexplored.
In Ref. 11, the authors argued that, in the metallic case,
both small and large Fermi surface phases may be unsta-
ble to dxy-wave superconductivity and that it is possible
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FIG. 1. (Color online) (a) Topology of the Shastry-Sutherland
lattice. A unit cell, of size a, contains four sites and two types
of bonds: diagonal bonds J and axial bonds J ′; (b) Proposed
global phase diagram for a Shastry-Sutherland Kondo lattice.
The VBS-HFL transition will be our focus.

the two superconducting phases are connected smoothly.
Unlike the magnetically mediated heavy fermion super-
conductivity at the antiferromagnetic QCP,5 which has
been actively studied, these proposed superconducting
states are induced by the dimer order on the SSL. This
proposal will be the main focus of our work. The system
was also studied in Ref. 26 and 27 where the focus was on
the global phase diagram and the Heisenberg interaction
was decoupled only in the valence bond channel. In par-
ticular, Ref. 27 hints at the existence of a partial Kondo
screening (PKS) phase in a large-N limit. We would like
to see how the superconducting phase survives the com-
petition with this possible phase.

In the following section, we will first introduce the
SSKL model Hamiltonian and the mean-field theory that
explicitly includes also the decoupling in the spinon pair-
ing channel. In Sec. III, we present our quantitative re-
sults and show explicitly the existence of both a par-
tial Kondo-screening phase and a dimer-induced heavy
fermion liquid phase . In the last section, we discuss the
implications of our results and summarize our work.

II. MEAN-FIELD THEORY

There are three components in the SSKL model and
the general Hamiltonian11 can be written as

H = Ht +HK +HSS . (1)

The first term describes the tight-binding hopping of con-
duction electrons on the SSL,

Ht = −
∑

(i,j),σ

tij(c
†
iσcjσ + H.c.). (2)

We shall assume that the only non-zero hopping matrix
elements (tij) are t for the diagonal bonds and t′ for near-
est neighbors along the principal axes (Fig. 1(a)). The
second and the third term describe the Kondo coupling
between conduction electrons and local moments on the

SSL and the Heisenberg interaction between local mo-
ments, respectively:

HK = JK
∑
i

si · Si (3)

and

HSS =
∑
(i,j)

JijSi · Sj , (4)

where Jij = J or J ′ (Fig. 1(a)). All interactions are
chosen to be anti-ferromagnetic, i.e., JK , J, J

′ ≥ 0. In
Eq. (3), we have described the spin density of conduction
electrons in its spin representation

si =
1

2
(c†iασαβciβ), (5)

where σαβ are Pauli matrices and summation over re-
peated dummy indices is assumed.

The presence of spin operators in the Hamiltonian
makes perturbation theory hard to handle, and in order
to obtain a mean-field theory, we use the pseudo-fermion
representation of local moments,

Si =
1

2
(f†iασαβfiβ), (6)

under the constraint ∑
σ

f†iσfiσ = 1 (7)

on each site i. This representation has a well-known
SU(2) gauge invariance.28,29

Making use of the identity

Si · Sj −
1

4
= −1

2
(
∑
σ

f†iσfjσ)(
∑
σ′

f†jσ′fiσ′)

= −1

2
(εαβf†iαf

†
jβ)(εγδfjδfiγ) (8)

under the constraint Eq. (7), we can decouple the
four-point operator in two different channels: γij =∑
σ〈f
†
iσfjσ〉 and bij = 〈εαβf†iαf

†
jβ〉, where εαβ is the anti-

symmetric tensor with ε↑↓ = 1. In order to study the
spinon pairing condensation bij 6= 0 in a gauge invari-
ant manner, we keep the decoupling in both channels
explicitly.29 The idea can also be justified using the sym-
plectic large-N30 mean-field theory or the Hartree-Fock
approximation26(with a scaling factor in couplings). A
similar decoupling scheme may be carried out for the
Kondo interaction in Eq. (3), but we can always re-

move the pairing 〈εαβf†iαc
†
iβ〉 through an SU(2) gauge

transformation.30 Under this gauge-fixing condition, only

the Kondo hybridization Vi =
∑
σ〈f
†
iσciσ〉 will be consid-

ered. Notice that in this case, only the constraint in Eq.
(7), instead of the constraint triplet,29 needs to be sat-
isfied in order to maintain the gauge invariance of the
Kondo coupling.
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Implementing multipliers Efi for the constraint of sin-
gle occupation and µ for the band-filling∑

σ

〈c†iσciσ〉 = nc, (9)

we are able to arrive at the following Hamiltonian

H̃ =E0 −
∑

(i,j),σ

tij(c
†
iσcjσ + H.c.)− µ

∑
σ

c†iσciσ

− 1

2

∑
(i,j)

Jij(
∑
σ

γijf
†
jσfiσ + bijε

βαfjαfiβ + H.c.)

+
∑
σ

Efi f
†
iσfiσ −

1

2

∑
i,σ

JK(Vic
†
iσfiσ + H.c.), (10)

where

E0 =
∑
(i,j)

Jij
2

(|γij |2+|bij |2)+
∑
i

JK
2
|Vi|2+

∑
i

(µnc−Efi ).

(11)
We can break the Z2 symmetry of spins in order to in-
corporate the AFM phase as in Ref. 26, but we exclude
them here for simplicity.

Assuming translational symmetry allows us to take

Vi = V , Efi = Ef , and γij = γ, γ′, |bij | = b, b′, re-
spectively, depending on the type of the bond (i, j).
Vi, γij can be made real through gauge transformations,
but bij is not real in general. The single occupation
constraints, however, force spinon pairs to condense
dxy-symmetrically:11 bi+x,i = −bi,i+y and bi+x,i+y =
−bi−x,i+y, where x, y = a/2. We will see soon that the
PKS phase, as a phase other than the VBS that breaks
the translational symmetry, may also be a ground state,
and in that case, order parameters will be more inhomo-
geneous.

Written in terms of Nambu spinors, the mean-field
Hamiltonian can be expressed as

H̃MF =
∑
k

Ψ†(k)T̃ (k)Ψ(k) + Ẽ0, (12)

where T̃ (k) are 16 × 16 symmplectic matrices (See Ap-
pendix) and

Ẽ0 =
∑
(i,j)

Jij
2

(|γij |2+ |bij |2)+
∑
i

JK
2
|Vi|2+

∑
i

µ(nc−1).

(13)

The eigenvalues of T̃ (k) come in positive-negative pairs,
and the ground state energy per site can, therefore, be
written as

E = (
∑
kν

E−ν (k) + Ẽ0)/4N, (14)

with ν denoting band index, N the number of unit cells,
and k runs over the first Brillouin zone. Minimizing the
average ground state energy under the constraints Eqs.

(7)(9) allows us to find the self-consistent mean-field or-
der parameters and to determine the ground state phases.

Notice that once the spinon pairs condense, the simul-
taneous condensation of the Kondo hybridization implies
an induced instability in conduction electron pairs.29,31,32

In our mean-field theory, it can be approximated by

∆ij = |〈εαβc†iαc
†
jβ〉| =

2K2Bij

U
√

(U +W )
, (15)

where

U = 2
√
|Bij |2µ2 + (|K|2 + Efµ)2, (16)

and

W = (E2
f + µ2 + |Bij |2) + 2|K|2. (17)

with Bij = Jijbij/2 and K = JKV/2. By replacing the
order parameters on diagonal bonds with the correspond-
ing ones on axial bonds, we also have similar expressions
for the condensation on the principal axes. The Eq. (15)
has inspired the authors of Ref. 11 to postulate that
such an induced superconducting phase may dominate
the zero temperature phase diagram of the SSKL model.
In the following section, we will show that such a phase
is indeed possible but is restricted by multiple factors.

III. RESULTS

First, we examine the proposed coexisting state, fo-
cusing on possible intermediate phases between the VBS
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FIG. 2. (Color online) Mean-field order parameters in the
dxy-HFSC phase as a function of hopping ratio, t/t′, when t′

is large and nc close to half-filling. The valence bond order
along the diagonal bonds, γ, is always non-zero and the corre-
sponding spinon pairing amplitude b rises quickly only after
the diagonal hopping t becomes comparable with the axial
hopping t′. The induced pairing of conduction electrons ∆ is
also shown. The inset shows the ground state energy.
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FIG. 3. (Color online) Mean-field parameters as a function
of the Kondo coupling JK . In the VBS phase, the order pa-
rameters γ and b satisfy the relation |γ|2 + |b|2 = 1 due to
the gauge invariance. The transition at around JK = 2.4 is
of first order.

and the HFL phase. Apart from the VBS phase, let us
first consider only phases that do not break the transla-
tional symmetry of the lattice. We emphasize that both
valence bond orders γij and spinon pairing condensations
bij are considered simultaneously since the condensation
in the Kondo channel will spontaneously break the gauge
invariance. At half-filling, there is only one direct first
order transition from the VBS to the HFL phase. In fact,
the latter is the so called Kondo insulator phase. When
the band-filling is lowered, we find that the ground state
is still a VBS phase at a small JK . When JK is increased,
there is a first order phase transition from the VBS state
to either a phase with dimer-induced conduction electron
pairing condensation which we will call a heavy fermion
superconducting (dxy-HFSC) phase henceforth, or a nor-
mal heavy Fermi liquid (HFL). If we lower J simultane-
ously, in both cases, we can see a transition from the dxy-
HFSC or the HFL phase to a Fermi liquid with a dx2−y2-
wave superconducting instability, which phase was dis-
cussed previously.29,32 In other words, the intermediate
phase in Fig. 1(b) can be either a dxy-HFSC phase or a
normal HFL phase.

In either of these two phases, the order parameters
γij and bij subtly balance to minimize the mean-field
ground state energy. Apart from coupling strengths and
the band-filling of conduction electrons nc, the balance
may also depend on the hopping amplitudes, t and t′,
along the diagonal and axial bonds, respectively. This
is true when the band energy due to hopping is compa-
rable to the other two components at electron densities
close to half-filling. A typical dependence in this case is
shown in Fig. 2 at nc = 0.8. Notice that only the order
parameters on the diagonal bonds are shown as spinon
pairing b′ on the axial bonds always vanishes and γ′ is
relatively insignificant. When t is smaller than t′, the

FIG. 4. (Color online) Lowest excitation dispersions for differ-
ent Kondo couplings JK =2.0, 3.0, and 4.0, with J = 1.5, J ′ =
0.5, t = 1.0, t′ = 0.5, and nc = 0.8.

spinon pairing amplitude b, hence the condensation am-
plitude ∆ of conduction electrons, is small. Only when
t becomes comparable with t′ does the amplitude rise
to the same order as γ. However, we do not observe a
strict separation between the two phases. Meanwhile, we
find that when either t′ and t are very small or the con-
duction electrons are far from half-filling, e.g., nc = 0.5,
the exact value of t′ or t is not important. Due to these
observations, we conclude that it is J/J ′ and JK that
play a major role in shaping the phase diagram when no
other intermediate phase is considered. In the following
analysis, we will focus on the case when the intermediate
phase is superconducting.

As an example, a cross-section at J/J ′ = 3 of the phase
diagram is given in Fig. 3. We can see that when JK is
small the system is in a VBS phase, signaled by the con-
dition |γ|2+|b|2 = 1 as a direct result of gauge invariance.
The transition takes place around JK = 2.4. The discon-
tinuity in the amplitude of order parameters depends on
the diagonal hopping t – larger t leads to smaller discon-
tinuities. This is because a larger diagonal hopping low-
ers the Kondo hybridization amplitude. A typical evo-
lution of the dispersion of the lowest excitation mode is
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FIG. 5. (Color online) Condensation of conduction electrons,
∆ and ∆′, as a function of J/J ′ with t′ = 0.5, t = 3t′, J ′ =
0.5, JK = 4t and nc = 0.5. The amplitude, ∆, goes to zero
at around J/J ′ ≈ 0.53 and ∆′ develops from J/J ′ ≈ 0.95.
Between these two values, the orders coexist. Both transitions
are continuous.

shown in Fig. 4. When the system is in a VBS phase
(Fig. 4(a)), there is no excitation gap as a result of the
metallic character of the conduction electrons. When the
HFSC phase becomes the ground state, spinon pairs con-
dense and excitations along directions other than kx = 0
or ky = 0 become gapped, verifying the dxy-wave sym-

metry ∆(k) ∝ sin(kxa
2 )sin(

kya
2 )∆ (Fig. 4(b)). As the

Kondo coupling JK increases further, the nodes move to
the center of the Brillouin zone, Γ(0, 0), and the excita-
tion then becomes fully gapped (Fig. 4(c)). The band
widths clearly show that the quasi-particle excitations
become heavier as the Kondo coupling turns stronger.

Let us consider the situation where we decrease the
ratio J/J ′ when the system is in the dxy-HFSC phase.
In the limiting case, J = 0, the model reduces to a
Kondo lattice model on a square lattice, and we expect
the ground state phase to be either a HFL or a super-
conducting phase with dx2−y2 symmetry when the con-
duction band is not at half-filling. In fact, within the
mean-field formalism, we found that spinon pairing con-
densation can lower the total energy at small J/J ′, as is
consistent with the previous work.29,32 A typical exam-
ple is shown in Fig. 5. We see that the diagonal order
∆ goes to zero smoothly as we lower J/J ′ while the ax-
ial condensation ∆′ rises from zero continuously. Once
∆ vanishes, the magnitude of ∆′ becomes almost stable.
There is range where both orders coexist.

So far, we have only considered a direct transition from
the VBS phase to a dxy-HFSC or a HFL phase. Can
there be any other possible intermediate phase? The
answer is affirmative. A PKS phase in geometrically
frustrated Kondo lattices was first discussed in Ref. 33.
In this phase a finite fraction of the local moments are
still ordered while the rest form singlets with conduction
electrons. The PKS in the SSKL model was recently
discussed in Ref. 27 in a metallic phase using a large-
N mean-field theory. As a result of the restriction of

our mean-field formalism, the phase for nc = 0.5 is the
easiest to discuss as then half of the valence bonds on
the diagonals will still be locked while the other half are
broken as the Kondo coupling increases. Our mean-field
theory is consistent with the result in Ref. 27 because at
nc = 0.5, one sublattice is exactly filled, and the Kondo
hybridization in the PKS phase are stabilized solely by
the valence bond order γ, similar to a Kondo insulator
at half-filling.

To complete the phase diagram, we need to break the
Z2 symmetry of the spins to produce the AFM phase –
the ground state is known to possess long-range AFM
order at small J/J ′ and JK/t. However, Z2-symmetry
breaking AFM order parameter is not captured with the
framework of the symplectic large-N mean field theory
that we have used in this study. Without breaking the
Z2 symmetry explicitly, we obtain a plaquette valence
bond solid (P-VBS) phase where only b and V vanishes
but not the axial b′, consistent with the previous result.27

Since the AFM phase is completely suppressed at large
J/J ′ and/or large JK/t, this shortcoming does not alter
the central results of our study. Alternative mean field
theories have been used to capture the AFM phases26,27

but they suffer from the inability to describe reliably the
PKS and HFSC phases. The ground state phase diagram
is shown in Fig. 6, for a representative set of parameters
with t/t′ = 3 and nc = 0.5. The effect of varying the pa-
rameters on the ground state phases is shown in the inset.
The dashed line indicates the AFM phase boundary ob-
tained using the mean-field method given in Ref. 26. It
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FIG. 6. (Color online) Global phase diagram for t′ = 0.5, t =
3t′, J ′ = 0.5 and nc = 0.5. All the solid boundaries rep-
resent first order transitions at the mean-field level approx-
imation. Phase notations: I, P-VBS; II, D-VBS; III, PSK;
IV, dxy-HFSC; V, dx2−y2 -HFSC; VI (shaded area), coexist-
ing of IV and V. Dotted curves represent continuous transi-
tions. The dashed line denotes the boundary obtained us-
ing the approach in Ref. 26. The inset shows the quantita-
tive shift of the boundaries when the hoppings are lowered,
t′ = 0.1, t = 3t′, while keeping all others unchanged.
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should be noted that this approach overestimates the ex-
tent of the AFM phase. To distinguish from the P-VBS
(I), we denote the dimer phase for a SSL as D-VBS (II)
in Fig. 6. We have also used dxy-HFSC (IV) and dx2−y2-
HFSC (V) to distinguish the two possible heavy fermion
superconducting phase. The range where both conden-
sation order parameters are nonzero is indicated by the
shaded area (VI). As J goes to zero, the SSL characteris-
tic gradually disappears and the dxy-HFSC phase evolves
to a dx2−y2-HFSC phase.

Note that the hopping energy has a strong influence on
the boundary between the PKS (III) phase and the dxy-
HFSC phase. On the one hand, when the hopping energy
is large, the kinetic energy cost due to the formation of
Kondo singlets with local moments is significant. On the
other hand, when the dxy-HFSC phase takes over the
PSK phase, the Kondo hybridization amplitude will be
reduced because the number of local moments coupling
to the conduction electrons is doubled. Only when the
formation of Kondo singlets is able to compensate the
cost in the valence bond resolution and the cost in kinetic
energy of conduction electrons will the dxy-HFSC phase
become the ground phase. As a result, for fixed J/J ′,
the ground state phase will transit from the PKS phase
to the dxy-HFSC phase at a relatively small JK/t

′ only
when the hopping energy is comparable to the other two
components. This effect can be seen explicitly from the
inset of Fig. 6, where the hoppings are reduced to 1/5 of
the initial values.

In Fig. 7(a), we show the nc-dependence of order pa-
rameters at J/J ′ = 3 and JK/t = 4 for which the ground
phase is dxy-HFSC atnc = 0.5, as can be seen from Fig. 6.
At half-filling, the system is a Kondo insulator, and its
spinon pairing amplitude b of local moments vanishes
while the finite (negative) valence bond order γ stabilizes
the Kondo hybridization.34 For comparison, we also show
the evolution of order parameters for small J/J ′ = 0.5
in Fig. 7(b). For this set of parameters, the system ap-
proaches a square Kondo lattice, and the ground state
is a dx2−y2-HFSC phase in the metallic case. Note that
in both cases, the valence bond order γ along the diag-
onal bonds becomes more important and condensation
amplitudes rise when the band-filling gets lower (insets).
Besides, the valence bond orders along the axial direc-
tions γ′ flip their sign, which is consistent with previous
results.35

IV. DISCUSSION AND CONCLUSION

In the present work, we have established the emergence
of superconducting instability of conduction electrons
induced by dimer ordering in the Shastry-Sutherland
Kondo lattice model and determined the conditions nec-
essary for observing it. This is distinct from the one that
connects the two superconducting states in the strong
coupling limits as proposed in Ref. 11. In order to observe
the dimer-induced heavy fermion superconducting phase,
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FIG. 7. (Color online) Mean-field order parameters as a func-
tion of band filling nc in a dxy-HFSC phase (a) and a dx2−y2 -
HFSC phase (b). The insets show the induced pairing of
conduction electrons. When nc = 1.0, the system becomes a
so-called Kondo insulator.

the system needs to be doped with holes away from half-
filling, whereas large values for the Kondo coupling JK
and the hopping amplitudes are needed for the suppres-
sion of ordering of the localized magnetic moments as
well as the formation of dimers.

In order to destroy the PKS phase more easily, the
system in the dxy-HFSC phase must have large Kondo
hybridization energy as well as hopping energy, and
the dxy-wave characteristic of the superconductivity is
smeared in the dispersion of the low-energy excitation,
as in Fig. 4(c). Nevertheless, an excitation gap can be
measured at the center of the Brillouin zone. From an
experimental point of view, these effects may render the
superconducting phase difficult to be realized in such ma-
terials as Yb2Pt2Pb whose Kondo coupling might not be
strong enough.

On the other hand, it was the large residual effect of the
gauge invariance that readily led us to study the possibil-
ity of the PKS phase where some valence bonds remain
intact. If the dimer ordering and the Kondo hybridiza-
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tion occur at different sites, the instability in conduction
electron can not be observed. Due to the restriction of
the mean-field formalism, the PKS phase is only stud-
ied at nc = 0.5. What happens when 0.5 < nc < 1?
One may expect that the PKS phase still survives, but
it is also very likely that higher band-fillings can push
the PKS-(dxy-)HFSC transition point to a smaller JK .
Whether such a phase will terminate at the transition
point at half-filling is an intriguing question. Additional
studies going beyond the mean-field theory are needed to
address these issues.

Since the dimers in the VBS phase are stable, the large-
N mean-field theory has a reliable starting point. Will
the superconducting phase be disrupted by gauge field
fluctuations? A higher order large-N expansion and a
renormalization group calculation may shed light on this
issue. A recent measurement on Yb2Pt2Pb indicates that
the local moments on Yb atoms may have a strong Ising
character.36 The effect of breaking SU(2) symmetry of
spin correlation on the global phase diagram is also an-
other interesting problem. In order to answer these ques-
tions, more experimental and theoretical studies of the
SSKL system are needed.

To summarize, we have used a more complete mean-
field theory to study the zero-temperature phase diagram
of the SSKL model quantitatively by explicitly including
the spinon pairing of local moments. We have paid spe-
cial attention to the transition between the VBS phase
and the HFL phase as a combined result of both frustra-
tion and the Kondo effect. The dimer-induced dxy-HFSC
phase is shown to exist at the mean-field level when the
Kondo coupling and the diagonal hopping are strong in
the metallic case. A second order phase transition from
the dxy-HFSC phase to the dx2−y2 -HFSC phase phase is
observed, with a range of coexistence. We also verify the
existence of the PKS phase that precedes the supercon-
ducting phase when the dimers of the SSL lattice start to
be resolved by the Kondo hybridization from conduction
electrons. We hope our analysis can provide new insights
into heavy fermion materials and stimulate further ex-
perimental and theoretical studies.
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Appendix: MEAN-FIELD HAMILTONIAN

We give the explicit expression of the mean-field
Hamiltonian here. Once we arrive at Eq. (10), by as-

sumption of translational symmetry and transformation
to the momentum space, we can rewrite the Hamiltonian
in terms of the Nambu spinors:

Ψ†(k) =
(
ψ†c↑(k) ψc↓(−k) ψ†f↑(k) ψf↓(−k)

)
(A.1)

and their conjugates Ψ(k) with

ψ†c↑(k) =
(
c†0↑(k) c†1↑(k) c†2↑(k) c†3↑(k)

)
, (A.2)

and

ψ†f↑(k) =
(
f†0↑(k) f†1↑(k) f†2↑(k) f†3↑(k)

)
. (A.3)

Algebraic manipulations give us

H̃MF =
∑
k

Ψ†(k)T̃ (k)Ψ(k) + Ẽ0 (A.4)

with

T̃ (k) = −


M(k) 0 K(k) 0
0 −M(k) 0 −K(k)

K(k) 0 N(k) Ñ†(k)

0 −K(k) Ñ(k) −N(k)

 (A.5)

where M(k), N(k), Ñ(k), and K(k) are, respectively,
given by

M(k) =
µ 2t′cos(x2 ) 2t′cos(y2 ) tei(

x+y
2 )

2t′cos(x2 ) µ tei(
x−y
2 ) 2t′cos(y2 )

2t′cos(y2 ) te−i(
x−y
2 ) µ 2t′cos(x2 )

te−i(
x+y
2 ) 2t′cos(y2 ) 2t′cos(x2 ) µ

 ,

(A.6)

N(k) =
−Ef 2Γ′cos(x2 ) 2Γ′cos(y2 ) Γei(

x+y
2 )

2Γ′cos(x2 ) −Ef Γei(
x−y
2 ) 2Γ′cos(y2 )

2Γ′cos(y2 ) Γe−i(
x−y
2 ) −Ef 2Γ′cos(x2 )

Γe−i(
x+y
2 ) 2Γ′cos(y2 ) 2Γ′cos(x2 ) −Ef

 ,

(A.7)

Ñ(k) =
0 2B′cos(x2 ) −2B′cos(y2 ) Bei(

x+y
2 )

2B′cos(x2 ) 0 −Bei(
x−y
2 ) −2B′cos(y2 )

−2B′cos(y2 ) −Be−i(
x−y
2 ) 0 2B′cos(x2 )

Be−i(
x+y
2 ) −2B′cos(y2 ) 2B′cos(x2 ) 0

 ,

(A.8)

and K(k) = KI4×4. We have used notations x = kxa,
y = kya, Γ = Jγ/2, Γ′ = J ′γ′/2, B = Jb/2, B′ = J ′b′/2,

K = JKV/2, and Ẽ0 is given by Eq. (13). The eigenval-

ues of T̃ (k) can be obtained via an extended Bogoliubov
transformation.
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