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Abstract

By combining first-principles calculations with Wannier-based tight-binding modeling, we

demonstrate that a TiO2/VO2 heterostructure that was previously proposed as a prototypical

semi-Dirac system becomes a Chern insulator (quantum anomalous Hall insulator) in the pres-

ence of spin-orbit coupling. We show that this occurs only when the semi-Dirac structure is of a

special type that can be formed by the merging of three conventional Dirac points. Our results

reveal how the nontrivial topology with nonzero Chern number emerges naturally from this kind

of semi-Dirac structure, establishing a general scenario that provides a new route to the formation

of Chern-insulating states in practical materials systems.

PACS numbers: 73.20.-r,73.21.-b,73.43.-f
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A Chern insulator is a two-dimensional (2D) magnetic insulator with a quantized anoma-

lous Hall conductivity Ce2/h, where C is an integer topological index known as the Chern

number1. These systems, also known as quantum anomalous Hall (QAH) insulators, have at-

tracted a great deal of interest, in part because of their gapless chiral edge states which enable

dissipationless transport, with potential applications in electronic devices2. So far, several

systems have been proposed, notably magnetically doped topological insulators3,4 leading

to recent experimental confirmation5, but also honeycomb6–11 or square lattices12–15 formed

by transition-metal and heavy-metal ions. The essential ingredients are the spontaneous

breaking of time-reversal (TR) symmetry, as by the formation of a ferromagnetic state, and

the presence of spin-orbit coupling (SOC), which generates the net Berry curvature needed

for a nonzero Chern number. Here we focus on one interesting class of proposals involving

2D systems that would be half-semimetals in the absence of SOC, with the Fermi energy

pinned at one or more Dirac points in one spin channel while the other channel is gapped. If

the application of SOC gaps the Dirac points to produce conical avoided crossings instead,

a nonzero Chern number can result, as proposed for example for a triphenyl-manganese

(Mn2C18H12) system
9.

Recently, calculations on TiO2/VO2 multilayer structures led to a proposal16,17 for a new

kind of half-semimetal in which, in the absence of SOC, the bands in the ungapped spin

channel have a semi-Dirac dispersion, i.e., a quadratic rather than a linear dispersion in one

direction. This raises the interesting question whether such a system can also provides a

route to a Chern-insulating state when SOC is included.

In this work we answer this question. First, we distinguish between two qualitatively

different types of semi-Dirac structures. The one we denote as “type-I” was proposed in

Ref.18, but we find that it cannot lead to a QAH state. Instead, we find that the TiO2/VO2

multilayer structure16,17 is described by a new “type-II” semi-Dirac cone structure, which

does lead to a Chern-insulating state when SOC is turned on. Moreover, we clarify that the

type-II structure is not protected by symmetry, and (in the absence of SOC) will generically

transform into one or three Dirac nodes in the absence of fine tuning. With SOC, we

predict that the TiO2/VO2 heterostructure is a QAH insulator with a Chern number of −2,

demonstrating a new route to the formation of a Chern-insulating state in 2D.
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Dirac and semi-Dirac cones. A general effective two-band Hamiltonian in 2D can be

given as

H(k) = h(k) · ~σ, (1)

where ~σ = (σx, σy, σz) are Pauli matrices. In 2D k-space a form like

h(k) = (vFkx, vFky, 0) (2)

describes a massless Dirac cone structure, where vF is the Fermi velocity. Such a form is

appropriate in the absence of SOC for a half-semimetal ferromagnet in which the other spin

component is gapped out. SOC is taken into account by adding a mass term such that

h(k) = (vFkx, vFky, mz), opening an energy gap of 2|mz| at the Dirac point. The Chern

number is determined by integrating the Berry curvature Ω(k) over the 2D Brillouin zone

(BZ), but for weak SOC the dominant contributions will come from Berry fluxes Φ = ±π
concentrated near the avoided crossings. This follows from the well-known form of the Berry

curvature for the two-band model of Eq. (1), which yields

Φ =

∫

dk Ω(k) =

∫

dk
h

2|h|3 · ( ∂h
∂kx

× ∂h

∂ky
). (3)

Hence each gapped (massive) Dirac cone makes a contribution of ±1

2
to the total Chern

number C, which is therefore determined by summing over all the massive Dirac cones at

the Fermi level.

On the other hand, a semi-Dirac spectrum is a peculiar energy dispersion in which

quasiparticles behave as massless along one principal axis but as massive fermions along

the perpendicular direction. Recently this novel spectrum was observed in a multilayer

(TiO2)m/(VO2)n nanostructure (m ≥ 5;n = 3 or 4) by Pardo et al. using first-principles

calculations16,17. They proposed that the semi-Dirac electronic spectrum could be described

by Eq. (1) with18–20

h(k) =

(

k2x
2m

, vFky, 0

)

(4)

or a similar expression. We refer to this model as a “type-I” semi-Dirac model to distinguish

it from the “type-II” model we propose below. Obviously the dispersion is massless (linear)

along the ky direction but massive (quadratic) along kx, satisfying the definition of a semi-

Dirac cone. Since Eq. (4) is an even function of kx, it is evident that the Berry curvature

Ω(k) is an odd function of kx according to Eq. (3). Hence the Chern number, given by
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the integral of Ω(k) over the vicinity of the semi-Dirac point, is zero after adding a mass

term H ′ = mzσz to open an energy gap. This is consistent with the observation that the

semi-Dirac point under Eq. (4) carries a zero Berry flux19, in contrast with conventional

Dirac points which provide a Berry flux of ±π.

We therefore conclude that type-I semi-Dirac cones have a trivial topology with Chern

number C = 0 and thus do not lead to a Chern-insulating state. Nevertheless, by using

first-principles calculations and a Wannier-based tight-binding analysis, we find that SOC

does turn the (TiO2)m/(VO2)n into a Chern insulator. We first present the results and then

explain them.

Methods. The first-principles electronic structure calculations are performed within

the framework of density functional theory (DFT)21 as implemented in the QUANTUM-

ESPRESSO package22 with the plane-wave pseudopotential method, and in the VASP

package23 with the projector augmented-wave method. We adopted the Perdew-Burke-

Ernzerhof generalized gradient approximation (GGA) exchange-correlation functional24.

The kinetic energy cutoff is fixed to be 500 eV and a Γ-centered 8 × 8 × 1 k-point mesh

is used in all cases. We treat the open-shell 3d orbitals by adding an effective Hubbard

U correction of 3.4 eV on V and Ti atoms within the GGA+U approach25,26. Structural

relaxations are carried out without SOC, and then the electronic structure is computed

twice, once with and once without SOC. Ferromagnetic ordering is found to be energetically

favored in both cases, and the ordering is along the z axis when SOC is present. We use

Wannier interpolation based on maximally localized Wannier functions (MLWFs) to calcu-

late the Berry curvature and the anomalous Hall conductivity, which requires a very dense

k-point grid in the BZ27,28.

Chern insulator behavior of the (TiO2)5/(VO2)3 system. We focus on the (TiO2)m/(VO2)n

system with n= 3 and m= 5; because TiO2 is strongly insulating, the latter is enough to

effectively separate the VO2 trilayers into isolated 2D systems, in which the energy bands

close to the Fermi level are dominated by the 3d states of V. This multilayer system was

fabricated successfully to investigate the metal-insulator transition29. Since there are two

kinds of VO6 octahedra whose in-plane O-V-O chains are perpendicular to each other, we

align our local axes differently on the two V sites as shown in Fig. 1(a). Because of the

distortion of the VO6 octahedra away from cubic symmetry, the triply degenerate t2g orb-

tials of V ions split into two doubly degenerate d⊥ orbtitals (yz and xz) and one d‖ orbital
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FIG. 1. (Color online) Amplitude isosurfaces of atom-centered d-like maximally localized Wannier

functions (red for positive values and blue for negative). (a) d⊥ (yz and xz) and (b) d‖ (x2−y2) at

different V sites in the (TiO2)5/(VO2)3 superlattice. Local coordinate systems are shown in green;

local z and y axes are along the in-plane O-V-O chain and the global c axis respectively.

(x2 − y2)30. We projected the Bloch wavefunctions onto these local orbitals to get MLWFs,

which serve as an ideal basis for further analyses. As shown in Fig. 1, The MLWFs keep

the shape and symmetry of local atomic d orbitals.

Based on these atom-centered d -like MLWFs, we calculate the Wannier-interpolated en-

ergy bands close to the Fermi level31, shown in the top panel of Fig. 2(a). The Wannier-

interpolated energy bands are in excellent agreement with the DFT results (not shown).

The semi-Dirac character is clearly apparent, with two bands crossing linearly along the

Γ–M line and quadratically along A–B (perpendicular to Γ–M). The band crossing in the

absence of SOC is protected by the diagonal mirror symmetry of the structure32. When

SOC is considered in our calculation, an avoided crossing occurs and a small band gap of

∼2.5 meV opens at the crossing point. To investigate the topological nature of this system,

we calculate the Berry curvature Ω(k) of all states below the Fermi level using33

Ω(k) = −
∑

n<EF

∑

m6=n

2Im
〈ψnk|vx|ψmk〉〈ψmk|vy|ψnk〉

(εmk − εnk)2
, (5)

where ψnk is the spinor Bloch wavefunction of band n with corresponding eigenenergy εnk,

and v = (vx, vy) is the velocity operator. In the bottom panel of Fig. 2(a) the Berry

curvature is plotted along the same k -path. The large peaks between the Γ and M points

arise where the conduction and valence bands are nearly degenerate and only weakly split
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FIG. 2. (Color online) (a) Band structure and Berry curvature −Ω(k) along and perpendicular

to the diagonal of the BZ. (b) Berry curvature −Ω(k) in the entire BZ. (c) Anomalous Hall

conductivity σxy plotted with respect to the position of the Fermi energy EF . The inset shows σxy

with EF varying from −400 to 400 meV. (d) Energy and momentum dependence of the LDOS at

the edge along the [11] direction. Note that the color maps are logarithmic; deep blue patches in

(b) are numerical artifacts.

by SOC, giving rise to small denominators in Eq. (5) and hence a large contribution to Ω(k).

The peaks show strong anisotropy, being much sharper along Γ–M than along A–B. The

2D plot in Fig. 2(b) makes it clear that these avoided crossings give rise to four banana-

shaped peaks of Berry curvature located around the semi-Dirac points. Note that Ω(k) is

not an odd function along the A–B direction, in contrast with the prediction of Eq. (4).

Since the four peaks are related by fourfold rotations, there is no cancellation among them;

each contributes a Berry flux of −π, so that the total Chern number is −2. The system

is therefore a Chern insulator. However, it is different from the Chern-insulating phase

found in TiO2/CrO2 heterostructures15, which exhibits nearly isotropic Dirac cones instead

of semi-Dirac cones.
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We also plot the intrinsic anomalous Hall conductivity34 as a function of Fermi energy in

Fig. 2(c). As expected from the nonzero Chern number, the anomalous Hall conductivity

shows a quantized Hall plateau at σxy = −Ce2/h when the Fermi level lies inside the bulk

band gap. The width of the Hall plateau is about 2.5 meV, corresponding to the nontrivial

bulk band gap. The anomalous Hall conductivity decreases rapidly to zero when the Fermi

level is outside the band gap, as expected since only states near the nontrivial bulk band

gap, which is opened by the weak SOC, contribute strongly to the Berry curvature [see Fig.

2(a,b)].

The existence of topologically protected chiral edge states is one of the most important

consequences of the QAH state. To further reveal the nontrivial topological nature of the

system, we calculate the edge states of a semi-infinite (TiO2)5/(VO2)3 system with its edge

along the [11] direction. Because the existence of chiral edge states is completely determined

by the bulk topology, here we build the tight-binding model with SOC based on first-

principles MLWFs from the bulk, ignoring the effects of edge reconstruction. We apply an

iterative method35 to obtain the edge Green’s function and the local density of states, which

is directly related to the imaginary part of the Green’s function. In Fig. 2(d) we can clearly

see that two edges states connect the valence and conduction bands. The appearance of two

chiral edge states is consistent with our calculated Chern number C = −2, confirming the

nontrivial topological nature of this semi-Dirac system.

Type-II semi-Dirac model. The above results demonstrate that the (TiO2)5/(VO2)3 su-

perlattice is undoubtedly a Chern insulator, contrary to previous understandings that a

semi-Dirac cone structure should not result in a Chern-insulating state. To resolve such a

conflict, we propose a “type-II” semi-Dirac model with an effective 2×2 Hamiltonian in the

absence of SOC having the form of Eq. (1) with

h(k) =

(

k2x
2m

− vFky, αkxky, 0

)

(6)

or other equivalent expressions. As we will show, a type-II Hamiltonian with similar ex-

pression is obtained from our k · p analysis of the TiO2/VO2 system (for details of the

derivation see Supplementary Material32). The resulting dispersion relation satisfies the

semi-Dirac character: it is linear along one direction (kx =0) and quadratic perpendicular

to this direction (ky=0). Hence the origin point (0, 0) is a semi-Dirac point. We then add

a SOC-induced mass term H ′ = mzσz to open a gap at the semi-Dirac point.
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FIG. 3. (Color online) Evolution of band structures of (a)-(c) type-I and (d)-(f) type-II semi-Dirac

dispersions when hx aquires a small perturbation ∆. Berry curvature −Ω of (g) type-I and (h)

type-II semi-Dirac models with ∆ = 0 when a SOC-induced mass term H ′ = mzσz is added to

open a small gap at the semi-Dirac point.

To understand the nature of the Berry curvature expected from the type-I and type-II

models of Eqs. (4) and (6), we plot band dispersions and Berry curvatures derived from

these models in Fig. 3. In particular, we investigate the evolution of the crossing points

when hx aquires a small perturbation ∆ in both models (assuming m > 0 without loss of

generality). In the type-I model this leads to the the fusion of two Dirac points as ∆ passes

through zero. As shown in Figs. 3(a-c), when ∆ < 0 there are two Dirac cones located

at k = (±
√
−2m∆, 0); these merge to form a semi-Dirac cone at ∆ = 0, and then a gap

of magnitude 2∆ appears for ∆ > 0. Because the two Dirac points provide Berry fluxes

of opposite sign, the total Berry flux vanishes, as shown for ∆= 0 in Fig. 3(g). Thus, the

type-I model is topologically trivial, and cannot be used to describe the semi-Dirac structure

observed for the (TiO2)5/(VO2)3 superlattice system.

For the type-II model, on the other hand, when ∆ < 0 the energy gap vanishes at three

Dirac points located at k = (0,∆/vF ) and (±
√
−2m∆, 0), as shown in Fig. 3(d). As ∆
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increases, these approach each other and merge at ∆= 0 into a single semi-Dirac point at

k = (0, 0) [Fig. 3(e)]. For ∆ > 0, only the touching at k = (0,∆/vF ) remains; the other

two points disappear (their coordinates formally become imaginary) [Fig. 3(f)]. Therefore,

the type-II semi-Dirac model of Eq. (6) can be viewed as the consequence of the merging

of three Dirac points to produce a single Dirac point. Interestingly, more than three Dirac

points can also merge together, which happens in bilayer graphene36. The distribution of

the Berry flux produced by the type-II model at ∆=0 is shown in Fig. 3(h). Significantly,

the Berry curvature near the semi-Dirac point has the banana shape shown in Fig. 3(h),

very similar to the DFT results in Fig. 2(b).

For one sign of mz, the total Berry flux contributed by the type-II model is +π indepen-

dent of ∆; the two Dirac points at (±
√
−2m∆, 0) contribute +π when ∆ < 0, while the one

at k = (0,∆/vF ) switches from −π to +π as ∆ crosses through zero. For the other sign of

mz, all these are reversed. Since there are four symmetry-related semi-Dirac points in the

entire BZ, the total Chern number is ±2. The results of the type-II semi-Dirac model thus

agree very well with the DFT calculations of (TiO2)5/(VO2)3 above, strongly suggesting

that the type-II model correctly describes this system.

To further verify this conclusion, we conduct an effective k · p analysis on the first-

principles data without SOC around the band crossing point at (kc, kc) and introduce a

coordinate transformation q = (q1, q2) with q1 = (kx + ky)/2− kc and q2 = (kx − ky)/2. By

employing the downfolding method37,38 we obtain the 2× 2 effective Hamiltonian32

Hk·p = ǫ(q)I2×2 + h(q) · ~σ, (7)

where I2×2 is the unit matrix. Keeping only terms up to quadratic order in q we find

h(q) = (Aq1 +Bq22, Cq2 +Dq1q2, 0). The coefficient C is small but non-zero, implying that

the dispersion along q2 is almost quadratic, but contains a small linear component. We

have checked that the presence of a nonzero coefficient C is not prevented by any symmetry.

Setting h=0 we find three zero-gap Dirac points: a real one at q1= q2=0 and two virtual

ones at (0.20,±0.56i) (in units of a−1, where a is the in-plane lattice constant). These results

map onto the ∆-modified type-II model as discussed following Eq. (6), with q1 = ky −∆/vF

and q2 = kx, so we can identify A=−vF, B = 1/2m, C = α∆/vF, and D = α. Putting in

numbers, we find a small positive ∆, placing the system into the regime of Fig. 3(f), but close

to Fig. 3(e). If we artifically decrease C and let it pass through zero, the real and virtual
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Dirac points merge at q = (0, 0) and reemerge as three real ones, exactly as predicted in

Fig. 3(d) for the type-II semi-Dirac model.

We therefore conclude that the (TiO2)5/(VO2)3 nanostructure is an anisotropic linear

Dirac system that is so close to a type-II semi-Dirac behavior that it can hardly be distin-

guished from it. When the system is gapped by SOC, the calculated Berry flux is Φ ≈ −π
and the Berry curvatures are banana-shaped, independent of whether the linear term of q2 is

exactly zero or not32. Hence the Chern insulator phase is quite robust, even if the spectrum

diverge from the exact semi-Dirac dispersion due to external strain or other perturbations.

Conclusion. We have found that the (TiO2)5/(VO2)3 nanostructure, which exhibits

a peculiar semi-Dirac-like electronic structure in the absence of SOC, is a QAH (Chern)

insulator with C =−2 when SOC is included. The calculated Berry curvature, anomalous

Hall conductivity and gapless edge states unambiguously identify the nontrivial topological

nature of this system. We propose a new semi-Dirac model, which describes the semi-Dirac

point as the merging of three conventional Dirac points, to explain how a Chern-insulating

state is compatible with a semi-Dirac dispersion. Our results clarify when and how the

QAH state can emerge from a semi-Dirac structure, providing a new potential route to the

realization of such states in practical materials systems.
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