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The magnetotransport of highly mobile 2D electrons is studied in GaAs single quantum wells
with three occupied subbands. The bottoms of the lower two subbands have nearly the same
energy while the bottom of the third subband has a much higher energy (E1 ≈ E2 << E3).

Magnetointersubband oscillations (MISO) between the ith and jth subbands are observed and obey
the relation ∆ij = Ej − Ei = l · h̄ωc, where ωc is the cyclotron frequency and l is an integer. The
slight difference in the energies of the lower subbands produces noticeable interference effects in the
magnetoresistance. In contrast to the case of two populated subbands, by analyzing the amplitude

of each component of the MISOs separately, the quantum lifetime τ (i)
q of electrons in ith subband is

extracted. The studies show that τ (1)
q ≈ τ (2)

q = τ (1,2)
q . The temperature variation of 1/τ (1,2)

q is found

to be proportional to T 2 indicating that the electron-electron interaction is the dominant source of
the decrease of the electron lifetime at high temperatures. Different temperature dependence of the

quantum scattering rate is found in the third subband, δ(1/τ (3)
q ) ∼ T , which is consistent with the

theory of sparsely populated subbands.

I. INTRODUCTION

The quantization of electron motion in magnetic fields
generates an abundance of fascinating phenomena ob-
served in condensed materials1. One of the most famous
examples is the Shubnikov-de Haas (SdH) resistance os-
cillations. The passage of strongly degenerate Landau
levels through the Fermi surface at a low temperature
T produces resistance oscillations due to a modulation
of the net number of electron states in the energy inter-
val kT < h̄ωc near the Fermi energy EF that provide
the dominant contribution to electron transport2,3. The
SdH oscillations are periodic in the inverse magnetic field
(1/B) and correspond to the condition EF = l · h̄ωc. At
kT > h̄ωc, the amplitude of SdH oscillations is strongly
suppressed due to the averaging of oscillations in the den-
sity of states (DOS) within the interval kT . In two di-
mensional electron systems, SdH oscillations can be very
pronounced2, leading to the Quantum Hall Effect (QHE)
at low temperatures kT ≪ h̄ωc

4. The QHE is related
to the strong quantization (discreteness) of the electron
spectrum in high magnetic fields, h̄ωc > Γ, in which the
separation of Landau levels (h̄ωc) is larger than the level
broadening (Γ = h̄/τq).

Landau quantization produces remarkably strong
effect on Joule heating of two dimensional (2D)
electrons5–8. The heating forces 2D electrons into exotic
electronic states in which voltage (current) does not de-
pend on current9–11 (voltage12). Joule heating provides
a particularly noticeable effect on 2D electron transport
at magnetic fields corresponding to strong quantization,

h̄ωc > Γ. In contrast to linear response at low tem-
peratures kT ≪ h̄ωc (QHE), Joule heating is affected
by the quantization in a significantly broader tempera-
ture range. At h̄ωc > Γ and kT ≫ h̄ωc the dc heating
produces a remarkable multi-tiered electron distribution
containing as many tiers as the number of Landau lev-
els inside the energy interval kT : N ≈ kT/h̄ωc. This
quantal heating preserves the overall broadening (∼ kT )
of the electron distribution7,13. Joule heating is consid-
ered to be one of the main sources of the broad variety
of strongly nonlinear phenomena found in the frequency
range from dc to THz and presenting an exciting area of
contemporary research14.

Two-dimensional electron systems with multiple popu-
lated subbands exhibit a different kind of quantum mag-
netoresistance oscillations15–22. These magneto-inter-
subband oscillations (MISO) of the resistance are due to
the alignment between Landau levels from different sub-
bands i and j with corresponding energies Ei and Ej .
Resistance maxima occur at magnetic fields at which the
gap between the bottoms of subbands, ∆ij = Ei − Ej ,
equals a multiple of the Landau level spacing, h̄ωc:
∆ij = l · h̄ωc, where l is an integer23–26. At this con-
dition electron scattering on rigid impurities is enhanced
due to the possibility of electron transitions between ith

and jth subbands. At magnetic fields corresponding to
the condition ∆ij = (l+1/2) · h̄ωc the intersubband elec-
tron transitions are suppressed. As a result, the resis-
tance oscillates periodically in inverse magnetic field due
to the modulation of the electron scattering. In contrast
to SdH oscillations MIS oscillations are resilient to the
total number of the quantum states responsible for the
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electron transport (states inside the kT interval near the
Fermi level, EF ) and, thus, are significantly less sensi-
tive to the temperature. The MISO are observed at high
temperatures, kT ≫ h̄ωc at which SdH oscillations (and
QHE) are absent. The temperature dependence of the
MISO amplitude is due to the temperature broadening
of Landau levels or, in other words, due to the tempera-
ture dependence of the quantum scattering time τq(T ).
A theoretical analysis yields the following expression

for the amplitude of MISO due to the scattering between
the ith and jth subbands25,26:

∆ρ
(i,j)
MISO =

2m · νij
e2(ni + nj)

· cos

(

2π∆ij

h̄ωc

)

× exp

[

−π

ωc

(

1/τ (i)q + 1/τ (j)q

)

]

, (1)

where ni and m are the electron density and the effective
mass in the ith subband and νij is an effective intersub-
band scattering rate26. This expression has recently been
used in systems with two populated subbands to extract
the total scattering rate 1/τq = 1/τ (1)q +1/τ (2)q

17–22. How-
ever, fitting the amplitude of MISO to this function can-
not give the scattering rate of each subband separately
unless additional relations are used. In particular for two
subbands with nearly equal electron population n1 ≈ n2,
theory suggests that the rates are approximately equal:
1/τ (1)q ≈ 1/τ (2)q

17–20,26. In this paper we show that the
quantum electron lifetimes in nearly equally populated
subbands are, indeed, very close to each other.
For three populated subbands there are three differ-

ent MISOs corresponding to the scattering between dif-
ferent subbands. In accordance with Eq.(1) there are
three relations for the products of Dingle factors di =
exp(−π/ωcτ

(i)
q ) allowing separation of the electron quan-

tum lifetime τ iq for each subband.
Recently MISO have been studied in GaAs quan-

tum wells with three populated subbands at high tem-
peratures, at which the third subband is thermally
populated28. The thermal population of a subband
makes the quantitative study of the temperature depen-
dence of the quantum scattering time in this subband to
be quite challenging. The direct evaluation of the scatter-
ing rate based on Eq.(1) was obscured by the strong ex-
ponential increase of the third subband population. The
Authors have developed a theory, predicting the temper-
ature variations of the scattering rate to be ∼ T in the
third subband and have demonstrated that the observed
temperature dependence of the amplitude of MISO is in
fair agreement with the theoretical prediction. However
the presented variations of the MISO amplitude (blue
and red symbols in Fig.328) are also compatible with the
T 2 temperature variation of the quantum scattering rate
in the third subband at high temperatures making the
obtained results to be inconclusive.
In this manuscript, we present the study of GaAs single

quantum wells when three subbands are populated at low

temperatures with the relation E1 ≈ E2 << E3 < EF

between the bottom energies of the subbands. The elec-
tron densities in the lower two subbands are, thus, ap-
proximately equal and are substantially larger than the
one in the highest subband. Our samples demonstrate
strong MISO in a wide range of temperatures yielding the
quantum scattering rate regardless of the temperature
variations of the rate. The analysis of MISOs indicates
that the quantum scattering times obey the following re-
lation τ (1)q (T ) ≈ τ (2)q (T) and demonstrates different tem-

perature dependencies for the lower [δ(1/τ (1,2)q ) ∼ T 2]

and the upper [δ(1/τ (3)q ) ∼ T ] subbands.

II. EXPERIMENTAL SETUP

Highly mobile GaAs quantum wells were grown by
molecular beam epitaxy on a semi-insulating (001) GaAs
substrate. The material was fabricated from a selectively
doped GaAs single quantum well (56 nm) sandwiched be-
tween AlAs/GaAs superlattice barriers. The heterostruc-
ture was designed to create three populated subbands
with energies at the bottoms of the subbands E1, E2,
and E3 such that E1 ≈ E2 << E3. The subband ener-
gies are schematically shown in the insert to Figure 1.
The studied samples were etched in the shape of a Hall

bar. The width and the length of the measured part of
the samples are W = 50µm and L = 250µm. AuGe
eutectic was used to provide electric contacts to the 2D
electron gas. The samples were studied at different tem-
peratures from 2 to 9 Kelvin in magnetic fields up to 0.6
Tesla applied perpendicular to the 2D layer. The total
electron density of samples, nT ≈ 8.6 × 1011cm−2, was
evaluated from Hall measurements at high magnetic field.
An average electron mobility µ ≈ 1.6 × 106cm2/V s was
obtained from nT and the zero-field resistivity around
T =4.6K. Sample resistance was measured using the four-
point probe method. We applied a 12Hz ac excitation
(Iac) through the current contacts and measured the lon-
gitudinal and Hall ac voltages (V ac

xx and V ac
H ) using two

lockin amplifiers with 10MΩ input impedances. The po-
tential contacts provided insignificant contribution to the
overall response due to small values of the contact resis-
tance (about 1kΩ) and negligibly small electric current
flowing through the contacts. The measurements were
done in the linear regime, when the voltages are pro-
portional to the applied current. Six samples have been
studied demonstrating similar temperature dependencies
for lower and upper subbands. The manuscript presents
data for three samples A , B and C.

III. RESULTS AND DISCUSSION

Figure 1a presents the longitudinal resistivity, ρxx(B),
of samples A, B and C. In accordance with Eq.(1)
the frequency of MIS oscillations in the inverse mag-
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FIG. 1: (a) Magnetoresitivity of samples A , B and C at dif-
ferent temperatures as labeled. The inset shows the energy
diagram of the quantum well with three occupied subbands,
where E1, E2, and E3 designate the energy of the bottom of
each subband and EF designates the Fermi energy. (b) Mag-
netoresitivity of samples A at different temperatures. SdH
oscillations are developed at T=4K in magnetic fields above
0.6 T. Insert presents comparison of the amplitude of quan-
tum oscillations at small (B =0.12 T) and high magnetic fields
with the amplitude of SdH oscillations at different tempera-
tures expected from theory27.

netic field is proportional to the intersubband energy
gap (fij ∝ ∆ij = Ei − Ej). This three subband sys-
tem should therefore have MISOs at three different fre-
quencies, corresponding to resonant scattering between
the three subbands. MISOs associated with scattering
between the lowest two subbands will have a low fre-
quency (LF-MISO), f21 ∝ E2 − E1, since the energy
spacing ∆21 is very small (E1 ≈ E2). The two sets
of MISOs associated with scattering between the up-
per band and each of the lower bands will have much

higher frequencies (HF-MISO) that are approximately
equal since ∆31 ≈ ∆32 ≫ ∆21. Due to the small differ-
ence between energy E1 and E2 the interference between
these two sets produces a beating pattern between two
frequencies f31 and f32 with a small beating frequency
fbeat ∝ (E2 − E1)/2 ≪ f3i and a high inner frequency
favg ∝ (2E3 − E2 − E1)/2. The presence of resistance
oscillations with both the low (f21) and high (f31, f32)
frequencies is shown in Figure 1a.
Figure 1b presents the longitudinal resistivity, ρxx(B),

in a broader range of magnetic fields at different temper-
atures as labeled. At temperature T = 4 K and magnetic
fields above 0.6 T a significant increase of the amplitude
of quantum oscillations is observed. At these conditions
the cyclotron energy exceeds the broadening of the elec-
tron distribution (∼ kT ) and the contribution of Shub-
nikov de Haas (SdH) oscillations to the oscillating content
of the magnetoresistance dominates. The SdH oscilla-
tions have strong temperature and magnetic field depen-
dencies and are absent at small magnetic fields and/or
high temperatures. The insert to Fig.1b presents the ex-
pected amplitude of SdH oscillations obtained using the
following expression27:

∆ρxx = 2ρD
2π2kT/h̄ωc

sinh(2π2kT/h̄ωc)
exp(−

π

ωcτq
), (2)

where ρD is Drude resistivity. Experimental values of the
amplitude of quantum oscillations are depicted in the
insert as symbols and show good agreement with this
expression at high magnetic fields. However, the am-
plitude of observed oscillations at small magnetic fields
(B=0.12T, B=0.18T) is more than 6 orders of magnitude
larger than the expected amplitude of SdH oscillations.
This observation clearly indicates that contribution of the
SdH oscillations in the oscillating content of the magne-
toresistance is negligibly small at weak magnetic fields.
The SdH contribution is neglected in the comparison of
the quantum oscillations observed at B <0.3 T with the
existing theory of MISO.
Due to a precise relation between different frequencies

the beating frequency is twice less the frequency of MISO
corresponding to the two lower subbands: fbeat = f21/2.
This is indeed seen in Figure 2. Figure 2 presents
the magnetoresistivity for two temperatures as labeled.
The magnetoresistivity demonstrates oscillations at sev-
eral frequencies. The figure shows the expected ex-
act relation between the low frequency oscillations (LF-
MISO) and the beating between two high frequency (HF)
MISOs. Namely the maximal amplitude of the HF-MISO
is achieved at the maxima of LF-MISO while the minimal
amplitude of HF-MISO (node) corresponds to the min-
ima of LF-MISO. An accurate analysis of the positions
of HF-MISO indicates a phase shift by π between the
HF-MISO maxima located at different sides of a beating
node. It confirms the relation, fbeat = f21/2, expected
between the frequency of the LF-MISO and the beating
frequency.
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FIG. 2: (Color online) Magnetoresistivity at two tempera-
tures as labeled (blue and red curves). Black curves present
the results of FFT filtering. The inset shows one period of
slow oscillations for the T=2K data, which matches with the
beating period of the fast oscillations. Sample A.

The significant frequency difference between the low
and high frequency contents facilitate the separation of
HF and LF MISOs by an application of frequency filter-
ing. In Figure 2 black thick curves represent results of
a fast Fourier transform (FFT) filtering that has been
applied to ρxx(1/B) yielding the slow oscillations. The
inset shows one period of the FFT filtered low frequency
content, which corresponds to LF-MISO with frequency
f21. Fast oscillations clearly demonstrate a beat pattern
which shares nodes with the minima of the slow oscil-
lation. A subtraction of the slowly varying component
from the original data yields the fast oscillations. Figure
3 presents the separated components of the magnetore-
sistance oscillations corresponding to low (Figure 3a) and
high (Figure 3b-3h) frequencies at different temperatures.

A comparison of the curves obtained at different tem-
peratures shows that the amplitude of both HF- and LF-
MISOs is decreases considerably at higher temperatures.
This is mostly due to the decrease of the electron quan-
tum lifetime τ (i)q (T ) at high temperatures. The observed
evolution of MISO with the temperature allows for the
study of the temperature dependence of the τ (i)q (T ) in
different subbands.

Figure 4 shows the results of fitting the LF- and HF-
MISO data to Eq. (1). The fitting functions used for
each type of oscillations are shown in each figure respec-
tively. Figure 4(a) shows the comparison of LF-MISO
corresponding to the scattering between two lower sub-
bands (1,2) with the theory. The LF-MISO (∆ρ12) were
obtained by subtracting a monotonic background of the
magnetoresistance ρslow shown in the insert to the figure.
The background magnetoresistance has been removed by
subtracting an average of the MISO envelope shown in
the inset. The envelope was obtained by cubic spline

-150

0

150

-75

0

75

-50

0

50

-50

0

50

-25

0

25

-25

0

25

3 6 9 12 15 18 21

-25

0

25

4.2

4.5

4.8

5.1

5.4

(h)

(g)

(f)

(e)

(d)

(c)

 

 

T = 5K

T = 3K

 

 

 

 

 

 

 

 

T = 9K

T = 8K

T = 7K

T = 6K

 

 

 

 

T = 2K

13
 +

 
23

 (
m

)

B-1 (T-1)

(b)

 

 

sl
ow

 (
)

(a)

T = 2, 3, 5, 6, 7, 8, 9K

FIG. 3: Shown above are the low (a) and high frequency (b-h)
components of the magnetoresistivity separated by FFT fil-
tering. (a) The slowly varying magnetoresistivity, ρslow(1/B),
contains the background magnetoresistivity and contribu-
tions from intersubband scattering between the lower two
subbands. (b-h) Fast oscillations in the magnetoresistivity,
∆ρ13+∆ρ23, come from intersubband scattering between the
upper subband and the two lower subbands. Sample A.

between minima and maxima of the experimental data.
Fitting the LF-MISO data uses an expression correspond-
ing to Eq. (1) for ∆ρ12, while the shown in Fig. 4(b) fit
of HF-MISO data uses an expression corresponding to
sum of two MISOs, ∆ρ13 + ∆ρ23, describing scattering
from lower subbands (1,2) and the third subband. The
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theoretical expressions are valid at small magnetic fields,
at which the product of Dingle factors didj is small26. In
practice an exponentially growing with reciprocal mag-
netic field, 1/B, oscillating part of the magnetoresistance
is used to extract the quantum scattering time keeping
the fitting function inside the range of small magnetic
fields.

The HF-MISO fitting function (product of two cosines)
follows from assumptions that (a) the scattering rate be-
tween first and third subbands is identical to the scatter-
ing rate between second and third subbands and (b) the
quantum scattering rates in lower subbands are identical.
The almost perfect agreement between the fitting func-
tion and the experiment indicates the validity of these
assumptions which have been used for the interpretation
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rate in the lower two subbands, 1/τ (1,2)
q ∼ T 2 indicates that

the electron-electron scattering is the main source limiting
the electron lifetime at high temperatures; (b) the quantum

scattering rate in third subband 1/τ (3)
q , demonstrates a lin-

ear dependence on the temperature, which is compatible with
theory of electron-electron scattering in sparsely populated
bands.28

of previous experiments17,20,28.

The exponential decay parameter, λ, is used to ex-
tract the quantum scattering rates and the frequencies
ωi are used to measure the intersubband energy sep-
arations ∆ij . Frequencies extracted from the fitting,
fbeat = ω1/2π = f21/2 = (m/h̄e)(∆31−∆32)/2 = 0.154T
and favg = ω2/2π = (m/h̄e)(∆31 + ∆32)/2 = 8.803T,
confirm that the gap between the lower two subbands,
∆21 = 0.53 meV, is much less than the one between the
uppermost and the lowest subbands, ∆31 =15.48meV.
Additionally, f21 extracted from the LF-MISOs was con-
sistent with those extracted from the beating of HF-
MISOs. These subband gaps and the total electron den-
sity, nT , give a Fermi energy, EF =15.58meV, just above
the third subband. Here, energies are referenced from the
bottom of the lowest subband, E1. Since E3 is very close
to EF the frequencies of Shubnikov de Haas (SdH) oscilla-
tions from the two lowest subbands ωSdH

(1,2) ∼ (EF −E1,2)
are very close to the corresponding frequencies of HF-
MISO. This is indeed found in our samples. Further-
more the phase of SdH oscillations demonstrates a shift
by 180 degree with respect to HF-MISO similar to what
has been seen earlier in two subband systems30.

In accordance with Eq.(1) the exponential decay pa-
rameter, λ, gives the total quantum scattering rate. The
deep nodes observed for HF-MISO indicate that the
quantum scattering rates in lower subbands are nearly
identical: τ (1)q ≈ τ (2)q . Thus, the argument in the expo-

nent of Eq. (1) describing LF-MISO becomes 2π/ωcτ
(1,2)
q

and the exact quantum scattering rate 1/τ (1,2)q can be ob-
tained through fitting. These results are shown in Figure
5(a) for different samples as labeled.

Figure 5(b) shows the scattering rate, 1/τ (3)q in third
subband obtained from fitting of the HF-MISO. For these
oscillations, the total scattering rate, obtained from fit-
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ting, contains the quantum scattering rate of the lower
two subbands as well as that of the third subband. Figure
5(b) shows the result of the subtraction of the quantum

scattering rate of the lower two bands, 1/τ (1,2)q from the
total rate yielding the quantum scattering rate of elec-
trons in the third subband, 1/τ (3)q .
Shown in Figure 5(a) the temperature variations of

the quantum scattering rate, 1/τ (1,2)q are proportional

to T2 indicating that electron-electron scattering is the
dominant mechanism limiting the electron lifetime in the
lower two subbands at high temperature. This result is in
a good agreement with previous studies of highly popu-
lated subbands17,20,29. The upper subband demonstrates
a different temperature dependence of the quantum scat-
tering rate as shown in Figure 5(b). Despite a compara-
ble variation of the scattering rate in different subbands
in the studied temperature range, the variation of the
rate in third subband is more compatible with a linear
temperature dependence: δ(1/τ (3)q ) ∼ T . The linear de-
pendence is in agreement with theoretical estimations of
the strength of e − e scattering in subbands with a low
electron population28.
While in all studied samples the magnetoresitance is

found to be similar at small magnetic fields, a complex
behavior of the magnetoresistance is observed at high
magnetic fields corresponding to the condition ∆12 ≈

h̄ωc. The behavior of the magnetoresistance is found to
be considerably different in different samples. The effect
is clearly seen in Figure 1. While Sample B shows all
peaks corresponding to LF-MISO: ∆12 = k · h̄ωc, sam-
ple A does not indicate any considerable enhancement of
the scattering between two lowest subbands at k=1. The
effect is accompanied by a significant reduction of the
HF-MISO amplitude in the corresponding magnetic field
range. We note that the decrease of the low indexed
LF-MISO has been also observed in samples with 2D
electrons, which were thermally activated into the third
subband28. The authors have suggested that the effect
could be associated with some mechanisms of Landau-
level broadening not taken into account or with the influ-
ence of electron-phonon scattering on magnetotransport.
Our measurements indicate that the behavior of sam-
ples with almost identical properties is different only in
a particular range of magnetic fields when the cyclotron
energy h̄ωc is comparable with the lower subband sepa-
ration, ∆12: ∆12 ≈ h̄ωc. It points toward an instability
(or flexibility) of the electron spectrum at this condi-
tions in a wide quantum wells. It is interesting to note
that a considerable variation of the subband separation
with the filling factor has been seen in quantum wells
with an asymmetric doping31,32. A significant modifica-
tion of the properties of QHE, in particular quantized
5/2 state, has been observed with the widening quan-

tum wells33–35. These phenomena indicate an important
role of the electrostatic re-population of the subbands in
wide quantum wells placed in the quantizing magnetic
fields. It is realized recently that the re-population could
be significantly enhanced in quantum wells grown inside
screening superlattices36–38. These quantum wells were
used in the presented research. We suggest that the ab-
sence of the k=1 LF-MISO peak and significant reduction
of HF-MISO magnitude at the same range of magnetic
field could be related to a modification of the subband
separation due to the breaking inversion symmetry of the
symmetrically doped quantum wells induced by strong
magnetic fields. The corresponding intersubband charge
redistribution may decrease the subband energy gap as
well as the overlap of the subband wavefunctions. The
latter directly effects the rate of intersubband scattering.
Another possibility of the strong modification of MISO
spectrum at high magnetic fields is due to effect of in-
plane magnetic field, which may be present in the exper-
iments due to a small misalignment of samples in mag-
netic fields. A significant modification of the spectrum
of Shubnikov -de Haas oscillations by in-plane magnetic
field has been reported recently39. All these proposals
require further systematic investigations.

IV. CONCLUSION

Magneto-inter-subband oscillations of longitudinal re-
sistance has been studied in wide quantum wells with
three subbands populated at different temperature.
MISO with three different periods in reciprocal magnetic
field are observed and indicate that the energy separation
between the bottoms of lower subbands ∆12 = E2 − E1

is much smaller than the separation between the lower
(1,2) and topmost (3) subbands:∆13,∆23. Analysis of
the magnitude of different MISOs indicates that the in-
tersubband scattering rate between the lower and top-
most subbands (ν13 and ν23) and the quantum electron

lifetimes in the lower subbands (τ (1)q and τ (2)q ) are nearly
the same. The temperature dependence of the quantum
scattering rate is found to be proportional to square of
the temperature in lower subbands. The temperature de-
pendence in the significantly less populated upper sub-
band is more compatible with the linear temperature de-
pendence. The obtained temperature dependencies are
in accord with existing theory indicating e− e scattering
as the dominant mechanism limiting the electron lifetime.
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