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Electronic cooling in Weyl and Dirac semimetals
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Energy transfer from electrons to phonons is an important consideration in any Weyl or Dirac
semimetal based application. In this work, we analytically calculate the cooling power of acoustic
phonons, i.e. the energy relaxation rate of electrons which are interacting with acoustic phonons, for
Weyl and Dirac semimetals in a variety of different situations. For cold Weyl or Dirac semimetals
with the Fermi energy at the nodal points, we find the electronic temperature, T., decays in time as
a power law. In the heavily doped regime, T. decays linearly in time far away from equilibrium. In a
heavily doped system with short-range disorder we predict the cooling power of acoustic phonons is
drastically increased because of an enhanced energy transfer between electrons and phonons. When
an external magnetic field is applied to an undoped system, the cooling power is linear in magnetic
field strength and 7. has square root decay in time, independent of magnetic field strength over a
range of values.

PACS numbers: 71.10.Pm, 03.67.Mn, 11.25.Hf

I. INTRODUCTION

Dirac'? and Weyl® semimetals have received an enormous amount of attention due to the wide range of exotic
physical phenomena they are theoretically predicted to host. For example, exotic edge states known as Fermi arcs® *
have recently been experimentally seen on the surface the Dirac semimetals NazBi'® and CdsAsy!! after their theoret-
ical prediction from first-principles calculations'?'2. There also is recent experimental evidence of a Weyl semimetal
phase in TaAs'* 16 and photonic crystals'?, after their theoretical predictions'®2°. Weyl (Dirac) semimetals have
linearly dispersing excitations [which obey the Weyl (Dirac) equation, respectively] around the band touching points
referred to as Weyl (Dirac) nodes. These nodes possess non-zero Berry curvature?!, which gives rise to nontrival
momentum-space topology. Weyl semimetals also have many interesting topological properties, including the chiral
magnetic effect???3 and other phenomena associated with the chiral anomaly?*2°. The chiral magnetic effect is the
separation of electric charge along the direction of an applied external magnetic field and occurs when band touching
points have different energies. There is recent experimental evidence for the existence of the chiral magnetic effect
in ZrTes2%. The chiral anomaly causes the number of particles with a given chirality to not be conserved and occurs
when external parallel electric and magnetic fields are applied. Dirac semimetals can be topologically protected by
space group symmetries?, however they are generally not as stable as Weyl semimetals. For an overview of Weyl and
Dirac semimetals, see Refs.2” and?®.

We are interested in exploring energy exchange between electrons and phonons in Weyl and Dirac semimetals when
the electrons and lattice are at different temperatures. Energy exchange with phonons is often the most dominate
energy exchange mechanism in condensed matter systems??. As a result, energy transfer from electrons to phonons is
a key issue with possible Weyl and Dirac semimetals based devices that take advantage of the topological properties
or Berry curvature of Weyl and Dirac semimetals. Typically, to probe energy relaxation, electrons are excited to
high temperatures using an optical laser pulse. The hot electrons will then equilibrate through electron-phonon
interactions and the electronic temperature will approach the temperature of the lattice. As in normal metals and
graphene, we assume electron-electron interactions rapidly thermalize the electrons among themselves during the
relaxation process®? 32. Transport measurements also provide a way to study electron-phonon interactions in Weyl
semimetals, but as with graphene??, resistivity due to electron-phonon scattering is expected to be smaller than the
residual resistivity contribution that arises from disorder or electron-electron interactions®*3°.

In this paper, we analytically study the energy transfer of electrons to acoustic phonons in Weyl and Dirac semimet-
als in a variety of situations. While we focus on acoustic phonons, we note that optical phonons will play a dominant
role in cooling for electronic temperatures around and above the lowest optical branch. First principles calculations
predict the optical branch to have a frequency of around 3.5 THz for BLi, a material that is expected to host a
Weyl semimetal phase3¢. Assuming other Weyl/Dirac materials have a similar scale, our results should be applicable
below some temperature range on the order of a few hundred Kelvin. The precise temperature range at which acous-
tic phonons dominate over optical phonons depends on the electron density and lattice and electron temperatures
along with electron-phonon coupling strength. We are unaware of any experimental data on electron-optical phonon
coupling strength for Dirac/Weyl materials, so we leave a discussion on the competition between cooling power of
acoustic and optical phonons for future work. We stress, however, there should be a temperature (which is below the
temperature of the lowest optical branch), at which acoustic phonons dominate cooling and our results apply.



Alternatively, one could use our results to investigate the cross over between acoustic and optical phonon dominated
cooling. By first experimentally observing the results mentioned here for very low temperatures, one could then
increase the electronic temperature until a change in the cooling properties is observed. When the chemical potential
is at the nodal point, we find the temperature of the electrons decays as a power law in time over a few microseconds
for CdsAss, for example. These long-lived hot carriers (compared to a characteristic time scale of picoseconds in
metals®” when T, is greater than the Debye temperature, Tp)-important in calorimetry and bolometry3®-exists as
long as T, is less then the temperature of the optical branch, whereas in normal metals long lived hot carriers only
exist for very low temperatures (T, < Tp)3%37.

In the highly doped limit, we find the temperature of the electrons decays linearly in time far from equilibrium
and exponentially decays in time near equilibrium. Motivated by recent electron cooling experiments on the two-
dimensional analog (in some respects) of Dirac and Weyl semimetals, graphene, we also consider the effect of short-
range disorder in the heavily doped regime. For graphene, short-range disorder greatly increased the cooling power
due to enhanced energy transfer between electrons and phonons?®4! and the relaxation rate can be controlled by
varying disorder*?. We show that such an enhancement of cooling power should be expected over a wide range of
temperatures in CdsAs, and other related materials. This result allows for a new three-dimensional material whose
cooling properties can be controlled by disorder. Finally, in the presence of a moderate strength external magnetic
field, the power loss of electrons is found to be linear in magnetic field strength and the temperature of electrons
linearly decays with a rate independent of the external magnetic field.

Our paper is organized as follows. In Sec. II, we calculate the power loss due to acoustic phonons for a single Weyl
node. In Sec. ITI, we consider the effect of short-range disorder on electronic cooling. In Sec. IV, electronic cooling
due to acoustic phonons is investigated in the presence of an external magnetic field. Finally in Sec. V, we present
our conclusions. Some technical results are regulated to the appendices.

II. SINGLE WEYL NODE

We first consider the case of a single isotropic Weyl node. To generalize to N Weyl nodes, one can multiply the
result for a single Weyl node by N (provided there is negligible scattering between nodes). To obtain the results for
a single Dirac node, multiply the cooling power for a single Weyl node by two. Our approach follows the one taken
in Ref.?Y for normal metals and Refs.*3 and** for graphene. The power loss, P, is given by
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where f]i:‘ is the time-dependent Fermi distribution function, £ is the energy of the system, e o = ath|E| is the

quasiparticle dispersion relation for quasiparticles with wavevector E, v is the Fermi velocity, h is the reduced Planck’s
constant, and o = £1 labels the valence and conduction bands. The Fermi velocity has been experimentally found
(via transport, optical measurements, angle-resolved photoemission spectroscopy) and theoretically predicted (via
first principal calculations) to range from 1 x 10% m/s to 2 x 105 m /53645752 in various Dirac and Weyl semimetal
systems. In the case of CdsAss, the Dirac cone is anisotropic*®. We do not expect anisotropy to significantly alter
our predictions.

In this work, we take vp = 1 x 10%m/s, a value appropriate for CdzAse. Eq. (1) can be rewritten as a differential
equation for the electronic temperature, 0;7T, = C%, where C. = Or, E' is the electronic heat capacity. We note that
both cooling power and electronic heat capacity scale with the number of Weyl nodes, thus the temporal evolution of
T, will be independent of the number of Weyl nodes, under the assumption of negligible inter-node scattering. From
Boltzmann’s equation, we have
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is the transition rate between states |k, ) and |p,3), My = wyP o srg 1S the transition matrix element, 64 =

5(6%’5 + wy), eg’g = €ha — €p.8, NE(wy) is the Bose distribution function evaluated at the temperature of the lattice
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is the angle between k and p, p is the mass density of ions, V' is the volume, D is the deformation potential constant,
and s,g = 1 for intraband transitions and —1 for interband transitions. The deformation potential constant is just
the electron-ion potential at zero wavevector3.

In this paper, we take ¢, = 2.3 x 10 m/s and p = 7 x 10% kg/m? which are the speed of sound and density of
Cd3As»°° unless otherwise noted. The deformation potential has been estimated in CdszAss to be in the 10 — 30 eV
range from transport measurements®®. Throughout this work, we take the deformation potential to be 20 eV. We
ignore vertex corrections, which give corrections that scale as c,/vp3%°7, a small value in realistic systems. After
some algebra (see App. A for details), we find the power loss, to lowest order in ¢s/vp and for arbitrary chemical
potential, i, referenced from the nodal point is

, Wq = hegq is the dispersion relation for the phonons, ¢, is the speed of sound,
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where kp is Boltzmann’s constant. We now discuss some limits of Eq. (4). We note, for a general chemical potential,
to find the relaxation rate one must solve coupled differential equations (Eq. (1) and %—’t‘ = 0, where n is the electronic
density which is assumed to be spatially uniform) to find the relaxation rate since the chemical potential has a
temperature dependence.

In the limit of u = 0, we have
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which gives (using C. = %, where T is the gamma function and 7 is the Riemann zeta function),
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We remind the reader that the temperature difference between lattice temperature and electron temperature is due
to the system being hit with an optical pulse. This result agrees with the dimensional analysis of P, E, and Eq. (1)
put forth in Ref.*3. The cooling power at low temperatures is weak due to the high exponent of T, that appears in
the cooling power. Physically, the weak cooling power of acoustic phonons in Weyl and Dirac semimetals is due to

the small energy of acoustic phonons, ch pTe, at a typical transition momentum of khi Ze and the small density of
states for electronic transitions. Far from equilibrium, i.e, in the limit that T}, < T., we find T,(t) = ( Tf: T where
14-L)3
70

ﬁ and Tp is the initial temperature of the electrons. Taking an initial electron temperature of 140 Kelvin,
=0

we find 70 = 36 x 1076 s.

In the limit where T, 2 T, the electronic temperature decays exponentially with a characteristic time scale,

TL = ﬁ This should be compared to the low electronic temperature (T, < Tp) cooling in metals. In this case,

T0 =

P o< T? and we have similar slow cooling of the electronic temperature®’. However, this slow cooling only happens
in metals when 7, < Tp. In contrast, slow electronic cooling in Weyl and Dirac semimetals exist for a wide range
temperatures (as long as T, is much less than the temperature of the optical phonon branch, which is typically on the
order of a few hundred Kelvin). We note that CdzAs, intrinsically has a large amount of charge carriers®>58. Thus
it is an open experimental question if this limit can be reached in CdsAss.

We now discuss cooling when the system is heavily doped. For CdsAsy, an experimentally well-established Dirac
semimetal, has a Fermi energy of around 200 meV (in the heavily doped limit the chemical potential is the Fermi
energy). Unfortunately, this energy scale is nearly the same as same the band inversion energy scale, which is about
250 meV'2, thus it is questionable whether the Dirac fermion description is applicable at finite temperatures for
Er =200 meV®®. However, recent experimental progress has been made in tuning the Fermi level®*5Y in CdzAs, and
thus we believe our predictions can be experimentally realized by lowering the Fermi level. To this end, we choose
1 = 100 meV, a value well below band inversion energy scale. When kT < p, the maximum phonon momentum
is 2hkp, where kp is the Fermi momentum. Thus, the maximum phonon energy is given by hcskrp. When the
lattice temperature is below Tpg = %, the Block-Griineisen temperature®!, our approach breaks down. In this
respect, the heavily doped case resembles the typical metallic case, where the quasielastic approximation fails below
Tpe*?0'. Using 100 meV for the chemical potential gives a Block-Griineisen temperature of around 5 K. Given the



recent experimental progress in tuning the Fermi level in Cd3As,, the Block-Griineisen temperature is also tunable
parameter. When kpT < u, we can use the Sommerfeld expansion to evaluate the integral in Eq. (4). The cooling
power is found to be
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When Ty, < T, the electronic temperature decays linearly in time with a rate given by ~,. Using the experimental
values for CdzAse we find v, = 1.8 x 10'° K/s. Thus, the equilibration process is much faster for heavily doped
systems compared to undoped systems. Closer to equilibrium, 7. decays exponentially with a rate given by 7, /7.

IIT. SHORT-RANGE DISORDER

We now consider the effects of short-range disorder on cooling for heavily doped Dirac or Weyl semimetals. Recall in
the absence of disorder, the momentum of the phonons are limited to 2Akr, and thus the phonons have small energies,
5—; . With disorder, phonon momentum is no longer restricted and may reach up to kgT/c,*?. This provides a boost
to cooling power since the phonons can take away more energy from the electrons. For low impurity concentrations,
this process can be described by dressing the electron-phonon vertex. Following the formalism developed in Ref.42, we
derive the transition matrix elements and analytically find the power loss (see App. B for a derivation of the transition
matrix elements) for disorder described by the following zero-range potential V'(r) = u}_; 6(r —r;)(1 4+ 0-)/2, where
r; is the location of the jth impurity and o, is the third Pauli matrix. This formalism has had success in describing
electronic cooling in graphene.

As first mentioned in Ref.*2, allowing for this type of generalized disorder that depends on the spinor structure
of the wave-function allows one to obtain a matrix element linear in u. In other words, pure scalar disorder gives a
quadratic dependence on the disorder strength and thus the power will scale as u*, which is small for weak disorder and
won’t provide efficient cooling. Physically, this type of disorder might arise from differences of sublattice potential®?

or magnetic impurities®?%3. The transition matrix elements are [My|* = |[M|? = %Wﬂ(&’ X ). |k)|?, which we
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plug into Eq. (1) and then perform an angular average to find
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where [ is the mean free path and v(u) is the density of states at the Fermi energy. The ratio of power loss for disorder
to the normal momentum conserving process [Eq. (7)], after linearizing Eq. (9) in T, — T, is

P 61 /T’
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The mean-free path in CdsAss is on the order of a 100 nm%. We thus take krl = 40. Disorder assisted cooling then
dominates if T, 2 2Tp¢. This result is insensitive to the precise value of krl because of the cubic root in Eq. (10).

~

The ratio for arbitrary values of electron and lattice temperature is

Py w® T3+T2T+T.TE+T}
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Taking T. = 50 K, T, = 10 K and Tse = 5 K, we find that cooling power is enhanced by a factor of 250 in the
presence of short-range disorder. The time evolution for T, > T7, is

Ty
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The cooling time can be controlled by tuning the amount of disorder. This possibility was

(11)
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first suggested in Ref.*? for graphene. More specifically, the ratio of time it takes to cool to some temperature (which
is greater than the lattice temperature) for two different disorder strengths is the ratio of the mean free paths.

where o =



We note that scattering from Coulomb impurities will likely dominate electronic transport due to inefficient screening
of three dimensional semimetals®*%°, however we expect electronic cooling by acoustic phonons to be dominated by
short-range disorder as in graphene®S. Physically, this is due the fact that Coulomb disorder doesn’t have any spinor
structure and vanishes to first order in disorder strength.

IV. ELECTRON COOLING IN A MAGNETIC FIELD

In this section we consider the effect of an applied external magnetic field on electron cooling in the cold, neutral
limit. Most of the interesting physics of topological semimetals involve the presence of an external magnetic field24:25:67,
We consider the following low-energy Hamiltonian of a Weyl semimetal with two nodes in an external magnetic field
(with h = 1)%8,

H= / &Brp (—ivF(”y (V +ied) — (b - ~m5) b, (13)

where A is the vector potential, 1 and ¢ = Ty, are four component spinors, e is the electric charge, v are the
four-dimensional Dirac matrices in the chiral representation and ° = i7%y1y2~3. The Weyl nodes are separated in
momentum space by the vector 2b. We take the two Weyl nodes to be at the same energy, i.e. the zero-component of the
four vector b is zero. Our results also apply for Dirac semimetals when b = 0. Recall Weyl nodes at different energies
give rise to the chiral magnetic effect, which generates an electrical current parallel to the external magnetic field.
This electrical current will cause phonon drag®?. Thus, the phonons will dissipate energy along with transporting it.
While this situation is very interesting, it is beyond the scope of this work. The Weyl nodes are taken to be separated
in the z-direction and the magnetic field, B , is also taken to lie in the z-direction. We leave any possible dependence
of the cooling power on the angle between b and B for future work. We ignore the effects of the magnetic field on the
ions due to their large mass.

The cooling power can be written in terms of the imaginary part of the self-energy as originally derived by Kogan™.
The power loss is given by

P=3. / dfw(N " (w) = N(w)) I (7, Be, w)ImD(G, w), (14)

where ImITP" (g, B¢, w) is the imaginary part of the phonon self-energy and Im D(q,w) = 7(6(w — wy) — §(w + w,)) is
the imaginary part of the phonon Green’s function” . The phonon self-energy to one loop order is given by3°,

HPh (CT, an) =
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where G(k,ip,,) is the Greens function of the electrons in the presence of an external magnetic field, ¢2(7) = fp 2cq is

the electron-phonon coupling strength and . is the inverse electron temperature. We derive the imaginary part of
the phonon self-energy in the presence of a magnetic field in App. C. We find the exact expression for the imaginary
part of the lowest Landau level contribution to the self-energy (after analytically continuing to real frequencies) is,
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where Ip = /- is the magnetic length and ¢ = ¢2 + ¢2. We observe that the imaginary part of the self energy

is independent of temperature and chemical potential. A similar feature is seen in the current-current correlation
function for Weyl semimetals in the presence of an external magnetic field%8.

After plugging Eq. (16) into Eq. (C26), the contribution of the lowest Landau level at = 0 at a lattice temperature
of zero to the power loss is (restoring factors of h)
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where wp is the Debye frequency (See App. C for some keys steps in this derivations). In this case, wp acts as a

h 1
high-energy cut off. This result is valid to lowest order in o and in the limit a3 > ST where ap = %

The limit that o > %Z—F?F—D is physically reasonable. For example, taking T, = 30 Kelvin, hvpé = 1200 Kelvin

c 1lvr Th

(this magnetic energy scale can be reached with only 9 Telsa for vy = 10° m/s), Z—F = 100, and Tp = 140 Kelvin,

we find 0%2 X %Z_F?_D ~ .15. For Weyl and Dirac semimetals, the Debye temperature can range from 140 Kelvin in
B s e

AuyPb??, 200 Kelvin in Cd3zAs,® to 420 Kelvin in the pyrochlore iridates™72. While we have derived this result for
zero lattice temperature, it is applicable when T, > T7,. We note this result is only valid when the scattering between
Dirac/Weyl nodes of different chirality is weak.

The contribution from the lowest Landau level will dominate as long as ap > 1. All higher Landau levels are

exponentially suppressed by e~®5" where n is the nth Landau level. (We note at finite chemical potential, agn must

2
be greater than pf. to suppress the nth Landau level.) From this, we find (using the heat capacity, C. = 1‘2/;;211 (&3

which is valid when ap > 1)
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Notably, this rate is independent of the magnetic field and the distance between Weyl nodes (provided scattering
between nodes is negligible). We note there will be small corrections due to the small contribution of higher Landau

levels. The electronic temperature decays as
T.(t) = /T3 - 251, (19)

Taking wp to be 140 Kelvin and ¢, = 5 x 103 m/s, we find y5 = 40 x 1012 K/s. We do not use the speed of sound and
Debye temperature of Cd3As, for this calculation since that material has a larger ratio of Fermi velocity to speed of
sound and Debye temperature then other Dirac/Weyl materials (this makes the limit a% > Z—F:':;—S harder to reach).

Furthermore, to see quantum limit transport in CdzAsy one needs fields of 43 Tesla™. This is due to the large Fermi
surface of Cd3Ass. As a result of such high fields and low temperatures, one might expect electron-phonon coupling
to be modified”®.

Finally, we remark that these results are rather unique to Weyl or Dirac semimetals and one does not generically
expect to see electronic cooling dominated by the lowest Landau level in normal metals. This is because the magnetic
energy scale for Weyl or Dirac semimetals is much larger than that of normal metals™. More explicitly, the magnetic
energy scale for Weyl or Dirac semimetal with vr = 10° m/s is 1200 Kelvin for a 9 Telsa magnetic field. For the same
applied field in a normal metal it is 12.6 x 2= Kelvin, where m is the effective mass and m, is the electron mass. For
most metals, m./m is on the order of unity””.

V. CONCLUSION

In this work, we have analytically studied the cooling power of acoustic phonons as a function of doping level,
disorder, and externally applied magnetic fields. Our main results are in Eqgs. (5), (7), (9) and (16), along with the
corresponding decays for the electronic temperature, T, in each case. Importantly, we find disorder can effectively
be used to control the cooling power in CdzAs, and other closely related materials. We stress that we have ignored
electronic cooling from optical phonons and that our results are only valid for some temperature below the temperature
of the lowest optical branch. This temperature depends crucially on the chemical potential, electronic-optical phonon
coupling strength, and electron and lattice temperatures. We leave these material specific details as an open question.
In future work it would be interesting to study the effect of Fermi arcs and Kondo impurities”® on electronic cooling,
as well as interactions™ 83,

Note Added — Just prior to completion of this work, we noticed experimental results on the cooling by phonons in
CdsAs, for temperatures far above the temperature of the lowest optical branch®t. It was suggested in Ref.34, that
hot carriers and optical phonons equilibrate rapidly (500 x 10712 s) followed by slower cooling (10712 s) through the
emission of acoustic phonons by the decay of optical phonons or hot carriers.
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by ARO Grant No. W911NF-14-1-0579, NSF Grant No. DMR-0955778, and DARPA grant No. D13AP00052.



Appendix A: Power Loss of Single Weyl Node

In this section, we provide some key steps in the derivation of Eq. (4), starting from Eq. (2). It is first helpful to
seperate the power into two terms, Pj,q and Psp,pn, depending if they describe induced transitions or spontaneous
transitions®®. These two terms are given by (with i = 1)

P, Tor Te) = ~2m 57 57 5™ @B [£(e2) — FEQIN" ()0 e ), (A1)
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We note that Pspon (14, Te; Te) = Pina(pt, Te). As such, we only need to evaluate Pjnq 44 We now consider the limit
cs < vp as discussed in the main text. In this hmlt we can neglect inter-band transitions, i.e. a # £*3. It is
instructive to consider each term in the o sum separately. For @ = 1, using the delta function and the identity,

Jo_ ded(e — eai2)g(e) = g(ed7), we have
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We can rewrite d(e — vpp — wy) as —5( (< q)> to evaulate the p integral. This gives
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After making the ¢ integral dimensionless, we have (to lowest order in %)
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The remaining delta function can be rewritten as § (e — Ve +y?+ 2eyx) =d(x+ %)% Using the delta function to

evalute the x integral, we find
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After integrating by parts and making the € integral dimenionless, we have

V D? °°
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After performing a similar calculating for P>~ Yu,T.,Ty), we find Py,q is given by
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The total power loss is then
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Appendix B: Derivation of Transition Matrix Element

In this section we derive the transition matrix element in the case of weak zero-range disorder described by the
following potential

V() =5 >80 —r)(1+02). (B1)

This derivation generalizes the one in Ref.? for graphene to three dimensional topological semimetals. We assume
that the concentration of disorder is low and can dress the electron-phonon vertex by scattering off a single impurity.
The exact transition matrix element is given by

My = (K| MYG()T + TG(p) MY + TCMIG(p)T|k) (B2)

where G(p) is the free electron Green’s function, T is the scattering operator (or T—matrix) for a single impurity. The
scattering operator to lowest order in disorder strength is taken to be the Fourier transformed impurity potential. We
now make some approximations of the free electron Green’s functions, similar to the ones made in Ref.*? for graphene.
As mentioned in the main text, this formalism has been successful in providing understanding experimental results of
electron cooling in graphene. We expect phonons with momentum kg7'/c, to dominate cooling. As such, we expect
the virtual electrons to have much larger momentum than incoming and outing going electrons (k, k¥’ < p). This
allows one to approximate the electron Green’s function, when the virtual states have an energy hvpp > kpT, u, as

G(p) = — rwle' Plugging this into Eq. (B2), we find

mu?D?*ng

IM:]? = |MJ* = |(K'[(F % @)=[k) [, (B3)

4phcsvig3

where ng is the impurity concentration. Here, the summing over impurities is done after squaring M. For simplicity,
we use the angular average of |(k'|(& x q).|k)|?> which is ¢?/2. If u > kgT, we can approximate the sum over k and
k" as v(u)? [ [ dede’. The power loss is then

P = vl 3 (100 Py [ Qef (1= fletw)Ng + M- Pl [ def (O - fle -3 +1)) . (B

Evaluating the remaining ¢ integral, we have (defining the mean free path, I = #ﬁw(u))’

_ Vav(p)D*kj o

P= — (T =TH. B
p(hcs)%pl 30( e L) ( 5)

Appendix C: Phonon Self-Energy in a Magnetic Field

In this section we derive the imaginary part of the phonon self-energy in a magnetic field. The Green’s function
(for a given chirality, x) for a Weyl semimetal described the Hamiltonian in the main text is given by®®

- = 272 > _1 "
GX(w, kL) =ie "B Y~ %" CU (B0 — Ao (b — XD P La(2h212) — P L1 (202 B+

X
A== n=0 En
Dvor(Re 7L 4 QKR ——— e, (CD)
n= w+p— AEY’
where LY are the generalized Laguerre polynomials, Py = % (1 + isign(eB)7172> and
B
EX = vp\/(kz —xb)? + 2nm. (C2)
c

Following Ref.?>, we rewrite our Green’s function in a mix of real-space and momentum space coordinates. The partial
Fourier transform of the Green’s function is given by

dk,

Gt ks, k). (C3)

G(W, kzufJ_) = VJ_/



The inverse partial Fourier transform is
- 1 I
Gl kerFr) = o /dﬁ_e_”“'”G(w, ko L), (C4)
il

The hybrid real-space/momentum-space Green’s function is then

. A rl i
. L — B 3 _ L
G (w7 k, Tl) 27T 412 Z Z EX ( "YO )\'UF(kz Xb) ){P L (2123) ,PJanfl (2ZQB>}

A=+ n=0
2
VE L 1 i 1
21—\ . L — —— (G5
"z (7L - 1) ”1<2Z2B)>w+u—)\E2§ (C5)
The total Green’s function for both chiralities is then
Gw, k=) = > GX(w, ke, 70 ) P (C6)
x==
It is convenient to introduce the spectral function
1
A(w7 kZ7 FJ_) — % (Guzo(w — ie, kz, FJ_) — GH:()((U + ie, kz, ’FJ_)) = Z AX(OJ, kz, FJ_)P?, (07)
x==
where
2
DR (R Qe SN ) rl
AX(w, ks, 71 ) = e g ;; T (EX~o — Mg (ks — xb)y){P_L, 212 —PyLy 212 }—

.U . - T2
2ZZTF)\(TJ— . 'YJ-)Lflzfl (ﬁ))é(w — )\E?f), (08)
B

B

as done in Ref.%®. The spectral function and Green’s function are related by

> dwA(w, k,, 7
Glisn, k) = [ A deTl) (C9)
oo Wy U —wWw
As discussed in the main text, the phonon self-energy to one-loop order is given by
(B, g, iwn) ZZTr HOG(E, ipm)y Gk + . ipm + i), (C10)

iPm

where the trace is over spinor indicies. After performing the Matsubara sum and analytically continuing (iw, — Q+1in)

12 (B, §,Q) @/ /d Melw =) = ne(w’ = 1) ZTr WO AR, w) Ak + G, w')). (C11)

w—w —Q—in

We are only concerned with the imaginary part of the phonon self-energy. Using the identity ﬁ = P(%) + imd(a)
(when a is real), we have
Ph q koL 0 0
ImIT™ (B, (@) | dw| ne(w — p) —ne(w —Q — ) Te[y Ak, w)y Ak + §,w — Q)]. (C12)

Switching to the real-space/momentum space spectral function via Eq. C4, we have

2
ImIT™®(B, ¢, Q) = gvg) dw <ne(w—,u)—ne(w—Q—,u)> / d2ﬁ /d2TLTI‘[’}/OA(I€Z, w, 7)Y Ak, +q., w—1Q, —FL)]efiql'ﬂ.
i T
(C13)
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There are two different real-space integrals that need to be evaluated. They are as follows

) 0 o 72 r2 _r; ) , 213 , q2 12 , q2l2
/ A2re Ly (o VLo 5 Je 2B = 2mif(— 1)t )em T Lo (AL B ) g ( 2LB ) (C14)
0 202, 202, 2 2
and

L 2 2 2 _ 2 , a2 12 , 2 l2 , 2 l2
/ inLl(T)Ll(T) = 2wlzn’<—1><"+">e—LZBLZ-I"(%TB)LZ/ ' (QLTB> (C15)
B B B

After performing the trace, we are left with three terms that group by their Laguerre polynomials and the imaginary
phonon self-energy can be written as sum of two terms, I; 4+ Iz. The first term is

= Tl B

n,n’ x,\,\’

sinh(8%) 1
e / cosh ) + cosh(B(w — p— 2)) Ex (k) EX, (ks + q)

x ([E?S(kz)Eff/(kz +q.) + MWop(k: — xb) (ks + ¢z — xb)] + svpx[NEX(k:)(kz + g — xb) + A(k= — xb)EX (k. + qz)]>

, a3 lzB n—n’ qzl — Lﬁ_lQ n—n inQB n'—n inQB
X0(w = Q= NEY, (k. +¢:))0(w — AEX(kz))e™ 2 (L™ (=52 5 By (=L 5 D)+ L7 ( 5 L (557)).
(C16)
The second term is
g3 () 1 vF / / sinh(8%) 1
I =
7T212 7213 7; X/\ZX cosh ) + cosh(B(w — p— 2)) Ex(kz)Ex (k. + qz2)
qilzB , q2 12 , q2 12
x6(w—Q—=NEX(k: 4+ q.))0(w — AEX(k.))AN'n'e” "2 Ly " (%)Lz,” (%) (C17)

After shifting the k. in the integral by by, doing the w integral and summing over chirality, we find,

g3 (@) 1 sinh(8%) 1
L= 47T212 82 Z Z / 27T cosh(BL) + cosh(BAE, (kz) — p— ) Bn(kz)Ep (k2 + ¢2)

n,n’ xX,A,\

Q)
2
XO(AEn (kz) = Q= N Ep (k= + g2) < (ke 4 2) ANk (ks 4 g2) e 5

(G2l / 1? (g2 12 / 212
x <L2/—n (qL2B>LZ n(qL2 > +LZ/__nl <qL2B)L:ll—1n<qL2B>>7 (018)

and
I — CT) 1 ’UF ZZ/ smh(ﬂg) 1
27 212 72 2 ~ ) 27r cosh(BL) + cosh(B(ANEy (k.) — i — L)) En(kz)En (k. + ¢2)
inQB , q2 l2 , q2 l2
xS(AEp (k) —Q = NEp(k, 4+ q.)) M\ n'e” 2 L;;_ln( l23>Lz,” (%) (C19)

We observe that due to the hyperbolic functions, the cooling power will be suppressed exponentially in terms of an.
We thus focus on the contribution of the lowest Landau level to the cooling power. The only term to contribute from
the lowest Landau level is I; due to the vanishing of the Laguerre polynomials (L, (z) with n < 0 is defined to be
zero%®). For n = 0, the first term becomes,

g3 (q) 1 / sinh(8%) A3
I = 0(—Q — Mvpg.)e” "2z . C20
' 212 82 Z 27T cosh(B%) + cosh(B(\vpk. — p — ) ( r4:) (G20)
After evaluating the k, integral, we arrive at our final expression for the imaginary part of the phonon self-energy,
2 [¢) 2,2
™7 0)] = 5™ LDL 500 Nppg e (C21)

5 2
—+ 81 ’UFlB
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Plugging Eq. (C21) into Eq. (C26) (at zero lattice temperature), we have
2,2

Z Z/dwoﬂNe (_) d(—w — /\quz)e_uTBsé(w — $¢5q), (C22)

87T5v 12
sA—+ g F

Using one of the delta functions to evaluate the w integral, we find

A a 21 2 o
dg : 2 _4nre 9°(q) _aZsino?iG
— Z V/O o) /. dGSmG/O docq" N (ch)i&r%pl% §(—scsq — Avpqcosf)e T s, (C23)
Evaluating the ¢ integral, we have

“D

c d 1 2 . 2(1-22)2
Z V/ —qz/ dxc?que(scsq)&é(x—i—/\sc—) =k, (C24)
—1

16750212 v
s,A\==+ 0 6movply F

Here we have taken the cutoff, A, to be the Debye wavelength, <2. Using the last delta function to evaluate the x
integral, we find

YEwD V21— (3%)i%

scV D? /ﬂ = dy 1 e
Py = — _ sV v — e , 025
8= X SErEnE ), o e (G25)
cV D? v > (= 2 Z;B,B? ) 2
Pp =— Ly %70/  dzzhtt 1 C26
P ); 8775017;1234pﬁ5(27r)2( c ) kZ:O k! 0 ZZ er —1 + (C26)

Here we have used the fact that N°(—z) = —1 — N°(z) and assumed ;> < 1. We can approximate the first term in
the integral as

Tp
Te 2 o 2
/ dzzF e ~ / dzzk+4< ) =2n(k +5)I(k+5), (C27)
0 ez —1 0 e?—1
as for large z, the integrand is small. We then have
VD2 el 1T
. F\5 v c D\ k45
Pg =— — ——(2n(k+5)(k+5 — . C28
B ; 87r5v21234p65(27r)2( c ) kgo k! ( nk +5)0(k +5) + (k+5)(Te) > (C28)
Assuming %‘; < 1 and performing the trivial summing over A, we have
cVD? Tp o & (e = 3)
D v c T.
P = — —_— C29
B T T2 4035 (2m)? (5 ) (Te) ,; k!(k +5) (©29)
We assume that - %52 = :;f < 1, which is a physically reasonable limit. For example, taking T. = 30 Kelvin,
2;5 = 1200 Kelvm (the magnetic energy scale), & = 100, and Tp = 140 Kelvin, we find 2U 62 “%T—’: ~ .15. Using
the fact that 21; ﬁQ UCF Io « 1, we only keep the first term in the sum. We then arrive at our expression for the power

loss (after restoring factors of h) in the presence of an external magnetic field,

VD2w5D

Pp=———5>—.
B 320m7v41%4pct

(C30)
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