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The magnetization configuration in two stacked micron-size ferromagnetic disks can assume differ-
ent equilibrium states depending on the interfacial coupling between the disks. Here, I examine the
magnetization dynamics in response to an out-of-plane field pulse for different equilibrium states.
For antiferromagnetic coupling, the response spectrum generally consists of a lower-frequency part
and a higher-frequency part. The former is related to the response of the core region, which has
a significant in-plane response coupled to the out-of-plane one; the latter is related to spin waves
generated at the edges of the disk. For a meron structure the response in the two disks to an
out-of-plane pulse is also asymmetric.

I. INTRODUCTION

Patterned magnetic nanostructures are fascinating
nanoscale laboratories for exploring different and com-
peting interactions by varying geometry and composi-
tions of the structures. This allows for tailoring inter-
actions with the result that new, sometimes unexpected,
magnetic structures emerge with interesting properties.
One example are artifical spin ices1, in which geometry
is utilized to arrange for competing interactions between
individual magnetic nanostructures. Artificial spin ices
have been shown to support topological defects1–3, so-
called Dirac monopoles and Dirac strings4, that play im-
portant roles in the static and quasi-static behavior of
the systems5–11, and also give rise to specific signatures
in the resonant spectrum12. Another deceptively simple
system are two stacked ferromagnatic disks of a diam-
eter of the order of one micrometer and a few tens of
nanometers thick made from a soft magnetic material,
such as Permalloy (Py). Such single disks have a mag-
netic vortex configuration as ground state13–15, which has
been explored extensively, both in terms of the static
and dynamic properties of the vortex state16–21. By
stacking the disks on top of one another, the interaction
between the disks can be tailored by the materials or
thickness of the spacer layer from ferromagnetic to an-
tiferromagnetic. In addition, such systems usually also
have a biquadratic coupling between the ferromagnetic
layers22–24. The static configurations and susceptibility
of ferromagnetically and antiferromagnetically arranged
vortices in magnetostatically coupled stacked disks were
studied by Buchanan et al.25. Stacked disks have re-
cently been shown to support different equilibrium mag-
netization structures depending on the coupling between
the disks. For soft ferromagnetic disks and ferromag-
netic coupling, the magnetization in the disks quite nat-
urally is arranged in two vortices with the same sense
of orientation, or chirality, and the same direction of the
out-of-plane magnetization at the core (polarity). More
suprisingly, a weakly antiferromagnetic coupling can lead
to two antiferromagnetically arranged meron structures
in the disks26, the stability of which is further enhanced
by biquadratic coupling between the disks24. In this ar-

rangement, the magnetization is out-of-plane at the cen-
ter of the disks, just as for a vortex, and then radially out-
ward in one disk, and inward in the other disk, except for
near the edges, where the magnetization is arranged to
close flux lines6. In fact, this two-meron structure can be
obtained by smoothly deforming two ferromagnetically
arranged vortices as both structures have the same topo-
logical charge. There is, however, a finite energy barrier,
related to the magnetization texture on the edges of the
disks, for deforming the structure further to obtain two
antiferromagnetically arranged vortices. For a larger an-
tiferromagnetic coupling, the ground state of the system
is of course two antiferromagnetically arranged vortices.

Given the fact that relatively minor changes in the
interlayer coupling between the disks can lead to very
different equilibrium states, one would expect concomi-
tantly different low-lying excitation spectra of the mag-
netization dynamics, since the potential energy for de-
viations about an equilibrium state depends very much
on the state. For example, in single disks, the in-plane
dynamics of a skyrmion structure is radically different
than that of a vortex27–30. The purpose of the work
presented here is to explore the magnetization dynamics
of stacked soft ferromagnetic disks systems and the ex-
perimental consequences. To be precise, I will present
detailed micromagnetic simulations of the magnetiza-
tion dynamics in response to an out-of-plane field pulse,
and I will also discuss the response to an in-plane pulse
for antiferromagnetically arranged vortices and merons.
The resulting response is in the frequency range of a
few hundred MHz to a few GHz, and should be rela-
tively easily accessible to experimental techniques, such
as time-resolved MOKE31, PEEMS32, or broadband me-
ander stripline absorption33. In general, one would ex-
pect from perturbation theory that two weakly coupled
systems (in this case the ferromagnetic disks) will ex-
hibit fundamental modes that are symmetric and anti-
symmetric combinations of the fundamental modes of
the individual systems. As I will show below, this is
more or less the case for the ferromagnetically coupled
disks, where a low-frequency mode appears, well below
the fundamental Kittel-like mode of the system. One
would similarly naively expect the modes of antiferro-
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FIG. 1. Cartoon of the stacked disks considered here. The
spacer is a thin metal that can promote ferromagnetic or an-
tiferromagnetic and biquadratic coupling between the disks.

magnetically coupled vortices to be described by pertur-
bation theory, with a low-frequency antisymmetric mode
and a high-frequency Kittel-like mode. This is however
not the case. The spectrum of modes for this system is
fundamentally different from the spectrum of an individ-
ual vortex and not readily obtainable from those of the
individual vortices. Instead, the spectrum of modes re-
sponding to the out-of-plane pulse is much more compli-
cated with distinct low-frequency parts, corresponding to
resonant modes localized near the core region, and high-
frequency parts, corresponding to spin waves. Finally,
for a system in an initial configuration with antiparallel
merons (with or without biquadratic coupling), the low-
frequency response is also strongly asymmetric (neither
symmetric nor antisymmetric) in the two disks.

The systems considered here consist of two Py disks
of a diameter of 2 µm and a thickness of t nm (Fig. 1).
Typically, t was taken to be 10 nm, except for the ferro-
magnetically coupled disks, for which t was 20 nm. The
disks are stacked with a spacer layer of negligible thick-
ness but that can promote an interfacial coupling that is
either weakly ferromagnetic, or weakly antiferromagnetic
with or without a biquadratic coupling. The equilib-
rium states for these three interactions are ferromagnetic
vortices, antiferromagnetic vortices, or antiferromagnetic
meron structures.

The system is subjected to an out-of-plane magnetic
pulse of duration of some fraction of a nanosecond and
of strength of a few tens to 100 Oe. The dynamical mag-
netization response is then obtained by integrating the
Landau-Lifshitz-Gilbert equation

dm̂

dt
= −|γe|m̂×Heff −

|γe|α
1 + α2

m̂× [m̂×Heff ] . (1)

Here, m̂ is the local magnetization director of unit norm,
|γe| is the electron gyromagnetic ratio, and Heff is the
effective magnetic field that includes micromagnetic ex-

change, interfacial coupling, external field, and magne-
tostatic fields. In the simulations presented here, the
magnetostatic field was calculated at each time step us-
ing a fast Fourier technique and a mesh of size 2.5
nm×2.5 nm×5 nm, and the time-integration was done
using a modified Bulirsch-Stoer implicit integrator34 in
time-steps ranging from 0.25 ps to 1 ps. This mesh was
necessary for the antiferromagnetically coupled disks. A
coarser mesh (5 nm×5 nm×5 nm) for these systems gave
1D spectra in good quantitative agreement with the finer
mesh, but the 2D images of the magnetization modes
for antiferromagnetic coupling were typically distorted
at the lower frequencies with a two-fold or four-fold sym-
metry originating from magnetization errors due to the
“staircase” approximation of the circumference. For the
ferromagnetically coupled disks coarser mesh of dimen-
sions 5 nm×5 nm×5 nm was adequate. The materials
parameters used, typical for Permalloy, were a satura-
tion magnetization MS = 800 emu/cm3 and a dimen-
sionless damping ranging from α = 0.01 to 0.02, and an
exchange coupling of 1.2 µerg/cm. The interfacial cou-
pling was typically of magnitude 0.015 erg/cm2, translat-
ing to an effective field of magnitude 18 Oe throughout
the thickness of each disk7, and the biquadratic coupling
field was 15 Oe. The time-integrated magnetization den-
sity was sampled every 25 ps for a duration of 10 ns, and
this time sequence of magnetization then Fourier trans-
formed to give spatial magnetization structure as func-
tion of frequency. The average magnetization in each
layer was also collected every 25 ps and Fourier trans-
formed to yield 1D-plots of each average magnetization
component as function of frequency.

II. RESULTS AND DISCUSSION

A. Response to out-of-plane field pulse

Figure 2 depicts the spectrum of the out-of-plane mag-
netization for the two disks for the case of two ferromag-
netically coupled vortices. Here, the disks were 20 nm
thick and the interlayer exchange coupling varying be-
tween 0.01 erg/cm2 and 0.1 erg/cm2. The spectrum
shows one high-amplitude peak close to 7 GHz, which
corresponds to a nodeless circularly symmetric out-of-
plane motion of the magnetization. In addition to this
main resonance, Fig. 2 shows smaller peaks at about 11
GHz and 13 GHz, corresponding to high-order circularly
symmetric resonances with one and two nodal lines in
the radial direction. The frequencies of these circularly
symmetric radial modes are in very good agreement with
the results of Guslienko et al.35, who calculated these
modes for a single disk using analytical and micromag-
netic techniques, if the two stacked disks are considered
as a single disk of total thickness 40 nm. For all these
high-frequency modes, the amplitude is identical in the
two disks. The inset of Fig. 2 shows an enlargement of the
low-frequency region. The peaks here, increasing in fre-
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FIG. 2. Spectrum of the out-of-plane magnetization for fer-
romagnetically coupled disks with interlayer coupling of 0.01,
0.025, 0.05, and 0.1 erg/cm2. The inset shows the region
of the low-frequency mode with dash-dotted (solid) lines the
amplitude of the upper (lower) disk. The frequency increases
with increasing interlayer coupling.

quency with increasing interlayer coupling, are the lower-
frequency asymmetric mode that arises because of the
coupling. A simple model36 yields frequencies of about
2 GHz for this lower mode, which is in good agreement
with the micromagnetic simulations. Strictly speaking,
this mode is not perfectly antisymmetric – if it were, it
would not couple at all to the out-of-plane magnetic field
pulse.

In contrast, the 1D spectrum for the antifer-
romagnetically aligned vortices (interfacial coupling
−0.015 erg/cm2, with the sign denoting antiferromag-
netic coupling) shows a number of low-frequency peaks in
the out-of-plane magnetization (Fig. 3) at about 0.3 GHz,
0.8 GHz, 1.2 GHz, 1.7 GHz, 2.1 GHz, and 2.9 GHz,
in addition to some smaller peaks at higher frequencies.
Again, the out-of-plane magnetization motion in the two
disks is identical in both amplitude and phase, while
the in-plane magnetization motion is opposite in the two
disks, as is to be expected. Plots of the out-of-plane mag-
netization amplitude (Fig. 4 and Fig. 5 ) show that the
the lower-frequency modes are located near the core at
the center of the disc. As the mode frequency increases,
the modes extend more and more outside the core region,
and gradually turn into small-wavelength spin waves36.
The applied out-of-plane field pulse causes an in-plane

clockwise screw distortion of both the initial vortices, to-
gether with an out-of-plane component of the magneti-
zation (see Fig. 6). This screw distortion is caused by
anti-parallel radial (and parallel out-of-plane) magneti-
zation distortions in the two disks. After the application
of the out-of-plane pulse, the magnetization in the two
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FIG. 3. Magnetization spectrum for the out-of-plane magne-
tization component for two antiferromagnetic vortices.

FIG. 4. (Color online) Amplitude of the out-of-plane magne-
tization for antiferromagnetically coupled vortices from top
left to bottom right: 0.3 GHz , 0.8 GHz, 1.2 GHz, 1.7 GHz,
2.1 GHz, and 2.9 GHz. The color scale shows amplitude in
arbitrary units. Top two rows use the same color scale shown
on center panel; the bottom row uses a different color scale
(as the amplitude is lower in these modes) for the bottom left
panel, and yet another one for the center and right bottom
panels.

disks starts to relax. The relaxation of the screw distor-
tion takes place through a combination of slow out-of-
plane magnetization motion coupled to in-plane motion.
This gives rise to the amplitude distribution near the cen-
ter of the disks at the lower frequencies . 2.0 GHz. At
the edge of the disk, the relaxation occurs with an out-
of-plane motion (the magnetization is “flapping” at the
edge) that generates circularly symmetric spin waves that
propagate inward and give rise to the approximately cir-
cularly symmetric amplitude distributions at & 2.0 GHz.
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FIG. 5. (Color online) Plot of the amplitude of the z-
component of the magnetization eigenmodes in Fig. 4 as func-
tion of radius r from the center of the disk. Left panel:
0.3 GHz (black solid line) , 0.8 GHz (red dashed line), 1.2 GHz
(blue dotted line). Right panel: 1.7 GHz (black solid line),
2.1 GHz (red dashed line), and 2.9 GHz (blue dotted line).
Note that the nodes in the amplitude do not go strictly to
zero because of numerical noise.

FIG. 6. (Color online) Equlibrium magnetization (top row)
and initial magnetization configuration of the anti-parallel
vortices (bottom row) in the bottom (left panels) and top
(right panels) disks after the application of a 500 ps out-of-
plane field of magnitude 100 Oe. The color scales shows the
azimuthal angle in radians, and the arrows depict the in-plane
magnetization.

For the meron structure with an antiferromagnetic
interfacial coupling of −0.015 erg/cm2, the 1D out-of-
plane spectrum shows some different, interesting features
(Fig. 7). The out-of-plane magnetization in both disks
has a peak at 0.4 GHz and about 1.1 GHz, but with
one disk (the top disk) a larger amplitude, especially at
about 1.1 GHz. The top disk amplitude also has a peak
at about 1.9 GHz, but the magnetization amplitude in
the other disk shows a dip at at this frequency (Fig. 7).
The amplitude in both disks have a number of smaller
peaks at higher frequencies. Two-dimensional represen-
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FIG. 7. (Color online) Magnetization spectrum for the out-of-
plane magnetization components in the two disks for a meron
configuration (bottom disk: solid black line, top disk: dot-
dashed red line) for a meron structure.

tations of the out-of-plane magnetization amplitude show
that the two lowest-frequency modes are somewhat sim-
ilar to the low-frequency mode of the antiferromagnetic
vortices with the high amplitude in a region about the
center (Fig. 9 and Fig. 10). The mode with a peak at
about 2.0 GHz, on the other hand, has a weak amplitude
maximum in a band approximately at half the disk ra-
dius in the bottom disk, while the top disk has a strong
maximum at 1.9 GHz in the same band. Examination
of the magnetization dynamics shows that the magneti-
zation at the edges now does not respond much at all
to the pulse. This is because for the meron configura-
tion, the equilibrium magnetization goes largely out of
plane at the edges of the disks to close flux between the
disks. This out-of-plane magnetization leads to a much
smaller response to an external magnetic field, and as
the magnetization relaxes, there is no ‘large-amplitude
‘edge-flapping” as for the antiferromagnetic vortices, but
there are in this case too spin waves that are generated
at the edge and propagate inwards. This results in the
smaller peaks at frequencies & 2.5 GHz. The antifer-
romagnetic coupling again leads to an in-plane response
that is opposite in the two disks near the core. The mag-
netization in the disks responds in the core region to the
initial out-of-plane field pulse by screw distortions of the
magnetization together with increasing the out-of-plane
magnetization (see Fig. 8 ), similar to the AP vortices.
In constrast with the initial distortion of the AP vortices
that were both distorted equally in a clockwise sense, for
the meron structure the magnetization in the bottom is
distorted differently than that of the top disk, with a re-
sulting different relaxation dynamics. The response to
the initial pulse near the edge also has an in-plane com-
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FIG. 8. (Color online) 2D representation of the equilibrium
(top row) and initial magnetization at the end of the out-of-
plane magnetization pulse (bottom row) in the bottom (left
panels) and top (right panels) disks for the meron structure.
The arrows depict the in-plane magnetization, which is ap-
proximately radially inward in the bottom disk (left panel)
and radially outward in the top disk (right panel); the color
coding depicts azimuthal angle of the local magnetization den-
sity.

ponent, but much less pronounced than in the interior of
the disks. The in-plane components relax in two stages,
faster in the outer region of the disk, and much more
slowly in the core region. The faster relaxation in the
outer region is strongly suppresed in amplitude in a band
at about half the radius from the center, and this results
in the dip of the out-of-plane spectrum at about 2.0 GHz
(Fig. 7). The slower relaxation in the core unwinds the
screw displacements in the two disks, giving rise to the
larger spectral feature at 0.3 GHz and 1.0 GHz.

I note that simulations were also performed for the two-
meron structure with initial opposite core polarizations.
However, the meron cores are rather soft and the field
pulse reversed the core polarization in one disk, at least
for the field pulse used here (100 Oe), resulting in same-
polarity structures.

Finally, Fig. 11 shows the out-of-plane spectrum for
the meron structure with now and added biquadratic
coupling. There are two larger peaks at 0.4 GHz and
1.1 GHz, and some smaller and broader peaks above
2.0 GHz (Fig. 11). The lower mode at 0.4 GHz is a
mode with its amplitude in a broad range centered on
the core, while the 1.1 GHz mode is similar to the asym-
metric mode for merons with purely antiferromagnetic
coupling: There is a band of high amplitude at about
half the radius in one disk, while the amplitude is much
suppressed in the other disk (Fig. 12).

FIG. 9. (Color online) 2D representation of the out-of-plane
magnetization motion in the two disks for a meron configu-
ration; top row shows the bottom disk at 0.3 GHz, 1.0 GHz,
and 2.0 GHz; bottom row shows the top disk at 0.3 GHz,
1.0 GHz, and 2.0 GHz

FIG. 10. (Color online) Plot of the amplitude of the z-
component of the meron magnetization eigenmodes in Fig. 9
as function of radius r from the center of the disk. Left panel
bottom disk, right panel top disk, 0.3 GHz (solid black line),
1.0 GHz (red dashed line), and 2.0 GHz (blue dotted line).
Note that the nodes in the amplitude do not go strictly to
zero because of numerical noise.

B. Response to in-plane field pulse

The response to an in-plane field pulse by a single vor-
tex or magnetostatically coupled stacked vortices have
been studied extensively16–21,37. It is well known that a
single vortex displays a gyrotropic motion in which the
initially laterally displaced core spirals back to its equi-
librium position. The direction of rotation depends only
on the core polarity and not on the chirality of the vortex.
For same polarities of the core, there are two fundamental
modes corresponding to spiral motions of the cores and
a low-frequency rotation of the mean core position37.

Figure 13 shows the spectra of the x- and y-
components of the magnetization of the antiferromagnet-
ically coupled vortices studied here after a 0.5 ns pulse of
20 Oe along the x-direction for same core polarities. The
lowest peak at about 0.75 GHz does indeed correspond to
the vortex cores spiraling back towards the center, with
the cores approximately on opposite sides of the disk cen-
ter. The higher-frequency peaks appear to correspond to



6

f (GHz)

a
m

p
li
tu

d
e

 (
a

.u
.)

0 2 4 6 8 10
0

0.02

0.04

0.06

0.08

0.1

FIG. 11. (Color online) Magnetization dynamics spectrum
for the out-of-plane magnetization in the two disks (top layer:
solid black line, bottom layer: red dash-dotted line) with an
antiferromagnetic interlayer coupling of -0.015 erg/cm2 and a
biquadratic couplong of 15 Oe; the disk ground state config-
uration is antiparallel merons.

much more complicated dynamics with higher harmonics
of the core motions coupled to spin waves with nodes in
the azimuthal directions.

In contrast, the two-meron structure does not respond
to an in-plane pulse by displacing the cores laterally from
the center. Instead, the response to the pulse is first to
disort the magnetization in the two disks to increase the
magnetization along the field, and decrease the magne-
tization antiparallel to the field; this initial distortion is
antisymmetric in the two disks (see Fig. 14). The restor-
ing dynamics mostly consists of a slight in-plane rotation
of the magnetization about its equilibrium. Figure 15
shows the spectra of the in-plane magnetization motion
for the two disks. The main features are the peaks at
about 0.4 GHz, 1 GHz, and 2.0 GHz. The correspond-
ing 2D-representations of the dynamic y-component is
shown in Fig. 16 for the two disks. Again, the motions
appear rather complicated, but at the lowest frequency
(leftmost panel) the amplitude is high in two lobes on
opposite sides of the center along the x-axis; these corre-
spond to the y-compoent of the slow restoring rotation.
The dynamics at about 1 GHz correspond to a higher
harmonic of this motion, while at 2.0 GHz the dynamics
is more along the edge. Note again that the response in
the two disks is not the same, similar to the response to
the out-of-plane field pulse.

FIG. 12. (Color online) 2D magnetization modes at 0.4 GHz
(left panels) and 1.1 GHz (right panels) for bottom and top
layers of the meron system with added biquadratic coupling.

FIG. 13. Magnetization spectra of the x-components (left
panel) and y-component (right panel) of the magnetization in
two antiferromagnetically aligned vortices after an in-plane
field pulse along the x-axis.

III. CONCLUSIONS

Very slight changes in the interlayer coupling between
ferromagnetic disk can lead to very different ground
states or equilibrium magnetic configurations. This com-
pletely alters the energy landscape for the dynamics of
eigenmodes with remarkably different responses to ex-
ternal field pulses as a consequence, both in terms of the
frequency content of the response as well as the spatial
distribution of the magnetization dynamics. Therefore,
these systems are convenient laboratories for exploring
how competing interactions can give very large changes
in the system behavior as a result of small changes in a
control parameter. The response for ferromagnetically
coupled vortices can be readily understood from sim-
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FIG. 14. (Color online) Magnetization configuration in the
antiferromagnetically coupled meron structures after a 0.5 ns
field pulse of magnitude 20 Oe along the x-axis. The color
coding represents the azimuthal angle of the local magnetiza-
tion density in the bottom (right panel) and top (left panel)
disks. Note that the cores of the merons have not been dis-
placed laterally.

FIG. 15. (Color online) Magnetization spectra of the x-
components (left panel) and y-components of the magnetiza-
tion in the two-meron structure after an in-plane field pulse
along the x-axis. The solid line is for the bottom disk, and
the dashed (red) line for the top disk.

FIG. 16. (Color online) 2D magnetization modes (y-
components) of the meron structure after an in-plane field
pulse along the x-axis at 0.4 GHz, 1.0 GHz, and 2.0 GHz
from left to right; the top (bottom) row shows the amplitude
for the bottom (top) disk.

ple mode-coupling theory in the weak coupling regime,
with a Kittel-like nearly uniform (symmetric) mode, in
this case near 7 GHz, and an additional lower-frequency
nearly antisymmetric mode. In contrast, the response
of antiferromagnetically coupled vortices or meron-like
structure is dominated by low-frequency modes around
1 GHz resulting from the relaxation of an initial screw
distortion of the magnetization from its equilibrium con-
figuration. In addition, for the antiferromagnetic cou-
pling, there is a large response at or near the edge of the
disks, resulting in the generation of circularly symmet-
ric spin waves that propagate inward. In the absence of
biquadratic coupling, the meron structure shows a fre-
quency response that is different in the two disks, with
one disk exhibiting a response at about 1.9 GHz; the am-
plitude has a pronounced minimum in the other disk. For
this system, the symmetry of the modes of the system are
broken between the disks. The response modes of disks
with added biquadratic coupling show similar behavior.

The frequencies ranges explored here are experimen-
tally accessible so the results presented here can be ver-
ified experimentally. They also provide new avenues to
explore – with potentially interesting and useful appli-
cations – the dynamics of coupled magnetic nanostruc-
tures. The results presented here should also be useful
in the context of designing and interpreting experiments
exploring spin-transfer torque induced magnetization dy-
namics in nanopillars with diameters large enough to sup-
port vortex or meron structures38,39.
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