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We analyze the effect known as “spin current swapping” (SCS) due to electron-impurity scattering
in a uniform spin-polarized two-dimensional electron gas. In this effect a primary spin current Ja

i

(lower index for spatial direction, upper index for spin direction) generates a secondary spin current
J i
a if i 6= a, or Jj

j , with j 6= i, if i = a. Contrary to naive expectation, the homogeneous spin
current associated with the uniform drift of the spin polarization in the electron gas does not
generate a swapped spin current by the SCS mechanism. Nevertheless, a swapped spin current
will be generated, if a magnetic field is present, by a completely different mechanism, namely, the
precession of the spin Hall spin current in the magnetic field. We refer to this second mechanism
as Hanle spin Hall effect, and we notice that it can be observed in an experiment in which a
homogeneous drift current is passed through a uniformly magnetized electron gas. In contrast to
this, we show that an unambiguous observation of SCS requires inhomogeneous spin currents, such
as those that are associated with spin diffusion in a metal, and no magnetic field. An experimental
setup for the observation of the SCS is therefore proposed.

PACS numbers: 72.25.-b, 71.70.Ej, 72.20.Dp, 85.75.-d

I. INTRODUCTION

The generation, manipulation and detection of spin
currents are central issues in realizing spintronic
devices.1,2 Recently, Lifshits and D’yakonov3 described
an interesting and potentially important “spin current
swapping” (SCS) effect: a primary spin current, [J ia](0)

flowing along the a direction with spin polarization along
the i direction, generates a transverse spin current, which
can be expressed as

[Jai ]SCS = κ

(
[J ia](0) − δia

∑
l

[J ll ]
(0)

)
, (1)

with the generation efficiency parameter κ = λ2k2
F pro-

portional to the square of the effective Compton wave-
length λ (which controls the strength of the spin-orbit
coupling) and the square of the Fermi wave vector kF .
Here the lower index, i, denotes the spatial direction of
flow of the spin current, while the upper index a denotes
the orientation of the spin. As discussed by Lifshits and
D’yakonov in Ref. 3, the SCS effect originates from the
spin precession of the propagating electrons under the
impurity-generated spin-orbit field. In a classical pic-
ture, when an electron passes near an impurity, not only
its momentum changes, but also its spin undergoes a ro-
tation around the effective magnetic field associated with
the impurity potential. This effective field is normal to
the plane defined by the electron momentum and the
gradient of the local electric potential, and its sign de-
pends on whether the electron passes on the left or on
the right side of the impurity. The correlation between
the scattering direction and the sign of the spin preces-
sion is the essence of the spin-current swapping effect, as

it causes, for example, spins initially oriented in the +y
direction and propagating along +x (primary spin cur-
rent Jyx ) to acquire a positive x spin component when
they are deflected in the positive y direction, and a nega-
tive x component when they are deflected in the negative
y direction: this results in a secondary spin current Jxy
[see Fig. 1(a) and its caption].

At first sight the detection of the spin current swapping
effect seems quite straightforward. Consider, for exam-
ple, a setup consisting of a two dimensional electron gas
confined to the x-y plane, with a spontaneous or induced
in-plane spin polarization described by average homoge-
neous spin densities Sx and Sy. An electric field applied
in the −x direction will produce primary spin currents
[Jxx ](0) and [Jyx ](0) proportional to the charge current Jx
and to the spin densities Sx and Sy, respectively. The
effective magnetic field created by the spin-orbit inter-
action with the impurities is perpendicular to the plane,
i.e., along the z direction. Then, according to Eq. (1),
the spin currents generated by the spin current swapping
effect should be

[Jyy ]SCS = −κ[Jxx ](0), (2)

[Jxy ]
SCS

= κ[Jyx ](0) (3)

and it might seem a relatively easy matter to detect the
spin accumulations associated with one or the other com-
ponent of the spin current. Notice that both [Jyy ]SCS and

[Jxy ]
SCS

are transverse with respect to the direction of
flow of the primary current. However, at variance with
the well-known transverse spin current induced by spin
Hall effect Jzy (Refs. 4–7), here only the in-plane spin
components are relevant.

Unfortunately, things are not so simple. As explained
above, Eq. (2) takes into account only the effect of the



2

  

v⃗

F⃗imp

B⃗impx

y

(a)   

E⃗

v⃗

B⃗E

(b)

FIG. 1: (a) Impurity-induced spin current swapping for pri-
mary spin current Jy

x . The electric force induced by the im-
purity potential (−∇Vimp shown as the blue arrows) gives rise

to an effective magnetic field ~Bimp ' λ2m~Fimp × ~v, which, so
as to the spin precession, is in opposite directions for the two
trajectories, leading to a transverse spin current Jx

y . (b) The
spin current swapping effect due to the external electric field.
Here, the spin precession is caused by the effective magnetic
field ~BE ' −λ2me~E × ~v. Observe how the “swapped” spin
current Jx

y produced by the electric field in (b) is opposite to
the one produced by the impurities in (a).

out-of-plane magnetic field from impurity spin-orbit cou-
pling. The in-plane external electric field that drives the
primary spin current – a plain drift current – will also
contribute to the SCS, because it generates, via spin-orbit
coupling, an effective magnetic field that lies exactly in
the opposite direction as the impurity-induced one [see
Fig. 1(b)]. Therefore, the total SCS spin current will be
the sum of two contributions, one from the impurities and
the other from the electric field, and these two contribu-
tions cancel each other. This point was recognized and
discussed in our recent paper,8 where we demonstrated
the exact cancellation (in a homogeneous system) from
spin-dependent drift-diffusion equations. The cancella-
tion can be understood as a consequence of the force bal-
ance between external electric field and impurities at the

steady state, i.e., 〈∇Vimp〉 = ~E, with 〈...〉 representing
the average over the electron density distribution.

The analysis of Ref. 8 was, however, incomplete, be-
cause it did not take into account the action of the exter-
nal magnetic field and/or the internally generated spin-
dependent potential (exchange potential), which may be
responsible for the spin-polarization of the electron gas.
While a spin polarization can exist, out of equilibrium,
even without a magnetic field, it is important to under-
stand how the generation of spin currents and the SCS
will be affected by the presence of such a field. In this
paper we provide an answer to this question. Specifically,
we point out the existence of an effect that can easily pass
for SCS even though its physical origin is quite different.
This effect, illustrated in Fig. 2, arises from the combined
action of the spin Hall effect, which generates a spin cur-
rent Jzy when the electric current is in the x direction,
and the spin precession driven by the external magnetic
field and/or the exchange-field of the ferromagnet, which
rotates Jzy around the axis of the spin polarization pro-
ducing a small “swapped” spin current Jxy , if the mag-
netic/exchange field is in the y direction (red arrows), or
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FIG. 2: Schematics of the Hanle spin Hall effect. A charge
current along the x-axis generates a spin Hall current Jz

y . In
the time τ between collisions the spins, initially pointing in
the z directions, precess in the magnetic/exchange field (red
arrows), acquiring a finite x-component if the field is along y
(case shown in the figure), or an y-component, if the field is
along x (not shown). Collisions with impurities, “reset” the
orientation of the spin along the z axis.

Jyy , if that field is in the x direction. Due to its similarity
with the well known Hanle effect, in which a non equi-
librium spin polarization is rotated by a magnetic field
away from its original direction, we call this effect “Hanle
spin Hall effect” (HSHE). What is rotated is the spin Hall
current, resulting in the generation of a secondary spin
current which is virtually indistinguishable from SCS.

In Section II of this paper we present the diagram-
matic theory of the HSHE in a disordered spin polarized
two-dimensional electron gas. Both side-jump and skew-
scattering contributions to the spin Hall current are con-
sidered (the latter in Appendix B) and we show that both
give rise to SCS-like spin currents when an in-plane mag-
netic field is present. The gedanken experiment described
at the beginning of this introduction would therefore be
an experimental test not of the spin current swapping
but of the Hanle spin Hall effect

Next, in Section III we show that the SCS effect can
be observed in inhomogeneous situations, such as the one
described in Ref. 3 where the spin current was injected
from ferromagnetic leads into a nonmagnetic conductor.
In this case the primary spin current is a diffusion cur-
rent, driven by a spin density gradient rather than by
an electric field, and our arguments leading to the can-
cellation of the SCS for drift currents do not apply. We
therefore propose an experimental setup for the observa-
tion of SCS in a nonmagnetic metal.

Lastly, in Section IV we clarify the relation between
the SCS discussed in this paper – clearly an effect aris-
ing from spin-orbit interaction with impurities – and the
“intrinsic SCS” introduced by Sadjina et al. in Ref. 9.

II. DIAGRAMMATIC THEORY OF HSHE

We consider a homogeneous two dimensional electron
gas with a finite homogeneous spin polarization along
the x axis: the polarization is maintained by an external
magnetic field or by an internal exchange field with, say,
d-electrons. A longitudinal electric field Ex produces a
drift current of charge (Jx) and spin (Jxx ). We use the
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standard Kubo formula to calculate the transverse spin
swapping current (Jyy ) in the presence of spin-orbit cou-
pling with impurities. Our model Hamiltonian is

H = p̂2/(2m) + V (r)− (∆/2)σ̂x − λ2~̂σ×∇V (r) · p̂, (4)

with p̂ = −i∇r and V (r) representing a short-range im-
purity potential with zero average and Gaussian distribu-
tion given by 〈V (r)V (r′)〉 = v2

0δ(r− r′). Notice that we
have set ~ = 1. Here ∆ is the difference of the Fermi en-
ergies, E+ and E− of the two spin bands with σx = ±1:
∆ = E+ − E−. Within the self-consistent Born approx-
imation, the retarded and advanced Green’s functions
have the form

Ĝ
R/A
k (ε) = σ̂0G

R/A
0k (ε) + σ̂xG

R/A
1k (ε), (5)

where

G
R/A
0k =

1

2
(G

R/A
+k +G

R/A
−k ), (6)

G
R/A
1k =

1

2
(G

R/A
+k −G

R/A
−k ), (7)

with GR±k(ε) = (ε − ξk ± ∆/2 + i/2τ)−1 and GA±k =

(GR±k)∗. Here, ξk = k2/(2m)−EF with the average Fermi

energy EF = (E+ + E−)/2, and σ̂i (with i = 0, x, y, z)
are the usual Pauli matrices. The scattering time has the
standard expression τ−1 = 2πniN0v

2
0 , with N0 = m/2π

and ni being the density of states and impurity concen-
tration in two dimensions, respectively. Notice that, in
using the self-consistent Born approximation, we have
absorbed the σ̂0 and σ̂x components of the real part of
the Green function self-energy into the renormalization
of the chemical potential and Zeeman energy ∆, respec-
tively (See Ref. 10 for details).

According to the linear response theory, the longitudi-
nal and transverse spin currents arising from the appli-
cation of an electric field along the x axis are

Jxx = σxxxEx, (8)

and

Jyy = σyyxEx, (9)

where σxxx and σyyx are the longitudinal and transverse
spin conductivities, respectively. The longitudinal spin
conductivity is given by

σxxx = lim
ω→0

〈〈Ĵxx ; Ĵx〉〉ω
iω

, (10)

where the double bracket denotes the Kubo product

〈〈Â; B̂〉〉ω ≡ − i
~
∫ t

0
〈[Â(t), B̂(0)]eiωtdt. The zero-th dia-

gram, shown in Fig. 3(a), gives

σxxx =
1

2π

∑
k

Tr
(
Ĵxx Ĝ

RĴxĜ
A
)
, (11)

(a)

(b) (c)

(d) (e)

FIG. 3: Diagrams for the evaluation of the swapping co-
efficient when time-reversal symmetry is broken by a non-
vanishing spin polarization. The left and right vertices are
spin current vertex (Ĵx

x or Ĵy
y ) and charge current one (Ĵx), re-

spectively. The solid lines are Green’s functions including the
standard impurity self-energy, and the dashed lines represent
the impurity potential correlator. (a) Diagram contributing
to σx

xx. (b) and (c) Side-jump type of diagrams contributing
to σy

yx originating from the anomalous velocity operator δv̂x
defined in the text. (d) and (e) vertex corrections contribut-
ing to σy

yx to first order in the spin-orbit coupling. The cross
denotes the spin-orbit from impurity potential, whereas the
full dot is the standard (spin-independent) impurity potential.

where we have introduced charge-current and spin-
current vertices as

Ĵx = (−e)v̂x (12)

Ĵxx =
1

2
v̂xσ̂

x, (13)

with velocity operator v̂x = kx/m. Note that e is the
positive unit charge and we assign to electrons a charge
−e. By performing the integral over momentum, we get

σxxx = (−e)N0D

2

2∆

mv2
F

, (14)

where D = v2
F τ/2 is the diffusion coefficient with vF =√

2EF /m being the Fermi velocity. By noting that the
difference between the squares of the Fermi momenta of
the two Fermi surfaces is k2

F+ − k2
F− = 2m∆, Eq. (14)

can also be written as

σxxx = (−e)1

2
(N0D+ −N0D−) =

(−e)
4π

τ∆, (15)

with D± = k2
F±τ/(2m

2). One sees that the longitudi-
nal spin conductivity is simply the difference between
the Drude conductivities of the two spin channels and
vanishes in the absence of uniform spin polarization at
∆→ 0.

By replacing the spin current vertex Ĵxx in Eq. (11)

by Ĵyy , one can calculate the transverse spin conductivity
σyyx from the same diagram as

σyyx =
1

2π

∑
k

Tr
(
Jyy Ĝ

RJxĜ
A
)
, (16)

where the spin current vertex is given by

Ĵyy =
1

2

ky
m
σ̂y. (17)
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Unfortunately, we find that σyyx from Eq. (16) vanishes
after the trace over the Pauli matrices. This forces us to
go beyond the zero-th order approximation and consider
the velocity correction arising from the spin-orbit cou-
pling with impurities [diagrams in Fig. 3(b) and (c)] as
well as vertex corrections [diagrams in Fig. 3(d) and (e)].
Explicit expressions for these diagrams are given in Ap-
pendix A. Specifically, the last term of our Hamiltonian
in Eq. (4) gives rise to an anomalous velocity operator

δv̂x ≡ δv̂x,k,k′ = iλ2(ky − k′y)σ̂zv0. (18)

Note that the impurity-induced correction at the spin
current vertex Ĵyy is irrelevant because of the vanishing
anti-commutator between σ̂y and σ̂z. The presence of
σ̂z together with the matrix structure of the Green func-
tion allows to get an effective vertex which behaves as σ̂y

and then survives when traced with Ĵyy . The diagrams
in Figs. 3(b) and (c), evaluated by standard techniques,
yield

σyyx(b+ c) = e
N0D

2

2mλ2∆

1 + ∆2τ2
. (19)

Further contributions arising from vertex corrections are
shown in Figs. 3(d) and (e), where the impurity line con-
nects a simple impurity potential insertion (full dot) with
the spin-orbit field due to the impurity (cross). The right
part of those diagrams (including the impurity line) can
be seen as a correction of the charge current vertex

δĴV Cx = −2mλ2∆Ĵyy , (20)

where the superscript “VC” stands for vertex corrections.
Evaluating the diagrams of Figs. 3 (d) and (e) according
to the formulas given in Appendix A yields

σyyx(d+ e) = e
N0D

2

2mλ2∆

1 + ∆2τ2
, (21)

which exactly matches the contribution from Figs. 3(b)
and (c) given by Eq. (19). The complete result can be
cast in the form

σyyx = enλ2 ∆τ

1 + ∆2τ2
, (22)

where we have made use of the relation n = k2
F /(2π)

between density and Fermi wave vector to zero-th order
in the spin-orbit coupling. This result has a simple and
appealing physical interpretation: the prefactor enλ2 is
simply the side-jump spin Hall conductivity, connecting
the spin current Jzy to the electric field Ex. The other

factor ∆τ/(1 + ∆2τ2) gives the angle of rotation of the
spin current about the direction of the spin polarization.
The expression for this angle agrees with the well known
expression for the rotation of the equilibrium magneti-
zation in the Hanle effect11 (see also Fig. 2). Hence, we
conclude that Eq. (22) is the mathematical expression of
the Hanle spin Hall effect when the spin Hall conductivity

(b’)

(d’)

(c’)

(e’)

FIG. 4: Higher order corrections to the diagrams for the eval-
uation of the swapping coefficient.

is evaluated in the Born approximation, which yields the
so-called side-jump conductivity. Notice that, at variance
with the Hanle effect for spin polarization12–14, it is the
relaxation time of the spin current, approximately given
by τ , that enters Eq. (22) in lieu of the spin relaxation
time.

Clearly, the spin current calculated from these dia-
grams should be observable in an experiment performed
in the simple homogeneous setup described above, in
which the electric current is a pure drift current. In-
terestingly, the Jyy current generated through the HSHE
is formally indistinguishable from the spin current gen-
erated by SCS, even though the physical origins of the
two effects are completely different: the HSHE depends
crucially on the presence of the magnetic field to rotate
the orientation of the spin current, while the SCS does
not.

Up to this point we have limited ourselves to the lowest
non-vanishing order (the second) in the impurity poten-
tial: this is why our Eq. (22) for the HSHE captures only
the side-jump part of the spin Hall spin current. How-
ever, the structure of this formula does not change when
higher order diagrams are taken into account. For ex-
ample, in Fig. 4 we have considered the skew-scattering-
like diagrams involving three impurity lines. In analogy
with the diagrams (b)+(c) and (d)+(e) of Fig. 3 we now
have the diagrams (b’)+(c’) and (d’)+(e’). The new dia-
grams have the same structure as the “parent diagrams”
of Fig. 3 and can all be obtained from the former through
the replacement

v0 → v0

∑
p

GR(A)
p v0 ≡ δvR(A) , (23)

which is nothing but the first correction beyond the Born
approximation to the spin-independent part of the scat-
tering amplitude. Hence one can combine second order
and third order diagrams by introducing the renormal-
ized scattering amplitudes

vR(A) = v0 + δvR(A) = v0 ∓ iπN0v
2
0 . (24)

As discussed in Appendix B, the contributions of the dia-
grams with renormalized amplitudes can be divided into
two parts proportional to the two combinations vR + vA

and vR − vA, respectively. The former would give, in
principle, no more than a renormalization of the scatter-
ing time in Eq. (22). However, up to the third order we
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are considering, the scattering time is not renormalized,
since the second order corrections in the scattering am-
plitudes cancel in the combination vR + vA, as it is clear
from Eq.(24). The latter gives rise to an additional con-
tribution shown in Eq. (B4). To elucidate the meaning of
this additional contribution, we recall that the scattering
amplitude in the presence of spin-orbit coupling can be
written as3

S = A+B k̂× k̂′ ·σ , (25)

where, up to second order in perturbation theory in v0,
but to first order in λ2, one has19

A = v0 − iπN0v
2
0 , B = −iλ2k2

F v0. (26)

According to Ref. 3, the combination vR−vA ∼ Re(AB∗)
corresponds to skew scattering processes. We there-
fore interpret Eq. (B4) as the skew-scattering part of
the Hanle spin Hall effect. And indeed, simple ma-
nipulations, shown in Appendix B, lead to the conclu-
sion that the new term can be written as the skew-
scattering spin Hall conductivity times the “Hanle fac-
tor” ∆τ/(1 + ∆2τ2). The final result, combining both
side-jump and skew scattering contributions to the spin
Hall conductivity is

σyyx = σzyx
∆τ

1 + ∆2τ2
, (27)

where

σzyx = neλ2

(
1 +

k2
F v0τ

4

)
(28)

The conclusion is that the HSHE should be observ-
able in the homogeneous experimental set up described
above, with only a drift current and uniform in-plane
electric and magnetic fields. In contrast to this, an ex-
periment that is optimally designed to observe the SCS
should avoid both electric and magnetic fields in the con-
ducting channel in which the effect is to observed. We
now turn to this question.

III. DRIFT-DIFFUSION EQUATIONS AND THE
SCS

In order to show the role of the electric-field-induced
spin-orbit coupling in a more apparent way, we now turn
to the spin-dependent drift-diffusion equations. Beyond
the simple model used above, in this section, we extend
our discussion into more general cases by taking into ac-
count (i) the inhomogeneity of electronic spin density and
(ii) spin-orbit coupling of “intrinsic” origin, i.e., not re-
lated to the impurities. The Hamiltonian can now be
written in the SU(2) form

H =
p̂2

2m
+

1

m
p̂iA

j
i σ̂
j + eE · r + V (r)− λ2~̂σ ×∇V (r) · p̂,

(29)

where the SU(2) gauge field Aji includes not only the in-
trinsic spin-orbit coupling, but also the one due to exter-
nal electric field. For example, in a (001) two dimensional
quantum well we have Ayx = m(α+β) and Axy = m(β−α)
with α and β corresponding to the coefficients of Rashba
and Dresselhaus spin-orbit couplings separately. In ad-
dition, the in-plane electric field gives Azx = λ2emEy and
Azy = −λ2emEx.

The conventional SU(2) drift-diffusion equation for the
spin current (defined as Jai = {v̂i, σ̂a}/4) reads15,16

Jai = −[(vi +D∇i)S]a − θSHε
ijaJj , (30)

where the last term on the right-hand side describes the
spin-Hall term with εija being the Levi-Civita antisym-
metric tensor. Here, vi = eτEi/m represents the drift
velocity due to the external electric field. The covari-
ant derivative (∇iO)a = ∂iO

a − 2εabcAbiO
c. However, as

we noticed in Ref. 8, the spin precession due to spin-orbit
coupling with impurities is not included in Eq. (30). This
effect can be derived from the collision integral8

Ik(t) = −
(∫

c

dt′[Σk(t, t′)Gk(t′, t)−Gk(t, t′)Σk(t′, t)]

)<
,

(31)
with the second-order self-energy

Σk = −iniv2
0λ

2
∑
k′

[~̂σ ·k× k′, Gk′ ]. (32)

Here, Gk(r, t, t′) and Σk(r, t, t′) stand for the contour-
ordered Green’s function and the self-energy, respec-
tively. The superscript “<” denotes the lesser component
of the contour integral. Since the detailed technique to
calculate Eq. (31) has been presented in Ref. 8, here we
jump to the result

ISCS
k = −iλ2(2πτ)−1

∫ 2π

0

dθk′ [~̂σ ·k× k′, ρk′ ] (33)

where θk′ is the angle between k and k′, and ρk′ =∑
i g
i
k′ σ̂i is the spin-dependent density matrix at mo-

mentum k′. In the steady state, Eq. (33) leads to the
following correction to the spin-dependent density ma-
trix:

δgjk = (2λ2m/N0)
∑
lmn

εzljεzmnkmJ
l
n, (34)

where the spin currents on the right-hand side are the
“unperturbed” ones: J ln '

∑
k′(k′n/m)glk′ . Then the

additional contribution in spin current due to δgjk can be
evaluated via

[Jji ]SCS '
∑
k

(ki/m)δgjk = κ
(
J ij − δijJ ll

)
, (35)

whose symmetry is consistent with previous work.3 Here,
the coefficient of SCS reads κ = λ2k2

F , as anticipated
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in the introduction. By adding this contribution to
Eq. (30), the complete spin current is expressed as

Jai = −[(vi+D∇i)S]a+κ(J ia−δiaJ ll )−θSHε
ijaJj . (36)

One notices that Jxx and Jyx are coupled with Jyy and Jxy
separately, while the spin Hall term does not contribute
to the expressions for these components of the spin cur-
rent:

Jxx = −(vx +D∂x)Sx + 2DεxbcAbxS
c − κJyy , (37)

Jyy = −(vy +D∂y)Sy + 2DεybcAbyS
c − κJxx . (38)

The first two terms on the right-hand side in each equa-
tion can be recognized as primary spin currents. Natu-
rally, we can define the drift part of the spin currents as
a product of the drift velocity and spin density, i.e.,

(Jxx )drift = −vxSx, (39)

(Jyy )drift = −vySy. (40)

The other part resulting from the diffusion effect can be
written as

(Jxx )diff = −D∂xSx + 2Dm(α+ β)Sz, (41)

(Jyy )diff = −D∂ySy + 2Dm(α− β)Sz. (42)

One can see that in addition to the spatial inhomogene-
ity of the in-plane spin polarization, the out-of-plane spin
polarization also contributes to the spin currents. This
contribution comes from the spin precession under the in-
trinsic spin-orbit effective magnetic field. Then, Eqs. (37)
and (38) can be rewritten as

Jxx = (Jxx )drift + (Jxx )diff + κ(Jyy )drift − κJyy , (43)

Jyy = (Jyy )drift + (Jyy )diff + κ(Jxx )drift − κJxx . (44)

The third term on the right-hand side in each equation
is obtained by substituting the vector potential Azx,y into
Eqs.(37) and (38), i.e., by taking into account the spin-
orbit coupling due to the electric field. The appearance of
this term reduces the efficiency of the SCS effect. Indeed,
the equations show clearly that only the diffusion part of
the primary spin current is a source of SCS. By solving
these equations, we obtain

Jxx = (Jxx )drift +
1

(1− κ2)
[(Jxx )diff − κ(Jyy )diff ], (45)

Jyy = (Jyy )drift +
1

(1− κ2)
[(Jyy )diff − κ(Jxx )diff ], (46)

from which we see that (i) the drift component of the
primary spin current Jxx does not generate SCS; (ii) a
transverse spin current, Jyy , is generated from the diffu-
sive component of Jxx via SCS. The final expressions for
the remaining spin currents, Jxy and Jyx , can be obtained
by simply replacing Jxx , Jyy and κ by Jxy , Jyx and (−κ),
respectively.

J
x
y Jy

J
x
y

y

Jy
y

J
x

y

x

y

Ic H y

FIG. 5: Proposal on experimental observation of the spin cur-
rent swapping effect. The spin polarization Sy is accumulated
at the cross area between ferromagnetic electrode (blue) and
non-magnetic system (red) by electric current Ic on the left
circuit. Spin diffusion effect creates a spin current Jy

x in the
horizontal arm and Jy

y in the transverse arms of the cross. In
the addition, spin current swapping produces a spin current
Jx
y in the transverse arms, resulting in different spin accu-

mulations Sx at the two ends of the latter (shown as orange
arrows). The white bubbles in the propagating channels il-
lustrate the flow of the primary spin current density, while
the blue bubbles illustrate the flow of the secondary spin cur-
rent arising from spin current swapping. In both cases the
black arrows represent the direction of the current flow and
the orange arrows the direction of the spin polarization.

The SCS effect should be observable in an experiment
such as the one described in Fig. 5, in which intrinsic
spin-orbit coupling is absent. The idea is to inject a
pure spin current Jyx from a ferromagnetic contact into
the longitudinal (x) arm of a cross-shaped device. Spin
current swapping then injects a spin current Jxy into
the transverse (y) arm of the cross resulting in opposite
spin accumulations at the ends of the transverse arm.
These spin accumulations could in principle be detected
by Faraday rotation spectroscopy (if the cross is made
of a semiconductor material) or by inverse spin Hall
effect (for metals). In addition to the spin swapping
current there is also a spin current Jyy flowing along the
cross arm, originating from the diffusion of y-oriented
spins from the center of the cross into the transverse
arm. This diffusion current produces equal spin accu-
mulations on the two ends of the transverse arm and
therefore does not contribute to the asymmetry. We
also notice that the inverse spin Hall effect associated
with the primary spin current does not generate a po-
tential difference between the ends of the transverse arm.

IV. EXTRINSIC VERSUS INTRINSIC SCS

In the presence of intrinsic spin orbit coupling, the spin
accumulation at the edges of the transport channel in
Fig. 5 may become much more complicated and asym-
metric features can show up even at κ = 0. For example,
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according to Eq. (36), the injected spin Sy can produce
a spin current Jzy ' 2Dm(β − α)Sy, which makes the
out-of-plane spin component Sz accumulate at the two
lateral edges with opposite sign, hence generates diffusion
spin currents [Jxx ]diff and [Jyy ]diff according to Eqs. (41)
and (42) and modifies the final spin accumulation map.
Such phenomenon, induced solely by the intrinsic spin
precession, was studied and named “intrinsic spin cur-
rent swapping” by Sadjina et al.9.

In fact, these “intrinsic” effects are implicit in the drift-
diffusion equations as reported, for example, in Ref. 8,
but they do not show up as an explicit swapping term in
those equations: this is why we could say that the spin-
current swapping term in the drift diffusion equations has
a purely extrinsic origin – its explicit form being given
by the second term on the right hand side of Eq. (36).
Thus, if we look at the final outcome of any complete
calculation of the spin current, we expect to find both
intrinsic and extrinsic contributions to what we call the
spin-current-swapping spin current. But if we look at
the equations themselves, there is only one explicit spin
current swapping term, and that is the extrinsic one –
the second term on the right hand side of Eq. (36).

Obviously, for a comprehensive calculation of the local
spin accumulation in the transport channel, one needs
to self-consistently solve the complete spin drift-diffusion
equations (see Ref. 8) including both spin precession and
spin current swapping with proper boundary condition
as was done in Ref. 9, where the κ term is, however,
missing. From an experimental point of view, it is a big
challenge to distinguish the contribution of the extrinsic
spin current swapping (κ term) from the intrinsic spin
precession. This is why to observe the direct influence of
the spin current swapping term on the spin accumulation
it is better to perform the measurement in a system in
which the intrinsic spin precession is negligible, as sug-
gested in the previous section.
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Appendix A: Hanle spin Hall effect – the side-jump
contribution

Up to the first order in λ2, the transverse spin conduc-
tivity σyyx from side-jump-like diagrams, corresponding
to Figs. 3(b) and (c), is given by

σyyx(b+ c) = ieλ2niv
2
0

1

2π

∑
kk′

ky
2m

(ky − k′y)

×Tr[σyGRk (GRk′σz − σzGAk′)GAk ].(A1)

The impurity-vertex-correction diagrams, i.e., Figs. 3(d)
and (e), lead to

σyyx(d+ e) = ieλ2niv
2
0

1

2π

∑
kk′

1

2

ky
m

k′x
m

(kxk
′
y − kyk′x)

×Tr[σyGRk [σz, G
R
k′GAk′ ]GAk ]. (A2)

Appendix B: Hanle spin Hall effect – the
skew-scattering contribution

The contribution of diagrams (b’) and (c’) of Fig. 4
reads

σyyx(b′ + c′) = ieλ2niv0
1

2π

∑
kk′

k2
y

2m
Tr
[
GAk σ̂

yGRk

(δvRGRk′ σ̂z − σ̂zGAk′δvA)
]
, (B1)

where δvR and δvA are defined in Eq. (24). By per-
forming the sum over k′ only the imaginary part re-
mains with an opposite sign for retarded and advanced
Green’s functions. Because of the anticommutation prop-
erty of the Pauli matrices

∑
k′(δvRGRk′ σ̂z− σ̂zGAk′δvA) =

−iπN0(δvR + δvA)σz ' 0 and Eq. (B1) vanishes.
Diagrams (d’) and (e’) can be analyzed similarly. Their

expression reads

σyyx(d′ + e′) = −ieλ2niv0
1

2π

∑
kk′

k2
yk
′2
x

2m2
Tr
[
GAk σ̂

yGRk

(σ̂zGRk′GAk′δvA − δvRGRk′GAk′ σ̂z)
]
.(B2)

By using the following identity valid for any two opera-
tors M and N

δvAMN−δvRNM =
δvR + δvA

2
[M,N ]+

δvA − δvR

2

{
M,N

}
,

(B3)
one may see that the contribution (B2) splits in two terms
proportional to the combinations δvR + δvA and δvR −
δvA. The former vanishes due to the fact δvR + δvA ∼
0. The latter contribution of Eq.(B2), proportional to
δvR − δvA, remains and yields

σyyx,res = eλ2 ni
2π

(mv0)3 τ3∆E2
F

1 + ∆2τ2
.

= enλ2 v0k
2
F τ

4

τ∆

1 + ∆2τ2
(B4)

where the prefactor enλ2v0k
2
F τ/4 equals the spin Hall

conductivity due to skew scattering.17 As explained in
the main text this contribution proportional to δvR −
δvA reflects the origin of the skew-scattering processes3,
which give rise to the spin Hall effect and, in the presence
of an exchange field, leads to a coupling between the two
spin currents Jyy and Jzy and hence to the residual σyyx,res

of Eq.(B4).
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To illustrate how the combined action of the skew scat-
tering and the exchange field leads to the above addi-
tional contribution to the Jyy spin current, let us consider
the skew scattering contribution to the collision integral
Iss
k , which was derived in Eq.(24) of Ref.8

Iss
k = niλ

2m
2v3

0

2
〈{k× k′ ·σ, ρk′}〉.

= 2πN0niRe(AB∗)〈{k̂× k̂′ ·σ, ρk′}〉 (B5)

where 〈. . . 〉 ≡ (2π)−1
∫
dθk′ . By generalizing the kinetic

equation developed in Ref. 8 (cf. its Eq.(13)) in the
presence of magnetic field, we obtain (keeping only the
skew scattering besides the standard scattering)

−i∆
2

[σ̂x, ρk]− eE · ∇kρk = −1

τ
(ρk − 〈ρk′〉) + Iss

k . (B6)

After projecting the kinetic equation along the σ̂z and σ̂y

components and considering the k̂y partial p-wave, one
obtains the two coupled equations

∆〈k̂ygyk〉 = −1

τ
〈k̂ygzk〉 − niλ2k2

F

m2v3
0

2
〈k̂xg0

k〉(B7)

−∆〈k̂ygzk〉 = −1

τ
〈k̂ygyk〉. (B8)

In the absence of the magnetic field (∆ = 0), by consider-

ing that Jzy ∼ 〈k̂ygzk〉 and Jx ' ne2τEx/m ∼ −2e〈k̂xg0
k〉

one has the spin Hall effect. By switching on the mag-

netic field the spin current Jyy ∼ 〈k̂yg
y
k〉 couples with

Jzy and its value as obtained from Eqs.(B7-B8) coincides
with Eq.(B4).
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