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Abstract

Shock-induced freezing in liquids has long been a subject of interest as well as mystery. With

large-scale molecular dynamics simulations, we demonstrate that homogeneous crystal nucleation

in liquid Cu can be realized under certain supercooling (θ), via quasi-isentropic compression or

ramp wave loading with a particle velocity up achieved within a ramp time τ . The simulations

yield the τ–up–θ relations for homogeneous crystallization at the spatial and temporal scales of

molecular dynamics; a ramp wave loading with τ ∼ 100 ps is essentially isentropic for liquid

Cu. Based on classical nucleation theory, we predict θ, and thus up, as required for homogenous

nucleation in experiments with larger length and time scales. Homogeneous nucleation can also be

achieved with shock loading in initially sueprcooled liquids.
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I. INTRODUCTION

The phenomenon of crystal nucleation and growth out of a liquid is ubiquitous, heavily

studied but still not well understood.1–6 Solidification under high strain-rate loading has

long been a subject of particular interest.7,8 Rapid crystallization may occur as a result

of effective supercooling9 via dynamic compression to high pressures. Experiments on so-

lidification under single-shock loading were conducted on metallic and non-metallic liquids

such as Bi and Sn,10–14 H2O,15,16 CCl4,
17 and C6H6.

18 Compared to shock compression, the

temperature rise under quasi-isentropic or isentropic compression is much less,19 thus advan-

tageous for solidification. Quasi-isentropic compression experiments were recently carried

out on Bi,20 Sn,21,22 and water.23–25 Measurements with such diagnostics as laser velocimetry

and high-speed photography suggest both homogeneous and heterogeneous crystallization

during shock or quasi-isentropic compression.7,23,24 Crystallization in liquid He under acous-

tic wave loading (µs time scale and <10 MPa) was observed based on index of refraction,

light absorption or scattering measurements.26,27 Nonetheless, the small temporal and spa-

tial scales inherent in nucleation render experimental observations exceptionally challenging

for dynamic extreme conditions (e.g., on the orders of 10 GPa and 100 GPa achieved within

10–100 ns).

While quasi-isentropic loading experiments have led to significant insights into solidifica-

tion under dynamic extreme conditions, several key questions remain open even for simple

liquids, including whether homogeneous nucleation can indeed occur during dynamic com-

pression, and under what loading conditions (ramp time and loading strength) if it does;

when a ramp wave loading can be deemed effectively isentropic. To address these questions,

we choose a representative metallic liquid (Cu), and perform molecular dynamics (MD) sim-

ulations of solidification under ramp wave loading as well as shock loading. MD simulations

have high spatial and temporal resolutions relevant to crystal nucleation,28 and the simula-

tion scales can be comparable to those in ultrafast loading experiments with fs–ns lasers.29

We demonstrate homogeneous crystal nucleation in liquid Cu under quasi-isentropic load-

ing, and predict the ramp time and loading strength for such nucleation during dynamic

loading at larger spatial and temporal scales, based on MD simulations and classical nucle-

ation theory. Shock loading of initially supercooled liquids can also lead to homogeneous

crystallization.
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II. METHODOLOGY

An accurate embedded-atom method potential30 is used to describe the atomic interac-

tions in Cu, and the Large-scale Atomic/Molecular Massively Parallel Simulator,31 for MD

simulations. We apply the constant pressure-temperature ensemble to obtain the initial

liquid configurations under three-dimensional (3D) periodic boundary conditions. Several

techniques such as forward flux sampling,32 barrier crossing32 and seeding methods33 can be

useful for obtaining nucleation rate, energy barrier or critical size in nucleation processes

without applying brute force.34 However, these methods are not applicable to dynamic load-

ing involving wave propagation. Thus, we apply the piston method for ramp wave and

shock simulations35 with the microcanonical ensemble. In dynamic loading, periodic bound-

ary condition is not applied along the wave propagation direction or the x-axis.

The system dimensions are approximately 1300× 8 × 8 nm3 for ramp wave loading and

700 × 11 × 11 nm3 for shock wave loading, corresponding to ∼7 million atoms. Initially,

Wave propagation is along the longest dimension or the x-axis, initially from left to right.

The time step for integrating the equation of motion is 1 fs. One initial liquid configuration

is equilibrated at 1325 K, i.e., the equilibrium melting temperature (Tm) of Cu at zero

pressure.36 We also obtain a liquid configuration at 1000 K for investigating crystallization

in an initially supercooled liquid under shock wave loading, as opposed to ramp wave loading.

Then, a small region on the left is set as the piston35 consisting of liquid Cu atoms. The

interactions between the piston and the rest of the atoms in the configuration are described

with the same interatomic potential, while the atoms in the piston do not participate in

molecular dynamics. Heterogeneous nucleation near the atomic piston does not occur in

our simulations. A ramp wave is driven into liquid Cu by a moving atomic piston35 with its

velocity updated at each time step. The piston is accelerated from 0 to a terminal velocity, or

subjected to a constant acceleration for ramp wave loading, while it is assigned a constant

velocity for shock wave loading. We define the ramp time τ as the time required for a

piston to reach a designated velocity, up. A ramp wave may develop into a shock during

propagation.

We perform 1D binning analyses37,38 to resolve spatially such physical properties as stress

(σij) and temperature (T ) profiles along the wave propagation direction. The binning width

is 5 Å. To calculate T and σij within each bin, we need remove its center-of-mass velocity,
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v̄i (i = x, y and z), or apply corrections: ∆T = −(m/3kB)(v̄
2
x + v̄2y + v̄2z), and ∆σij =

−(Nm/Va)v̄iv̄j, where m is the atomic mass, Va is the atomic volume, N is the number of

Cu atoms in the volume under consideration, and kB is Boltzmann’s constant.

We characterize the local structure around an atom with the common neighbor anal-

ysis (CNA).39,40 Structure changes upon crystallization are also described with 2D X-ray

diffraction (XRD).28,41 In XRD, the scattered intensity I(k) is

I(k) =
F (k)F ∗(k)

N
, (1)

where the structure factor

F (k) =
N
∑

j=1

fj exp(2πik · rj). (2)

Here k is the reciprocal space vector, and r is the position of an atom in the real space; f

is the atomic scattering factor for photons. For a wavelength λ, the diffraction angle θ and

k are related via Bragg’s law
2 sin θ

λ
=

1

dhkl
= |k|, (3)

where d represents the d-spacing between (hkl) planes. We use λ = 1.54 Å (8.05 keV),

corresponding to Cu Kα radiation, in XRD simulations.

III. RESULTS AND DISCUSSION

Shock and isentropic compression represent two extremes, and ramp wave loading is

intermediate between them. To investigate solidification induced by dynamic compression,

we first calculate pressure (P ) and temperature on the isentrope and Hugoniot centered at

zero pressure and 1325 K. The isentrope is obtained via thermodynamic integration7

∫ TS

T0

dT

T
=
∫ V

V0

−γ
dV

V
. (4)

Here, V is specific volume, γ is the Grüneisen parameter, and subscripts 0 and S refer to

the initial state and isentrope, respectively. Numerical integration is based on a (P, V, T, E)

dataset acquired from numerous MD runs with a system size of ∼500000 atoms under

constant volume-temperature ensemble (E: internal energy).

The Hugoniot states of liquid Cu are obtained directly from MD simulations at different

shock strengths. Shock loading involves an increase in entropy (S), so Hugoniot PH(V ) is

4



0 50 100 150 200
P (GPa)

0

2000

4000

6000

T
 (

K
)

isentrope
Hugoniot
Tm

0.7Tm

FIG. 1. The equilibrium melting curve Tm(P ), a supercooling curve 0.7Tm(P ), and the liquid

Hugoniot and isentrope centered at 1325 K and 0 GPa. The uncertainties in P and T on the

Hugoniot and isentrope are exemplified by the dots with error bars.

steeper than isentrope PS(V ), and

(

−
dP

dV

)

H

−

(

−
dP

dV

)

S

=
γT

V

(

−
dS

dV

)

H

>
∼ 0, (5)

where subscript H denotes Hugoniot. Consequently, VH
>
∼ VS at the same pressure as a

result of thermal expansion, i.e., TH(P ) >∼ TS(P ).7 Thus, crystallization is more difficult on

the Hugoniot than on the isentrope for a given pressure.

The calculated isentrope and Hugoniot centered at 1325 K and zero pressure are shown in

Fig. 1 along with the equilibrium melting curve, Tm(P ),36 and a supercooling curve (0.7Tm).

Indeed, the isentrope lies below the Hugoniot and Tm(P ), and concaves downward, while the

Hugoniot is below Tm(P ) at low pressures and then rises above it at P > 71 GPa, concaving

upward.

Homogeneous nucleation is of interest for compression-induced solidification, but requires

a certain amount of supercooling, θ = (1 − T/Tm)|P , given a finite time window of obser-

vation and finite system size. In MD temporal and spatial scales, homogeneous nucleation
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FIG. 2. x–t diagram in terms of temperature for ramp wave loading. Insets XRD1 and XRD2

are X-ray diffraction patterns from the (quasi-)isentropic compression region at 0 ps and 170 ps,

respectively. The initial system dimensions are 1300 × 8× 8 nm3.

occurs at θ ≈ 0.3 or T ≈ 0.7Tm, regardless of pressure.36,42 With increasing pressure, su-

percooling increases on the isentrope, which intersects the supercooling curve 0.7Tm(P ) at

∼152 GPa. However, the maximum supercooling on the Hugoniot is only 0.11 at 27 GPa,

and θ decreases at higher pressures. Thus, shock-induced solidification in liquid Cu with

initial temperature of 1325 K appears unlikely at MD scales, in contrast to isentropic com-

pression. Pure isentropic compression is not realistic for dynamic compression, and can only

be approached by ramp wave or quasi-isentropic loading with sufficiently long ramp time

τ . We explore below different ramp wave and shock loadings, and discussions refer to the

initial conditions of 1325 K and zero pressure unless stated otherwise.

As an example, Figure 2 shows the position–time (x–t) diagram in terms of temperature

for ramp wave loading of liquid Cu, where the piston follows trajectory ABC with a terminal

velocity up = 3 km/s achieved within 60 ps. At D, the perturbations develop into a shock

DE. Two regions are identified with a drastic difference in temperature: (quasi-)isentropic

compression (ABCFD), and shock-compression (DEF ). As expected, shock heating is

much more pronounced than (quasi-)isentropic heating.

In the (quasi-)isentropic compression region, nuclei of different sizes at random locations

are observed (arrows, 70 ps, Fig. 3), indicating homogeneous nucleation. On the contrary,

nucleation is absent in the shock compression region (regions behind the red dashed line
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FIG. 3. Snapshots of homogeneous crystal nucleation and growth during ramp wave loading.

Only “solid-like” atoms (via common neighbor analysis) are plotted. The dashed lines denote the

boundary between the quasi-isentropic and shock compression zone (red), and wave fronts (black).

Regions a–e refer to independent nucleation and growth followed by coalescence of nuclei, while

regions f and g show interface growth. Regions e and g correspond to those indicated by the arrows

in Fig. 2. The initial system dimensions are 1300 × 8× 8 nm3.

in Fig. 3) with much higher temperatures (corresponding to DEF in Fig. 2). The atomic

piston appears to have negligible effect on nucleation. Figure 3 shows that crystal nuclei grow

independently into quasi-spheres at early stages (regions a–c) and then coalesce (regions d

and e), leading to local temperature rise due to the release of latent heat (“self” heating;

black arrow, Fig. 2). At later stages, crystallization proceeds from the solid-liquid interfaces

(surface growth, regions f and g in Fig. 3) and releases latent heat into the adjacent liquid,

forming high temperature stripes within the solidifying region (conduction heating; white

arrow in Fig. 2 ), while the shock compression region shows no heterogeneities expected for

homogeneous nucelation.

In order to confirm crystallization, we compute 2D XRD patterns for the (quasi-

)isentropic compression region at different time (Fig. 2 insets XRD1 and XRD2). At

t = 0 ps, only a broad, diffuse, Debye-Scherrer ring for liquid Cu is observed. At 170 ps,

several {111} and {200} diffraction spots appear randomly on the diffuse diffraction ring,

and the diffraction angles move outward, indicating crystallization under compression.

There are different ways to accelerate the piston for ramp wave loading, and linear accel-

7



FIG. 4. x–t diagram for ramp wave loading with a linear acceleration. Color-coding is based on

temperature. Crystallization occurs in the upward arrowed region. The initial system dimensions

are 1300 × 8× 8 nm3.

eration is a simplest one for understanding underlying mechanisms. One ramp wave loading

case of linear acceleration is illustrated with the x–t diagram in Fig. 4. Homogeneous crystal

nucleation occurs on the piston side, and the growth of the nuclei leads to local temperature

rise, indicated by the upward arrow. The nucleation and growth manifest initially as inde-

pendent streaks in Fig. 4. The temperature gradient across the wavefront AB increases as its

propagation proceeds, and this steepening gives rise to a high temperature zone immediately

behind it (indicated by the downward arrow).

Figure 5 shows in more detail the evolutions of particle velocity u, θ, P and T for the

linear acceleration case in Fig. 4. The ux(x) profiles [Fig. 5(a)] exhibit dynamic wavefront

steepening, leading to the formation of a well-defined shock at t = 140 ps; the shock becomes

stronger and faster with increasing time. On the piston side, supercooling increases with

increasing particle velocity or pressure [Fig. 5(b)]. However, the increasing shock strength

leads to an increase in temperature, and a decrease in supercooling to zero and even neg-

ative values near the shock front [Figs. 5(b) and 5(c)]. At t ≤ 100 ps, the compression is

essentially isentropic [Fig. 5(c)], despite the formation of weak shocks (the Hugoniot and

isentrope coincide at low pressures). At later stages, the states in the region immediately

behind the shock front deviate from the isentrope and approach the Hugoniot. The lowest-
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FIG. 5. Profiles of particle velocity (a) and supercooling (b) at different time for linearly accelerated

piston, and the corresponding P–T plots (c). Loading direction in (a) and (b): left → right. The

initial system dimensions are 1300 × 8× 8 nm3.

pressure states on the shock front side are on the Hugoniot, the highest-pressure states on

the piston side remain on the isentrope, and the intermediate-pressure states, lying between

the Hugoniot and isentrope, are quasi-isentropic [Fig. 5(c)].

With increasing pressure (or up) on the ramp, supercooling and thus the driving force for

crystallization increases. When supercooling exceeds ∼0.3 (140 ps), homogeneous nucleation

and growth occur first in the isentropically compressed region, and crystallization may grow
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FIG. 6. Iso-supercooling curves on the τ–up plane, for ramp wave loading with a linearly accelerated

piston. The inset shows the curve for θ = 0.11 at small τ , extrapolated to τ = 0. The dashed line

denotes the asymptotic value of up when an iso-supercooling curve approaching the isentrope.

into the quasi-isentropically compressed region; subsequently, the release of latent heat leads

to local temperature rise and the reduction of supercooling [e.g., the arrows at 160 ps and

180 ps, Figs. 5(b) and 5(c)].

For a given linear acceleration (a), it takes a ramp time τ to achieve certain up = τa; the

largest supercooling is recorded, and we thus obtain (τ, up, θ) triplets. Ramp wave loading

with different linear accelerations is conducted, and the iso-θ curves are plotted in Fig. 6.

Each point on such a curve denotes the required ramp time τ to reach piston velocity up

and achieve a prescribed supercooling θ.

For given τ , larger up leads to larger supercooling, while for given up, decreasing or

increasing ramp time shifts the loading towards shock or isentropic compression. For large θ,

the iso-θ curves are essentially parallel to the x-axis at high up. Only small-θ curves intersect

the x-axis at low up (τ = 0), e.g., θ ∼ 0.11 for an ideal shock at 0.7 km/s (Fig. 6 inset), which

also represents the maximum supercooling achievable on the principal Hugoniot (Fig. 1).

Decreasing τ towards zero leads to an extremely narrow region undergoing isentropic or

quasi-isentropic compression. On the other hand, the iso-θ curves steepen up rapidly as τ
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increases, e.g., above 100 ps (the dashed line), and further increasing τ is not efficient in

reducing shock strength for given θ. A ramp wave loading with τ ∼ 100 ps is essentially

isentropic. However, a longer ramp time does increase the isentropically compressed zone,

and therefore, the total volume of crystallization.

Different experimental conditions, e.g., different loading devices and sample sizes, require

different θ, and consequently, different τ and up for homogeneous nucleation to occur. In

order to predict up for homogeneous crystallization under given experimental conditions

including τ , we calculate the corresponding supercooling from MD results (Fig. 6 and other

known parameters) based on classical nucleation theory. The probability p for a given

amount of parent phase containing no new phase3 can be estimated as

p = exp
{

−
∫

I0 exp
[

f(θ(r; t))
]

Adldt
}

. (6)

Here f(θ) = β[θ2(1 − θ)]−1, and β = 16πγ3

3∆HmkBTm
is the dimensionless nucleation barrier

characteristic of a material (γ is the solid-liquid interfacial energy, and ∆Hm is the heat of

fusion),9,36,42 I0 is a prefactor, A is the cross-sectional area along the loading direction, and

l is the thickness of a supercooled slab under consideration. Supercooling θ is a function

of position (r) and t. Since nucleation rate near a critical supercooling (subscript c) is

predominant,2,42 Eq. (6) is reduced to Eq. (7) using the corresponding “critical” values, we

have

p ∼ exp

{

−I0exp

[

−
β

θ2c (1− θc)

]

Alctc

}

. (7)

Here lc is approximately proportional to ramp time τ ; tc is the duration of sustained super-

cooling, and scales with the sample dimension dx along the x-axis. Assuming the same p for

different system sizes and τ , Eq. (7) allows one to estimate the required supercooling via

exp
{

− β

θ2
c1
(1−θc1)

}

exp
{

− β

θ2
c2
(1−θc2)

} =
A2lc2τc2
A1lc1τc1

, (8)

where subscripts 1 and 2 denote two different experimental or simulation scenarios. Given

parameters from Ref. 36 and 42, θ = 0.3 as in our MD simulations (A = 8 × 8 nm2, τc =

60 ps, and dx = 1.3 µm) corresponds to θ ∼ 0.2 for a sample size of 0.1 × 1 × 1 cm3 and

τ = 1 ns, i.e., homogeneous nucleation can be achieved in experiments on liquid Cu with

ramp loading to up = 1.1 km/s within a ramp time of 1 ns (Fig. 6) for such macroscopic

dimensions.
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FIG. 7. x–t diagram for shock loading at up = 0.7 km/s, showing shock-induced crystallization of

a liquid initially at a supercooled state. Color-coding is based on temperature. The initial system

dimensions are 700 × 11× 11 nm3.

Although shock-induced solidification appears unlikely at MD simulation scales for liquid

Cu initially at or above the equilibrium melting temperature at zero pressure, it would be

desirable to investigate shock-induced crystallization in initially supercooled Cu liquids. As

an example, we examine liquid Cu initially supercooled to 1000 K (θ ∼ 0.24). Figure 7 shows

the corresponding x–t diagram in terms of temperature for shock loading with a particle

velocity of 0.7 km/s. The transient supercooling behind the shock front is approximately

0.33, which is sufficient for homogeneous nucleation at MD scales. Thus, the initial su-

percooling offsets partially shock-induced heating, similar to the mitigation in heating by

(quasi-)isentropic compression. For comparison, the maximum supercooling on the principal

Hugoniot centered at 1325 K and zero pressure is only 0.11 (Fig. 1).

Individual high temperature streaks form in the whole shocked region (Fig. 7) via homo-

geneous nucleation and growth, which are accompanied by the release of latent heat upon

crystallization. These streaks coalesce at later stages as growth proceeds. Note that the

shock front leads the crystallization “front” by 10–150 ps, since a finite incubation time is

required for homogeneous nucleation. The incubation time varies for different locations (an-

other manifestation of homogeneous nucleation), because nucleation events heavily depend

on thermal fluctuations.28,43 However, crystallization does not yield sufficient perturbations
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in particle velocity to form a phase change “shock,” since the liquid and solid are indistin-

guishable in the shock velocity–particle velocity plots for Cu as demonstrated in experiments

and simulations.36,44

IV. CONCLUSION

Homogeneous crystal nucleation is demonstrated for liquid Cu under dynamic compres-

sion, via effective supercooling induced by ramp wave or (quasi-)isentropic loading. We

obtain the τ–up–θ relations for homogeneous crystallization at the MD time and length

scales; a ramp wave loading with τ ∼ 100 ps is essentially isentropic for liquid Cu. We

predict θ, and thus up, for achieving homogenous nucleation at larger temporal and spatial

scales (ns and mm), in experiments on liquid Cu and likely other liquids. On the other

hand, homogeneous nucleation can also be achieved with shock loading in initially super-

cooled liquid Cu.
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