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Quantum Hall systems are recently shown to possess a quantity sensitive to the spatial geometry and topology
of the system, dubbed the Hall viscosity ny. Despite the extensive theoretical discussions on its properties, the
question of how to measure 1y still poses a challenge. In this paper, we present a general relation between
Hall viscosity and susceptibility for systems with Galilean invariance. Thus, it allows for determination of 7y
through density response signatures. The relations are verified in the integer quantum Hall example, and is
further illustrated in an effective hydrodynamic analysis. Since the derivation is based on Kubo formulae and
assumes no more than conservation laws and translational symmetry, the results are applicable to a wide range

of systems.

I. INTRODUCTION

In recent years, there has been heated discussions on Hall
viscosity 5y (or “Lorentz shear modulus”)!, the third viscos-
ity coefficient unique in 2-dimensional isotropic, parity odd
systems. It can be regarded as the Berry curvature in the
parameter space of metric tensor!, and is proportional to the
Wen-Zee shift?, a quantity characterizing the system’s spatial
topology=.

Besides the topological significance, the influence of Hall
viscosity on various systems shows up in multiple ways. As
discovered recently, for integer quantum Hall systems* and
Laughlin wave functions?, the Hall viscosity is related to the
density response to the variation of the sample’s scalar curva-
ture. It acts as an anomolous force on vortices and changes
their streamlines in an eulerian vortex fluid®. More gener-
ally, the Hall viscosity appears in the low-momentum expan-
sion of Hall conductivity oy(g) for Galilean invariant systems
subject to inhomogeneous electric field”®. Clearly, studying
these physical consequences not only broadens our perspetive
on Hall viscosity, but also facilitates designing experiments to
measure it.

Density response measurement is a powerful and widely
applicable tool to probe various systems. In recent works,
many authors have related Hall viscosity to density response
functions, i.e. the static structure factor*2, using certain trial
wave functions. It is intriguing to see whether there are uni-
versal relations between density response functions and Hall
viscosity. In this paper, we relate the Hall viscosity ny to
the g* term in the susceptibility x(q, w) for a general Galilean
invariant system, thus allowing for measurements of Hall vis-
cosity through density response experiments. We first derive
the relation in the microscopic level using Kubo formulae,
and verify the results in the integer quantum Hall example.
Then we present an independent derivation by applying effec-
tive hydrodynamics. The latter method has been adopted!!
to analyze collective modes of fractional quantum Hall sys-
tem at filling v = 1/3, which gives qualitative agreement with
experiment.!? The two derivations give the same result in the
long wave-length expansion. Since both of the derivations are
independent of specific wave functions, type of interactions,
filling factors, and etc., the results (I3), (I4) are valid for a
general class of Galilean invariant systems.

II. KUBO FORMULAE METHOD

We first sketch the idea of relating viscosity and conductiv-
ity to susceptibility before the strict derivation. In a viscous
fluid, the stress tensor would respond to the velocity gradient
Vop = 3(8avp + Gpv,) through

5T,uv = NuvapVap, (1)

where 17, are the viscosity coeflicients. In three dimensions,
rotation symmetry reduces the number of 7,,,, to 2, corre-
sponding to the usual shear and bulk viscosity

2
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where d is spatial dimension. But in 2D, the in-plane isotropy
allows for an additional one called Hall viscosity

{6;41/6(1,8’ (2)
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Meanwhile, the density and current of a system would respond
to potential and electric field perturbations

on(q, w) = x(q, W)¢(q, w), “4)
5.]11/((]7 a)) = 0'0,6‘((1, W)E,B(q, (,()), (5)

where x(q, w), o4p(q, w) are the (charge-)susceptibility and
conductivity respectively. The key idea is that since in lin-
ear regime, the different transport processes probe the same
equilibrium property of the system, the transport coefficients
are all related to each other. Technically, the essential in-
gredients in the Kubo formulae for the transport coefficients
are the correlators y ~ ([n,nl)o, 0o ~ ([Jjasjpldo, and
Nuvap ~ Ty Tapl)o. For Galilean invariant systems, the cur-
rent is related to momentum by j = =~ p. Thus, the particle and
momentum conservation for the system at equilibrium,

(X, 1) + Bopoa(x,1) = 0, (6)
0ipa(X, 1) + OpTap(X, 1) = fo(X, 1) (N

naturally provides a bridge among the transport coefficients
of different types. Roughly speaking, by writing the conser-
vation laws in Fourier space, we see the viscosity is related to
the ¢* and ¢* terms in conductivity and susceptibility respec-
tively. Analogous ideas have been adopted recently to dis-
cuss the unitary Fermi gases!? and the conductivity-viscosity



relations®, while in this paper we focus on the density re-
sponse signatures for 2D systems subject to uniform magnetic
field.

The Hamiltonian describing density coupling to external
[Pxapx.n = [ ELi@p(-q.1),
Z’;’: 10X — %) is the density operator, with the

potential is H,
where 7(x) =
Fourier transform 71(q) = 2’;’:1 ¢"%  For a translational in-
variant system, the susceptibility!? is given by

X(q,w) = —% foo dre"! fdzxe"'q"%m(x, 1), (0, 0)])o.
0
(8)

Here (...)o means ensemble average in the fully interacting
equilibrium system, and w* = w +ie with € — 0 ensuring that
the perturbation adiabatically sets in. On the other hand, for
current response to electric field, the Kubo formula gives the

conductivityH
lOJ t
©
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where 7 = N/V is the average particle number density. Here
the current density JA'Q(X) = ﬁ il 1{ ,0(x — %)}, where {. ..}
is anti-commutator, and &/, = p, — eAﬁ,(x .

Here we follow the Kubo formulae construction in® and ob-
tain the frequency-dependent conductivity-viscosity relation
in low momentum expansion up to g> term, valid for Galilean
invariant systems,
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where w, = eB/m is the cyclotron frequency, and the “internal

compressiblity” is
_1 v 0Py B2 &e (11)
K: = - _— = e 5
int aV Ny aBZ ,
“internal pressure” P, =

where V means area. Here the
P — BM/V excludes the pressure contribution from the mag-
netization M due to edge current®!®. Note that the derivative
is taken at fixed v instead of fixed B. Thus, the internal com-
pressibility has a finite value.

In previous literatures”8, the explicit frequency dependence
in (T0) was not given, as for the discussion there it was not
important. But from the relation between susceptibility and
conductivity!8, obtained from Kubo formulae (8) @) and par-
ticle conservation (@),

qaq,

X(Qw) = 2 ), (12)
ecw

we see that even if one only considers the susceptibility at
zero-frequency, it reflects the linear-in-frequency part of the
conductivity. As we shall see later, it is essential to incorpo-
rate the w-dependence in (I0) before taking the limit. Explic-
itly, (I0) and (12) shows the susceptibility-viscosity relation

4
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And at zero frequency w = 0, the static susceptibility is
7
X (qw=0)= — [ Kipg — 20eng(w = 0)
m=wy
s
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We stress that these relations are obtained under the only as-
sumption of Galilean invariance. Thus, the Hall viscosity is
guaranteed to show up in the ¢* term in the density response
function for a wide range of systems.

III. EXAMPLE: INTEGER QUANTUM HALL SYSTEMS

We apply the above results to discuss the paradigm example
of integer quantum Hall effect. The Hamiltonian involves only
the kinetic part Hy = 2ifty, Al Al u/2m = hwe 3 (&’&,+1/2) where
the ladder operator for Landau levelsis a; = (71 +in! )/ V2heB,
with the commutation relation [&;, &T] = 6ij. Worklng in the
B(-3',#,0), and define R’ = p + €A/,
we can introduceb (R’ —zR’)/ V2heB, with [b,, bt ] 0. It
specifies the degeneracy w1th1n each Landau level i 1n terms of
angular momentum L. = 71 Y (b 'bi—a ’ a;). Consider a ground
state with the lowest v Landau levels fully filled; each level

has degeneracy V/ 2771%. Using equation (8) we calculate the
leading terms in susceptibility directly

spherical gauge A’ =

©) _ 2 nwe
X2(@.0) = @) g (15)
(4) B 1 B 1

(q.0) = (qlp)* = (( i @) (19

Here the energy density is & = (eBv)?/4nwm, and the average
density is n = v/ 27rlé, where the magnetic length lé = h/eB.
Next we use (I2) (I3) to calculate the same terms in sus-
ceptibility so as to verify the susceptibility-viscosity relations.
The zeroth order term in conductivity is directly obtained from

2 2= 72
the Kubo formula (9), o (0) r’;j)’l (w‘){ — Oy + m('jz i";’)z)

which reduces to the famlhar one U(O)(w = 0) = ¢Xv/h
at zero frequency. Usmg @@ we, obtain (I3). Further®,
Koy = 260(w) = 0, (@) = % 4w2,77H(a)) 4w§f£§+>z~
Then from (I3) we have (16), as expected

We can further obtain the dynamic structure fac-

tor S(q,w)? using the fluctuation-dissipation theorem

e,uv >




Imy(q,w) = -7 (S(q,w)~S(-q,-w)), and the identity
—Xiie = P% F mio(x),
@ _apN
§7(q, w) = (qlp) 35(a) - W), (17)

S (q,w) = (qlsf%[é(w 200 - 26w - w)]l. (18)

The static structure factor!? S(q) = (1/N) fo “ dw S(qw) =
(f(q)i(—q)) is then

(qlp)*
2

For v = 1, it reduces to the first two terms in the expansion of

the well-known result S(q) = 1 — e~@#°/2 for a system with
fully-filled lowest Landau level3.

S =

- g(qlg)“ + O(qlp)®). (19)

IV. HYDRODYNAMIC ANALYSIS

Having performed the strict microscopic analysis, it is in-
teresting to see whether there is a macroscopic derivation of
the susceptibility-viscosity relations (I3) (I4), which would
provide a simpler and more intuitive way to understand them.
To this end, we next show that (I3) (I4) can be reproduces
by pure classical hydrodynamic equations, despite the under-
lying highly quantum structure of the electronic liquid. Such
a method has been adopted to discuss the fractional quantum
Hall liquids and Bose-Einstein condensates recently!-17:19,

In hydrodynamics, the microscopic details are averaged
over, giving a few effective macroscopic variables,

n(r,t) = n+ on(r, 1), u(r, ) = u+ v(r, ). (20)

Here n,u are the macroscopically averaged number density
and the velocity respectively, including the equilibrium value
i, 0, and the small deviation on(r, 1), v(r, f) caused by exter-
nal perturbation. The dynamics is given by the Navier-Stokes
equation (momentum conservation) (Z), where the momen-
tum p = mnu. The force comes from the Lorentz force of the
uniform magnetic field and the external potential perturbation
f = —enBe, x u — nVy(r, f). The stress tensor is

T,y = PipiOpy + mnugut, — 0T, 201

where the viscous part 67}, is given by (I)-@), and P, is
the internal pressure introduced earlier. We stress that P;,, ex-
cludes the contribution to pressure from Lorentz force exert-
ing on edge current, and therefore is suitable to be used here,
as the Naivier-Stokes equation only concerns bulk properties
and assumes no boundary effect. Consider the linear response
regime where on(r, t), v(r, t) are kept up to linear order, and
use the equilibrium value # = constant, i = 0, the Navier-
Stokes equation (7)) becomes

mid,v = (enB+n" A)(vxe,)+V((V-v—iip—Pi)+1° Av, (22)

On the other hand, the particle conservation, also kept up to
linear order, gives

8:6n +aV v =0, (23)

Then applying the alternative expression for compressibility
Kint = %%, which gives VP;, = «;!(Vén)/ii, we have the

density response to potential perturbation n = y¢, where the
susceptibility (in momentum space) reads

=2 2
nq
X(q’w): -1 = H 272"
= 9 King S ) (mnwf_n Q)
mnws —|——1n —( lwq +ﬁ
iw n° q*/iw — mi

(24)
In the low momentum expansion, the ¢> term is exactly given
by that for integer quantum Hall effect (13). This is because
the intra-Landau level excitations start from the ¢* term!3.
Thus, the ¢> contribution must entirely come from inter-
Landau level excitations, whose characters are captured by the
integer quantum Hall effect. The ¢* term is given by the same
equation (I3), as being derived from the Kubo formula. Thus,
in the low momentum regime, the classical hydrodynamics re-
produces the strict susceptibility-viscosity relations obtained
from Kubo formulae.

(In general, the viscosity coefficients £, 1%, ny would have
momentum dependence also*2. In the expansion of [24)
discussed above, we have taken the viscosity coefficients
Z,n%,ny to be constant (only depends on frequency). This
is suffficient when we expand y(g, w) up to ¢* terms, as can
be seen from (24). But when applying 24) to higher orders
in g, one needs to first expand £, 7%, g to higher powers in g
(i.e. ¢° and ¢* terms for £, 7%, ny) before expanding 24) (i.e.
to qG term for y(gq, w))).

V.  MEASURING HALL VISCOSITY

The relations (I3), ([4) connects the Hall viscosity with
the susceptibility, which can be measured by scattering ex-
periments. Since many recent works only concern the zero
frequency value of Hall viscosity ng(w = 0), we focus on
equation (I4) here. Note that in most cases the bulk viscosity
{(w) does not diverge? at zero frequency. Then the last term
in equation (I4) vanishes and the formula can be rewritten as
K, e (778) m’w x(q)

+ — i
2. 2 ppadt 2 q*

iw

M = (25)

In order to extract 77y from the measurement of y*(g), one
has to determine the first two terms in (23). The inverse in-
ternal compressibility «;! = B*(8*s(B)/dB?), can be deter-
mined by the auxiliary measurement of magnetic susceptibil-
ity xm = Mo (%)V = —Uo (%)V@ at constant filling fraction,
or a local current measurement in response to the inhomoge-
neous magnetic field’ §j = Vx6M = —&”(B)e, x V6B. In par-
ticular, in high magnetic field where Landau level mixing is
negligible, the interaction energy can be neglected compared

with the kinetic energy. Then we have the free particle results

2 2
% and € = % for integer and fractional quantum

Hall systems respectively, giving Kl.’n} =2e.

Further, lim,,_0(5° /iw) generally yields a finite value, (See
the integer quantum Hall system for example), and needs care-
ful evaluations. Here we invoke the Kubo formula for shear

£ =



viscosity®, 7 = M Ow [T 12(0), J12(0)])o, to compute

this quantity. .J, is the off-diagonal element of the strain gen-
erator J,,,. In the spectral representation,

S 2h 10101 12(0) )

7 _ 2 57 w0t 06)

iw 'V (w*)? - “’;210

where w9 = w, — wy, with w, the frequency of energy eigen-
state |n). (In the presence of Landau level mixing, |n) also in-
cludes higher Landau level eigenstates). Therefore, if w,o = 0
or the matrix element vanishes, the corresponding term is
zero; otherwise, we have the finite result

(7 27 v [0l 12(0)|n)?
hm(—) _ _7; OO, @7)

w—0\ iw n0

where Y. means summing over energy eigenstates which are
not degenerate with the ground state. Explicitly, the off-
diagonal element of the strain generator assumes the form

J1(0) = 3, (—{fci,ﬁ;‘,} — eB&! 2) /27, and can be written con-
veniently in the spherical gauge A’ = 1B X # as

. S R

J12(0) = - T =a Z[(a,- —a))? = (b - b))*1. (28)
where a;, Bi are inter- and intra-Landau level ladder operators
defined previously. Consider, for instance, integer quantum
Hall effect. Then the only non-zero matrix element in (27)
is (0|£11.2|2), where |2) means the state with one electron from
either of the top two filled Landau levels in the ground state
being excited 2 levels upwards, corresponding to an excitation
energy wyy = 2w,. Thus, lim,_o(7® /iw) = —8/4wf, in con-
sistency with the previous result. The evaluation for various
fractional quantum Hall systems is left for future work, which
generally requires a numerical evaluation of 27) (28) in the
presence or absence of Landau level mixings depending on
specific experimental situations.

Thus, with ;! and lim,,(17° /iw) being measured or cal-
culated, one can use equation (23) to determine the Hall vis-
cosity ny through the long wavelength part of static sus-
ceptibility y*(q,w = 0), which is related to scattering
experiments!3. Explicitly, the quantity being measured is the
dynamic structure factor S(q,w) = 2, S (qQ)d(w — w,(q)),
where w,(q)’s are excitation modes. Using Kramers-Kronig
relation Rey(q,w) = (1/m) f:o dzP(Imy(q, z))/(z — w) and
fluctuation dissipation theorem, we have the static suscepti-
bility x(q) = x(q, w = 0) as*!

__2 v 8@
Y@ = =55 Do (29)

n

The qualitative behavior of y(q) in small-q limit can be ob-
served as follows. Using compressibility sum rule y(q —
0) = —NK}1 and the incompressible feature of quantum Hall
states, we see the constant term in y(q) always vanishes. Here
K}l = —V(0P/dV)y,p is the ususal isothermal compressibility.
Moreover, the low-lying excitations within the lowest Landau
level correspond to y(q) starting from ¢* term2!. That means
if the inter-Landau level excitation is supressed in the large
magnetic field limit, (or we can cancel such contribution by
subtracting the y® given by equation ([I3)), y® is the lead-
ing order in x(q). In sum, the algebraic relation (29) clearly
means that it will be sufficient to extract the ¢* term in y(q)
by measuring only the long wavelength part of S(q, w), as is
usually the case in current experiments.

VI. CONCLUSION AND OUTLOOK

The relation between susceptibility and viscosity (13) (I4)
is presented and discussed, showing the role of viscosity co-
efficients in the ¢* term of susceptibility for a general class of
Galilean invariant system. It suggests the possibility of mea-
suring the Hall viscosity in terms of density response experi-
ments for a wide range of quantum Hall systems.

In addition, it is worth mentioning the connection of this
work with cold atom systems, where quantum Hall states can
be simulated using rotating atomic gases22. The quantum Hall
state is approached when the rotation frequency of the trapped
gas approaches the critical frequency, where the centrifugal
force almost cancels the trapping force, and the Galilean in-
variance is approximately satisfied. Since in cold atom sys-
tems, the density measurement and the potential engineering
are the most standard experimental tools, and can be made to
high accuracy, our analysis paves the way for further discus-
sions of Hall viscosity signatures in cold atom experiments.

VII. ACKNOWLEDGEMENT

I thank Tin-Lun Ho, Yuan-Ming Lu, and Alexander Abanov
for discussions, and especially T.-L. Ho for helpful comments
and suggestions about the manuscript. This work is supported
by NSF Grant DMR-1309615, and the NASA Grant 1501430.

' J. E. Avron, R. Seiler, and P. G. Zograf, Phys. Rev. Lett. 75, 697
(1995); J. E. Avron, J. Stat. Phys. 92, 543 (1998); 1. V. Tokatly
and G. Vignale, J. Phys. Condens. Matter 21, 275603 (2009).

2 N. Read, Phys. Rev. B 79, 045308 (2009); N. Read and E. H.
Rezayi, Phys. Rev. B 84, 085316 (2011).

3 X. G. Wen and A. Zee, Phys. Rev. Lett. 69, 953 (1992).

* A. G. Abanov and A. Gromov, Phys. Rev. B 90, 014435 (2014).



5 T. Can, M. Laskin, P. Wiegmann, Phys. Rev. Lett. 113, 046803
(2014).

% P. Wiegmann and A. G. Abanov, Phys. Rev. Lett. 113, 034501
(2014).

7 C. Hoyos and D. T. Son, Phys. Rev. Lett. 108, 066805 (2012).

8 B. Bradlyn, M. Goldstein, and N. Read, Phys. Rev. B 86, 245309
(2012).

° D. X. Nguyen, D. T. Son and C. Wu, arxiv:1411.3316.

10 E. Taylor and M. Randeria, Phys. Rev. A 81, 053610 (2010).

1 1. V. Tokatly, Phys. Rev. B 73, 205340 (2006); I. V. Tokatly, Phys.
Rev. B 74, 035333 (2006); I. V. Tokatly, G. Vignale, Phys. Rev.
Lett. 98, 026805 (2007).

12 C. F. Hirjibehedin, 1. Dujovne, A. Pinczuk, B. S. Dennis, L. N.
Pfeiffer, and K. W. West, Phys. Rev. Lett. 95, 066803 (2005).

13 D. Pines and P. Nozieres, The Theory of Quantum Liquids, vol.I
(Benjamin, New York, 1966).

4 G. D. Mahan, Many-Particle Physics, 3rd edition (Springer 2013).

15°S. M. Girvin, A. H. MacDonald, P. M. Platzman, Phys. Rev. B 33,
2481 (1986).

16 N. R. Cooper, B. 1. Halperin, and I. M. Ruzin, Phys. Rev. B 55,
2344 (1997).

17 P. B. Wiegmann, JETP 144, 617 (2013); P. B. Wiegmann, Phys.
Rev. B 88, 241305(R) (2013).

18 X.-G. Wen, ”"Quantum Field Theory of Many-Body Systems”,
Oxford University Press (2004), eq(3.7.7) in section 3.7.2.

19 C. J. Pethick and H. Smith, Bose-Einstein Condensation in Dilute
Gases, (Cambridge 2008); L. Pitaevskii and S. Stringari, Bose-
Einstein Condensation, (Oxford 2003).

20 The usual convention is yy = M/0H; B = po(1 + xp)H. But ex-

cept for ferromagnetic systems, y) < 1(QH systems are mostly

paramagnetic). So we have yy = uodM/0B.

We can compare it to the situation in single mode

approximation'>. There S,(q) becomes the static structure

factor S(q) while w,(q) — A(q) corresponds to the only one
gapped mode. But a recent experiment'? shows the existence

of two collective modes. Thus, we keep the general form (29).

But the presence of two or multiple modes does not affect the

conclusion that intra-Landau level excitation corresponds to

S(q, w), x(q, w) starting from ¢*. This can be seen by applying

the f-sum rule!? LN wS (q, w)dw = fiNg*/2m and (I3). Then we

see the sum rule is saturated by the inter-Landau level excitations,
meaning that the ¢g* term comes entirely from the cyclotron mode.

I thank Markus Greiner for discussing the on-going small-cluster

experiment in his group during the 2015 INT conference. See also

A.L. Fetter, Rev. Mod. Phys., 81, 647 (2009) for a review of the

rotating atomic gases and the simulation of quantum Hall states.

21

22



