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Abstract

The spectral phonon properties in defected graphene were unclear due to the lack of advanced

techniques on predicting the phonon-defect scattering rate without fitting parameters. Taking ad-

vantages of the extended phonon normal mode analysis, we obtained the spectral phonon relaxation

time and mean free path (MFP) in defected graphene and studied the impacts of three common

types of defects, Stone-Thrower-Wales (STW) defect, double vacancy (DV), and mono vacancy

(MV). Phonon-STW defect scattering rate is found to have no significant frequency dependence,

and as a result, the relative contribution of long-wavelength phonons sharply decreases. In con-

trast, the phonon scattering by DVs or MVs exhibits a frequency dependence of τ−1
p−d ∼ ω1.1−1.3

except a few long-wavelength phonons, providing a critical revisit to the traditionally used ∼ ω4

dependence. We note that although MV-defected graphene has the lowest thermal conductivity

as compared to the other two defected graphene samples at the same defect concentration, it

has a portion of phonons with the longest MFP. The contribution from the long-MFP and long-

wavelength phonons does not decrease much as the vacancy concentration increases. STW defect

and MV block more out-of-plane modes than in-plane modes while DV has less bias on which

mode to block. As the MV concentration increases from 0 to 1.1%, the relative contribution from

out-of-plane modes decreases from 30% to 18%, while that of the transverse acoustic mode remains

at around 30%. These findings of spectral phonon properties can provide more insights than the

effective properties, and benefit the prospective phononic engineering.

PACS numbers: 63.20.-e, 63.20.Ry, 63.20.kp, 65.80.Ck
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I. INTRODUCTION

Defects in the two-dimensional material, graphene, have attracted extensive attention

in recent years for the new properties and functionalities they bring about 1. The simplest

and most common point defects in graphene are Stone-Thrower-Wales (STW) defects 2,

double vacancies (DV) and mono vacancy (MV), which have been directly observed in ex-

periments 3–9. Due to the imperfection of practical techniques, those defects are produced

inevitably during the process of growth and processing of samples 3. Quantitative study

of the impact of those defects on thermal transport in graphene is of great importance,

which can provide an effective guidance on the intentionally manufactured graphene for new

desired functionalities in the application of thermal management and thermoelectrics 10–14.

The thermal conductivity κ of point defected single layer graphene (SLG) has been ex-

tensively investigated using molecular dynamics (MD) and non-equilibrium Green’s function

(NEGF) recently. The results vary with the employed interatomic potentials and calculation

methods. Zhang et al. 15 found the thermal conductivity in graphene was reduced by almost

98% by introducing 1% MVs using equilibrium MD (EMD) with Green-Kubo method (GK-

MD). With a different interatomic potential, Hao et al. 16 predicted a reduction of about 85%

with the same method. They also compared the MV with STW defect and found that the

latter gave 77% reduction to κ at the same concentration. Similarly, Mortazavi and Ahzi 17

predicted a 74% reduction to κ by 1% STW defects using non-equilibrium MD (NEMD)

method. They compared the impact of those defects on κ and found that, with the same

defect concentration, the thermal conductivity in STW-defected graphene is slightly higher

than DV-defected graphene, which is then marginally higher than MV-defected graphene.

With the NEMD method, Haskins et al. 18 compared the impact of STW defects, DVs and

MVs on κ of the graphene nanoribbon (GNR) and found that κ was reduced by 70% in 0.1%

STW or DV defected GNR, and 80% in 0.1% MV defected GNR. In contrast, Yeo et al. 19

found the reduction of κ in GNR was about 80% at defect concentration of 10%. Besides,

Jiang et al. 20 noticed that the vacancy position significantly affected the thermal transport

in GNR using NEGF method. Other impacts of defects on thermal properties in GNR like

quantum thermal transport 21 and thermal rectification 22 have also been studied.

Although extensive work has been done on predicting the thermal conductivity in de-

fected materials, the spectral phonon relaxation time and MFP were still not available.
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This is due to the lack of advanced techniques on predicting spectral phonon scattering

rate by defects such as vacancies and dislocations, although significant advances have been

achieved in predicting phonon-phonon, phonon-isotope, and phonon-boundary scattering 23.

The bond distortion, adding or missing around the defects makes phonon-defect scattering

currently hard to calculate. Typically the phonon-defect scattering rate is fitted as ∼ ω4 23.

However, the accuracy of this dependence is still an open issue because it was derived from

the long-wavelength approximation 24–27. Very recently Xie et al. 28 calculated the phonon

scattering rate by the missing bonds around vacancies in graphene using Klemens’ formal-

ism 24,25 which, however, depends on fitting parameters and long-wavelength approximation,

and thus the accuracy is unwarrantable. Since prospective phononic engineering technique

requires a modulation of thermal transport by phonon with different range of wavelength

and frequency, it is urgent to have a deep understanding on the spectral phonon MFP in

defected materials 23. Therefore, to develop a reliable approach in predicting the phonon

scattering rate by various types of defects is of great importance.

In this work, we aim to study the impact of various types of defects with different con-

centrations on the phonon relaxation time, MFP, and mode−wise thermal conductivity. We

extend the normal mode analysis (NMA) 23,29–32 from predicting phonon-phonon scattering

rate in pristine systems to calculating the total phonon scattering rate in defected materi-

als. The defected graphene is assumed to have the same phonon dispersion with pristine

graphene. The anharmonicity and the defects are treated together as a perturbation to

phonon normal modes, and as a result, the linewidth of spectral energy density (SED) gives

the total scattering rate covering phonon-phonon and phonon-defect scattering rates. This

manuscript is organized as follows. The methodologies for calculating the phonon MFP

and mode-wise thermal conductivity is introduced in Sec. II. In Sec.III, we compare the

impact of various types of defects with the same concentration in graphene on the thermal

conductivity (IIIA), spectral phonon relaxation time and MFP (IIIB), κ accumulation with

phonon wavelength (IIIC), κ accumulation with phonon MFP (IIID), and relative impor-

tance of phonon branches (III E). Furthermore, we fix the defect type as MV and study the

impact of the concentration on those spectral phonon properties in Sec. IV. A summary and

a further discussion are presented in the Sec.V.
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II. METHODOLOGY AND SIMULATION SETUP

The atomic structures of STW defect, DV and MV are shown in Fig. 1, in which 13C

isotope is sketched as a reference. STW defect is introduced by rotating two adjacent atoms

by 90◦. DV and MV are produced by removing two adjacent atoms and a single atom,

respectively. To study the impact of different types of defects on the phonon transport in

graphene, we fixed the concentration of defects at 1.1%, which is the same concentration

of natural 13C. The 1.1% isotope-doped and defected SLG samples are shown in Fig. 1, in

which the defects are randomly distributed and non-connected.

Mono vacancy Double vacancy 

1.1% 

isotopes 
1.1% Mono 

vacancies 

1.1% Double 

vacancies 

1.1% STW 

defects 

(a) (b) (c) (d) 

13C isotope STW defect 

FIG. 1. (Color Online) Illustrations of the structures for 1.1% (a) 13C doped, (b) STW-defected,

(c) double-vancancy-defected, and (d) mono-vacancy-defected SLG samples.

To investigate the phonon relaxation time and mode-wise thermal conductivity of those

defected SLG, we refer to NMA based on EMD 23,29–32. The NMA is carried out by evaluating

the normal mode coordinates 33 and the spectral energy density Φk,ν(ω),

qk,ν(t) =
3

∑

α

n
∑

b

Nc
∑

l

√

mb

Nc

ul,b
α (t)ek,ν∗b,α exp

[

ik · rl0
]

, (1)

Φk,ν(ω) = |F [q̇k,ν(t)]|
2 =

Ck,ν

(ω − ωA
k,ν)

2 + (τ−1
k,ν)

2/4
. (2)

In Eq. (1), ul,b
α (t) is the αth component of the time dependent displacement of the bth basis

atom in the lth unit cell, Nc is the total number of unit cells, e∗ denotes the complex

conjugate of phonon eigenvector, r0 is the equilibrium position. k and ν label the phonon
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mode, i.e., the phonon wave vector and phonon polarization branch, respectively. The SED

function, Φk,ν(ω), is obtained by performing Fourier Transform F on the time derivative of

q. As shown in Eq. (2), Φk,ν(ω) is a Lorentzian function with peak position ωA
k,ν and full

width τ−1
k,ν at half maximum, and Ck,ν is a constant for a given mode (k, ν). From MD

simulation the time dependent atomic velocity u̇ is obtained and substituted into Eqs. (1)

and (2), and then the spectral phonon scattering rate τ−1
k,ν is obtained by fitting the SED

function to a Lorentzian function.

NMA was previously applied to calculate phonon-phonon scattering rate in pristine ma-

terials 23, while we extend the NMA to the calculation of the total phonon scattering rate,

including phonon-phonon and phonon-defect scattering, in defected materials. By treat-

ing anharmonicity and defects together as one perturbation to phonon normal mode, the

total phonon scattering rate is read out from the linewidth of the SED function. The

physical meaning of the linewidth is the amplitude of the combined perturbation from the

interatomic anharmonicity and the defects. It is noted that phonon-phonon scattering and

phonon-defects scattering are not necessarily independent, i.e., they may couple with each

other and lead to the failure of the Matthiessen’s rule. Even in this case, NMA does not fail

since it has nothing to do with the detailed scattering process and thus does not depend on

the Matthiessen’s rule.

With the information of spectral phonon relaxation time, thermal conductivity κ can be

calculated from the kinetic theory,

κx =
1

V

∑

k,ν

v2
k,ν,xck,ντk,ν , (3)

where V is the volume of the sample. The summation in Eq. (3) is done over all the resolvable

phonon modes, totally 3N with N representing the total number of atoms in the domain.

The specific heat per mode is c = ~ω∂n0/∂T , where n0
λ is the phonon occupation number

which is given by n0
λ = (ex − 1)−1 for Bose-Einstein distribution or n0

λ = e−x for classical

Boltzmann distribution, and x is the shorthand of ~ω/kBT . The group velocity in x direction

vx is calculated from the dispersion relation. Since NMA only works out the relaxation time

for the phonon modes in the periodic simulation directions, Equation (3) is evaluated based

on the isotropic assumption,

κ =
1

h

1

(2π)

1

2

∑

ν

∫

v2
k,νck,ντk,νkdk, (4)
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where h (=0.335 nm) is the thickness of SLG.

As a reference, the GK method based on EMD is performed to calculate the thermal

conductivity of defected graphene,

κx =
1

kBT 2V

∫ ∞

0

〈Sx(t)Sx(0)〉dt, (5)

where 〈Sx(t)Sx(0)〉 is the heat current autocorrelation function (HCACF) with Sx(t) repre-

senting the heat current in x direction. The κ values in this work is averaged in the armchair

and zigzag directions.

Molecular dynamics simulations in this work were performed using LAMMPS 34 with

optimized Tersoff potential 35 describing the interatomic interactions in graphene. The op-

timized Tersoff potential has been shown to produce significantly better lattice properties

such as lattice constant and phonon dispersion relation than the original one 36 in graphene.

The total simulation time and step interval are set as 10 ns and 0.5 fs, respectively. In

GK-MD, the autocorrelation length is set as 100 ps which is long enough to get converged

HCACF. In NMA, the atomic velocities are sampled every 5 fs which is short enough to

resolve all the phonon modes. To ensure the defects not connecting each other, while being

adjacent is allowed, the minimum distance between any two defects are set as 6 Å. The size

effect in the GK-MD method is examined by increasing the periodic simulation domain size

from 5 nm × 5 nm to 40 nm × 40 nm. The GK-MD method has no significant size effect

compared to NEMD 37. It is found that κ reaches convergence after the size increases to

about 10 nm × 10 nm. The results in this paper are obtained based on the size of 17 nm ×

20 nm which contains 12,800 atoms. In NMA, this size of sample resolves a k-mesh of 80 ×

80 which is dense enough to get converged thermal conductivity.

Quantum correction is required for classical MD since the room temperature is far below

the Debye temperature of SLG (1000-2300 K 38). The quantum temperature TQ is calculated

by equaling the total kinetic energy in MD to half of the total phonon energy 20. The classical

temperature in MD TMD =190 K is found to be equivalent to the quantum temperature

TQ = 300 K 20, thus all the MD simulations in this work were performed at the temperature

of TMD = 190 K. In the GK method, the thermal conductivity after quantum correction is

given by κQ(TQ) = κMD(TMD)dTMD/dTQ
39. In NMA combined with kinetic theory, κQ(TQ)

is calculated by choosing the Bose-Einstein distribution at TQ = 300 K to calculate the

specific heat c in Eq. (4) 40.
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III. COMPARISON OF VARIOUS DEFECT TYPES

A. Thermal conductivity

The thermal conductivity κ0 of pristine SLG given by either GK-MD or NMA is around

1100 W/mK after QC and 1800 W/mK before QC 40. It is noted that this value, from

EMD, is below than from NEMD based on the same interatomic potential 17,41, indicating

the intrinsic difference between EMD and NEMD 37. These k0 values are comparable with

experimental data (1500-4000 W/mK) 10,42–46 considering the uncertainty due to the sample

preparation and measurement method. The accuracy of κ0 in pristine SLG does not affect

the comparative study of the impact of different defect types and concentrations in the

following sections.

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

1.1% MV1.1% DV1.1% STW
 

 

/
0

 GK
 NMA

1.1% 13C

FIG. 2. (Color Online) The relative thermal conductivity κ/κ0 predicted from GK-MD and NMA-

BTE in defected SLG samples at room temperature. κ0 is the thermal conductivity of pristine

SLG at room temperature.

The relative thermal conductivities κ/κ0 calculated from GK-MD and NMA in the de-

fected graphene samples are shown in Fig. 2. The values from NMA is found to agree well

with those from GK-MD, indicating that the assumption of treating defects as a perturbation

to phonon normal mode is reasonable in graphene. The natural 1.1% 13C is found to reduce

κ by approximately 15%, akin to the 10-15% predicted by ALD method 47. This is consistent

with the measured results48 considering the uncertainty in the measured data. Compared to

isotopes, the other three types of defects give much more reduction to κ. Specifically, 1.1%

STW defects give the least reduction of around 90% while MVs give the most of about 95%

8



reduction in κ. Double vacancies cause slightly less reduction in κ than single vacancies, be-

cause DV-graphene has smaller total scattering cross-section, considering that DV-defected

graphene owns larger scattering cross-section for each scattering site but half less number of

scattering sites than MV-defected graphene. These results are generally consistent with the

previous work 15–17, where the detailed comparison between the κ reduction by those defects

has been extensively discussed. In this work, we are more interested in the impact of those

defects on the spectral phonon relaxation time, MFP and contribution to κ.

B. Spectral phonon relaxation time and mean free path

First of all, we investigate the phonon density of states (DOS), which is calculated by

taking the Fourier transformation of the atomic velocities autocorrelation functions. DOS

can qualitatively analyze the underlying influence of the defects on the thermal conductivity

and it is written as

g(ω) =

∫

exp(−iωt)〈v(t)v(0)〉dt. (6)

The DOS of the pristine and the three types of 1.1% defected graphene is illustrated in

Fig. 3. On the whole, the four situations have a similar shape with a prominent peak near

48 THz, which agrees well with the characteristic of graphene 17. Several points should be

noticed. First, the value of the prominent peak in defected graphene decreases remarkably,

compared to that in the pristine graphene. With the same defect concentration, the peak

of STW-defected graphene suffers the biggest fall, and the DV-defected graphene suffers

the least. Second, more phonons with high frequencies (>50 THz) are excited because

of the local vibration around the defects, implying the increase of the proportion of the

high-frequency phonons. Third, many minor peaks at lower frequencies are damped out

in defected graphene, which can reduce the relaxation times of the corresponding phonon

modes 15. Then, we focus on the spectral phonon relaxation times.

The frequency dependent phonon relaxation time τ of the out-of-plane acoustic (ZA),

transverse acoustic (TA) and longitudinal acoustic (LA) branches, whose dispersion is shown

in Fig. 4, in pristine and 1.1% defected graphene is shown in the upper panel of Fig. 5. The

phonon modes are along the direction from Γ to M in the first Brillouin zone (BZ). We note

that all the resolvable phonon modes have relaxation time values of below 100 ps. This

information supports our finding that the correlation length of 100 ps in GK method is
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FIG. 3. The DOS of (a) Pristine SLG, (b) 1.1% STW-defected SLG, (c) 1.1% DV-defected SLG,

and (d) 1.1% MV-defected SLG.

long enough to get converged thermal conductivity value. In the pristine graphene, except

low-frequency phonon, τ ’s of ZA, TA and LA modes are around 10-30 ps, 5-20 ps, and

3-13 ps respectively. These values are at the same order with but lower than the values

from 3-phonon scattering rate calculation based on relaxation time approximation (without

iteration) by Lindsay et al. 47. One possible reason is that the reflection symmetry in MD

is not fully presented due to the fluctuation of the graphene flake. One other reason may

be that the ignorance of the 4th and higher-order phonon-phonon scattering makes the

3-phonon scattering rate calculation under-estimate the phonon scattering rate.

After introducing 1.1% STW defects, τ ’s of ZA, TA and LA modes are reduced by about

one order to 0.7-2 ps, 0.5-3 ps, and 0.3-3 ps, respectively. τ of ZA mode suffers the most

reduction because the breakdown of reflection symmetry in out-of-plane direction makes

the scattering between ZA mode and in-plane modes unblocked 47. Generally, the same

concentration of DVs gives a similar reduction for ZA mode but a higher reduction for TA

and LA modes, compared to STW defects. In the medium-to-high range of frequency, MVs

give more reduction than both STW defects and DVs for all the modes.

Distinct from τ ∼ ω−2 in three dimensional materials 49, τ in the pristine graphene does
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FIG. 4. (Color Online) Phonon dispersion relation (Γ-M) in SLG.

not show a clear frequency dependence, except for the extremely-low-frequency phonon.

After introducing DVs or MVs, τ of all the modes shows a strong dependence on frequency,

in contrast, STW defects make little difference for the frequency dependence of τ . This

implies that DVs and MVs induce higher phonon-defect scattering rate for higher frequency,

while the STW defects scatter phonon more uniformly. Fitting the data gives a phonon-

defect scattering rate of τ−1
p−d ∼ ω1.3 for DVs and MVs, which gives a critical revisit of the

traditionally used ∼ ω4 dependence. Such difference between the frequency dependences of

the phonon-STW defect and phonon-vacancy defect scattering rates is probably the result

of the different local vibration frequencies at the two types of defects. The local phonon

frequencies ω0,STW at STW defects are close to the intrinsic phonon frequencies ω in graphene

since STW defects do not change the number or the mass of the carbon atoms, whereas

the local phonon frequencies ω0,V at vacancies are much higher than the intrinsic phonon

frequency ω due to the vibration of atoms neighboring vacancies. Since ω0,STW ≈ ω, the

scattering of the incident phonon by the local phonons at STW defects is described as the

Thompson scattering model: the STW defects absorb the incident phonons (ω) from one

direction and vibrate at similar frequencies (ω0,STW ), and then re-emit such vibration to all

directions, which give frequency independent scattering. It should be noted however not all

the local phonons have similar frequencies with the intrinsic phonons in graphene since some

short bonds around the STW defects gives a portion of high-frequency phonons as seen in

the DOS plot in Fig. 3 (b). Due to such high-ω0,STW local phonons, the phonon-STW defect
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FIG. 5. (Color Online) Phonon relaxation time/MFP of (a/d) ZA, (b/e) TA, (c/f) LA modes as

a function of frequency (Γ-M) in pristine and 1.1% defected SLG at room temperature.

scattering is not completely frequency independent as seen in the LA mode in Fig. 5 (c). In

contrast, the atoms neighboring vacancies absorb the incident phonons (ω) and vibrate at

higher local frequencies ω0,V ≫ ω, and give a strong frequency dependent scattering cross-

section of ( ω
ω0,V

)4 based on the Rayleigh scattering model. It should also be noted that not

all the phonons have a wavelength much longer than the defect size. Therefore, Rayleigh
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model cannot completely describe the phonon-vacancy scattering, and Mie scattering takes

places and reduces the power in the frequency dependence from 4 to 1.1-1.3.

The inaccuracy of∼ ω4 dependence may arise from two aspects. First, it was derived from

the perturbation by mass-difference and bond-difference introduced by impurity atoms while

assuming that the neighbor bonds were not affected. However, in vacancy-defected materials,

the modification of the neighbor bonds caused by the missing atoms is not negligible 25.

Second, ∼ ω4 was approximated from ∼ ω2g(ω) by assuming the Debye model with a single

phonon branch, i.e., the density of state was g(ω) ∼ ω2. However, typically materials have

three different acoustic branches with different dispersion relations, and thus the total density

of state g(ω) does not obey ∼ ω2 dependence even if each branch is linearly dependent on

frequency. Besides, as shown in Fig. 4, graphene has a non-linear dispersion branch (ZA

mode) and a low-frequency optical branch (ZO mode) which gives significant deviation from

g(ω) ∼ ω2 in the acoustic-frequency range. The phonon-defect scattering rates calculated

from NMA for the three types of defects have disclosed the limitation of the traditional

formalism, and also demonstrated the ability of NMA in calculating phonon-defect scattering

rate beyond other current methods. Another interesting finding is that the τ ’s of some

low-frequency phonons in MV-defected graphene are close or even higher than those in DV-

defected or STW-defected graphene, although the MV-defected graphene owns the lowest

thermal conductivity. This is consistent with the conventional assumption that the long-

wavelength phonon suffers less scattering by the defects of smaller size in Rayleigh scattering

model.

In the lower panel of Fig. 5, we show the spectral phonon MFP in pristine and 1.1%

defected graphene at room temperature. Compared to phonon relaxation time, the infor-

mation of spectral phonon MFP is of more importance in the point of view of application

because phonon MFP directly controls the size effect of samples in experiment. The MFP

In the pristine graphene predicted from NMA varies from 70-1000 nm. We note that LA

mode owns the longest phonon MFP owing to its high group velocity. In contrast, due to

the lower group velocity of ZA phonons, the MFP of ZA mode is not as high as TA and

LA modes although ZA mode owns longer relaxation time. The sharp drop of MFP for

low-frequency ZA mode is due to the nonlinear dispersion at the center of 1st BZ. The same

behavior occurs for high-frequency ZA and TA modes for the same reason at the boundary of

1st BZ. After introducing vacancies, the dominant phonon MFP spread a wider range than
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that in the pristine graphene due to the non-uniform frequency dependent scattering, e.g.,

less scattering for low-frequency phonon and more scattering for high-frequency phonon. In

contrast, STW defects make no significant difference to the breadth of the dominant MFP

range because of the almost uniform defect scattering.

C. κ accumulation with phonon wavelength

The importance of long-wavelength phonons to thermal transport in pristine SLG has

been extensively studied. Nika et al.50 emphasized the long-wavelength phonons made sig-

nificant contribution to the thermal conductivity and its length-dependence. Chen et al.

considered the long-wavelength contribution using Klemens’ model 48. From the point view

of kinetic theory (Eq. (4)), the long-wavelength phonon has no significant contribution. As

shown in Fig. 6 (a), the spectral κ as a function of wavenumber 2π/λ, the contribution of

long-wavelength phonons, for example λ >5 nm, is the green area enclose by spectral κ

function and the wavenumber-axis from the origin (λ = ∞) to 1.26 nm−1. The NMA gives

the contribution of this part at about 9% at room temperature. Our result of the small

contribution by long-wavelength phonon does not come from the finite size used in MD sim-

ulation. If the τ ∼ ω−2 dependence in the long-wavelength limit (LWL) is valid, then the

Eq. (4) gives an infinite thermal conductivity value since
∫ kmax

0
1
k
dk does not converge, which

is obviously fallacious. Thus, the relation τ ∼ ω−2 is invalid in the LWL, and the lifetime is

finite in the LWL, which has been shown numerically by Bonini, et al 51 by directly calcu-

lating the scattering rate in suspended graphene using anharmonic lattice dynamics. This

conclusion is essentially important since it implies that the thermal conductivity integral

(Eq. (4)) starts from the origin (zero times a finite number gives zero). Thus, our simulation

size (about 17 nm, e.g., the longest wavelength that can be captured) is enough for the

spectral κ being extrapolated to the origin as shown in Fig. 6 (a), and to demonstrate the

small contribution by long-wavelength phonons. This contribution is probably not signifi-

cant even if the spectral κ is calculated from any other methods, since mathematically the

area representing this contribution only covers very small range of wavenumber as shown in

Fig. 6 (a), and the curve of the spectral κ has to start from the origin. Physically this is

because the density of states in the long-wavelength range is extremely low.

After introducing defects, the relative contributions of the phonons in various wavelength
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FIG. 6. (Color Online) (a) The spectral thermal conductivity of pristine SLG as a function

of wavenumber (2π/λ). (b) The normalized thermal conductivity accumulation with respect to

phonon wavelength in pristine and 1.1% defected graphene samples. (c) A sketch illustrating the

critical lengths and the sizes of defects in graphene with D representing the approximate diameter.
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TABLE I. The relative contribution to κ in pristine and 1.1% defected SLG samples from the

phonons with short, medium and long wavelength.

Samples Short  

(0, 1nm) 

Medium  

(1nm, 5nm) 

Long  

(5nm, + ) 

 Perfect SLG  52%  39%  9%

 1.1% STW  35%  60%  5%

 1.1% DV  44%  45%  11%

 1.1% MV  33%  47%  20%

 0.5% MV  33%  49%  18%

 0.2% MV  38%  48%  14%
 

ranges vary with the defect types. According to the normalized thermal accumulation as a

function of phonon wavelength in Fig. 6 (b), the relative contributions of short-wavelength

(λ < 1 nm), medium-wavelength (1 nm< λ <5 nm), and long-wavelength (λ > 5 nm)

phonons are list in Table I. Generally the relative contribution of short-wavelength phonons

decreases after introducing defects, indicating the short-wavelength phonons are scattered

more than medium-to-long-wavelength phonons by the defects. This is because the sizes

of the defects are below 1 nm, as shown in Fig. 6 (c). Nevertheless, the contribution of

short-wavelength phonons is still more than 30%. Relatively, the contribution of medium-

wavelength phonon increases, especially in STW-defected graphene. We note that, even in

MV-defected graphene, the short-wavelength phonon is severely scattered, the contribution

of long-wavelength phonon is still not significant (∼20%). This is consistent with our previ-

ous analysis. Another interesting finding is that although STW-defect is not as efficient as

vacancy in reducing thermal conductivity, it is more effective in suppressing long-wavelength

phonons (also seen in Fig. 5).

D. κ accumulation with phonon mean free path

In Fig. 7 (a), we compare the normalized thermal conductivity accumulation with respect

to the phonon MFP in pristine and 1.1% defected graphene. The phonon with MFP of

70-500 nm is found to contribute 90% of total κ In the pristine graphene. To compare with

experiment, the effective MFP calculated from the measured κ values varies in a vast range

of 240-600 nm (500-1000 nm for backscattering MFP) 10,43,46. 1.1% STW defects, DVs, and
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MVs are found to reduce the dominant MFP to 4-70 nm, 2-80nm, and 1-130 nm, respectively.

The information of the effective MFP is far from enough to grasp the entire understanding

of the phonon transport. For instance, we note that the MV-defected graphene has more

long-MFP phonon than the other two defected graphene samples although MV-defected

graphene has the lowest effective MFP and κ. The contribution of long-MFP phonon in

MV-defected graphene is seen more clearly in the spectral thermal conductivity plots (in

Fig. 7 (b)). The long-MFP phonon (20-80 nm) in DV-defected graphene contributes 20%,

while the counterpart in MV-defected graphene has longer MFP at about 25-150 nm and

more contribution to κ at about 35%. The long phonon MFP in MV-defected graphene owes

to the smaller size of the defect and thus the less scattering for the long-wavelength phonon.

E. Relative importance of phonon branches

The understanding of relative importance of different phonon branches in thermal trans-

port is important in thermal engineering. The relative contribution of each branch to total

thermal conductivity of pristine SLG has been studied in many works and summarized in

Refs. 23,41,52. Within the framework of anharmonic lattice dynamics (ALD) and 3-phonon

scattering, Lindsay et al. 47 found that the reflection symmetry in the out-of-plane (z) direc-

tion forbids about 60% scattering between the out-of-plane modes and the in-plane modes,

and thus makes ZA mode dominate the thermal transport. In contrast, the normal mode

analysis combined shows that the relative contribution of ZA mode is around 30% as shown

in Fig. 8 (a), akin to Qiu and Ruan’s results 40. Lindsay et al. attribute this discrepancy

to the presence of normal (N) scattering which is excluded in the iterative 3-phonon cal-

culation. This discrepancy may also come from the essential difference between 3-phonon

calculation and MD simulation. In ALD calculation, the graphene sheet remains a perfect

plane with the reflection symmetry perfectly preserved, while in MD simulations the atoms

are not at their equilibrium positions and the graphene is not a plane, as a result the reflec-

tion symmetry may not be well presented in MD simulations. Another possible cause that

may bring the contribution of ZA mode down in ALD calculation is including the 4th and

higher orders of phonon scatterings. The relative contributions of other modes from NMA

(Fig. 8 (a)) are TA≈27%, LA≈35% and ZO≈7%, respectively, differing considerably from

the results of 15%, 9% and 0 from ALD calculation by Lindsay et al. 47.
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FIG. 7. (Color Online) (a) Normalized spectral phonon conductivity and (b) its accumulation with

respect to phonon MFP in pristine and 1.1% defected graphene samples at room temperature.

By introducing defects, the relative importance of different phonon branches changes re-

markably. Figure 8 (b)-(e) show the relative contributions in isotope-doped, STW-defected,

double-vacancy defected, and mono-vacancy defected graphene, respectively, with the con-

centration of 1.1%. ZA, TA, and LA modes dominate the thermal transport in all samples

and the contribution from TO and LO modes are negligible (<1%). The contribution of

all phonon modes are reduced after introducing isotopes or defects because of the phonon-

isotope or phonon-defect scattering. Generally, ZA and ZO modes are reduced the most due

to the breakdown of reflection symmetry in z direction, so that the relative contributions

of ZA and ZO modes decrease while those of TA and LA modes increase. Isotopes have
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FIG. 8. (Color Online) The relative contribution of each phonon branches to the total thermal

conductivity in (a) pristine SLG, (b) 1.1% isotope-doped SLG, (c) 1.1% STW-defected SLG, (d)

1.1% DV-defected SLG, and (e) 1.1% MV-defected SLG at room temperature.

the least modification to the relative contribution of each branch, while STW defects and

MVs have the most. Specifically, in STW-defected and MV-defected graphene the relative

contribution of ZA mode is reduced to less than 20% while that of LA mode is increased

to almost 50%. It is interesting that DVs only give a slight modification to the relative

contribution of each branch although κ is significantly reduced, indicating that DVs induce

similar phonon scattering rates for the in-plane and the out-of-plane modes.

IV. EFFECT OF DEFECT CONCENTRATION

Taking MV-graphene as an example, the impact of defect concentration on the spec-

tral phonon transport properties is studied. In Fig. 9, we compare the spectral phonon

relaxation time and MFP (Γ-M) for ZA, TA and LA modes in pristine, 0.2%, 0.5% and

1.1% MV-defected graphene. We find that the phonon-defect scattering rate τ−1
p−d ∼ ω1.1−1.3

works well for all these concentrations and phonon branches. The medium-to-high-frequency

phonons are found to have 10-fold, 20-fold, 40-fold reduction in relaxation times and MFP
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for 0.2%, 0.5% and 1.1% MV-defect graphene samples, respectively. The reduction for low-

frequency phonons is not that much and has only a slightly increase with increasing vacancy

concentration. The phonons whose wavelength is much shorter than the average distance

between each two vacancies “view” the vacancies as independent scattering centers, and thus

the total scattering cross-sections, or scattering rates, for those phonons increase linearly

with increasing vacancy concentration. In contrast, phonons of much longer wavelength

“see” the material more as a homogeneous medium rather than individual scattering cen-

ters. Therefore, the total scattering rates of those long-wavelength phonons increase more

slowly with increasing vacancy concentration. In general, this is also why the reduction of

thermal conductivity of materials by increasing doping becomes less efficient as the doping

concentration increases to be large. As a result, long-wavelength phonons play a more im-

portant role in thermal transport as vacancy concentration increases, as shown in Fig. 10

(a), the κ accumulation with the phonon wavelength. The 80% of κ is contributed from

phonons with λ shorter than 2 nm, 3.7 nm, 4.5 nm, 4.8 nm in pristine, 0.2%, 0.5%, and

1.1% MV defected graphene samples, respectively. We also read that phonons with λ > 5

nm contribute 9%, 14%, 18%, and 20% of κ in these samples, respectively, as listed in Ta-

ble I. The accumulated κ curve varies more and more slowly as well as the relative thermal

conductivity κ/κ0 (the inset in Fig. 10 (a)) as vacancy concentration increases.

Similarly, the κ accumulation with the phonon MFP in these graphene samples are calcu-

lated, as shown in Fig. 10 (b). The curves move towards short MFP side as the vacancy con-

centration increases. Nevertheless, the phonons with MFP of 40-200 nm keep contributing

30% to total κ even when the vacancy concentration increases. Figure 10 (c) demonstrates

the comparison between pristine, 0.2% MV-graphene, 0.5% MV-graphene, and 1.1% MV-

graphene samples in the relative contribution distributions in different phonon branches.

In the process of increasing vacancy concentration, the relative importance of ZA and ZO

modes decreases while that of LA mode increases. The relative contribution of the TA mode

almost keeps a constant at around 30%. With increasing vacancy concentration, the distri-

bution of relative contribution in different phonon branches varies slower and trends to a

limit at: ZA∼16%, TA∼30% and LA∼54%.
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modes as a function of frequency (Γ-M) in pristine and MV-defected SLG at room temperature.

V. SUMMARY

In this work, we have demonstrated NMA on the study of phonon-defect scattering and

compare the impact of STW defect, DV and MV on the spectral phonon transport in

graphene. We find that phonon-STW defect scattering rate has no significant frequency
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inset in (a) shows κ/κ0 as a function of vacancy concentration.

22



dependence, and as a result the relative contribution of long-wavelength phonons sharply de-

creases. In contrast, the phonon-defect scattering rate by DVs or MVs follows τ−1
p−d ∼ ω1.1−1.3

dependence, which deviates from the conventionally used Rayleigh scattering rate of ∼ ω4.

The inaccuracy of the latter arises from 1) the ignorance of neighbor-bond modification

around the defects and 2) the inaccuracy of single-acoustic-mode Debye model. The NMA

predicts a contribution of 9% from the phonons with wavelength longer than 5 nm for pris-

tine graphene. As vacancies are introduced, the contribution from this range of phonons

increases, but is still no more than 20%. From the kinetic theory we demonstrate that

the low contribution of long-wavelength phonon is due to the low density of states. An-

other interesting finding is that although MV-defected graphene has the lowest thermal

conductivity as compared to the other two defected graphene samples at the same defect

concentration, it has a portion of phonons with the longest MFP. This is consistent with the

Rayleigh scattering picture that the scattering cross section on long wavelength decreases

with decreasing scatterer size. We also note that the contribution from the long MFP and

long wavelength phonon does not decrease much as the vacancy concentration increases.

As for different phonon branches, the relative contribution from the out-of-plane branches

decreases as STW defects or MVs are introduced. As concentration of MV increases, the

relative contribution from the out-of-plane modes keeps decreasing while that of TA mode

almost keeps a constant at around 30%. In contrast, the relative contribution from each

branch changes little after introducing DV defects.

The STW, DV and MV defects can modify the local electronic band structure near

Dirac points. For example, based on the previous studies 53–55, STW defects may shift the

degenerate point slightly from the K point and may also open a small bandgap, whereas

DVs and MVs can open a bandgap of 0.015 eV and 0.1 eV respectively. The combination

of those defects may generate a large bandgap of 0.3 eV. Such results illustrate that point

defects may endow graphene with a semiconductor behavior like graphene nanostructures,

e.g., GNR, graphene nanomesh, nanoporous graphene, etc. Such semiconductor behavior

combined with the reduced thermal conductivity may benefit the thermoelectric properties

of graphene.

The capability of NMA is not limited in the three types of defects discussed in this

work. For other defects such as multi-bond distortion, substitutional atoms, small pores,

and adhered metal or hydrogen atoms 1, the NMA method probably works well as long
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as the perturbation caused by the defects is not large. Besides, it is very convenient to

study phonon MFP and thermal conductivity in other more complicated structures using

our results of phonon scattering rate τ−1
d−SLG,k,ν in defected SLG. For instance, in defected

graphene nanoribbon (d-GNR), a potential thermoelectric material 14,56, the spectral phonon

scattering rate τ−1
d−GNR,k,ν may be calculated by simply adding an boundary scattering term

to τ−1
d−SLG,k,ν as

τ−1
d−GNR,k,ν = τ−1

d−SLG,k,ν +
2|vk,ν,⊥|

W

1− p

1 + p
. (7)

Here 0 ≤ p ≤ 1 is the specularity parameter 57, W is the width of the GNR, and v⊥ is the

group velocity perpendicular to the edges. Typically the value of p is about 0.95 in GNR

with smooth edges 22. The limitation 23 of NMA lies in the classical feature of MD where

quantum correction is required 58.
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