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It has been shown that the bosonic symmetry-protected-trivial (SPT) phases with pure gauge
anomalous boundary can all be realized via non-linear o-models (NLoMs) of the symmetry group G
with various topological terms. Those SPT phases (called the pure SPT phases) can be classified by
group cohomology H*(G,R/Z). But there are also SPT phases with mixed gauge-gravity anomalous
boundary (which will be called the mixed SPT phases). Some of the mixed SPT states were also
referred as the beyond-group-cohomology SPT states. In this paper, we show that those beyond-
group-cohomology SPT states are actually within another type of group cohomology classification.
More precisely, we show that both the pure and the mixed SPT phases can be realized by G x SO(o0)
NLoMs with various topological terms. Through the group cohomology H¢[G' x SO(cc),R/Z],
we find that the set of our constructed SPT phases in d-dimensional space-time are described by
EYG) x @{Z1H*(G,iTO%") @ H*(G,R/Z) where G may contain time-reversal. Here iTO% is
the set of the topologically-ordered phases in d-dimensional space-time that have no topological
excitations, and one has iTO} = iTO% =iTO% =iTO% =0, iTO3 = Z, iTO3} = Z,, iTO? = 2Z.
For G = U(1) x Z% (charge conservation and time-reversal symmetry) , we find that the mixed
SPT phases beyond HA[U(1) x ZT,R/Z] are described by Zs in 3+1D, Z in 4+1D, 3Z, in 5+1D,
and 4Z3 in 64+1D. Our construction also gives us the topological invariants that fully characterize
the corresponding SPT and iTO phases. Through several examples, we show how can the universal
physical properties of SPT phases be obtained from those topological invariants.
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I. INTRODUCTION AND RESULTS

A. Gapped quantum liquid without topological
excitations

In 2009, in a study of the Haldane phase! of spin-1
chain using space-time tensor network,? it was found
that, from the entanglement point of view, the Hal-
dane state is really a trivial product state. So the non-
trivialness of Haldane phase must be contained in the way
how symmetry and short-range entanglement® get inter-
twined. This led to the notion of symmetry protected
trivial (SPT) order (also known as symmetry protected
topological order). Shortly after, the concept of SPT or-
der allowed us to classify*® all 141D gapped phases for
interacting bosons/spins and fermions.” 1* This result is
quickly generalized to higher dimensions where a large
class of SPT phases is constructed using group cohomol-
ogy theory.'214

Such a higher-dimension construction is based on G
non-linear o-model (NLoM)*¥1°

1 . _
L= X(ag)2 +iL (g7 '0g), g(x)eG, (1)
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topological term L
group cohomology class H%(G,R/Z),'3 1% this allows us
to show that such kind of SPT states are classified by
HY(G,R/Z). (See Appendix A for an introduction of
group cohomology.) Later, it was realized that there also
exist time-reversal protected SPT states that are beyond
the H%(G,R/Z) description.1618

We like to point out that there are many other ways
to construct SPT states, which include Chern-Simons
theories,'%2° NLoMs of symmetric space,!%2!1725 projec-
tive construction,?62® domain wall decoration,?® string-
net,'® layered construction,'” higher gauge theories,30 32
etc .

SPT states are gapped quantum liquids, character-
ized by having no topological excitations, and hav-
ing no topological order.?573° Eg bosonic quantum Hall
state!®40 described by the Fg K-matrix*'*7 is also a
gapped quantum liquid with no topological excitations,
but it has a non-trivial topological order. We will re-
fer such kind of topologically ordered states as invert-
ible topologically ordered (iTO) states®>%® (see Table I).

3,33
34,35

Bosonic SPT and iTO states are simplest kind of gapped
quantum liquids. In this paper, we will try to develop a
systematic theory for those phases. The main result is
eqn. (33) which generalizes the H?(G,R/Z) description
of the SPT phases, so that the new description also in-
clude the time-reversal protected SPT phases beyond the
H(G,R/Z) description. This result is derived in Section
V. Applying eqn. (33) to simple symmetry groups, we
obtain Table II for the SPT phases produced by NLoMs.

B. Probing SPT phases and topological invariants

The above is about the construction of SPT states.
But how to probe and measure different SPT orders in
the ground state of a generic system? The SPT states
have no topological order. Thus, their fixed-point parti-
tion function Zgxeq(M?) on a closed space-time manifold
M? is trivial Zgyeq(M?) = 1,%° and cannot be used to
probe different SPT orders. However, if we add the G-
symmetry twists*®®? to the space-time by gauging the
on-site symmetry G,%1°% we may get a non-trivial fixed-
point partition function Zgyeq(M?, A) € U(1) which is
a pure U(1) phase® that depends on A. Here A is
the background non-dynamical gauge field that describes
the symmetry twist. The fixed-point partition function
Zaxed(M?, A) is robust against any smooth change of the
local Lagrangian 6 £ that preserve the symmetry, and is a
topological invariant. Such type of topological invariants
should completely describe the SPT states that have no
topological order. In this paper, we will express such uni-
versal fixed-point partition function in terms of topolog-
ical invariant Wtcf)p (which is a d-form, or more precisely,
a d-cocycle):

Zﬁxed(Md, A) = ei Sard QWWt‘ip(A,F) (2)

where T is the connection on M9. We will use Wt%p to
characterize the SPT phases.

Even without the symmetry, the fixed-point parti-
tion function Zgyeq(M?) can still be a pure U(1) phase
that depend on the topologies of space-time. In this
case, the fixed-point partition function describes an
iTO state.? Thus, we can also use W<  to charac-
terize the iTO phases. We believe that the function,
el Jua Qﬁwtip(A’F), that maps various closed space-time
manifolds M¢ with various G-symmetry twist A to the
U(1) value, completely characterizes the iTO phases and
the SPT phases.*® So in this paper, we will often use
W to label/describe iTO and SPT phases.

top

We like to point out that the topological invariant
W, (A) is given by a cocycle wq in HY(Gx SO(0),R/Z).
Eq. (58) tells us how to calculate e!Jad zﬂwtdov(A), from
wq, the space-time manifold M9, and the symmetry-twist
A. So e Jura 27Wiep () g well defined.



TABLE I. The L-type bosonic iTO phases realized by the SO(co) NLoMs in d-dimensional space-time form an Abelian group
oiTO¢. (The meaning of “L-type” is defined in Section ID, and one can ignore such a qualifier in the first reading.) More
general L-type bosonic iTO phases realized by the NLoMs , Chern-Simons theories etc form a bigger Abelian group iTO%. The

generating topological invariants Wi, (T') are also listed.

dim. |0iTO} W<, [iTO% W,
d=0+1 0 0
d=1+1 0 0
d=2+1 Z w3 Z %wg
d=3+1 0 0
d=4+1 Zs %W2W3 Zs %W2W3
d=5+1 0 0

p? wP%72wP2 72“]1’% +5wP2

d=6+1| 2Z w71,w$2 2Z z = . 79 z

TABLE II. The L-type bosonic SPT phases realized by the G x SO(co) NLoMs, which are described by E*(G) x
OIZ1H*(BG,iTO%*) @ H*(G,R/Z). The results in black are the pure SPT phases described by H%(G,R/Z) first discov-
ered in Ref. 13. The pure SPT states have boundaries that carry only pure “gauge” anomaly. The results in blue are the mixed
SPT phases described by @¢{_] H*(BG,iTO% ). The results in red are the extra mixed SPT phases described by E?(G). The
mixed SPT states have boundaries that carry mixed gauge-gravity anomaly.

symmetry  |0+1D|14+1D| 2+1D | 341D 4+1D 5+1D 6+1D
Zn Zn 0 Zn 0 Z,®Z, Zingy | Za®Zn ®Zin 0
zr 0 Zs 0 |Za®Zs 0 Zy @27 Zs
U(1) z 0 z 0 Z9Z 0 2872327

U(l) X Zo :OQ Zs Zs YASYA Z
UQl) x z3 0 | 22> 0 |3Z:@2Z> 0 4Z5 ® 3Z, 27> ® Z>
U(l) x Z2¥ z Z Zy |2Z2@®Zo|Z®Zo DZ|2Zy B 2Z2| 272 B 3Z2 D Zo

22, @2y (222 222\ 2B 22D Z D 32,

TABLE III. The L-type U(1) SPT phases.

d= LSPT?J(D generators W{f)p
0+1 Z a

1+1 0

241 z aci

3+1 0

41+41| zZaz act, ap
5+1 0

6+1|Z®Z&Zs|acs, %aclph %wzwscl

C. Simple SPT phases and their physical
properties

In Tables III, TV, VI, VII, V, VIII, we list the genera-
tors W (A, T) of those topological invariants for simple
SPT phases. The U(1)-symmetry twist on the space-
time M? is described by a vector potential one-form A
and the Z,, -symmetry twist is described by a vector po-
tential one-form Az, with vanishing curl that satisfies
§ Az, = 0 mod 27/n. However, in the tables, we use
the normalized one form a = A/27 and a1 = ndyz, /2.
Also in the table, ¢; = da is the first Chern-Class, w;

is the Stiefel-Whitney classes and p; the first Pontrya-
gin classes for the tangent bundle of M?. The results
in black are for the pure SPT phases (which are defined
as the SPT phases described by H%(G,R/Z)). The re-
sults in blue are for the mixed SPT phases described
by @{Z1H*(BG,iTO{ ). The results in red are for
the extra mixed SPT phases described by E4(G) (see
equ. (33)).

Those topological invariants fully characterize the cor-
responding topological phases. All the universal physical
properties6:49:51,54-57 of the topological phases can be
derived from those topological invariants. This is the ap-
proach used in Ref. 49. In the following, we will discuss
some of the simple cases as examples. We find that the
topological invariants allow us to “see” and obtain many
universal physical properties easily.

1. U(1) SPT states in Table 111

The 0+1D U(1) SPT phases are classified by k € Z
with a gauge topological invariant
A

Wi (A) =k—. 3

top( ) 2t ( )

It describes a U(1) symmetric ground state with charge
k. The Z class of 2+1D U(1) SPT phases are generated



by W3

top = GC1, OT

AdA
Wiep(4) = e’ (4)

where AdA is the wedge product of one-form A and two-
form dA: AdA = A A dA. Those SPT states have even-
integer Hall conductances o,y = e;i”.15’19’20’58

The above are the pure U(1) SPT states whose bound-
ary has only pure U(1) anomalies. The Z class of 4+1D
U(1) SPT phases introduced in Ref. 59 are mixed SPT

states. The generating state is described by (see Ap-
pendix I)
. 1 Ap; 1 1dA
o (AT =-—=—=5(A/2 =———
Wtop( ’ ) 3 o 3ﬂ( / 7T)CU3 397 w3 (5)

where w3 is a gravitational Chern-Simons three-form:
dws = p;. Also B is the natural map 3 : H4(G,R/Z) —
HY(@G, Z) that maps a € HY(U(1),R/Z) to B(a) = ¢; €
H2(U(1),Z). One of the physical properties of such a
state is its dimension reduction: we put the state on
space-time M® = M? x M3 and put 2w U(1) flux through
M?. In large M3 limit, the effective theory on M? is de-
scribed by effective Lagrangian W3 (T') = —4ws, which
is a Fg quantum Hall state with chiral central charge
¢ = 8. If M? has a boundary, the boundary will carry
the gapless chiral edge state of Fg quantum Hall state.
Note that the boundary of M? can be viewed as the core
of a U(1) monopole (which forms a loop in four spatial
dimensions). So the core of a U(1) monopole will carry
the gapless chiral edge state of Fs quantum Hall state.

Since the monopole-loop in 4D space can be viewed as
a boundary of U(1) vortex sheet in 4D space, the above
physical probe also leads to a mechanism of the U(1) SPT
states: we start with a U(1) symmetry breaking state.
We then proliferate the U(1) vortex sheets to restore the
U(1) to obtain a trivial U(1) symmetric state. However,
if we bind the FEg state to the vortex sheets, proliferate
the new U(1) vortex sheets will produce a non-trivial
U(1) SPT state. In general, a probe of SPT state will
often leads to a mechanism of the SPT state.

If the mixed U (1) SPT state is realized by a continuum
field theory, then we can have another topological invari-
ant: we can put the state on a spatial manifold of topol-
ogy CP? or T* = (S")*. Since [sp» 3P1 — [ra 51 = 1,
we find that the ground state on CP? and on T* will
carry different U(1) charges (differ by one unit). We like
to stress that the above result is a field theory result,
which requires the lattice model to have a long correla-
tion length much bigger than the lattice constant.

2. Zy SPT states in Table 1V

The 241D Z5 SPT state described by

1
thop (Azz) = Eai’ (6)

TABLE IV. The L-type Z> SPT phases.

d= LSPT%2 generators Wt%p
0+1 Zy %al

1+1 0

2+1| 2 la}

3+1 0

441|220 22 %a?, %alm
541 Z» Sar1waws

6+ 1|Z>®2Z, %GL %a?pl, %G%Wﬂvs

is the first discovered SPT state beyond 141D.'? Here
a; = Az, /2w is the Zy-connection that describes the Z,-
symmetry twist on space-time. However, a3 is not the
wedge product of three one-forms: a$ # a1 Aaj Aay. a3
is the cup product a:f = a1 Uay Uay, after we view a; as
a 1-cocycle in H(M?3,Z5). The cup-product of cocycles
generalizes the wedge product of differential forms.

But how to compute the action amplitude
el Jus 2Win(Azy) = oimfys el that involves cup-
products? Omne can use the defining relation eqn. (58)
to compute e s 27Wiop (Az,) First, we note that the
cocycle ay € H'(Zs,Z5) is given by

al(—l) =—-1. (7)

where {1,—1} form the group Z;. The cocylce for the
cup-product, a}, is simply given by

a1(1) = 1,

a?(g(]vgl792) = ai(go)ai(g1)ai(g2), (8)

which is a cocycle in H3(Z,Z5). Then ws(go,91,92) =
1a3(g0, g1, g2) is a cocycle in H3(Z»,R/Z), that describes
our Zy SPT state. This allows us to use eqn. (58) to
compute e! Jara 27 (Azy)

However, there are ways to
el Jars 27Wio, (Azy) According to the Poincaré duality,
an i-cocycle x; in a d-dimensional manifold M? is dual
to a (d — 7)-cycle (i.e. a (d — i)-dimensional closed sub-
manifold), X9t in M4 In our case, ay is dual to a 2D
closed surface N2 in M3, and the 2D closed surface is the
surface across which we perform the Zs symmetry twist.
We will denote the Poincaré dual of z; as [z;]* = X7
Under the Poincaré duality, the cup-product has a geo-
metric meaning: Let X¢~% be the dual of x; and Y¢~J
be the dual of y;. Then the cup-product of z; U y; is
a (i + j)-cocycle z1;, whose dual is a (d — ¢ — j)-cycle
Z9=i=3_ We find that Z?=%=J is simply the intersection
of X%% and Y¢J: 7977 = X4=i Y9~  In other
words

simpler compute

v Uy = zigy <[] N [yl" = [z (9)

So to calculate |’ e a3, we need to choose three different
2D surfaces NZ, N2, N2 that describe the equivalent Z5
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FIG. 1. (a) a loop creation. (b) a loop annihilation. (c) a
line reconnection.

=h 020

(a)

FIG. 2. (Color online) (a) a point is split into three points.
(b) a surface N2 is split into three surfaces N7, N3, N3.

symmetry twists a;. Then

/ a3 = number of the points in Ni N N3 N N3 mod 2.
M3
(10)

There is another way to calculate fM3 a3. Let N2 be a
2D surface in space-time M3 that describe the Zy sym-
metry twist a;. We choose the space-time M? to have a
form M? x S' where S! is the time direction. At each
time slice, the surface of symmetry twist, N2, becomes
loops in the space M?2. Then (see Fig. 1)

/ a3 = number of loop creation/annihilation +
M3

number of line reconnection mod 2, (11)
as we go around the time loop S*. (Such a result leads
to the picture in Ref. 51.)

To show the relation between eqn. (10) and eqn. (11),
we split each point on N2 into three points 1, 2, 3 (see
Fig. 2), which split N? into three nearby 2D surfaces N7,
N3, and N3. Then from Fig. 3, we can see the relation
between eqn. (10) and eqn. (11).

Eqn. (11) is consistent with the result in Ref. 50 where
we considered a space-time T2 x I, where I = [0,1] is an

0:0 ¢3¢ ¥

(b) (©)

FIG. 3. (Color online) Loop annihilation: (a) as we shrink
the black circle to a point, the black line sweeps across the in-
tersection of red and blue line once. This means that NZ, N2,
N?% intersect once in the loop annihilation/creation process.
Line reconnection: as we deform the black lines in process
(b), the black lines sweep across the intersection of red and
blue lines once. But in process (c), no line sweeps across the
intersection of the other two lines. This means that NZ, N,
N2 intersect once in the line reconnection process.

SacRes

(a) (b) (c)

FIG. 4. (Color online) (a) a Z2 symmetry twist on a torus.
(c) the Z> symmetry twist obtained from (a) by double Dehn
twist. (a—b—c) contains a line reconnection.

1D line segment for time ¢ € [0,1] = I. Then we added
a Zy symmetry twist on a torus 7% at t = 0 (see Fig.
4a). Next, we evolved such a Zs-twist at ¢ = 0 to the
one described by Fig. 4c at t = 1, via the process Fig.
4a — Fig. 4b — Fig. 4c. Last, we clued the tori at
t = 0 and at t = 1 together to form a closed space-
time, after we do a double Dehn twist on one of the tori.
Ref. 50 showed that the value of the topological invariant
on such a space-time with such a Zs-twist is non-trivial:
/ M3 a3 = 1 mod 2, through an explicit calculation. In
this paper, we see that the non-trivial value comes from
the fact that there is one line-reconnection in the process
Fig. 4a — Fig. 4b — Fig. 4c.

Using the result eqn. (11), we can show that the end
of the Zs-symmetry twist line (which is called the mon-
odromy defect?”) must carry a fractional spin i mod 1
and a semion fractional statistics.”!

Let us use |T> Jef b0 Tepresent the many-body wave func-

tion with a monodromy defect. We first consider the
spin of such a defect to see if the spin is fractionalized or
not.%%:%1 Under a 360° rotation, the monodromy defect

(the end of Z5-twist line) is changed to ‘C%dcf. Since ‘T)dcf

and ’@> qop are alway different even after we deform and

reconnect the Z,-twist lines, |T> is not an eigenstate of

def
360° rotation and does not carry a definite spin.

To construct the eigenstates of 360° rotation, let us
make another 360° rotation to |@>def. To do that, we

first use the line reconnection move in Fig. 1c, to change
|@>def - —‘@>def. A 360° rotation on |@>def gives us

Waer

We see that a 360° rotation changes (|T>def, |@>def)

to (‘@>dcf7 —”>dcf). We find that ”>dcf + i|@>dcf is the
eigenstate of the 360° rotation with eigenvalue —i, and

|T>def - i|(’?>def is the other eigenstate of the 360° rota-
tion with eigenvalue i. So the defect |T>def + i‘@>def has

a spin —1/4, and the defect |T>def — i|(’?>def has a spin

1/4.
If one believes in the spin-statistics theorem, one may



(a) (@ (e)

FIG. 5. (Color online) Deformation of the Zs-twist lines and
two reconnection moves, plus an exchange of two defects and
a 360° rotation of one of the defects, change the configuration
(a) back to itself. Note that from (a) to (b) we exchange the
two defects, and from (d) to (e) we rotate of one of the defect
by 360°. The combination of those moves do not generate any
phase, since the number of the reconnection move is even.

guess that the defects |T>def—|— i ’@>def and ’T>def— i‘@>def

are semions. This guess is indeed correct. Form Fig. 5,
we see that we can use deformation of Z-twist lines and
two reconnection moves to generate an exchange of the
two defect and a 360° rotation of one of the defect. Such
operations allow us to show that Fig. 5a and Fig. 5e
have the same amplitude, which means that an exchange
of two defects followed by a 360° rotation of one of the
defect do not generate any phase. This is nothing but
the spin-statistics theorem.

The above understanding of geometric meaning of the
topological invariant %a‘;’ in terms of Zs-twist domain
wall also leads to a mechanism of the Z5 SPT state. Con-

sider a quantum Ising model on 2D triangle lattice
H=-J]) ojoi—g» of, (12)
(ig) ¢

where o®¥%* are the Pauli matrices and (ij) are nearest
neighbors. Such a model can be described by the path
integral of the domain walls between ¢ = 1 and 0* = —1
in space-time. However, all domain walls in space-time
have an amplitude of +1.

In order to have the non-trivial Zo, SPT state, we need
to modify the domain wall amplitudes in the path inte-
gral to allow them to have values £1. The +1 is assigned
based on the following rules: as time evolves, a domain-
wall-loop creation/annihilation will contribute to a —1 to
the domain-wall amplitude. A domain-wall-line recon-
nection will also contribute to a —1 to the domain-wall
amplitude. Those additional —1’s can be implemented
through local Hamiltonian. We simply need to modify
the — )", oF term which create the fluctuations of the
domain-walls:

H=-JY oio} - gZU;( _eif ziﬁ(l—o—;#o;ﬁl)),
(ij) i
(13)

where 2221(1 — 07,07 ,41) is the sum over all six spins
neighboring the site-i. (In fact, we can set J = 0).
The factor —e' T Zu=1(19047u11) contributes to a —1
when the spin flip generated by o® creates/annihilates
a small loop of domain walls or causes a reconnection

FIG. 6. (Color online) Two identical Z2 monodromy defects
on S?. The boundary across which we do the Z» twist is
split into the red and blue curves. Note that the splitting is
identical at the two monodromy defects. The red and blue
lines crosses once, indicating that f52 a? =1.

of the domain walls. The factor —e! T Zu=1(1705,07 u41)
contributes to a +1 when the spin flip only deform the
shape of the domain walls. This is the Hamiltonian ob-
tained in Ref. 51.
Now let us switch to the 4+1D Z5 SPT described by
(see Appendix I)
5 1 2
Wtop(A) = 5‘11171 = B(al)wi% = a1ws, (14)
which is a new mixed SPT phase first discovered in this
paper. Here f8 is the natural map 3 : HY(G,Zy) —
HIT(G,Z) that maps a3 € HY(Z2,Zs) to Bla1) =
Sqt(a1) = a3 € H?*(Z2,Z) (see Appendix E and also
eqn. (5)). We note that [,, 2p1 = 0 mod 2. Hence we
can rewrite p; = %pl + %pl = %pl if we concern about
mod 2 numbers. The above topological invariant can be
rewritten as

WEOP(A) = %alépl = a%%w;j. (15)

One of the physical properties of such a Z; SPT state is
its dimension reduction: we put the state on space-time
M5 = 52 x M3 and choose the Zs-twist a; to create
two identical monodromy defects on S? (see Fig. 6).
(The physics of two identical monodromy defects was
discussed in detail in Ref. 49 and here we follow a similar
approach. Also we may embed Z; into U(1) and view
the Z3 monodromy defect as the U(1) m-flux.) For such
a design of S? and a;, we have [, af = 1 mod 2 (see
Fig. 6). We then take the large M? limit, and examine
the induced the effective theory on M?3. The induced
effective Lagrangian must have a form £ = 27rk%w3 with
k = 1 mod 2, which describes a topologically ordered
state with chiral central charge 8k. If M3 has a boundary,
the boundary will carry the gapless chiral edge state of
chiral central charge 8k.

We like to remark that adding two Zs monodromy de-
fects to S? is not a small perturbation. Inducing a FEg
bosonic quantum Hall state on M3 by a large perturba-
tion on S? does not imply the parent state on S? x M? to
be non-trivial. Even when the parent state is trivial, an
large perturbation on S? can still induce a Eg state on
M3. However, what we have shown is that two identical
Z5 monodromy defects on S? induce an odd numbers of



TABLE V. The L-type Z7 SPT phases.

d= LSPT%Z)T generators Wtdop
0+1 0

1+1]  Zy iwi

241 0

3+1|Z20 2> %Wi §p1

4+1 0

5+ 1|22 225 %w‘f, %W%]h %W1W2W3
6 + 1 ZQ %W%WgWg

Ejg states on M?3. This can happen only when the parent
state on S? x M? is non-trivial.

We may choose another dimension reduction by
putting the state on space-time M?® = S!' x M* and
adding a Zs-twist by threading a Zs-flux line through
the S'. We then take the large M* limit. The effective
theory on M* will be described by effective Lagrangian
Leg = wip1. When M* has a boundary, M* # 0, the
system on the M3 = dM* must has chiral central charge
¢ = 4 mod 8. In order words, if the 4-dimensional space
has a 3-dimensional boundary S* x M? and if we thread
a Zy-flux line through the S', then the state on M? will
have a gravitational response described by a gravitational
Chern-Simons effective Lagrangian Lcrf = kﬂ'%wg, with
k = 1 mod 2. Such a state on M? is either gapless or have
a non-trivial topological order, regardless if the symme-
try is broken on the boundary or not.

Let us assume that the Z; SPT state has a gapped
symmetry breaking boundary. The above result implies
that if we have a symmetry breaking domain wall on
S!, then the induced boundary state on M? must be
topologically ordered with a chiral central charge ¢ = 4
mod 8. (The mod 8 comes from the possibility that the
modified the local Hamiltonian at the domain wall may
add several copy of Eg bosonic quantum Hall states.)
We see that a Zs symmetry breaking domain wall on the
boundary carries a 2+1D topologically ordered state with
a chiral central charge ¢ = 4 mod 8.

8. ZI,U()x Z3, and U(1) x Z7 SPT states in Tables
V, VI, and VII

The tables V, VI, and VII list the so called realizable
topological invariants, which can be produced via our
NLoM construction. The potential topological invariants
(which may or may not be realizable) for those symme-
tries have been calculated in Ref. 62 using cobordism
approach and in Ref. 48 using spectrum approach. For
the topological invariants that generate the Z, classes,
our realizable topological invariants agree with the po-
tential topological invariants obtained in Ref. 62. For the
topological invariants that generate the Z classes, our re-

TABLE VI. The L-type U(1) x Z3 SPT phases.

d= LSPTdU(l)xzzT generators W{ép

0+1 0 %wl

141 27, iwl a

2+1 0

3+1| 3Z:®2» 3ci, swici, 3wi, 5p1

4+1 0

541 4Z5 %c%, %ch%, %W‘fcl, %W?
3Z2 Leipr, Swipl, Swiwaws

6+1 2725 D Zo %(21WQW3, %W%WQW;;, %chlpl

TABLE VII. The L-type U(1) x Z3 SPT phases.

d= LSPT(dJ(nng generators Wt%p

0+1 Z a

141 Z, iwi

2+1 Z, iwic

3+1| 2Z,@Z, ici, twi, ip

4+1| 22072 ac%, %W‘;’cl, %apl

54+1| 2Zs @27 %W%c%, %W% %W%ph %W1W2W3

64+1| 2Z,dZ> %chi’, %W?cl, %chlpl
323 %chlpl, %C1W2W3, %W%Wgw;g

alizable topological invariants only form a subset of the
potential topological invariant obtained in Ref. 62 and in
Ref. 48.

In 141D, all those time-reversal protected SPT phases
contain one described by

(A1) = lw%. (16)

W2
2

top
Here, we would like to remark that time-reversal sym-
metry and space-time mirror reflection symmetry should
be regarded as the same symmetry.5%63 If a system has
no time reversal symmetry, then we can only use ori-
entable space-time to probe it. Putting a system with
no time reversal symmetry on a non-orientable space-
time is like adding a boundary to the system. If a sys-
tem has a time reversal symmetry, then we can use non-
orientable space-time to probe it, and in this case, the
ZT twist is described by a; = w;. Since w; # 0 only on
non-orientable manifolds, the ZJ -twist is non-trivial only
on non-orientable manifolds. So we should use a non-
orientable space-time to probe the above time-reversal
protected SPT phase. In fact, the above topological in-
variant can be detected on RP?: [, wi = 1 mod 2 (see
Fig. 7).

In the following we will explain how the above topo-
logical invariant ensure the degenerate ground states at



FIG. 7. (Color online) The shaded disk represents a 2-
dimensional manifold RP?, where the opposite points on the
boundary are identified (# ~ —#). The blue and red lines are
two non-contractible loops in RP2. Consider a Zo-twist a1
described by [a1]* = a contractible loop. Then the blue and
red lines represent the same Z3 twist a;. For such a Zz-twist,
we find that fR p2 a? = 1 since the blue and red lines cross
once. The above Z>-twist is also the orientation reversing
twist. So a1 = w1 and we have fRPz w? =1.

(@) (b)

FIG. 8.  (Color online) (a) The path integral of a single
boundary point of 1D space over the time loop S'. The
shaded area represents the 141D space-time. The two ends
of the thick line are identified to form a loop S'. The two
blue lines are also identified. (b) The loop S' is extended to
a sphere with a hole. The identified blue line is also shown.

the boundaries of 1D space. We first consider the parti-
tion of a single boundary point over a time loop S! (see
Fig. 8a). Such a partition function on S is defined by
first extending S' into a sphere with a hole S ;. (see Fig.
8b), and then we use the 14+1D partition function defined

s 2
on S2.,. (from the path integral of e’ I3 Wm"(A’F)) to
define the partition function on S!. We find that such a
partition function on S?! is trivial Z = 1.

Now, we like to consider the partition of a single
boundary point over a time loop S', but now with
two time-reversal transformations inserted (see Fig. 9a),
where the time-reversal is implemented as mirror reflec-
tion in the transverse direction. Next, we extend Fig.
9a into a RP? with a hole RP2,  (see Fig. 9b). Since
(after taking the small hole limit) [pp. Wi (A,T) =
1 Jap2 Wi = 3 mod 1, we find that the partition func-
tion on S' with two time-reversal transformations is non-
trivial Z = —1. This implies that 72 = —1 when acting
on the states on a single boundary point. The states
on a single boundary must form Kramers doublets, and
degenerate.

From the Tables V, VI, and VII, we also see that most
generators of 3+1D time-reversal SPT states are pure
SPT states described by H*(G,R/Z). All mixed time-
reversal SPT states are generated by a single generator

1
Wtip(AaF) = §p17 (17)
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FIG. 9.  (Color online) (a) The path integral of a single
boundary point over the time loop S with two time-reversal
transformations at point 0 and 1. The shaded area represents
the 1+1D space-time. The two ends of the thick line are
identified to form a loop S!. The two blue lines are also
identified after a horizontal reflection. The two red lines on
the two sides of the thick line are identified as well after a
horizontal reflection. (b) The shaded disk represents a 2-
dimensional manifold RP?, where the opposite points on the
boundary are identified (# ~ —#). The loop S* in (a) is
extended to the RP? with a hole in (b). The two red lines
and the two blue lines in (a) are also shown in (b).

TABLE VIII. The L-type O2 SPT phases.

d= LSPT‘(ZJ2 generators Wt‘f)p
0+1| Z taa

1+1 Z; lal

241 ZaZ, acy, 1a}
3+1 Z> %a%cl

441|226 2Zs %a?, %alcf, %alpl
5+1(2Z5 D 275 %C‘I’, %a%cl, %(21]71, %a1W2W3
6+1| Z6 22, acl, %az, %a:fcf

12 1.3 12 1
Z®3Zy |3ciws, 5aip1, 5G1W2Ws, 5C1Wa2Ws,

which is a mixed ZZ SPT state.'® In other words, all
mixed time-reversal SPT states can be obtained from the

pure SPT states by stacking with one copy of the above
mixed Z7 SPT state.

4. U(1) x Za = O2 SPT states in Table VIII

The 1+1D O SPT state is characterized by the fol-
lowing topological invariant

_1dA

w2 = ——.
22w

top(4) (18)
Let us explain how such a topological invariant ensure
the degenerate ground states at the boundaries of 1D
space. Let us consider a 1+1D space-time S?_;, which is
S? with a small hole (see Fig. 8b). The partition func-
tion for S2,,, can be viewed as the effective theory for the
boundary S* = 952 ., which is the partition function for
a single boundary point of 1D space over the time loop
S' (see Fig. 8a). Since the partition function on SZ

changes sign as we add 27 U(1) flux to SZ,,,, this means



that a 2r U(1) rotation acting on the states on a single
boundary point will change the sign of the states. So the
states on a single boundary point must form a projective
representation of Oy where the 27 U(1) rotation is repre-
sented by —1. Such a projective representation is alway
even dimensional, and the states on a single boundary
point must have an even degeneracy.

From the 241D topological invariants, we see that the
2+1D O, SPT is actually the 241D U(1) SPT state (by
ignoring Zs) and the 2+1D Z, SPT state (by ignoring
U(1)).

In 341D, we have a pure 3+1D O SPT state described
by

G%Cl, (19)

which is a SPT state for quantum spin systems.

To construct a physical probe for the above U(1) x Z
SPT state, we first note that the topological invariant
(19) is invariant under time reversal (mod 27). So the
corresponding U(1) x Zy SPT state is compatible with
time reversal symmetry. If we assume the U(1) x Z; SPT
state also have the time reversal symmetry, then we can
design the following probe for the U(1) x Zs SPT state.
We choose the 341D space-time to be S2 x M?, and put
2m U(1) flux through S?, where S? is actually a lattice.
But such 27 flux is in a form a two identical thin m-flux
and each 7-flux going through a single unite cell in S2.
Such a configuration has f32 c1 = 1 mod 2, and at the
same time, does not break the U(1) x Zy symmetry.

In the large M? limit, the dimension-reduced theory on
M? is described by a topological invariant thop = a%
However, due to an identity a} = wia; in 2- dlmensmnal
space, sz a? = [4;2 Wwia1 = 0 mod 2, if M? is orientable

(since wy = 0 iff the manifold is orlentable) The topolog-

ical invariant Wfop = éa% can be detected only on non-
orientable M?2. This is where we need the time reversal

symmetry: in the presence of time reversal symmetry,
we can use non-orientable M? to probe the topological
invariant.

Let Z% be the symmetry group generated by the com-
bined Z, transformation and time-reversal ZI trans-

formation. Let a! be the Zi-twist. Then we have
at = a; = wi. Thus the topological invariant can be
rewritten as Wfop = %W%, which describes a 141D SPT

state protected by time reversal symmetry Z%.

We like to remark that threading two thin 7-flux lines
through S? is not a small perturbation. Inducing a Z§
SPT state on M? by a large perturbation on 52 does not
imply the parent state on 52 x M?2 to be non-trivial. Even
when the parent state is trivial, an large perturbation on
S? can still induce a Z5 SPT state on M2, However,
what we have shown is that threading two identical thin
m-flux lines through S? induces one Z& SPT state on M?2.
This can happen only when the parent state on S2 x M?
is non-trivial.

D. Realizable and potential topological invariants

After discussing the physical consequences of various
topological invariants, let us turn to study the topolog-
ical invariants themselves. It turns out that the topo-
logical invariants for iTO states satisfy many self con-
sistent conditions. Solving those conditions allow us to
obtain self consistent topological invariants, which will
be called potential gauge-gravity topological invariants.
Ref. 48, 59, 62—64 studied the topological invariants from
this angle and only the potential gauge-gravity topologi-
cal invariants are studied. For example, when there is no
symmetry, the following type of potential gauge-gravity
topological invariants were found:

(1) The 241D potential gravitational topological invari-
ants are described by Z,3%40:65:66 which are generated by

Wi (T) = ses(T) (20)

where w3 (I") is the gravitational Chern-Simons term that
is defined via dws = py, with p; the i*" Pontryagin class.
In Ref. 48, it was suggested that the 241D potential grav-
itational topological invariants are generated by

W) = cws(D). (21)

(2) The 441D potential gravitational topological invari-
ants are described by Z5,3%62:63 which are generated by
1
WSOP(F) = §W2W3 (22)
where w; is the i'" Stiefel-Whitney class.

(3) The 641D potential gravitational topological invari-
ants are described by 2Z,3° which are generated by

Pl D2
wA' — 2w
Wi, (1) = =1
2
2Pt 4+ 5wE?
WE,,() = 1 L1 (23)

where tghe gravitational Chern-Simons terms are defined
by dws' = p? and dwb? = ps.

The potential topological invariants in eqn. (20),
eqn. (22), and eqn. (23) have a close relation to the ori-
entated d-dimensional cobordism group Q35,5264 which
are Abelian groups generated by the Stiefel-Whitney
classes w; and the Pontryagin classes p;. For example
70 =Zis generated by the Pontryagln class + 3p1 and

2w7 +5w7

050 =2Z by 52“’7 and . Also Q5° = 7,
is generated by Stiefel-Whitney class wows. In this case,
the set of potential gravitational topological invariants
in d-dimensional space-time (denoted as PiTO%) are ex-
actly those Stiefel-Whitney classes and the Pontryagin
classes that describe the cobordism group Q5¢:

= Tor(Q59),
Free(Q59)). (24)

Tor(PiTOY)
Free(PiTO) =



Note that PiTOdL and ng are discrete Abelian groups.
Tor and Free are the torsion part and the free part of the
discrete Abelian groups.

However, we do not know if those potential gauge-
gravity topological invariant can all be realized or pro-
duced by local bosonic systems. In this paper, we will
study this issue. However, to address this issue, we need
to first clarify the meaning of “realizable by local bosonic
systems”.

We note that there are two types of local bosonic sys-
tems: L-type and H-type.3® L-type local bosonic systems
are systems described by local bosonic Lagrangians. L-
type systems have well defined partition functions for
space-time that can be any manifolds. H-type local
bosonic systems are systems described by local bosonic
Hamiltonians. H-type systems have well defined parti-
tion functions only for any space-time that are mapping
tori. (A mapping torus is a fiber bundle over S'.) A L-
type system always correspond to a H-type system. How-
ever, a H-type system may not correspond to a L-type
system. For example, SPT phases described by group co-
homology and the NLoMs are L-type topological phases
(and they are also H-type topological phases). The Eg
bosonic quantum Hall state is defined as a H-type topo-
logical phase. However, it is not clear if it is a L-type
topological phase or not. In the following, we will argue
that any quantum Hall state is also a L-type topological
phase (i.e. realizable by space-time path integral, that is
well defined on any space-time manifold).

In this paper, we will only consider L-type bosonic
quantum systems. We will study which potential gauge-
gravity topological invariants are realizable by L-type lo-
cal bosonic systems. We will use SO(o0) x G NLoMs (1)
to try to realize those potential gauge-gravity topologi-
cal invariants. After adding the G-symmetry twist and
choose a curved space-time M, the “gauged” SO(co)xG
NLoMs (1) becomes®” %9

1
L= X[(8 +iA+il)g)* + 1LY, (g (0 +iA +1T)g),

g(x) € G x SO, SO = S0(c0), (25)

where the space-time connection I' couples to SO(c0)
and the “gauge” connection A couples to G. The induced
gauge-gravity topological term Lfop (g7 (0+iA+il)g) is
classified by group cohomology HY[G x SO,R/Z]. After
we integrate out the matter fields g, the above gauged
NLoM will produce a partition function that give rise to a
realizable gauge-gravity topological invariant Wt%p(A,I‘)
via

Z(M?, A) = ¢ Jasa 27 Wiop (A1) (26)

(See Ref. 70 for a study of gauged topological terms de-
scribed by Free[H?(G,R/Z)] for continuous groups.)
The set of potential gauge-gravity topological terms
contain the set of realizable gauge-gravity topological
terms. More precisely, the two sets are related by a map

{Lip(g™H @ +iA+iD)g)} = {WE,(A D)} (27)
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However, the map may not be one-to-one and may not
be surjective.

For example, when there is no symmetry, we find that
the following type of realizable gauge-gravity topological
invariants were generated by the above NLoM (see Table
D):

(1) Those 2+1D realizable gravitational topological in-
variants are described by Z, which are generated by

Wiep(I') = ws(L). (28)

The corresponding generating topological state has a chi-
ral central charge ¢ = 24 at the edge. So the stacking of
three Eg bosonic quantum Hall states can be realized by
a well defined L-type local bosonic system. It is not clear
if a single Fs bosonic quantum Hall state can be realized
by a L-type local bosonic system or not. However, we
know that a single Eg bosonic quantum Hall state can
be realized by a H-type local bosonic system.

(2) Those 4+1D realizable gravitational topological in-
variants are described by Zs, which are generated by

1
Wt5op(]-—‘) = 5 W2Ws- (29)

(Note that H°(SO,R/Z) is also Z in this case.) In fact,
we will show that all the potential gauge-gravity topolog-
ical invariants that generate a finite group are realizable
by the SO(c0) NLoMs, which are L-type local bosonic
systems.

(3) HS(SO,R/Z) = 2Z,, and there are four different
types of SO(o0) NLoMs (with four different topologi-
cal terms). However, the four different topological terms
in the NLoMs all reduce to the same trivial gravitational
topological invariant W, (T') after we integrate out the
matter field g, suggesting that all the four NLoMs give
rise to the same topological order.

(4) Those 6+1D realizable gravitational topological in-
variants are described by 2Z, which are generated by

(T) = Wi, Wi, =i (30)

We see that only part of the potential gravitational topo-
logical invariants are realizable by the SO(c0) NLoMs.

However, it is possible that SO(oo) NLoMs do not
realize all possible L-type iTO’s. In the following, we
will argue that the 241D Fg bosonic quantum Hall state
is a L-type iTO. SO(c0) NLoM cannot realize the Eg
state since it has a central charge ¢ = 8 and a topological
invariant %u@.

In fact, we will argue that any quantum Hall state is a
L-type topologically ordered state. Certainly, by defini-
tion, any quantum Hall state, being realizable by some in-
teracting Hamiltonians, is a H-type topologically ordered
state. The issue is if we can have a path-integral descrip-
tion that can be defined on any closed space-time mani-
fold. At first, it seems that such a path-integral descrip-
tion does not exist and a quantum Hall state cannot be a
L-type topological order. This is because quantum Hall



state is defined with respect to a non-zero background
magnetic field — an closed two-form field (B = dA) in
2+1D space-time. This seems imply that a path-integral
description of quantum Hall state exist only on space-
time that admits a every-where non-zero closed two-form
field.

However, as stressed in Ref. 71 and 72, a quantum
Hall state of filling fraction v = p/q always contains an n-
cluster structure. Also, the closed two-form field B = dA
in 241D space-time may contain “magnetic monopoles”.
If those “magnetic monopoles” are quantized as multiples
of ng, they will correspond to changing magnetic field by
ng flux quanta each time. Changing magnetic field by ng
flux quanta and changing particle number by p n-clusters
is like adding a product state to a gapped quantum lig-
uid discussed in Ref. 33, which represents a “smooth”
change of the quantum Hall state. Since every-where
non-zero closed two-form field B = dA with “magnetic
monopoles” can be defined on any 241D space-time, we
can have a path-integral description of any quantum Hall
state, such that the path-integral is well defined on any
space-time manifold. We conclude that quantum Hall
states, such as the Ejg state, are L-type topologically or-
dered states. Therefore, the gravitational topological in-
variant

1
Wiy (1) = 5es (31)

is realizable by a 241D L-type iTO, i.e. a Eg state (see
Table T).

E. A construction of L-type realizable pure and
mixed SPT phases

Now, let us include symmetry and discuss SPT phases
(i.e. L-type topological phases with short range entan-
glement). We like to point out that some SPT states are
characterized by boundary effective theory with anoma-
lous symmetry,5%737 which is commonly referred as
gauge anomaly (or 't Hooft anomaly). Those SPT states
are classified by group cohomology H?%(G,R/Z) of the
symmetry group G. We also know that the boundaries
of topologically ordered states®0 3 realize and (almost™)
classify all pure gravitational anomalies.?® So one may
wonder, the boundary of what kind of order realize mixed
gauge-gravity anomalies? The answer is SPT order. This
is because the mixed gauge-gravity anomalies are present
only if we have the symmetry. Such SPT order is also be-
yond the H%(G,R/Z) description, since the mixed gauge-
gravity anomalies are beyond the pure gauge anomalies.
We will refer this new class of SPT states as mized SPT
states and refer the SPT states with only the pure gauge
anomalies as pure SPT states. We would like to men-
tion that the gauge anomalies and mixed gauge-gravity
anomalies have played a key role in the classification of
free-electron topological insulators/superconductors.”6:77
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The main result of this paper is a classification of both
pure and mixed SPT states realized by the NLoMs:

oLSPTY, (32)
_ @1 HF[BG, HTH(SO.R/Z) & H(G,R/Z)
A(G) ’

= BEYG) x | @{Z} H*(BG,siTOL™ ) @ HU(G,R/Z)|,

where aLSPTdG is the Abelian group formed by the L-
type G SPT phases in d-dimensional space-time produced
by the NLoMs, and ¢iTO¢ is the Abelian group formed
by the L-type iTO phases in d-dimensional space-time
produced by the NLoMs. Also A%(G) is a subgroup of
oI H¥ BG, 1Y (SO,R/Z)] & HY(G,R/Z).

Replacing 6iTO% by iTO¢ - the Abelian group formed
by the L-type iTO phases in d-dimensional space-time,
we obtain more general SPT states described by LSPT‘é:

LSPTY, (33)
— BY(G) % [@g;} H*(BG,iTO%) & H(G, R/Z)],

If G contains time-reversal transformation, it will have
a non-trivial action R/Z — —R/Z and iTO%* —
—iTO%_k. Also, BG is the classifying space of G and
H¥*(BG,M) is the topological cohomology class on BG.

Note that stacking two topological phases C; and Cy
together will produce another topological phase C3. We
denote such a stacking operation as C; HCy = C3. Under
H, the topological phases form a commutative monoid.>?
In general, a topological phase C may not have an in-
verse, i.e. we can not find another topological phase C’
such that C B C’ = 0 is a trivial product state. This is
why topological phases form a commutative monoid, in-
stead of an Abelian group. However, a subset of topolog-
ical phases can have inverse and form an Abelian group.
Those topological phases are called invertible.?>4® One
can show that a topological phase is invertible iff it has
no topological excitations.?*® Therefore, all SPT phase
are invertible. Some topological orders are also invert-
ible, which are called invertible topological orders (iTO).
SPT phases and iTO phases form Abelian groups under
the stacking H operation. So for SPT states and iTO
states, we can replace H by +:

CiHC, =C1 +0Cs. (34)

So LSPTY and iTO? can be viewed as modules over the
ring Z, and they can appear as the coefficients in group
cohomology.

The result (32) can be understood in two ways. It
means that the SPT states constructed from NLoMs are
all described by @¢_1H*BG, 1 *(SO,R/Z)] @
HYG,R/Z), but in a many-to-one fashion;
ie.  ®ZIHFBG,H“*(SO,R/Z)] @ HUG,R/Z)



contain a subgroup AY(G) that different elements
in AYG) correspond to the same SPT state. It
also means that the constructed SPT states are de-
scribed by @{Z1H*(BG,siTO} ") @ HUG,R/Z),
but in a one-to-many fashion; i.e. each element of
©{_1H*(BG,siTO% %) @ Hd(G R/Z) correspond to
several SPT states that form a group E4(G). The group
A4(G) and E4(G) can be calculated but we do not have
a simple expression for them (see Section V).

In eqn. (33), LSPTY includes both pure and mixed
SPT states. The group cohomology class H¢(G,R/Z) de-
scribes the pure SPT phases, and the group cohomology
class B4(G) x ®{_1 H*(BG,iTO} ") describes the mixed
SPT phases. We would like to mentlon that an expres-
sion of the form eqn. (33) was first proposed in Ref. 49 in
a study of topological invariants of SPT states. We see
that our NLoMs construction can produce mixed SPT
phases with and without time reversal symmetry. We
have used eqn. (33) to compute the SPT phases for some
simple symmetry groups (see Table II).

The formal group cohomology methods employed for
obtaining the result (33) directly shed light on the
physics of these phases. The SPT states described
by H'(G,iTO% 1) in eqn. (33) can be constructed us-
ing the decorated domain walls proposed in Ref. 29.
Other SPT states described H*(BG,iTO? %) can be
obtained by a generalization of the decorated-domain-
wall construction,’®7®™ which will be called the nested
construction.®® The formal methods also lead to physi-
cal/numerical probes for these phases.!¢:49:5154°57 Tpy ad-
dition, these methods are easy to generalize to fermionic
systems®’:®1and provide answers for the physically im-
portant situation of continuous symmetries (like charge
conservation).

We also studied the potential SPT phases (i.e. might
not realizable) for a non-on-site symmetry — the mirror-
reflection symmetry Z3. The Abelian g‘roup formed by
those SPT phases is denoted as PSPTY ZM- Following

Ref. 62-64, we find that PSPT‘%M is given by a quotient

of the unoriented cobordism groups Qdo

PSPTZ. = Q7 /Q7°, (35)

where sto is the orientation invariant subgroup of ng
(i.e. the manifold M? and its orientation reversal —M¢
belong to the same oriented cobordism class). It is inter-

esting to see
PSPTY, = LSPTYy (36)

(see Table V).

We want to remark that, in this paper, the time rever-
sal transformation is defined as the complex conjugation
transformation (see Section IIB), without the t — —t
transformation. The mirror reflection correspond to the
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t — —t transformation. The time-reversal symmetry
used in Ref. 62-64, and 82 is actually the mirror-reflection
symmetry Z2 in this paper. The two ways to implement
time-reversal symmetry should lead to the same result as
demonstrated by eqn. (36), despite the involved math-
ematics, the cobordism approach and NLoM approach,
are very different.

F. Discrete gauge anomalies, discrete mixed
gauge-gravity anomalies, and invertible discrete
gravitational anomalies

First, let us explain the meaning of discrete anomalies.
All the commonly known anomalies are discrete in the
sense that different anomalies form a discrete set. How-
ever, there are continuous gauge/gravitational anomalies
labeled by one or more continuous parameters.3>%° In
this section, we only consider discrete anomalies.

Since the boundaries of SPT states realize all
pure gauge anomalies, as a result, group cohomology
H4(G,R/Z) systematically describe all the perturbative
and global gauge anomalies.%”™® For topological orders,
we found that they can be systematically described by
tensor category theory3%8387 and tensor network,3$-%°
and those theories also systematically describe all the
perturbative and global gravitational anomalies.?®

Or more precisely, the discrete pure bosonic gauge
anomalies in d-dimensional space-time are described by
HIH1(G,R/Z). The discrete invertible pure bosonic grav-
itational anomalies in d-dimensional space-time are de-
scribed iTOG™ ~Free(Q4E2)@Tor(Q%5'). The discrete
mixed bosonic gauge-gravity anomalies are described by
EYG) x @f_, H*(BG,iTO% 1),

In Table I, we list the generators of the topological in-
variants W{f,p( ). Those topological invariants describe
various bosonic invertible gravitational anomalies in one
lower dimension. For example, W (') = fws describes
the well known perturbative gravitational anomaly in
141D chiral boson theories. The topological invariant
Wi, (D) = 1wow; implies a new type of bosonic global
gravitational anomaly in 4+1D bosonic theories. In Ta-
bles III, IV, VI, VII, V, VIII, we list the generators of
the topological invariants top(A I')/27 for some sim-
ple groups. Those topological invariants describe vari-
ous bosonic anomalies for those groups at one low di-
mensions. For example, W (T') = ﬁAdA describes

the well known perturbative U(1) gauge anomaly in
141D chiral boson theories. The topological invariant
Wip(Ao,) = 1a3c; implies a new type of bosonic global
O, gauge anomaly in 241D bosonic theories. In fact, all
the non-Z-type topological invariants in the Tables give
rise to new type of bosonic global gauge/gravity /mixed
anomalies in one lower dimension.

Note that the invertible anomalies are the usual
anomalies people talked about. They can be canceled by
other anomalies. The anomalies, defined by the absence
of well defined realization in the same dimension, can



be non-invertible (i.e. cannot be canceled by any other
anomalies).?> All pure gauge and mixed gauge-gravity
anomalies are invertible, but most gravitational anoma-
lies are not invertible.?>

G. The relations between the H-type and the
L-type topological phases

We have introduced the concept of potential SPT
phases PSPT% (which may or may not be realizable), H-
type SPT phases HSPT?; (which are realizable by H-type
local quantum systems), and L-type SPT phases LSPTCCI,
(which are realizable by L-type local quantum systems).
Those SPT phases are related

LSPT{ ¢ PSPTY,
HSPTY, ¢ PSPTY,
LSPT{ — HSPTE. (37)

where C represents subgroup and — is a group homo-
morphism. Similarly, we also introduced the concept of
potential iTO phases iTO% (which may or may not be
realizable), H-type iTO phases iTO%, (which are realiz-
able by H-type local quantum systems), and L-type iTO
phases iT OdL (which are realizable by L-type local quan-
tum systems). Those iTO phases are related

iTO¢ c iTO%,
iTOY; CiTO%,
iTOY — iTOY,. (38)

In condensed matter physics, we are interested in iTO‘}J
and HSPT‘é. (A study on the H-type topological phases
can be found in Ref. 35 and 48.) But in this paper, we
will mainly discuss iTO} and LSPT%. The SPT states
constructed in Ref. 12-14 belong to LSPT% (and they
also belong to HSPT). The SPT states constructed in
Ref. 16-18, and 31 belong to HSPT‘é. In Ref. 48, 59, 62—
64 only the potential SPT states PSPTY, are studied.

H. The organization of this paper

In Section II, we review the NLoM construction of
the pure SPT states. In Section III, we generalize the
NLoM construction to cover the mixed SPT states and
iTO states. In Section IV, a construction L-type iTO
orders is discussed. Using such a construction Section
V, we proposed a construction the pure and the mixed
SPT states of the L-type. In Section VI, we discussed
the L-type SPT states protected by the mirror reflection
symmetry.
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FIG. 10. (Color online) Two branched simplices with oppo-
site orientations. (a) A branched simplex with positive orien-
tation and (b) a branched simplex with negative orientation.

II. GROUP COHOMOLOGY AND THE L-TYPE
PURE SPT STATES

A L-type pure SPT state in d-dimensional space-time
M? can be realized by a NLoM with the symmetry group
G as the target space

- +0g(x)P+iLd (970
2= [ pigle I ATl ], g ea

(39)

in large A limit. Here we treat the space-time as a (ran-
dom) lattice which can be viewed as a d-dimensional com-
plex. The space-time complex has vertices, edges, trian-
gles, tetrahedrons etc. The field g(x) live on the vertices
and dg(x) live on the edges. So [, is in fact a sum
over the vertices, edges, and other simplices of the lat-
tice. 0 is the lattice difference between vertices connected
by edges. The above action S actually defines a lattice
theory.1314

Under renormalization group transformations, A flows
to infinity. So the fixed point action contains only the
topological term. In this section, we will describe such
a fixed-point theory on a space-time lattice.?»63:91 The
space-time lattice is a triangulation of the space-time. So
we will start by describing such a triangulation.

A. Discretize space-time

Let Mg, be a triangulation of the d-dimensional space-
time. We will call the triangulation M, as a space-
time complex, and a cell in the complex as a simplex.
In order to define a generic lattice theory on the space-
time complex M., it is important to give the vertices of
each simplex a local order. A nice local scheme to order
the vertices is given by a branching structure.'!%92 A
branching structure is a choice of orientation of each edge
in the d-dimensional complex so that there is no oriented
loop on any triangle (see Fig. 10).

The branching structure induces a local order of the
vertices on each simplex. The first vertex of a simplex is
the vertex with no incoming edges, and the second vertex
is the vertex with only one incoming edge, etc . So the



simplex in Fig. 10a has the following vertex ordering:
0,1,2,3.

The branching structure also gives the simplex (and
its sub simplices) an orientation denoted by s;;..., = 1, *.
Fig. 10 illustrates two 3-simplices with opposite orienta-
tions sp103 = 1 and sgi23 = *. The red arrows indicate
the orientations of the 2-simplices which are the subsim-
plices of the 3-simplices. The black arrows on the edges

indicate the orientations of the 1-simplices.

B. G NLoM on a space-time lattice

In our lattice NLoM, the degrees of freedom live on the
vertices of the space-time complex, which are described
by ¢; € G where ¢ labels the vertices.

The action amplitude e~Se for a d-cell (ij---k) is a
complex function of g;: A;;..x({g:}). The total action
amplitude e~ for a configuration (or a path) is given by

e =TT [ a{g:h) (40)

(i)

where [[;;...1 is the product over all the d-cells (ij - - - k).
Note that the contribution from a d-cell (ij---k) is
Aijk({g:}) or A7 ;({g:}) depending on the orienta-
tion s;5...; of the cell. Our lattice G NLoM is defined
by following imaginary-time path integral (or partition
function)

=> 1l

{gi} (ij--k)

ij-k({gi P70 (41)

gauge

where the action amplitude A;;...x({g;}) is invariant or
covariant under the G-symmetry transformation ¢g; —

9, =99i, g € G:

Ajer({99:1) = A5 ({ai}) (42)

Note that here we allow G to contain time-reversal
symmetry. In H-type theory (i.e. in Hamiltonian quan-
tum theory) the time-reversal transformation is imple-
mented by complex conjugation without reversing the
time ¢t — —t (there is no time to reverse in Hamiltonian
quantum theory). Generalizing that to L-type theory,
we will also implement time-reversal transformation by
complex conjugation without reversing the time ¢t — —t.
This is the implementation used in Ref. 13 and 14. S(g)
in eqn. (42) describes the effect of complex conjugation.
S(g) = 1 if g contains no time-reversal transformation
and S(g) = = if g contains a time-reversal transforma-
tion.

The fixed-point theory contains only the pure topo-
logical term. Such a pure topological term can be con-
structed from a group cocycle vy € H%(G,R/Z). Note
that a group cocycle vq4(g0,91, - ,9d4), 9; € G is a map
from G4t to R/Z (see Appendix A). We can express the
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action amplitude A;;...;,({g;}) that correspond to a pure
topological term as!?14

Aoral{gi}) = T ivalons0n, (43)

Due to the symmetry condition (A3), the action am-
plitude A;;...x({g:}) is invariant/covariant under the G-
symmetry transformation. Due to the cocycle condition
(A5), the total action amplitude on a closed space-time
M? is always equal to 1:

H [Azjk({h”},{gl})]éuk -1

ol Jara Liop(97109) _

(44)

Also two cocycles different by a coboundary (see
eqn. (A6)) can be smoothly deformed into each other
without affecting the condition (44). In other words, the
connected components of the fixed-point theories that
satisfy the condition (44) are described by H4(G,R/Z).
This way, we show that the fixed-points of the G NLoMs
are classified by the elements of H¢(G,R/Z).

We like to remark that for continuous group, the cocy-
cle v4(g90,91, -+ ,94) do not need to be continuous func-
tion of g;. It can be a measurable function.

C. Adding the G-symmetry twist

The above bosonic system may be in different SPT
phases for different choices of the topological term
(i.e. for different choices of group cocycles vy €
HY(G,R/Z)). But how can we be sure that the system
is indeed in different SPT phases? One way to address
such a question is to find measurable topological invari-
ants, and show that different cocycles give rise to different
values for the topological invariants.

In this section, we will assume that the symmetry
group does not contain time-reversal. In this case, the
universal topological invariants for SPT state can be con-
structed systematically by twisting (or “gauging”) the
on-site symmetry®!-67:68.93 and study the gauged bosonic

model
/ D fMd %

Note that the gauge field A just represents space-time
dependent coupling constants, which is not dynamical
(i.e. we do not integrate out the gauge field A in the
path integral). Since the SPT state is gapped for large
A, in large space-time limit, the partition function has a
form

—iA)gP+iLd (g7 (0—iA)g)

(45)

Z(A) = e~ €0 Vepace-time o1 [y7d 27w (A) (46)

where € is the ground state energy density and Vipace-time
is the volume of the space-time manifold M¢. The term



f M 27TWt0p (A) represents the volume independent term
in the partition function and is conjectured to be uni-
versal (i.e. independent of any small local change of the
Lagrangian that preserve the symmetry).*> Such a term
is called the realizable gauge topological term (or topolog-
ical invariant), which is referred as the SPT invariant in
Ref. 49 and 50. The SPT invariants are the topological
invariants that are believed to be able to characterize and

distinguish any SPT phases.

The topological invariant is gauge invariant, i.e. for
any closed space-time manifold M¢
/ mp (A9) / top =0 mod 1,
A9 =g Ag +igldy, (47)

where we have treated A as the gauge field one form.
Also, as a topological invariant, W (A) does not de-
pendent on the metrics of the space-time. For example
W& (A) can be a Chern- Simons term 2£TrAdA, keZ

top
in 241D or a 6-term (2 @ dAdA in 3+1D The pres-

ence of non-trivial topological invariant Zgyeq(A) =
el Jua 27Wiep(4) indicates the presence of non-trivial SPT
phase.

In the above, we described the symmetry twist in the
continuous field theory. On lattice, the symmetry twist
can be achieved by introducing h;; € G for each edge
ij in the space-time complex Mt‘fm The twisted theory

(i.e. the “gauged” theory) is described by the total action
amplitude e~

e %= I Ayrlhig} AgipPo+ (48)
(i5-+k)

The imaginary-time path integral (or partition function)
is given by

Z(ihgy) = > 1] 4

{9:} (ij---k)

ijk({Pig b {gi "7+ (49)

We see that only g; are dynamical. h;; are non-dynamical
background probe fields. The above action ampli-
tude []i;;..x)[Aijk({hiz}, {g:})]*~* on closed space-
time complex (M? = )) should be invariant under the
“gauge” transformation

hij = gi; = hihighi ™ gi — gi = higi

and covariant under the global symmetry transformation
hij — h;J geG: (51)

=ghijg ' 9i = 9 = 99

Ager(This} gi}) = A9 (R gy, (52)

The gauged action amplitudes A;;..x({hi;}, {gi}) is ob-
tained from the ungauged action amplitudes A;;...;.({g:})
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in the following way (where we assume G is discrete):

Agra({his}, {gi}) = 0, if highg # hik,

Aor.al{hij}, {g:i}) = Aor..a(hogo, higi, -+, haga),
(53)
where h; are given by
ho =1, hi=hoho1, ha=hihia, h3 = hahas,---.
(54)

At a fixed-point, the twisted action amplitude
Aij.k({hij}, {gi}) is given by

Aor..a({hij}, {g:i}) = e

_ o2miwal(gy thoig1, .95  ha—1,a94) ; _
= ¥riwalgo horguwi9a-sha=1,494) if p i = h

2miva(hogo,hi1g1, - ,haga)
)

ik

where wy is the inhomogeneous cocycle corresponding to
Z

wa(ho, haz, -+ s ha—1,4) = va(ho, k1, ha).  (55)
By rewriting the partition function as (see eqn. (55))

Z({hi;}) = Z H hijg;t, {1})]%7*
{9} (ij--k)
(56)

ij---k {gz

we find that the partition function is explicitly gauge
invariant and symmetric.

The topological invariant W (A) is given by the
fixed-point partition function for the twisted theory

ol Jara 2TWL,(A) _ Zixea({hij}) =

The twisted fixed-point partition function Zgxed({hi;})
or Zfixed(A) is non-trivial and depend on the symmetry
twist h;; (or gauge connection A). We see that differ-
ent realizable topological invariants Wt‘f)p(A) are classi-
fied and given explicitly by the elements of group coho-
mology H4(G,R/Z):

Ztixed(A). (57)

eif]wd2TrWt(i>p(A) - H [QQﬂiwd({hm})]SiJmk (58)
(i5--k)

where wgq(hi,---,hq) is an inhomogeneous cocycle in
HY(G,R/Z), and {h;;} on the edges complex M, define
the symmetry twist A in space-time M9. Eq. (58) tells
us how to calculate ! Jard 27 Wiop(4)
the space-time manifold Mg,,
A ={h;;}.

We can also see this within the field theory. The realiz-
able gauge topological invariant Wt‘f)p(A) and the NLoM

L@ —1A)g) are directly related:

, given cocycle wy,
and the symmetry-twist

topological term L, (g~

Ld

top( _1(8_ IA)g) = 27TWd

top

(4). (59)

Since the NLoM topological terms L (g71(d — iA4)g)
are classified by the group cohomology H%(G,R/Z) of



the symmetry group G. The realizable gauge topological
invariants W (A) are also classified by H(G,R/Z).

The gauge topological term (or topological invariant)
W, (A) can be defined for both continuous and discrete
symmetry groups G. In general, it is a generalization of
the Chern-Simons term.579394 It describes the response
of the quantum ground state. We hope that the ground
states in different quantum phases will produce different
responses, which correspond to different classes of gauge
topological terms, that cannot be smoothly deformed into
each other. So we can use such a term to study and
classify pure SPT phases.

We would like to point out that there are two kinds of
topological invariants. The topological invariants corre-
spond to Tor[H(G,R/Z)] are called locally-null topolog-
ical invariants. They have the following defining proper-
ties

f Md top ) are well defined for any symmetry twists
f Md top ) does not depend on any small smooth
change of the symmetry twist:

/ top A + 6’4 / top (60)

The topological invariants correspond to
Free[H?(G,R/Z)] are called Chern-Simons topologi-
cal invariants. The Chern-Simons topological invariants
is only well defined for some symmetry twists A. In
general, only the difference

/ top (61)

/ top

is well defined, provided that there exist an (d + 1)-
dimensional manifold N1 such that ON' = M9 U
(—M49) and the gauge connections A on M9 and A on
M? can be extended to Nt (see Appendix B).

Now two questions naturally arise:
(1) how to write down the most general topological in-
variants W (A) (i.e. the most general topological in-
variants) which are self consistent? We will call such
topological invariants as potential topological invariants.
(2) can we show that every potential topological invariant
can be induced by some symmetric local bosonic model,
after we gauge the on-site symmetry?
In Appendix B, we will address these two questions.
We find that the potential gauge topological invariants
W (A) are described by H*1(BG,Z), which are all

top
realizable since H%(G,R/Z) = H¥TY(BG, Z).

D. G x G’ pure SPT states

In this section, we will study G x G’ pure SPT states
described by group cohomology H(G x G’,R/Z). This
result will be useful for later discussions. First, we can
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use the following version of Kiinneth formula*®-6

HYG x G',R/Z) ~ HY(G,R/Z) & H}G',R/Z)&
e{Zt H¥[BG, 1 *(G",R/2)] (62)

to compute H(G x G',R/Z). In addition, the above
Kinneth formula can help us to construct topological
invariants to probe the G x G’ SPT order.*?

For example, a G SPT order in d-dimensional space-
time can be probed by a map me, that maps a closed
space-time M? with a G-symmetry twist A to a number
in R/Z:

/ top ) €R/Z. (63)

Such a map is nothing but the topological invariant that
we discussed before. At the same time, the topological
invariant can also be viewed as a cocycle in H4[BG,R/Z],
since it is a map for the G-bundles (i.e. the G-symmetry
twists) on M¢ to R/Z, and the G-bundles on M? is clas-
sified by the embedding of M? into the classifying space.
Different SPT states will lead to different maps. We be-
lieve that the map Wtﬁl)p fully characterizes the G SPT
states described by H?[G,R/Z] (see Appendix B).*9:50

Similarly, for the G x G’ pure SPT states described
by H¥[BG,HY*(G',R/Z)], they can also be probed
by a map WHk, that maps a closed space-time MP¥
with a G-symmetry twist Ag on M* to an element in
H*(G',R/Z). This is simply a dimension reduction:
we consider a pace-time of the form M* x M4~ add
a G-symmetry twist Ag on M*, and then take a large
M?=F limit. The system can be viewed as a (d — k)-
dimensional G’ SPT state on M%~*_ which is described
by an element in H¥~*(G’,R/Z). Such a dimension re-
duction can be formally written as

Wi (Ag) € H MG, R/Z). (64)
Mk:

which has the same structure as eqn. (63). The map W,
can be viewed as a cocycle in H*[BG,H**(G',R/Z)].
Such a map fully characterizes the G x G’ pure SPT
states described by H*¥[BG, H?~*(G',R/Z)].

The dimension reduction discussed above reveals the
physical meaning of the Kiinneth formula. We will use
such a physical picture to obtain the key result of this
paper.

III. CONSTRUCTING PURE AND MIXED SPT
STATES, AS WELL AS iTO STATES

A. SPT states, gauge anomalies and mixed
gauge-gravity anomalies

So far, we have reviewed the group cohomology ap-
proach to pure SPT states. It was pointed out in Ref. 69



that (a) the SPT orders (described by H(G,R/Z))
and pure gauge anomalies in one lower dimension are
directly related and (b) the topological orders and
gravitational anomalies in one lower dimension are di-
rectly related. This suggests that the SPT orders be-
yond H(G,R/Z)16718:31,59,62,63 and mixed gauge-gravity
anomalies are closely related.? This line of thinking gives
us a deeper understanding of generic SPT states. In this
section, we are going to construct local bosonic models
that systematically realize iTO’s, pure SPT orders (asso-
ciated with pure gauge anomaly), and mixed SPT orders
(associated with mixed gauge-gravity anomaly).

B. Realizable L-type SPT and iTO phases

One of the key properties of SPT states is that they do
not contain any non-trivial topological excitations.!'? 14
In Ref. 35 it was conjectured that a gapped quantum
liquid state has no non-trivial topological excitations iff
its fixed-point partition function is a pure U(1) phase.

However, when we study the pure SPT orders de-
scribed by HY(G,R/Z) using G NLoMs, we only add
the symmetry twists, which are associated with the G-
bundles on the space-time, to induce the non-trivial U(1)-
phase-valued partition function. This is why we only
get pure gauge anomalies in such an approach. To get
the gravitational anomalies and the mixed gauge-gravity
anomalies, we must include the space-time twist, de-
scribed by the non-trivial tangent bundle of the space-
time as well. The tangent bundle is a SO4 = SO(d) bun-
dle. Thus to include the gravitational anomalies and the
mixed gauge-gravity anomalies, as well as the pure gauge
anomalies, we simply need to consider a SO4 X G NLoM
with topological term L, (g~ *dg) where g(z) € SO4xG.
We can gauge the G symmetry to probe the SPT states
and the pure gauge anomalies as before. We can also
choose non-flat space-time to probe the SPT states (and
the gravitational anomalies), that corresponds to couple
the SOy part of the NLoM to the connection of the tan-
gent bundle of the space-time. We will see that using
G x SO4 NLoMs, we can obtain a topological invariant
W ,(A,T) that contains both the gauge G-connection
A and the gravitational SOg-connection I'. Such kind
of bosonic NLoM is capable of producing the pure SPT
states that are associated with pure gauge anomalies, as
well as the mixed SPT states that are associated with
mixed gauge-gravity anomalies. It can also produce iTO
states, if we choose a trivial symmetry group G.

Here we would like to remark that we can also use an
G x SO,, NLocM with n > d to produce the SPT states
and iTO states. The stability consideration suggests the
we should take n = co. So we will use G x SO NLoM to
study the new topological states, where SO = SO,.

Repeating the discussion in Section IIB, we find
that the realizable gauge-gravity topological invariants
Wa (A,T) in the G x SO NLoM can be constructed

top
from each element in the group cohomology class H?(G x
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SO,R/Z). However, because of the restrictive relation
between the gravitational connection I' and the topology
of the space-time (see Appendix C), the correspondence
is not one-to-one: different elements in H%(G x SO,R/Z)
may produce the same realizable gauge-gravity topologi-
cal invariant Wt%p(A, ') after integrating out the matter
field g. The reason is the following. For two topological
invariants Wt‘fjp(A, I') and Wt‘ip(A, I') obtained from two
cocycles vg and 77g in H4(G x SO,R/Z), it is possible that

ol Jara 2nWEL(AT) _ i [0 20W0,(AT) (65)

on any closed space-time M 4. In this case, we should
view W, (A,T) and W (A,T) as the same topological
invariant. (Note that the above two topological invari-
ants can be distinguished if the SO connection I is not re-
stricted to be the connection of the tangent bundle of the
space-time M?.) Thus, H%(G x SO,R/Z) contains a sub-
group A%(G) such that the realizable gauge-gravity topo-

logical invariants Wt‘ép(A,F) have an one-to-one corre-

spondence with the elements in H%(G x SO,R/Z)/A%(G).
Those different NLoMs, that produce different the re-
alizable gauge-gravity topological invariants Wt‘f)p(A, r),
realize different L-type topological phases with no topo-
logical excitations.

In Appendix C, we will discuss potential gauge-
gravity topological invariants Wt%p(A,F). We find that
the locally-null potential gauge-gravity topological in-
variants W (A,T') are described by a subgroup of
HYG x SO,R/Z), which are all realizable. We also
find that Chern-Simons potential gauge-gravity topolog-
ical invariants Wt‘ép(A, I') are described by a subgroup of
H¥B(SO x G),Z(+)]. NLoMs can only realize those

that are also in H*1[B(G x SO), Z].

IV. iTO STATES

Using Pontryagin class and Stiefel-Whitney class, one
can show that different L-type potential iTO phases
(i.e. may not be realizable) are described by Z in 3-
dimensions,*® Z, in 4-dimensions,?®>%%2 and 2Z in 7-
dimensions, where the dimensions d are the space-time
dimensions. In this section, we will reexamine those re-
sults using the approaches discussed above, and try to
understand which L-type potential iTO can be realized
by SO NLoMs. We will show that the above poten-
tial topologically ordered phases described by Stiefel-
Whitney class are always realizable, while only a subset
of those described by Pontryagin classes are realizable by
SO NLoMs. The result is summarized in Table 1.

A. Classification of SO NLocMs

Since we do not have any symmetry, the realizable
gauge-gravity topological invariants produced by the



NLoMs are covered by H(SO,R/Z) = HTY(BSO,Z),
d > 1. In Appendix D, we calculated the ring
H*(BSO,Z). In low dimensions, we have

HY(BSO,Z) =Z,

HY(BSO,Z) =

H*(BSO,Z) =

H3(BSO,Z) = ZQ, basis 8(wz),

H*(BSO,Z) = Z, basis py,

H®(BSO,Z) = Z,, basis 8(w4), (66)
H®(BSO,Z) = Z,, basis B(wz)B8(wz),
H"(BSO,Z) = 2Z,, basis B(we), w3 (wa),
H8(BSO,Z) = 2Z ® Z,, basis p3,pa, B(w2)B(W4).

We note that due to the relation H?(SO,R/Z) =
H*1(BSO,Z), the d-dimensional gauge-gravity topo-
logical invariants W (A,T) (with values in R/Z) is
promoted to (d + 1)-dimensional topological invariants
K¥*1(A,T) (with values in Z). In the above, we also
listed the basis of those topological invariants, so that a
generic topological invariant K9+1(A,T') is a superposi-
tion of those basis. In the following, we list H%(SO,R/Z)

and the basis of their topological invariants W&, (A, T):
H°(SO,R/Z) =
(SO,R/Z) =
H%(SO,R/Z) = Z5, basis %WQ,
H3(SO,R/Z) = Z, basis ws,
H*(SO,R/Z) = Z5, basis ;m, (67)

H®(SO,R/Z)

1
= Z,, basis in(W1W2 + w3),

1 1
HO(SO,R/Z) = 2Z,, basis 5V, iwg,

H(SO,R/Z) = 2Z & Z,, basis w7 , wh?, ;(
The above basis give rise to the basis in eqn. (66) through
the natural map 3: H4(G,R/Z) — H¥(G,Z) (see Ap-
pendix E).

We see that H?(SO,R/Z) = Z,, which implies that
a realizable gauge-gravity topological invariant exist in
141D, provided that we probe the SO NLoM by an ar-

bitrary SO bundle on an oriented 141D space-time man-
ifold M?2:

m
_ SO
/ top FSO)_/2 Wa s
M

where I'so is the connection of the SO bundle on M? and
wP© are the Stiefel-Whitney classes for the SO bundle.
However, the SO bundle on M? is restricted: it must be
the tangent bundle of M?2. So we actually have

m
—Wo
tOp M2 2 ’

m=0,1. (68)

m =0, 1. (69)

W1Wa + W3)Wy.
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where T is the connection of the tangent bundle on M?
and w; are the Stiefel-Whitney classes for the tangent
bundle. The Stiefel-Whitney classes for the tangent bun-
dle have some special relations. In fact, we have

(1) a manifold is orientable iff w; = 0.

(2) a manifold admits a spin structure iff wo = 0.

Since all closed orientable 2-dimensional manifold is spin,
thus both w; and wy vanish for tangent bundles of
M?. The realizable gauge-gravity topological invari-
ant cannot be probed by any oriented space-time M?2.
Thus, the above realizable gauge-gravity topological in-
variants described by H?(SO,R/Z) collapse to zero in
1+1D. There is no iTO in 1+1D (or in other words,
0iTO? = H?(SO,R/Z)/A? = 0).

B. Relations between Stiefel-Whitney classes

We see that to understand the realizable gauge-gravity
topological invariants, whether they collapse to zero or
not, it is important to understand all relations that the
Stiefel-Whitney classes must satisfy, when the Stiefel-
Whitney classes come from a tangent bundle. To ob-
tain such relations, let us first consider the Stiefel-
Whitney classes for an arbitrary O vector bundle on a
d-dimensional space.

We note that the total Stiefel-Whitney class w = 1 4

w1 + wg + --- is related to the total Wu class u© = 1 +
u1 + ug + - - - through the total Steenrod square:
w=Sq(u), Sq=14+Sq¢" +S¢*+---. (70)
Therefore,
= 3" Sgtus (1)
i=0
The Steenrod squares have the following properties:
Sq'(x;) =0, i>j, S¢/(x;)=zjx;, S¢® =1, (72)
for any x; € H¥(X?,Z5). Thus
Up = Wy, + Z Sq ;. (73)

i=1,2i<n

This allows us to compute u,, iteratively, using Wu for-
mula

Sq'(wj) =0, i>j,  Sq¢(w;)=ww, (74)

(j—i—1+k)! .

Sq'(wj) = wiw; + ; G=i— D S Wik Wk, © <
and the Steenrod relation

Sq"(zy) = > Sq'(x)Sq" " (y) (75)



We find
Up = 1)
up = wi,

Uy = VV% + wa,
Uz = Wiwa,
Uy = Wi +Wa + wiws + wy, (76)
Us = WiWa + W1W3 + WiW3 + WiWa,
Ug = W%W% + Wi’Wg + WiWow3 + W?)) + W%W4 + Waowy,
Uy = W%WgWg + wlwg + WiWoWy,
ug = WEf + w;‘ + W%W% + W§W2W4 + wiwawy + Wi
+ W§W5 + w3ws + W?WG + WoWg + Wiwy + Wg.

We note that the Steenrod squares form an algebra:

a/2 .
Sanqb[é] (b7]71)| Sqa+b7jsqj
2 (a2 —atj— 1) !

0 < a < 2b, (77)

which leads to the relation Sq¢'Sq' = 0 used in the last
section.

If the O vector bundle on d-dimensional space, M?,
happen to be the tangent bundle of M9, then the Steen-
rod square and the Wu class satisfy

Sq* I (x;) = ug_jx;, for any x; € HI (X Zy). (78)

(1) If we choose x; to be a combination of Stiefel-Whitney
classes, the above will generate many relations between
Stiefel-Whitney classes.

(2) Since Sq'(zj) = 0 if i > j, therefore u;xqy_; = 0
for any wq_; € H (X Zy) if i > d —i. Thus, for
d-dimensional manifold, the Wu class u; = 0 if 2¢ > d.
Also Sq™---Sq™(u;) = 0 if 20 > d. This also gives us
relations among Stiefel-Whitney classes.

(3) Last, there is another type of relation. In 4n-
dimension, the mod 2 reduction of Pontryagin classes
DiDiy -+, M =141 + 12 + - -+, should be regarded as zero.
The reason is explained below the eqn. (84). This lead
to the relations for d-dimensional manifold

=0, if 2 +2iy+---=d.  (79)

2 2
Woi, Wiy ©°

oiTO? is given by H*+1(BSO, Z) after quotient out all
those relations.

C. 1iTO phases in low dimensions

In 2-dimensional space-time H?(SO,R/Z) =
H?*(BSO,Z) = Z; which is generated by W2 = 1w,

So JiTO% may be non-trivial. The relations vy = ug =0
give us

W? + wo = 0. (80)
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Since M? is oriented, w; = 0. We see that wy = 0.

WtzOP vanishes, and there is no realizable gauge-gravity

topological invariant in 1+1D. So ¢iTO? = 0.

In 241D space-time, the corresponding
H3(SO,R/Z) = Z is generated by W, = ws. There is
no relation involving ws. So ¢iTO3 = Z. The generating
topological invariant Wt‘q’op(F) = ws describes an iTO
state with chiral central charge ¢ = 24.

In 341D space-time, the corresponding
HA(SO,R/Z) = Z, is generated by the gauge-gravity
topological invariant W{lop = %W4. The Wu classes
uz3 = ug4 = 0 can lead to relations between the
Stiefel-Whitney classes, which give us

WiWg = W‘f +wiws + W% +wy =0. (81)

Other relations can be obtained by applying the Steenrod
squares to the above:

Sql (W1W3) = W1W3 = 0. (82)
Additional relations can be obtained from eqn. (78)

Sqt(w3) = urws — Wiwz = wiw3 (83)

2 2 2 2
Sq°(wa) = ugwy — wi = wiws + wi.

We see that w, = w3, but nothing restricts w3. Naively,
this suggests that w3 € H*(M*,Z,) is a realizable gauge-
gravity topological invariant in 3+1D:

1
Wé)p (F) = 7W§' (84)

However, there is a relation between Pontryagin classes
and Stiefel-Whitney classes (see Appendix F):

w2; = p; mod 2. (85)

on any closed oriented manifolds M*%* of dimension 4i.
Thus w2 is part of Pontryagin class p;. The topolog-

ical invariant W, (I') = iw} = 1lp, is realizable, but

also smoothly connect to %che trivial case via the Pon-
tryagin class: Wi (') = 2=p;, where 6 can go from 7 to
0 smoothly. There is no realizable gauge-gravity topolog-
ical invariant in 3+1D that cannot connect to zero. Thus
oiTO% = 0. In general, such kind of reasoning give rise
to eqn. (79).

In 441D space-time, the corresponding
H5(SO,R/Z) = Z, is generated by the gauge-gravity
topological invariant Wit = Fwa(wiwy + w3). The Wu
classes ug = uy = us = 0 can lead to relations between
the Stiefel-Whitney classes, which give us

w4 +w3 = 0 is just a generator of the relations. Other re-
lations can be obtained by applying the Steenrod squares:

Sqt (wy + W%) =w1ws +ws = 0. (87)



Additional relations can be obtained from eqn. (78)

Sqt (Wq) = U1wy — W1W4 + W5 = W1Wy (88)
SqQ(Wg) = U2W3 — WoW3 + W1Wy + W5 = W%Wg + Wows.
We see that ws must vanishes, but nothing restricts

wows. So we have an realizable gauge-gravity topological
invariant in 44-1D:

1
WtE:)p (F) == §W2W3. (89)

Thus ¢iTO} = Zs.
In 5+1D space-time, the corresponding

HO(SO,R/Z) = 2Z, is generated by the gauge-

gravity topological invariant Wit = twg, 3w3. The Wu

classes uy = us = ug = 0 give us
Wi+ Wi = wowy + W% =0. (90)

Other relations can be obtained by applying the Steenrod
squares:
Sqt(wy +w3) = wiwy + ws = 0.
Sq?(wy +W3) = wiwa + w3 + wowy + we = 0.
Sq*Sqt (wy +w3) = 0. (91)
We see that wg must vanishes, and wowy = w3 = w3.
Additional relations can be obtained from eqn. (78)
Sq' (w5) = urws — Wiws = wiws (92)
Sq?(Wy) = ugwy — Wowy + Wg = Wowy + WowWy,
Sq3(W3) = U3W3 — W3W3 = W] WaW3.
We see that wowy = w3 = w3 = 0. So ¢iTO$ = 0.

In 641D space-time, the corresponding
HB(SO,R/Z) = 2Z®Z, is generated by the gauge-gravity

2
topological invariant W{‘gp = wit, wh? L(wiws + w3)wy.

The Wu classes ug = us = ug = uy = 0 give us
Wy 4 Wi = wowy + W% =0. (93)

Other relations can be obtained by applying the Steenrod
squares (setting wq = 0):

Sq'(wy + W%) =wiwy + w5 =0,
Sq2(W4 + W%) = W%W% + W% + wowy + wg = 0,
Sqt (wawy + W3) = wawy + wows = 0. (94)
Additional relations can be obtained from eqn. (78) (set-
ting wq, = 0):
Sql(WG) =urwg > w7y =0 (95)
Sqt(w3) = urwiy — wawz = 0,
Sq? (wows) = usWoWs — WaWs3 + Wows.

We see that wows = wawy = wawz = wy = 0. So
oiTO! =2Z.
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D. Relation to cobordism groups

Two oriented smooth n-dimensional manifolds M and
N are said to be equivalent if M U (—N) is a boundary
of another manifold, where —IN is the N manifold with
a reversed orientation. With the multiplication given
by the disjoint union, the corresponding equivalence
classes has a structure of an Abelian group Q59 which
is called the cobordism group of closed oriented smooth
manifolds. For low dimensions, we have?®
ng = Z, generated by a point.

Q79 = 0, since circles bound disks.

Q59 = 0, since all oriented surfaces bound handlebodies.

Q30 — .

Q79 = Z, generated by CP?, detected by % [}, p1.

Q29 = Z,, generated by the Wu manifold SU(3)/SO(3),
detected by the deRham invariant or
Stiefel-Whitney number [, wows.

Q59 = 0.

029 = 0.

Q79 = 2Z generated by CP* and CP? x CP2.

The potential gravitational topological invariants
give us a map from closed space-time M9 to U(1):
Ziixea(M?) = i Jua27Win (™) ¢ [7(1). For locally-null
topological invariants, such a map reduces to a map from
Q59 to U(1). In fact, el Jua 27Wiep (D) ig an 1D repre-
sentation of group Q5°. So the locally-null potential
gravitational topological invariants are described by 1D
representations of the cobordism group ng. Since the
locally-null potential gravitational topological invariants
are discrete, so they are actually described by 1D repre-
sentation of Tor(Q25°). Since, for an Abelian group G4,
the set of its 1D representations also form an Abelian
group, which is G 4 itself. Therefore, the discrete locally-
null potential gravitational topological invariants in d-
dimensional space-time are described by Tor(25°). Since
all the locally-null potential gravitational topological in-
variants are realizable, we find

Tor(aiTO% ) = Tor(Q5°). (96)

The Chern-Simons potential gravitational topological
invariants in d-dimensional space-time are described
by Free(Q59)), since Free(Q5?)) is a subgroup of
FreeHY™1(BSO,Z(L)). So the Chern-Simons realiz-
able gravitational topological invariants, described by
FreeH?(SO,R/Z) =FreeH1(BSO,Z), form a sub-

group of Free(Q5°):

Free(aiTO%) C Free(Q5°). (97)



V. PURE AND MIXED SPT STATES
A. A generic result

In this section, we are going to consider L-type SPT
states protected by G symmetry (which may contain time
reversal symmetry) in d-dimensional space-time. Those
SPT states form an Abelian group LSPTé. We only con-
sider SPT states that are realized by Gx.SO NLoMs. The
different G x SO NLoMs are characterized by their topo-
logical terms which are classified by H4(G x SO,R/Z).
Those topological terms induced the realizable gauge-
gravity topological invariants Wtﬁl)p(A,F) that are also
“classified” by H4(G x SO,R/Z). Therefore, L-type SPT
states from NLoMs are “classified” by H¢(G x SO,R/Z),
but in a many-to-one fashion; i.e. different elements in
HY(G x SO,R/Z) may correspond to the same gauge-
gravity topological invariant W (A,T) and the same
SPT phase.

To understand this many-to-one correspondence,
we note that the gauge-gravity topological invariants
W, (A,T) should be fully detectable in the follow-

ing sense. The gauge-gravity topological invariants
W (A,T) can be regarded as map from a pair (M?, A)
to R/Z:
/ We (AT) = 9 od 1. (98)
Md °P 2

where M? is a close space-time manifold with vari-
ous topologies and A is a G symmetry twist on M¢?.
Two topological invariants are said to be different if
they produce different maps (M<¢, A) — R/Z that can-
not be smoothly connected to each other. However,
there indeed exist gauge-gravity topological invariants
ZW (A,T) whose induced map (M? A) — R/Z can
smoothly connected to 0 (see Appendix C). Then any
two topological invariants differ by ZW¢ (A,T) should
correspond to the same SPT phase and should be identi-

fied. We call ZW{ (A, T) = 0 a relation between topo-
logical invariants. ZWt‘f)p(A,I‘) generate a subgroup of
HY(G x SO,R/Z) which will be called A%(G). We see
that the distinct SPT phases, plus the iTO phases that
are also produced by the NLoMs, are classified by the

quotient
LSPTY @ 6iTO} = HY(G x SO,R/Z)/AY(G).  (99)
In the next subsection, we will discuss how to compute
the subgroup A%(G).
Using the Kiinneth formula (62), we find that
HY(G x SO,R/Z) ~ H(G,R/Z) ® H'(SO,R/Z)®
@Y1 H¥[BG, H*(SO,R/Z)] (100)

Clearly, the term H?(SO,R/Z) describes iTO phases that
do not require any symmetry G. So

el H* BG, 1Y (SO,R/Z)] ® HY(G,R/Z)  (101)
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should cover all the SPT states, i.e. every cocycle in
O{ZTH*BG, 14 *(SO,R/Z)| ®HY(G,R/Z) is realizable
and describes a SPT state. In other words

O{_IH*BG, 1Y *(SO,R/Z)| & H!(G,R/Z)
AY(G)

LSPTY =
(102)

For example the term H?(G,R/Z) describes pure SPT
states. Each element in H%(G,R/Z) correspond to dis-
tinct realizable SPT states (quotient is not needed).
Similarly, the term H*[BG,H**(SO,R/Z)] de-
scribes mixed SPT states. Every cocycle in
H¥[BG,H%¥*(SO,R/Z)] describes a mixed SPT state.
But different cocycles may correspond to the same SPT
state. This can be seen from the dimension reduc-
tion discussed in Section IID. We put a G x SO SPT
state on MP* x M%* which is described by a cocy-
cle vg in {1 H*[BG, H4*(SO,R/Z)| ® H*(G,R/Z) @
H(SO,R/Z). The cocycle v can be viewed as a gauge-

gravity topological invariant Wt%p and vise versa. Here

we will consider a mixed SPT states described by Wi’g €
H*[BG,H%¥*(SO,R/Z)] in more detail.

Let us put a G-symmetry twist Ag on M¥, but for the
time being not any SO-symmetry twist on M*. The de-
composition @41 H*[BG, H**(SO,R/Z)] implies that,
in the large M?~* limit, we get an (d — k)-dimensional
topological state on M % described by a cocycle vq_j
in H4"*k(SO,R/Z). Formally, we can express the above
dimension reduction as

/ Wk =39, e HF(SO,R/Z), (103)
MK Ag

where Ag represent the G-symmetry twist on MY
In particular, if we choose M? Ag and Wf(l)’g €
H*[BG,H%*(SO,R/Z)] arbitrarily, we can produce any
elements in H4~*(SO,R/Z).

However, due to the restrictive relation between the
SO connection and the topology of M?*  different co-
cycles in H?#(SO,R/Z) may correspond to the same
topological state. So the distinct topological states are
described by a quotient HY¥(SO,R/Z)/A%*. As we
have discussed before, the distinct topological states from
HIk(SO,R/Z) are nothing but the (d — k)-dimensional
iTO states that form aiTO‘z—k. Therefore, the distinct
iTO states on M9~F imply that the parent SPT states
on M? before the dimension reduction are distinct. How-
ever, it is still possible that different parent SPT states
on M? lead to the same iTO state on M¥~*. So the SPT
states are described by H*[BG, 0iTO} ] plus something
extra. This way, we conclude that the L-type realizable
SPT states are described by

oLSPTY, (104)
= [E4(G) x efZ B (BG, 0iTOL )| @ HY(G,R/2),



which is one of the main results of this paper. We like
to point out that if G contains time-reversal transforma-
tion, it will have a non-trivial action R/Z — —R/Z and
aiTOdelC — faiTO‘fk. In the next subsection, we will
compute this extra group E4(G).

However, there is a mistake in the above derivation of
eqn. (104). Due to the restrictive relation between the
SO connection and the topology of M*, we cannot set
the SO-symmetry twist on M* to zero. So the dimension
reduction is actually given by

/ Wk =viIQ € iTOT*,  (105)
Mk Aq,T

where I' represent the SO-symmetry twist on M<¢. Due
to the restrictive relation between (M9, Ag) and T, it

is not clear that if we choose MY Ag and W{i’l]; €

H¥[BG,H%*(S0O,R/Z)] arbitrarily, we can still produce
any elements in aiTO‘fk.

In the following, we will show that we can indeed pro-
duce any elements in aiTOCfl€
(1) We note that the SO tangent bundle of M* x M4~
splits into an SO” tangent bundle on M9~ % and a SO’

tangent bundle on M*. So we can rewrite eqn. (105) as

dk
T/VtOp = ud7
Mk Ag T

where Ag, T’ is the G x SO’ symmetry twist on MP*
and we put the SO” symmetry twist on M9 . This
motivates us consider a G x SO’ x SO” NLoM and its
topological terms.

(2) The natural group homomorphism G x SO’ x SO” —
G x SO via embedding SO’ x SO” into SO leads
to a ring homomorphism H*[B(G x SO),Z] —
H*[B(G x SO’ x S0"),Z].

(3) Due to the isomorphism H"(G,R/Z) ~
H""Y(BG, 2), Wtcf)g in H*¥[BG,HY*(SO,R/Z)] can
be viewed as an element in H*[BG, H?~*+1(BSO, Z)].
As a result, we can express Wt'f)’rlf as a characteristic
class in HF[BG, H**1(BSO,Z)). For example,
Wk = FEFFOFF9, ., where FC is a characteristic
class in H*(BG,Z), and F7© is a characteristic class in
H™(BSO,Z).

(4) Using the above ring homomorphism, we can map
Wt‘i’l’; into an element in HF[BG, H*1(B(SO" x
S0"),Z)]:

e H¥F(SO,R/Z).  (106)

d.k
Wtop FkGﬂSOF&SOk l+1
= FE(FPO + FPO)(F79 i1t 1+1)

€ H*|BG, H¥*1(B(SO' x SO"),Z)].

FSO//
(107)
(5) Since the SO’-twist is only on M* and the SO”-twist

is only on M?* the above expr”essiorlll allows us to con-
clude that only the term FkG FlSO F Cf_ok_ 141 contribute to
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k
Jare agr WtOp Thus

dk d.k
/ Wtop = / Wtop.
MFk,Ag, I’ M¥,Ag,0

which reduces eqn. (105) to eqn. (103) that leads to
eqn. (104). This completes our proof.

(108)

B. A calculation of A%(G) and E%(G)

The subgroup A%(G) is generated by a set of
relations in  HY(SO,R/Z) @ HUG,R/Z) @i}
H¥[BG,H?¥*(SO,R/Z)] = H¥YG x S0O,Z). To
compute such a set of the relations, we can choose a
homomorphism G — O, which will lead to a homomor-
phism H*(BO,Zy) — H*(BG,Zs) as rings. We know
that H*(BO,Zs) is generated by the Stiefel-Whitney
classes wi, W, . w; will map into w§¥ € H(BG,Zy).
Then we can treat w& as the Stiefel-Whitney classes and
use the Wu formula eqn. (74) to compute Sg*(w$'). The
Wu formula and the following defining propertles of the
Wu classes:

Sqdii(wic) = ud—iwicv

Sqd—i—i (wleG) = ud_i_jwiwf, e (109)

will generate the relations (denoted as ZW¢, (A,T))

Sqdii(wiG) + uq— iwiGa
Sqd_i_] (wGwG) + Ug—i— szGw]Ga e (110)
in @i 1H*BG,H**(O,R/Z)] @& HYO,R/Z) @

HY(G,R/Z). Those relations become the relations
in @{_1H¥[BG,H**(SO,R/Z)] @ HU(SO,R/Z) @
HY(G,R/Z) = H™[B(G x SO),Z] through the natural
map B : HYB(G x SO),Zy] — H¥B(G x S0O),Z|,
after we set wi; = 0.

A4(@) also contain another type of relations: if a €
HY(G x SO,R/Z) can be expressed as a mod 2 reduction
of a € FreeH?(Gx SO, Z), then a isin A%(G). The reason
for such type of relations is discussed below eqn. (120).

The relations will generate A?(G) which also allow
us to compute E4(G). Certainly, the subgroup of
oI H*BG, H¥*(SO,R/Z)|, @Z1 H*(BG,oiTO{ "),
will survive the quotient by A%(G). E4(G) is the sub-
group not in @41 H*(BG, UiTOd_k) that also survive
the quotient. Thus E4(G) x @{_1 H*(BG, siTO% %) de-
scribes the distinct SPT phases. Next, we will demon—
strate the above approach by computing the pure and
mixed SPT states for some simple symmetry groups.



C. U(1l) SPT states

From?'3

HYBU(1),Z) = 0 if d = odd,;

HYBU(1),Z) = Z if d = even; (111)
we can obtain
HYBU(1),Z3) = 0 if d = odd;
HYBU(1),Z3) = Z5 if d = even; (112)

using universal coefficient theorem.*?%° The ring
H*[BU(1),Z] is generated by the first Chern class ¢;.

This allows us to calculate the U(1) mixed SPT
described by @{Z!H*[BU(1),H?*(O,R/Z)]. We ob-
tain U(1) mixed SPT states in 4+1D described by
the group-cohomology H?(BU(1),0iTO%) = Z. We
also obtain mixed SPT states in 6+1D described by
H*(BU(1),0iTO%) @ H*(BU(1),0iTO}) = Z & Zs.

The well known 241D U(1) pure SPT states have the
following Chern-Simons topological invariants

k
W (AT)= —5AdA, keZ 11
top( ) ) (27‘(‘)2 ’ S ( 3)
where A is the U(1) gauge connection one form. Their
Hall conductances are given by o, = %

The 441D U(1l) mixed SPT states described by
H?(U(1),0iTO?) has been discussed in Ref. 59. Tts
gauge-gravity topological invariant is given by (see a dis-
cussion in Appendix I)

dA A
Wio(AT) = wso— = —p1,

114
2w 2w (114)

In 4 spatial dimensions, the U(1) monopole is a 1D loop.
In this SPT state, such a 1D loop will carry the gapless
edge state of 241D (Eg)® bosonic quantum Hall state.
The 641D U(1) mixed SPT states described by
H*(U(1),0iTO}) = Z have the following topological in-
variants
W7

top

(AT) = " wydAdd, kez

(2m)?

The 641D U(1l) mixed SPT
H2(U(1),0iTO3) = Z, has

(115)

state described by

1 dA
Wgop(A, r)= §W2W3§~

(116)
To see if there are extra mixed U(1) SPT phases, let
us first note that the ring H*[BU (1), Zs] is generated by
f2, which is the mod 2 reduction (denoted as p2) of the
first Chern class c¢1: fo = pacy. If we choose the natural
embedding U(1) — O, we find that
W2U(1) = f2a WU(I) =0,

i=1,ori>2. (117)
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In 3+1D, the potential extra mixed SPT phases are
described by H?[BU(1),H?(SO,R/Z)] = Z5. We note
that H2(SO,R/Z) is generated by the wy (see eqn. (67)).
Therefore, the extra U(1) SPT phases described by
H?[BU(1),H?*(SO,R/Z)] = Z; are generated by fowa,
In 34+1D, we have a relation

qu(wg(l)) _ uzwg(l),

Sa?(wy ") = ugMwy (118)

which gives us
W2U(1)W2U(1) = (W% + W2)W2U(1), (119)
In 3+1D, we also have a relation f5 = W2U(1)W2U(1) =0

mod 2. For oriented space-time wy = 0, so fows vanishes.
There is no extra 3+1D U(1) SPT phase.

Here is another way to rephrase the above reasoning.
In 3+1D, there is a potential topological invariant

1 dA 1
(A,I‘) = ZWo-— = 7W2020y,

4
W 2 "2r 2

top (120)
where the Chern class ¢; = dA/27 and py is the mod
2 reduction. Using the relation Sq%(p2c1) = wuapacy
and S¢*(p2c1) = (p2c1)?, we find that (wf + wa)paci =
(p2c1)?. Therefore on oriented manifold, we have®?

1 dA 1
Wé)p(A7F) = §W2§ = §(f2)2

1, 1

= 56 = g dadd.

(121)

Such a topological invariant is not quantized. It can con-
tinuously deform into zero via # dAdA as 6 goes from
7 to 0. This is why there is no U(1) SPT phase in 3+1D.

We note that on space-time M* with spin structure,
wy = 0. The above result implies that all the U(1) bun-
dles on such M* satisfy

C% = even.
M4

Or in other words, the Z reduction of ¢} cannot be
probed by any M* with spin structure, no mater what
U(1)-symmetry twists we add.

(122)

In 441D, the potential extra SPT phases
are  described by  H?[BU(1),H3*(SO,R/Z)] &
H*BU(1),H'(SO,R/Z)] = Z. But

H?[BU(1),H?(SO,R/Z)] is H?[BU(1),0iTO}]
which has been included before. Thus the po-
tential extra mixed SPT phases are described by
HYBU(1),H'(SO,R/Z)] = 0, i.e. there is no extra U(1)
SPT phase in 4+1D.

It has been pointed out that the following gauge-
gravity topological invariant may exist

1 dA
W (AT) = Swao—.

12
2 2T (123)



It may suggest that there is an extra U(1) SPT phase
in 441D. Here we would like to show that such a term
always vanishes. We start with the relation (78):

Sql(WQWQU(l)) = ulewg(l). (124)
The left-hand-side gives us
Sq' (wa)wy )+ waSg' (wy )
= (wiws + ws)w5 P + waSgt (wh ). (125)

Since W;j W s a Stiefel-Whitney class of a O vector bun-
dle over M?® (which is not the tangent bundle that gives
rise to Stiefel-Whitney classes w;), we can use the Wu

formula (74) to calculate Sqt(why ™) = w/Mwl® 4

wg](l) = 0. Thus we have
Sq (wawy V) = (wiws + ws)wy
= U1W2Wg(1) = W1W2Wg(1)7 (126)

which gives us wsfo = wszep = 0 mod 2 for any U(1)
bundle on M5 which can even be unorientable. This
leads to the vanishing of eqn. (123).

In 541D, we may have extra mixed U(1) SPT
phases  described by  HAU(1),H?(SO,R/Z)] &
H2[U(1),H*(SO,R/Z)] =  2Z,, generated by
wof2, wafs. We have the following relations

Sqt (W3W2U(1)) = ulvngQU(l)
—+0=0
Sq2(W2U(1)W;J(1)) _ ugwg(l)wg(l)

- (O =

Sq2(W2w2U(1)) = U2W2W2U(l)
— wh + WfWgwg(l) =0 (127)

and w3 = wy. Since w; = wj = 0 for 6-dimensional
orientable manifold (see Section IV C), we only have one
relation wof2 = 0. However, wyfo = wafs = p1fo mod
2 (see Appendix F). So, the Zy class wyfo is part of an
integer class pyc1, and the topological invariant from an
integer class does not have a quantized coefficient (see
the discussion below eqn. (120)). So the term wyfy can
smoothly connect to zero, and there is no extra mixed
U(1) SPT phases in 5+1D.

In 641D, we may have extra U(l) SPT
phases described by H?*BU(1),H*(SO,R/Z)] @
H?[BU(1),H%(SO,R/Z)] = Z @& Z3, but they are
discussed before since H?*[BU(1),H3(SO,R/Z)] &
H2?[BU(1),H?(SO,R/Z)] = H*BU(1),0iTO}] @
H?[BU(1),0iTO%]. So, there is no extra U(1) SPT
phase in 6+1D.
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D. Z, SPT states

From13:49,69
HYBZ,,Z) =0 if d = odd;
HYBZ,,Z) = Z, if d = even; (128)
we obtain
HYBZ,,Z5) =Z5if d =0,
HYBZn,Z3) = Z(n 9y, if d >0, (129)

where (m,n) is the greatest common divisor of m,,n.
This allows us to obtain Z,, mixed SPT states described
by ©{_1H*BZ,, H**(O,R/Z)]. There are no such
Z, mixed SPT states in 3+1D. The 4+1D Z, mixed
SPT states are described by the group-cohomology
H*(BZ,,0iTO}) = Z,. We also obtain mixed SPT
states
in 541D described by HY(BZ,,0iT0}) = Z,, 2,
in  6+1D  described by H*(BZ,,0iTO}) @
H?*(BZy,0iT0}) = Zy, & Z (3,2
in 741D described by H3(BZ,,0iT0}) = Z,, 4.
H?*(BZ,,ciTO%) = Z, is generated by W, =
B(Az, /2m)ws where Az /27 is the generator of
HY(Zn,R/Z) =Z,, (or § Az, /27 = L mod 1. According
the Appendix I, H*(BZ,,siTO?) = Z, is generated by

Az,
W5 = P1-

top T At

(130)

The structure of above results also lead to a physi-
cal probe of the corresponding SPT states by dimension
reduction.?*? We put the system on a 4D space of a
form 52 x D? and put n identical monodromy defects on
S2. In the small S? limit, the effective 241D state on
D? will be an (Eg)? bosonic quantum Hall state, with
gapless excitations on the boundary of D?. We may also
replace S? by D? and break the Z, symmetry on the
boundary of D?. We then create n identical Z, domain
walls on the boundary of D?. This will have the same
effect as n identical monodromy defects on S2. We get
an (Fg)3 bosonic quantum Hall state on D? in the small
D2 limit. In fact, all the mixed SPT states described by
H?(BG,0iTO%?) and all the Gy x Gy pure SPT states
described by H?[BG1,H?2(G2,R/Z)] can be probed in
this way.

In the following, we will consider if there are extra
mixed Z,, SPT phases. We find that there is no extra
mixed Z,, SPT phase if n = odd. So in the following,
we will assume n = even. We first note that the ring
H*[BZ,,Zs] is generated by a;. If we choose the natural
embedding Z,, — O via Z,,/Z,» — O/SO, we find that

win =ay, wir (131)

In 2+1D, the potential extra mixed Z,, SPT phases are

described by H'[BZ,,H*(SO,R/Z)] = Z(, 2. We note



that H?(SO,R/Z) is generated by the wy (see eqn. (67)).
Therefore, the potential extra Z,, SPT phases described
by H'[BZ,,H?(SO,R/Z)] are generated by a;wz. In
2+1D, we have the following relations

St (wi)?] = wi(wi™)? = wi(wi")? = 0;

uy =wi +wo =0. (132)

We see that wo = 0 for orientable 2+1D space-time and
a1wy vanishes. Thus there is no extra Z,, SPT phase in
2+1D.

In 3+1D, the potential extra mixed Z, SPT phases
are described by H?*[BZ,,, H*(SO,R/Z)] = Z,, 5y, which
are generated by a?wy. In 3+1D, we have the following
relations (setting wy = 0)

2
wy +wy =0,

a3wy + a1ws = a} = a + a3wy = 0. (133)
We see that a%wZ = 0 and there is no extra Z, SPT
phase in 3+1D.

In the above, we also see that a] = 0. What is the
physical meaning of this relation? In fact, in 141D, we
have a? = 0. Let us discuss this simpler 1+1D situation.
The relation a? = 0 comes from

Sq*(a1) = wa; — a2 = wia;. (134)
We see that on non-orientable M2, a7 do not have to
be zero. This means that [, a? can be non-zero if
M? is non-orientable. But [, ai must be zero mod 2
if M? is orientable. For Z, SPT state without time-
reversal symmetry, we cannot use the non-orientable M2
to probe it. So a? cannot produce any measurable topo-
logical invariant, and should be quotient out. This is why
H?(BZ,,R/Z) is trivial, since its potential generator a?
is not measurable on any orientable space-time for any
symmetry twist.

In 441D, the potential extra mixed Z, SPT
phases are described by H3[BZ,,H?*(SO,R/Z)] @
H'\BZ,,H*(SO,R/Z)] = 2Z, ), which are generated
by a%wz, ai1wy. In 441D, we have the follow relations
(setting wy = 0)

2
W2—|—VV4=VV5=O7

adwz = a3 + adwq = 0. (135)

We see that a3wy = af which is already included by
H5(Z,,R/Z). But nothing restricts a;wy (except wy =
w3). So there is an Z,, SPT phase in 4+1D generated by
a;w3 for n = even. Its topological invariant is given by

nAZn
2 27

where Az, is the flat connection that describe the Z,
twist®?

Wi (A,T) = p1, (136)

fAZn =0 mod 27 /n. (137)
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But the above topological invariant has been included
by Z, SPT phases described by H?(BZ,,ciTO3}) (see
eqn. (130)). So there is no extra Z,, SPT phase in 4+1D.

In 541D, the potential extra mixed Z, SPT
phases are described by H?*[BZ,,H*(SO,R/Z)] &
H?*BZ,,H*(SO,R/Z)] = 2Z, ), which are generated
by aiwa, a?ws. In 5+1D, we have the follow relations
(setting wy = 0)

W§+W4 = W5 :W§+W2W4 :W§=W6=O,
a3wy = ajwy = adwz = aS = 0. (138)
We see that a?wy = ajws = 0. So there is no extra Z,
SPT phase in 5+1D.

In 641D, the potential extra mixed Z,, SPT
phases are described by H°[BZ,,H*(SO,R/Z)] &
H3[BZ,,H*(SO,R/Z)] & H![BZ,,H5(SO,R/Z)] =
4Z;, 2y, which are generated by alwa, aiwy,a;we, a1 ws.
In 6+1D, we have the following relations (setting wy = 0)

W§+W4 = W5 :w§+W2W4 =wg =0,
(139)

a3wows + a1w3 = ajwo = afws = 0.
We see that a?wz = a1wg = 0, but nothing restricts
a?WQW3 = alvv% and CL%W4. However, G%W2W3 is already
included by H?(BZ,,ciTO?}). So there is an Z, SPT
phase in 6+1D generated by ajw3 for n = even. Its
topological invariant is given by

1
Wt?ap(Aa F) = ﬁA%npl (140)

But the above topological invariant has been included
by Z, SPT phases described by H*(BZ,,ciTO?) ~
H3(Z,,R/Z) (see Appendix I). So there is no extra Z,
SPT phase in 6+1D.

E. U(1) x Zy = O(2) SPT states

In Ref. 13, it was shown that

Z®4Z,, d=0mod 4,

iz =1 4
HUBOsz)c{ & 2 d=lmodd

427, d=2mod 4,

417,,  d=3mod 4.

In Ref. 96 and 97, it was shown that

H[BOy,Z] = Z[xo, 3, 14]/ (229, 273, 25 — T214), (142)

where o = b’wloz, T3 = ,6’W202, and =4 = p?Q
is the Pontryagin class. Here (8 is the natural map
HYBG,Zy) — H™'(G,Z). In other words, we have



a relation (Bw$?)? = Bw$2p?2. We find that

HY(BO,,Z2) =2,

HY(BO,,Z) =0, (143)
H?(BO,,Z) = Z3, basis [fw?],

H3(BO,,Z) = Z5, basis [fwS?],

H4(BOQ,Z) Z ® Zy, basis [(Bwlo2)2,p102],
H5(BOQ,Z) = Z,, basis [,BW QBW 2],

H%(BO,,Z) = 2Z,, basis [fw?? p1 2 (Bw92)3),
H"(BO,,Z) = 2Z5, basis [fwJ? p1 2 (Bw92)? w2,
H®(BO,,Z) = Z & 2Z,, basis [(p92)2, (BwT2)2pP2

which agrees with eqn. (141) with C replaced by =. So
we actually have

Z®47,, d=0mod 4,
d—1
=27, d =1 mod 4,
HUBOyZ] =1 1 ? (144)
27, d=2mod 4,
4+17,,  d=3mod 4.
which allow us to get*%:6?
27,  d=0mod 2
H'[BOy Z5) =4 2 “% PO (14)
%Zg, d =1 mod 2,
We also have
H°(02,R/Z) =R/Z, (146)

1
H'(O2,R/Z) = Z,, basis [2W?2]7
1
H?(04,R/Z) = Z,, basis [2w§2]7
1 1
H3(02,R/Z) = Z @ Zy, basis [2(W102) ,—AdA]7
27
1
H*(02,R/Z) = Zy, basis [2(W102)2WO2],

1 1
H?(03,R/Z) = 2Z,, basis [2w102 (WQOZ)Q, §(W102)5],

1 1
H®(02,R/Z) = 225, basis [5(w5*)?, 5 (w)) ws"],
H(04,R/Z) = Z & 27,
- A(dA)? (wR)BwE)? (w7
basis | o)y 5 Ty ],

The above basis give rise to the basis in eqn. (143) after
the natural map 5: H4(G,R/Z) — H*(BG, Z), which
becomes the Steenrod square Sq' when acting on WOQ’
One can use the properties in eqn. (E1) to do the calcu—
lation (see Appendix E).

This allows us to obtain O, mixed SPT states which
are given by
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in 3+1D: H'(BO,,0iTO%) =0

in 4+1D: H?(BO,,0iTO}) = Zs,

in 54+1D: H3(BO3,siTO 13) ® HY(BOy,0iTO}) = 2Z,,

in 6+1D: H*(BO4,0iTO}) ® H?(BO,,0iTO}) = Z ®
ZQa

in 7+1D: H°(BO,,0iTO3) @ H?(BO,,0iTO}) @&

H'(BO,,0iTO}) = 3Z,.

In the following, we will consider if there are extra
mixed Oo SPT phases. We first note that the ring
H*[BO3,Z5] is generated by ay, f2. If we choose the nat-
ural embedding Oz — O via O(2) — O, we find that

w2 =a;, w§?=fo, wP2=0,i>2 (147)

Pio, (ﬂw?2)4], In 241D, the potential extra mixed O, SPT phases are

described by H'[BO2, H?*(SO,R/Z)] = Z3. Therefore,
the potential extra Oy SPT phases are generated by a;ws.
In 241D, we have the following relations

Sqt[(w92)?] = ug (w§?)? = wy (wP2)2 = 0;

uzzwf—FWg:O.

(148)

We see that w; = wy = 0 for orientable 2+1D space-time
and ayws vanishes. Thus there is no extra Oy SPT phase
in 241D.

In 341D, the potential extra mixed Oy SPT phases are
described by H2[BO2, H?(SO,R/Z)] = 2Z; generated by
fowa, afwe. In 3+1D, we have the following relations
(setting wy = 0)

2
wy +wy =0,

al = wza; = woa? = f3 + wafy = 0. (149)
We see that waa? = 0 and wafs = f2 = ¢? mod 2. So
wa f2, as part of ¢, can be smoothly deformed to zero.
Thus there is no extra Oz SPT phase in 3+1D.

In 441D, the potential extra mixed Oy SPT
phases are described by H3[BO,, H?(SO,R/Z)] @
H'[BO2,H*(SO,R/Z)) = 3Zy; generated by
woai f2, waa3, wyai. In 4+1D, we have the following
relations (setting wy = 0)

2
wy +wy = w5 =0,

3 2
aj fo = wzay = w3 fa + waay fo

= a1f22 + a1f2W2 =0. (150)

We see that wea$ = 0, woayfo = wafo = wafa, and
a1f2 = ajfowa. But a1f3 = W?2 (W202)2 is already in-
cluded in H?>(BO3,R/Z) (see eqn. (146)). So ajwy =
alwg = a1py is not restricted to zero. There is an Oo

SPT phase in 441D with topological invariant
Az,
27

where Ay, is the flat connection that describe the Z
twist®?

Wtip(Avr) = p1, (151)

%AZ2 = 0 mod 7. (152)



But the above topological invariant has been included
by Oy SPT phases described by H?(BO,,diTO?) ~
H1(02,R/Z) (see Appendix I). So there is no extra O
SPT phase in 4+1D.

In 5+1D, the potential extra mixed Oz SPT
phases are described by H*[BO, H?(SO,R/Z)] @
H?[BOs, H*(SO,R/2Z)] = 5Zy generated by
woalfo, wofs, weal, waai, wafz. In 5+1D, we
have the following relations (setting wy = 0)

W%+W4=W§—|—W2W4:W§:W5 =wg =0,

(153)

Waai = waai = Wafy = wWaaifo + ajfo = 0.

We see that woa} = wya? = wof7 = 0 and woealfo =
alfy. But woalfy = alfy = (wi?)*w$? is already in-
cluded in H%(BO2,R/Z) (see eqn. (146)). Also wyfs =
W%fg = p1c; mod 2 is connected to zero. There are no
extra Oy SPT phase in 5+1D.

In 6+1D, the potential extra mixed
O, SPT phases are described by
H5[BOs, H?*(SO,R/Z)] @& H3[BO2,H*(SO,R/Z)] &
H'[BO2, H%(SO,R/Z)] =  T7Zy generated by
woal, woalfo, woarfi, waa}, wiaifo, wear, wiar. In
6+1D, we have the following relations (setting w; = 0)
W§+W4 :W§+W2W4 =ws =wg = 0,

(154)
2 2 _ _ 5 3 2
Wowsa] + wia1 = waai fo = waaj = waaj fa + waa f5

=aifs +weaif3 = alf} +wsalfs =alfo =arf; = 0.

We see that woal = wyaifo = 0 and wawza? = w3as,

2 _ 3¢ _ 2¢ _ 342 2. "
weayf5 = waajfe = wsaif: = aif;. But W3a1 =
wowza? is already included in H2(BOg,siTO}), and
woarfy = waaifo = wzalfy = alf? are already in-

cluded in H"(BO3,R/Z) (see eqn. (146)). However,
ajwy = a$w3 = a3p; mod 2 is not restricted. There
is an Oy SPT phase in 641D described by a topological
invariant
1

Wi, (AT) = 27314}2191. (155)
But the above topological invariant has been included
by O SPT phases described by H4(BOQ,UiTO%) ~
H3(02,R/Z) (see Appendix I). So there is no extra O
SPT phase in 6+1D.

F. ZI SPT states

Note that!3:49:69

HYBZYI,Z) =0if d = even;

HYBZY Z) = Z, if d = odd; (156)
HYBZY Zy) =25 if d =0,
HYBZY Zy) = Z,, if d > 0, (157)
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where the time-reversal has a non-trivial action Z — —Z.
This allows us to obtain, in 3+1D, ZI pure SPT states
described by the group-cohomology H*(Z1,R/Z) = Z,,
and ZI mixed SPT states described by the group-
cohomology H'(BZI 5iTO?) = Z,. We also obtain
mixed SPT states

in 541D  described by
HY(BZ, 0iTOY) = 2Z,,

in 6+1D described by H?(BZ{ ,0iTO}) = Zs,

in  74+1D  described by H®(BZI, 0iTO3) @
H*(BZY,0iTO%) ® H'(BZY,0iTO}) = 4Z,.

The 3+1D ZI mixed SPT state described by
HY(BZ¥,0iTO%) may be produced in the following
way: 299978 We start with a system with Z7 symme-
try whose ground state break the ZJ symmetry. Then,
we allow the fluctuations of the domain walls of the
ZI order parameter, to restore a ZI symmetry. We
may bound an 2+1D (Eg)? bosonic quantum Hall state
to such domain wall. In this case, the restored ZI
symmetric state is the mixed SPT state described by
HY(BZJ,0iTO%). In fact, all the mixed SPT states de-
scribed by H'(BG,0iTO}™?) and all the G x G pure
SPT states described by H'[BG1, H%~%(G2,R/Z)] can be
constructed in this way.2?

Such a ZI mixed SPT state can be probed by sur-
face symmetry breaking.!® The ZI' symmetry break-
ing domain wall on the boundary will carry the gap-
less edge state of 2+1D (Fg)® bosonic quantum Hall
state. In fact, all the mixed SPT states described by
HY(BG, aiTOdL*Q) and all the G; x Gy pure SPT states
described by H'[BG1,H?"2?(G2,R/Z)] can be probed in
this way.

In the following, we will consider if there are extra
mixed ZJ SPT phases. Let a; be the generator of the
ring H*(BZ¥,Z,). Let we choose the natural embedding
ZT — O via ZI — 0/SO, we find that

H3*(BZI 0iTO3) &

T ZT

Z2 2
wi? =a, w;? =0,

(158)

However, since the ZJ twist can only be implemented by
reversing the space-time orientation, we need to identify

Zy
W1 — W7

(159)

In 7+1D and below, we did not find any extra mixed ZJ
SPT phases.

G. U(1) x ZT SPT states

In Ref. 13, we obtained

d=0mod 2
HUBW() x 20),2) = 4 0 mod 2,
%Zg, d =1 mod 2,

(160)



which allows us to get*%:6°

427, d=0mod 2,
HUBUW) x 2]),2:) = { 2,
TZQ, d =1 mod 2,
(161)

This allows us to obtain U(1) x ZI" mixed SPT states
which are given by

in 3+1D: H'[B(U(1) x ZQT),aiToi;] = Z,,

in 4+1D: H2[B(U(1) x Z¥),0iTO}] = 0,

in 54+1D: H3[B(U(1) x Z¥),0iTO3] @ H'[B(U(1) x
Z1),0iTO}] = 3Z,,

in 6+1D: H*B(U(1) x ZT),0iTO%] & H2[B(U(1) x
Z¥1,0iTO%) = 2Z,,

in 7+1D: H°[B(U(1) x Z¥), mTo?’] @ H?[B(U(1) x
Z3),0iTO}) @ H' [B(U(1) x ZT), 01T07] = 6Z,.

In the following, we will consider if there are extra
mlxed U(1) x Z2 SPT phases. We first note that the ring
H*[B(U(1) x ZT),Z5] is generated by ay, fo (the same as
H*B ( ( ) X Z3),Z3) and H*[B(U(1) x Z2),Z3]). Note
that 1B ( ()xZT)

. Or Hd[ (U(1) x Zz¥),R/Z] for d =
even is generated by 201 , 2a%cl , etc .

If we choose the natural embedding U(1) x Z — O
via U(1) x Z3 — SO(3) which map U(1) to the rotation
in z-y plane and Z; to the z — —z reflection, we find
that

Z] for d = odd is generated by

alcl CL?Cl ’

W =ay, w§?=fo, wP2=0,i>2 (162)
Also since the time-reversal twist is implemented by the
orientation reversal, we need to set wi; = a;.

In 241D, the potential extra mixed U(1) x
ZT SPT phases are described by H[B(U(1) x
Z1), H?(SO,R/Z)] = Z; generated by ay;ws. In 241D,
we have the following relations (setting wi = ay)

Wi+ wy = wiwy = 0, (163)
We see that waw; = 0, and there is no extra U(1) x ZI
SPT phase in 2+1D.

In 341D, the potential extra mixed U(1) x
ZT SPT phases are described by H2[B(U(1) x
Z1), H?(SO,R/Z)| = 2Z, generated by atwa, fows. In
341D, we have the following relations (setting wi = ay)

4 2
WiWy = WiW3 = W] + W5 + Wiws + wy =0,

W%fg = W%fg + f22 + f2W2 =0. (164)
We see that wiwy = 0 and fows = f3. But fowy = f3
can be deformed to zero smoothly. Thus there is no extra
U(1) x Z¥ SPT phase in 3+1D.

In 441D, the potential extra mixed U(1) X
Z¥ SPT phases are described by H?[B(U(1) x
Z5), H2(SO,R/Z)| @ HMB(U(1) x Z1), H(SO,R/Z)] =
3Zy generated by wowfa, wowj, wyiwi. In 4+1D,
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we have the following complete set of relations (setting
w1 = Cl,l)

W‘;’ = W1f22 = W‘;’Wg = wy fowg = Wlwg = W%Wg
= f2W3 = W1Wyqg = W5 = 0 (165)
There is no extra U(1) x ZI SPT phase in 4+1D.

In 541D, the potential extra mixed U(1) X
ZI SPT phases are described by H*[B(U(1) x
Z3), H*(SO,R/Z)]@ H*[B(U(1) x Z3), H*(SO,R/Z)] =
5Z5 generated by Wza%f2, W2f22, Wga%, W4a%, wyfo. In
5+1D, we have the following complete set of relations
(setting wy = aq)

f2W2

= W1 fow3z = Wi W3wg + W2 = W2 + W3 = W1 + wowy

22 2 2 2.2
= WiW5 + Wiwy = fow; + fowy = Wiw5 + wiws

wifo =W+ wiwg = wi f3 + Wi fawa =

=wiws +wg =0 (166)
We see that f2wo = 0. Also wiwy = w$ and w? fows =
wif? are already included in HS(U(1) x ZI R/Z).
fows = fow3 = fop; mod 2 is a part of integer class
c1p1 and can be smoothly deformed to zero. However,
wiwy = w2ws = wap; mod 2 is not restricted. There is

an U(1) x ZI SPT phase in 5+1D described by

1
top(A F) 2W%p1 (167)

But the above topological invariant has been included
by U(1) x Z¥ SPT phases described by H3[B(U(1) x
ZTY,0iTO%] ~ H2(U(1) x Z¥ ,R/Z) (see Appendix I).
So there is no extra U(1) x ZI SPT phase in 5+1D.

In 641D, the potential extra mixed U(1) x
ZI' SPT phases are described by H°[B(U(1) x
ZI), H?*(SO,R/Z)|® H3[B(U(1) x ZT),H*(SO,R/Z)| @
HBU®1) x ZI),H5(SO,R/Z)] = 7Zy generated by
WQG,?7 Wzaszg, W2041f227 W40€’7 W4a1f'27 Wega1q, W%(ll. In
6+1D, we have the following complete set of relations
(setting wy = aq)
wi = wify = wiwy = wifo + Wi fowy = w1 fiws
= f3ws

2 2 3 2
= Ww5ow3 = W1w5 = wiwy = Wi fows + wi fawy

3.2 3 4 5 2
=WiW5; = WiWy = WiW3 = W) fa + W] faws

2 2
= WiWaW3 + Wi WoWy = W3Wyq = W1 fows + fows

= Wiws = WiwaWs + Wows = wiwg = wr = 0. (168)
We see that wow) = wy fawy = WaW5 = W1Wg = W1W3 =
0 and wifows = Wifo, wifows = wifow3 = fows.
But w3 fowy = wify is already included in H'(U(1) x
ZT R/Z). Only wy fow2 is not restricted. Thus there is
an extra U(1) x ZZ SPT phase in 6+1D described by a
topological invariant

dA

S Wi1pP1

WtZ)p(Avr) = 2 o

(169)



H. U(1) x Z7 SPT states

In Ref. 13, we also obtained

%ZQa d =0 mOd 47
d+3 _
Hd[B(U(l) 1 Zg),Z] C 4 Zs, d =1 mod 4,
Z® %27, d=2mod 4,
%227 d =3 mod 4,
(170)
If we assume
12, d =0 mod 4,
dt37 -1 A
HYBUQ) x 25),z] =4 + 7% d mod 4,
Z® %27, d=2mod 4,
%227 d = 3 mod 4,
(171)

then, we will obtain*%:69

%ZQ, d =0 mod 2,
417,, d=1mod 2,
(172)

H[BU) % Z3),25] =

which should agree with eqn. (145). Indeed, it agrees,
implying that eqn. (171) is correct.

Eqgns. (171) and (172) allow us to obtain U(1) x ZT
mixed SPT states which are given by
in 3+1D: H'[B(U(1) x ZZT),aiToi] = Z,,
in 4+1D: H2[B(U(1) x Z7),0iTO}] = Z,
in 5+1D: H3[B(U(1) x z¥),0iTO%] @ H'[B(U(1) %
Z1),0iTO%] = 2Z,,
in 6+1D: H4*B(U(1) x ZT),0iTO%] @& H2[B(U(1) %
ZT),0iTO%] = 3Z,,
in 7+1D: H°[B(U(1) x Z¥),0iTO%] @ H?[B(U(1) %
ZI,0iTO% | @ HY [B(U(1) x ZT),5iTOY] = 6Z,.

In the following, we will consider if there are extra
mixed U(1) x ZI SPT phases. We first note that the
ring H*[B(U(1) x Z¥),Z5] is generated by ai, fo (the
same as H*[B(U(1)x Z3),Zs]) and H*[B(U(1) % Z3),Zs)),
where fy is ¢; mod 2. As discussed in Appendix H,
HAU(1) x ZT,R/Z] is generated by the subgroup of the
factor group of H*[Z¥ HI=*(U(1),R/Z)]. We find that
in our case here, He[U(1) x ZI R/Z] is generated by
the full H*[ZT , HI*(U(1),R/Z)]. H"(U(1),R/Z) = Zis

n—1
generated by the Chern-Simons term ac, > . ZZ acts on
H™(U(1),R/Z) by H™(U(1),R/Z) — H™(U(1),R/Z) if
2=l = even, and by H"(U(1),R/Z) = —H"(U(1),R/Z)
if 21 = odd. So HU(1) x Zf,R/Z] is generated by
aact, with m+2n+1 = d and (m,n) = (even,even) or
(m,n) = (odd,odd). As discussed in Appendix I, a*ac}
can be viewed as a]* !¢, This allows us to obtain the

generators of HU(1) x ZT R/Z].
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If we choose the natural embedding U(1) x ZI — O
via U(1) x Zy = O(2) — O, we find that
wP =ay, w§? = f, Wi02 =0, i>2. (173)
Since the time-reversal twist is implemented by the ori-
entation reversal, we need to set w; = a;. We also note
that H*[B(U(1) x Z1),Z,] = H*B(U(1) x ZI),Z,],
since when the coefficient is Zs, there is no distinction
between U(1) x ZI and U(1) x Z¥. The above results
implies that the extra mixed U(1) x ZZ SPT phases are
the same as the extra mixed U(1) x ZZ SPT phases, So
we can used the results from the last section.

VI. SPT STATES PROTECTED BY MIRROR
REFLECTION SYMMETRY

In this section, we are going to consider SPT state pro-
tected by mirror reflection symmetry Z!, which can be
probed by the fixed-point partition function on space-
time M? with symmetry twist. However, here, the sym-
metry twists make the space-time unoriented.62764:82 So
the ZM SPT states are described by the gravitational
topological invariants Wt‘ép(I‘), which take non-trivial
values for unoriented space-times.

Here we would like to remark that the symmetry twists
of the time reversal ZJ can be implemented by unori-
ented space-time, since the action amplitude for cells with
opposite orientation differ by a complex conjugation (see
eqn. (40)). This suggest that the L-type ZI SPT states
and the L-type ZM SPT states are the same.

To study the potential Z37 SPT states, we note that
the ring of the cobordism group Qdo of closed unoriented
smooth manifolds is”®

0° =07 =2Z[{za}), d>1,d#2'—1, (174)
d

where M[{z4}] is the polynomial ring generated by z4’s
with M as coefficient. Also z9; = RP?. In lower dimen-
sions, we have

Qf = 0, since circles bound disks.

OF = Z,, generated by zs.

Q9 =o.

QF = 2Z,, generated by x4 and 3.

950 = Z,, generated by x5 = Hy 4.

QF = 3Z,, generated by zg, zow4, and 3.

Q7O = ZQ, generated by Ty = H274 X RP2

Qg = 5Z,, generated by xg, 1226, T324, T3, T5.

H,, » is a manifold of dimension m +n —1 defined as the
subset of RP™ x RP™ of points satisfying the homoge-
neous equation zoyo + - + TmYm = 0.

The potential gravitational topological invariants for
Z3 SPT phases have been obtained in Ref. 62 and 63.
However, their realizations have not been discussed sys-
tematically. In this paper, we show that all the Z} po-
tential gravitational topological invariants are realizable
by the O(co) NLoMs. This is because the unoriented



cobordism group has no free parts. Thus there is no
Chern-Simon potential gravitational topological invari-
ants. As discussed in Section C, the locally-null potential
gravitational topological invariants are all realizable.

In the following, we will calculate the corresponding
locally-null gravitational topological invariants for those
ZM SPT phases. Many results have been obtained in
Ref. 62 and 63.

In 1+1D, the gravitational topological invariants
W (L) are generated by mw} = mws, since the condi-
tion up = 0 requires w? = wy. In 3+1D, the gravitational
topological invariants Wt%p(F) are generated by w3 and
mws, since the condition ug = 0 requires wiws = 0.

In 4+1D, there are seven Stiefel-Whitney classes w?,
WiwWa, WiW3, WiW3, WiW4, Wows, ws. The Wu classes
uz = ug = us = 0 give us

4 2
WiWo = Wi + W5 + W1w3 + Wy

= Wiwg + Wiws + Wiwz + wiwy = 0 (175)

Other relations can be obtained by applying the Steenrod
squares:

Sq'(u3) = wiws = 0.
Sql(U4) =wiwy + w5 =0.

Sq®(uz) = wiws + Wiw3 + wiwg = 0. (176)

Additional relations can be obtained from eqn. (78)
Sq¢t(w}) +urwi =wi =0

Sql(W4) +uiwy =ws =0 (177)

Sq?(w3) + ugwz = wiwy + ws + wiwsz = 0.

We find that w) = wiws = wiwz = wiwy = ws = 0. So

we have an realizable gauge-gravity topological invariant
in 44+1D:

5 1

Wtop(F) = §W2W3. (178)

But such a topological invariant can exist even if we break

the time-reversal symmetry (see (89)). So it actually

describes a topologically ordered phase. There is no L-

type time-reversal SPT in 441D. In general, the L-type

realizable Z3! SPT phases in d-dimensional space-time

are not described by Q¢, but by a quotient of Q9

PSPTYu = Q7 /93°, (179)

where ng is the orientation invariant subgroup of ng

(i.e. the manifold M? and its orientation reversal —M?
belong to the same oriented cobordism class).

VII. SUMMARY

In this paper, we use G x SO(oc0) non-linear NLoMs
to construct pure SPT and mixed SPT states, as
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well as iTO states. We find that those topological
states are classified by a quotient of H(G x SO,R/Z).
For example, the quotient of H?(SO,R/Z) give rise
to iTO phases: H(SO,R/Z)/A? = &iTOY. Writ-
ing (G x SO,R/Z) as H}(G,R/Z) ® H(SO,R/Z) &
O{_TH*BG, 1% *%(SO,R/Z)] and use the quotient to
reduce H4(SO,R/Z) to oiTO}, we find that L-type
realizable G SPT phases are classified by E4(G) x
O H*(BG,aiTOY %) @ HY(G,R/Z).  This classi-
fication include both the pure states [classified by
HY(G,R/Z)] and the mixed SPT states [classified by
EYG) @z;%Hk(BG,UiTOdI;k)]. (Some of the mixed
SPT states were also referred as the beyond-group-
cohomology SPT states. In this paper, we see that
those beyond-group-cohomology SPT states are actually
within another type of group cohomology classification.)

More general SPT states exist, which cannot be ob-
tained from G x SO(c0) non-linear NLoeMs. Those SPT
states are described by E4(G) x @{_1 H*(BG,iTO} ).
We note that, as Abelian groups, oiTO% is isomorphic
to iTO¢, although oiTO} C iTO} (see Table I). As a
result, B%(G) x @{_} H*(BG, iTO¢™") is isomorphic to
EYG) @z;in(BG7UiTO%7k), as Abelian groups.
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through Industry Canada and by the Province of Ontario
through the Ministry of Research.

Appendix A: Group cohomology theory
1. Homogeneous group cocycle

In this section, we will briefly introduce group co-
homology. The group cohomology class H(G,M) is
an Abelian group constructed from a group G and an
Abelian group M. We will use “+” to represent the mul-
tiplication of the Abelian groups. Each elements of G
also induce a mapping M — M, which is denoted as

g-m=m', g€G, mm eM. (A1)
The map g- is a group homomorphism:
g-(mi+ma) =g-mi+g-mo. (A2)

The Abelian group M with such a G-group homomor-
phism, is call a G-module.

A homogeneous d-cochain is a function v4 : G¥1 — M,
that satisfies

Vd(907 e agd) =g Vd(g.907 T aggd)’ 9,39 S G. (AS)



We denote the set of d-cochains as C%(G,M). Clearly
C%(G,M) is an Abelian group. homogeneous group cocy-
cle

Let us define a mapping d (group homomorphism)
from C4(G,M) to C4+1(G,M):

d+1
(dl/d)(gO? e 79d+1) = Z(_)zyd(g07 e )gi) e agd-i-l)
i=0
(Ad)
where 9os 5 Giy 5 Gd41 is the sequence
9o, 5 Giy *+ »9gd+1 with ¢; removed. Onmne can check

that d? = 0. The homogeneous d-cocycles are then the
homogeneous d-cochains that also satisfy the cocycle
condition

dl/d =0. (A5)

We denote the set of d-cocycles as Z¢(G,M). Clearly
Z4(G,M) is an Abelian subgroup of C4(G,M).

Let us denote BY(G,M) as the image of the map
d: C¥YG,M) — C¥(G,M) and B°(G,M) = {0}. The ele-
ments in B4(G, M) are called d-coboundary. Since d? = 0,
B4(G, M) is a subgroup of Z4(G,M):

BYG,M) = {dvg_1|vg_1 € CHG, M)} € Z4(G, MA6)

The group cohomology class H%(G,M) is then defined as

HYUG,M) = Z4(G,M)/BLG,M). (A7)

We note that the d operator and the cochains C¢(G, M)
(for all values of d) form a so called cochain complex,

S edaomy S ettiaomy S (A8)

which is denoted as C(G,M). So we may also write the
group cohomology H¢(G, M) as the standard cohomology
of the cochain complex H4[C(G,M)].

2. Inhomogeneous group cocycle

The above definition of group cohomology class
can be rewritten in terms of inhomogeneous group
cochains/cocycles. An inhomogeneous group d-cochain
is a function wy : G¢ — M. All wyq(gy,---,gq) form
C%(G,M). The inhomogeneous group cochains and the
homogeneous group cochains are related as

(A9)

Vd(Qnglv"‘ »gd) = wd(g()lv"' ,gd71,d),

with

go =1, g1 = gogo1, 92 = 91912, 9d = 9d—19d—1,d-

(A10)
Now the d map has a form on wy:

(dwa)(go1; - s 9d,av1) = go1 - walgi2, -, 9d,d+1)
d .
+ > (—)'walgor,---

»9i—1,iGii+1," " 79d,d+1)

+ (=) walgor, -+ + Ga—1,a) (A11)
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This allows us to define the inhomogeneous group d-
cocycles which satisfy dwy = 0 and the inhomogeneous
group d-coboundaries which have a form wg = dpg—1. In
the following, we are going to use inhomogeneous group
cocycles to study group cohomology. Geometrically, we
may view g; as living on the vertex ¢, while g;; as living
on the edge connecting the two vertices ¢ to j.

Appendix B: L-type potential gauge topological
invariants

In Section II, we introduced the gauge topological in-
variant Wtﬁl)p(A). In fact, the gauge invariance (47) put
a strong constrain on the quantized class of the gauge
topological invariant W, (A). In this section, we will
solve those self consistent conditions and obtain the po-
tential gauge topological invariants directly without go-
ing through the NLoM (i.e. we do not concern about if
a gauge topological invariant can be generated/realized
by a well defined local bosonic model or not).

First, it appears that all gauge topological invariants

are trivial, since we can always rescale them Wt%p(A) €eR

to Wt‘f)p(A) = AW, (4) and send A — 0. The new
rescaled topological invariant W{f)p(A) will vanish. This

way, we showed that there is no non-trivial gauge topo-
logical invariant that does not smoothly connect to zero.

There are two related ways to see the mistake in the
above argument. First, we note that gauge topological
invariants W (A) can be gauge invariant only up to a 27
phase. If we scale W{f,p(A) by an arbitrary real number,
it will not be gauge invariant.

So different non-trivial gauge topological invariants
that do not smoothly connect to zero are classified by

their quantized changes under gauge transformations:

/ Wt‘gp(Ag)—/ Wi (A) =0 mod 1. (B1)
M Md

We note that the change of the gauge topological invari-
ant, [,;.[We,(A+5A) =W (A)], can be expressed as™

[ oa) - wi )= [ PurY)
Md Nd+1
Ptop(FN) = th(ip(A)V (B2)

where M? is closed OM? = (), N**!' = M9 x I and
the gauge connection AN on N9+1 gatisfies that on one
boundary of N4*1 AN = A and on the other boundary
AN = A+ 6A. We call AN an extension of A, A+ JA on
the boundary M4U(—M?) = N+ to N4+1. Therefore,
eqn. (B1) can be rewritten as

/ Piop(FN)=0mod 1, N =M% S (B3)
Nd+1

where G-bundle on N+ = M? x S' has a twist generate
by g around S'. We note that Py, (F?) is a closed form



(or a cocycle) dPyop(FYN) = 0. Its change under a gauge
transformation on N4+1 is given by

/ dPtop = 0
Nd+1x 51

Thus de+1 Ptop(FN) is gauge invariant. So we can ex-
press Pyop(FY) as a function of the field strength. Also,
a smooth change of the local bosonic Lagrangian will
change W (A) by an gauge invariant term AW (FN)
and change Piop(FY) by an exact form Piop(FY) —
Pl (FN) = Piop(FN) + dAW(FN).

Also, when g is trivial on M? or when the G-bundle
on N1 = M? x St can be reduced to a G-bundle on
M4, we have

(B4)

/ Piop(FN) =0, N =M*x S (B5)
Nd+1
In other words, when the G-bundle on N1 = M9 x §1

can be extended to a G-bundle on D42 = M9 x D?,
where D? is a disk, we have

/ Piop(FN) = 0. (B6)
(M2 x D?)
The above also implies that
/ Puop(F¥) =0, (B7)
oDd+2
where D92 is a (d + 2)-dimensional disk.
To see the second mistake, we note that Wt%p(A) is

only required to be well defined when A is deformable to
A = 0. In general, only the difference [,,,[W¢ (A) —
WZ (A)] is well defined, and only up to a 27 phase. If

top
we scale Wt%p(A) by an arbitrary real number, it will not
be well defined. In this case, we need to use eqn. (B2) to
define the difference. More generally, if we want to define
the difference of the topological invariant on spaces with

different geometry, we need to generalize eqn. (B2) to

[owid= [ wi,= [ PaPY)

Ptop(FN) = thd()p(A)7 (BS)
where 9N = M? U (—M%) and the gauge connection
AN on N1 satisfies that on one boundary —M9, AN =
A, and on the other boundary M?, AN = A. In order for
the above difference to be well defined, we require that

/ Ptop(FN) =0 mod 1, for any closed NA+1,
Nd+1
(B9)
where is a stronger quantization condition on Py, (FY).
Now, we would like to retell the above story in terms

of classifying space, and following Ref. 94, try to un-
derstand the different quantized topological invariants
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Piop(F) from the classifying space point of view.?? We
first note that all the gauge configurations on N%*! can
be understood through classifying space BG and uni-
versal bundles EG (with a connection): all G-bundles
on N4t1 with all the possible connections can be ob-
tained by choosing a suitable map of N%*! into BG,
v : N1 — BG.* BG is a very large space, often infi-
nite dimensional. If we pick a connection in the universal
bundle EG, even the different connections in the same
G-bundle on M? can be obtained by different maps 7.
Therefore, we can express Piop(F') as

/ Prop(F) = Q1 (%) (B10)
Nd+1

We will further assume that we can express Piop(F) as

[ Pam =@ty e
Nd+1

where N,‘YHl is the image of N4*1 in the classifying space
BG under the map . We will come back to this point
later. Here we use the superscript d + 1 to stress that
Qﬁj;(-) is function of (d 4 1)-dimensional manifolds.
We see that once we specify a connection on BG, every
map v : M4 — BG will define a connection F' on Nt
Thus we can view the function of N4+, Qfg;l(Nﬂ”l), as
a function of the connection, Pop(F'). Therefore, we can
study the properties (such the quantization condition)

of gauge topological invariant Py, (F') via the function

QLN (NHY) in the classifying space BG.

The function in;;l (N4+1) has the following defining

properties (see eqn. (B6)):

Qd-l-l (Nd-‘rl) c R,

top
Qtop (V1) + Qi (N5 = QU (NI U N5,
Qtd(;il-al(Nd+1) _ 07 if Nd+1 _ 8(Md % D2) (B12)

Here N¥* U N is an algebraic union of N and
N&FL For example, if Ngt'is N9 with an opposite
orientation, then N¢™!' U N1 = . (More precisely,
N{Hl and Né”l should be viewed as chains, and N{Hl U

Né”l as the addition of chains in homological theory.)
The above also implies that

QELHNTTY) =0, if NTF = 9(D?). (B13)
Then using the additive property of Qf;}, we can show
that
Qiop (NTF1) R,
Qiop (V) + QI (NS™) = Qi (N U NG,
ch;l(Nd+1) =0, if Nd+1 — 80d+2, (B14)

Also, from eqn. (B9), we obtain

QYN = 0 mod 1, if INIH = 0.

top

(B15)



From the condition eqn. (B14), we see that the func-
tion QdH(NdH) can be described by a cocycle wgy1 €
Zd+1(BG R), where Z%*1(BG,R) is the space of all co-
cycles on the classifying space BG with coefficient R:

QELH(NITY) =

(Wat1, NT). (B16)
Certainly not every cocycle in C91(BG,R) satisfies
the quantization condition eqn. (B15). Let us use
Z3TH(BG,R) to denote the set of cocycles that satisfy the
quantization condition eqn. (B15), and use B4t (BG,R)
to denote the set coboundaries. Since the coboundaries
are all connected and represent local smooth changes of
the bosonic Lagrangian, Z4™'(BG,R)/B%!(BG,R) de-
scribes the quantized topological invariants, which are
not smoothly connect to each other by the local smooth
changes of the bosonic Lagrangian. It turns out that
Free[H"'(BG,Z)] = Z4**(BG,R)/B**(BG,R).
(B17)

Thus Free[H!(BG, Z)] describes a set of the quantized
potential topological invariants.

But Free[H?*!(BG,Z)] does not describe all the po-
tential topological invariants. Free[H?t!(BG,Z)] only
describe a type of topological invariants that change
their value under a smooth change of the gauge con-
figuration [y, (Wi, (A +64) — W, (A)] # 0. We wil
call such type of topological invariants as Chern-Simons
topological invariants. However, there are another type
of topological invariants that do not change under a
smooth change of the gauge configuration [} . [W (A+
dA) — top(A)] = 0. We will call such type of topo-
logical invariants as locally-null topological invariants.
The locally-null topological invariants correspond to
P(FN) = 0. So it is missed by our discussion above.
In the classifying space approach, the locally-null topo-
logical invariants efma Wien(4) ig described by cocycles in
H4(BG,R/Z).6"% However, HY(BG,R/Z) may contain
continuous part, such as R/Z. So the quantized poten-
tial locally-null topological invariants are described by
Dis[H4(BG,R/Z)], the discrete part of H(BG,R/Z).

This way, we show that

the potential gauge topological invariants that cannot
connect to zero and cannot connect to each other are
described by Free[H?*t!(BG,Z)] @ Dis[H*(BG,R/Z)].
Since Dis[H¢(BG,R/Z)] = Tor[H*(BG, Z)], we may
say that the potential gauge topological invariants are
described by H¥*1(BG, Z).

Since the different gauge transformation properties
d d (-
277/ top Wtop( ) = ‘ / Ltop( 189)
Md A=0 Jprd
(B18)

are classified by group cohomology H?(G,R/Z) (where
Li (g) is a cocycle in H%G,R/Z)) and since
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H¥Y(BG,Z) = HE(G,R) (see, for example, Ref. 69), we
find that the L-type potential gauge topological invari-
ants coincide with the realizable L-type gauge topological
invariants produced by the NLoM. This means that

the L-type potential gauge topological invariants de-
scribed by H*!(BG, Z) can all be produced by L-type
local bosonic models (4.e. the NLoMs with fields in G),
if we “gauge” the symmetry G. In other words, all the
L-type potential gauge topological invariants described
by H41(BG,Z) are realizable by L-type local bosonic
systems.

For example, when G = U(1 ) H4(BU( ),Z) = Z,
whose generator is c? with ¢; = —F and 01 71r2 FF =
Ptop(F). The corresponding gauge topological invari-

ant is W2 (A) = ﬁAF, where F' is the curvature

two-form of the U(1) connection one-form A. Such a
gauge topological invariant describes a U(1) SPT state
in #H3[U(1),R/Z] in 2+1D.

Appendix C: L-type potential gauge-gravity
topological invariants

In Section I1I B, we introduced L-type realizable gauge-
gravity topological invariants Wtff)p(A, I'). In this section,
we will discuss the L-type potential gauge-gravity topo-
logical invariants Wt‘f)p(A, '), by repeating the discussion
in Appendix B. We can use a (d+ 1)-form P;, to define
difference of the potential gauge-gravity topological in-
variant W (A, T):%

top

/~ top A F / top

- / PtOp(F RN), with 6Nd+1 = Md U (_Md)_
Nd+

(C1)

In the classifying space approach, Piop(FN, RY) is ex-

pressed as

[ PPN BN = @i ()
N

where N9*! is the image of the map v : N+ — B(G x

S0). We find that Qi (NI*1) satisfies

top

Qlop (NyH) €

QU (NI + fipluvd“) QU (NI U N,

QEEH (NI =0, if NI = 00.

QUELNNST)y =0mod 1, if INIH! = . (C3)
However, the quantization condition Qfg;l(Nd‘*‘l) =

0 mod 1 is required only for a subset of cycles Njf“ in

B(SO x G). This is because for a closed N%*! with a
given topology, a generic map v : N“*1 — B(G x SO)



can give rise to an arbitrary G x SO principle bundle
over N1 (whose fiber is the G x SO group). The cor-
responding SO vector bundle (whose fiber is the vector
space that forms the fundamental representation of SO)
may not be the tangent bundle over N%*1. Such a map is
not allowed. The quantization condition Q‘ti;;l (N jf‘*‘l) =
0 mod 1 is required only for the maps ~ that give rise to
the tangent bundle over N4+1,

Let Z&M[B(G x SO),R] be the space of quantized
cocycles, and let Byy1[B(G x SO),R] be the space of
coboundaries. Then the potential gauge-gravity topolog-
ical invariants are described by

HETB(G x SO),R]

= ZIMB(G x SO),R|/Ba41[B(G x SO),R].  (C4)
Since the quantization condition is enforced only one a
subset of (d 4 1)-cycles N+, HEPB(G x SO),R] may
contain unquantized continuous part R. It may also con-
tain quantized discrete part Z. In other words,
a1 nG nG

HEYB(G x SO),R] = (8/%R) @ (©.%,2) (C5)

We note that the cocycles in H¥!(BG, Z) also satisfy

all the conditions in eqn. (C3), thus we have a group
homomorphism

Free[H [B(G x SO),Z]] — HE[B(G x SO),R].
(C6)

The image of the map is formed by realizable gauge-
gravity topological invariants. We also note that there
is another group homomorphism (an exact sequence)

0 — Dis[HZT (BG,R)] — Free[H(B(G x SO), Z(

for a certain n, where Z(1) is the fractional integer
{0, :I:%7 j:%, ---}. This is because all unquantized cocy-
cles are dropped, and a quantized cocycle corresponds
an element of H™(B(G x S0O),Z(1)). Also differ-
ent quantized cocycles correspond different elements of

H™(B(G x §0),Z(1)). If we write
Free[H™ (B(G x SO),Z)] = (&77,2), (C8)
we have
nz =nS +ng. (C9)

Note that H&t(BG,R) only describe Chern-Simons
gauge-gravity topological invariants. The locally-null
gauge-gravity topological invariants are described by

HA[B(G x SO),R/Z] = Dis (Hd[B(G x SO),R/Z] /Ag),
(C10)
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where A¢, is a subgroup of HY[B(G x SO),R/Z] form by
cocycles w? that satisfy

(W, Ny =0, (C11)
where N4 is all the close d-manifolds in B(G x SO) such
that the SO bundle on Nﬁl is smoothly connected to the
tangent bundle of Ng. Since Dis(H[B(G x SO),R/Z]) ~
Tor(H[B(G x S0O),Z]), we have

HZ[B(G x SO),R/Z] C Tor(H*'[B(G x S0),Z]),
(C12)

that describes the locally-null potential gauge-gravity
topological invariants. Those locally-null gauge-gravity
topological invariants are all realizable. We also have

Dis(HE™ [B(G x SO),R]) C Free(H* ' [B(G x SO), Z(

1
n
(C13)
that describes the Chern-Simons potential gauge-gravity
topological invariants. A subset of those Chern-Simons
gauge-gravity topological invariants that are also in
Free(H[B(G x S0O),Z]) are realizable.

We like to remark that, in general, the image of the
map (C6) is not the whole H&™ (B(G x SO),R). This
means that some potential gauge-gravity topological in-
variants cannot be generated from NLoM construction
discussed in Section 1T B. However, it is not clear if there
are some other bosonic path integrals that can generate
the missing potential topological invariants.

Appendix D: The ring of H*(BSO,Z)

According to Ref. 97, the ring H*(BSO, Z) is a poly-
nomial ring generated by p; and B(wa;, wa, -++), 0 <
i1 < 49 < ---, with integer coefficients. Here p; €
H*(BSO, Z) is the Pontryagin class of dimension 4i and
w; € H'(BSO,Z5) is the Stiefel-Whitney class of dimen-
sion i. Since TorH?(BG,R/Z) = TorH1(BG,Z) (see,
for example, Ref. 69), the natural map H¢(BG,Zy) —
TorHY(BG,R/Z) induces a natural map H¢(BG,Z3) —
H¥(BG,Z): B : HY(BSO,Z,) — H*(BSO,Z).
Therefore, (w2, Wa;, - - - ) has a dimension 1+ 2i; +2iy+

More precisely, to obtain the ring H*(BSO, Z) from a

polynomial ring generated by p; and B(wa;, way, - -+ ), we
need to quotient out certain equivalence relations:
H*(BSO,Z) = Z[{p:}, {B(wai,wai, - -+ )}]/ ~, (D1)
where the equivalence relations ~ contain
2B(wai, wai, -+ ) =0, (D2)
Buw(I)pw(J) =

S BwarBw(I — k) UJ — (I — k)N JJpl(I = k) . J],

kel



where [ = {il,ig, . -'}, W(I) = W24, W24y = * . and p([) =

Di, Diy - - - - Here we list all the second kind of the equiva-
lence relations for low dimensions
Bwafwa = fwaBwa,
Bwafwy = Bwafwy,
B(wawy)Bwe = BwaB(Wawy). (D3)

We see that those relations are identities (mod 2), and
thus there are no effective equivalence relations of the
second kind for dimensions less than 12. So for low di-
mensions,

H'(BSO,Z) =0,

H?*(BSO,Z) =0,

H3(BSO,Z) = Zy = {mBws},

H*(BSO,Z) = Z = {np:},

H5(BSO,Z) = Zy = {mBw,}, (D4)
HS(BSO,Z) = Zy = {mBwafws},

H"(BSO,Z) = 2Z5 = {m1fwe + mafwap1 },
H8(BSO,Z) =2Z ® Zy = {n1p? + naps + mPBwafwy},

where m’s are in Z5 and n’s in Z.
Also, according to Ref. 97, the ring H*(BO,,,Z5) is
given by

H*(BOn,Zz) :ZQ[Wl,WQ,-“]. (D5)
For low dimensions, we find that
Hl BO,ZQ = 22 = {le},
H?*(BO,Z5) = 2Z5 = {miw2 + maw} }, (D6)

where m’s are in Zs.

Appendix E: Calculate the generators in eqn. (67)
and eqn. (146) from eqn. (66) and eqn. (143)

The basis in eqn. (67) and eqn. (146) give rise to
the basis in eqn. (66) and eqn. (143) after the one-to-
one natural map §: H4G,R/Z) — H**'(BG,Z). We
also have a natural map 7 : H%(G,Zy) — HY(G,R/Z),
such as nw; = %WZ The Bockstein homomorphism
B : HYG,Zy) = HYBG,Zy) — HY(BG,2Z) is given
by 6 = BW, which is equal to the Steenrod square Sgq'.
One can use the properties (see Section IV B)

Sq*' (zy) = Sq* (z)y + 2S¢ (y),
i) = wWiw; + (’L + 1)Wi+1, Sql(wg) = 0; (El)

Sq'Sq' =0,
Sql(w
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for x,y € H*(X,Z3) to compute the action of Sq*.

Let us first calculate the generators in eqn. (67)
from those in eqn. (66). In 2-dimensional space-time
H2(SO,R/Z) = H3(BSO,Z) = Z,. H3(BSO,Z) is gen-
erated by the promoted 3-dimensional topological invari-
ant KS( ) = Sq (WQ) = Wi1W3 + W3. HQ(SO, R/Z) is
generated by W2 (T') which is the pull back of K3(I') =

top T
wiwg + w3 by the natural map 3 : H?*(SO,R/Z) —
H3(BSO,Z):

BV, ()] = K4 (T). (E2)
Using 8 = Sq¢'n~!, we find that Wfop = %WQ, since
T qu = wo = and Sq¢'(wz) = wiws + wz. In

241D space-time, the corresponding H*(BSO,Z) =
Z is generated by K*(') = p;. The pull back of
the promoted generator p; by the natural map B :
H3(SO,R/Z) — H*(BSO, Z) is the gauge-gravity topo-
logical invariant Wt?:)p = w3. In 3+1D space-time,
the corresponding H*(SO,R/Z) = Z, is generated by
the gauge-gravity topological invariant Wt‘ép = %W4,
since B%W4 = Sq¢'m 71*W4 = Sq'ws = PBwa. In
4+1D space-time, the corresponding H°(SO,R/Z) =

is generated by the gauge-gravity topologlcal 1nvar1ant

Wt40p 2W2 (wiwsa + w3). This is because ﬁQWQ(W1W2 +
WS) = Sql IEWQ(WIWQ + Wg) = Sq W2(W1W2 +

w3) = Sq¢'waSqtwy = BwyBws, where we have used
eqn. (E1). In 5+1D space—tirne7 again, using 3 = S¢z !
and eqn. (El), we can show that the corresponding
HO(SO,R/Z) = 2Z, is generated by the gauge-gravity
topological invariant Wy, = $we, 3w3. Similarly, we
can show that, in 641D space-time, the corresponding
HB(SO,R/Z) = 2ZBZ, is generated by the gauge-gravity

Pr

topological invariant Wt4 = wyt, wh?, é(W1W2 + w3)wy.

We would like to remark that 3 maps both L(wiwa +
w3)wy and swa(wiws+ws) in H7(SO,R/Z) to the same
BwoBw, in H®(BSO,Z), since 3 = Sq' maps both
(wiwe + w3)wy and wo(wiwy + ws) in H7(SO,Z3) to
the same SwsBwy. Since both 8 and 7 are many-to-one
maps, the above fact does not contradict with the facts
that 3 is an one-to-one map and 8 = Bm. Although
(wiwa +ws)wy and wo(wiwy + ws) are different cocycles
in H"(SO,Zy), their images under T, 2(W1W2 + w3)wy
and %WQ(W1W4 + ws), belong to the same cocycle in
H7(SO,R/Z) (i.e. differ only by a coboundary).

Using a similar approach, we can calculate the gener-
ators in eqn. (146) from those in eqn (143) For ex-
ample, we can show B%(wl%)?’( 2)2 (,6’\>\102)2 0z,
This is because B%(W?Q)B(W§2)2 = S’q [(w92)3(wS?)? } =
St [(w92)3(wS2)2 = Sq¢'[(w92)3]p92, where We have
used (W202)2 = p92 mod 2. Then using Sq [(w92)3] =
(Sq'w?)? = (Bw(?)?, we find By(w(?)*(wg?)? =
(ﬂvvog)%o?z7 where we have used Sq'w] 0. _ =(w 02)2



Appendix F: Relation between Pontryagin classes
and Stiefel-Whitney classes

There is result due to Wu that relate Pontryagin classes
and Stiefel-Whitney classes (see Ref. 100 Theorem C):
Let B be a vector bundle over a manifold X, w; be its
Stiefel-Whitney classes and p; its Pontryagin classes. Let
p4 be the reduction modulo 4 and 62 be the embedding
of Zy into Z4 (as well as their induced actions on coho-
mology groups). Then

i—1

Pa(wai) = pa(pi) + 02 (Wlsq2i71W2i + Z W2jW4i—2J')7
i=0
(F1)

where P, is the Pontryagin square,'°! which maps x €
H?"(X,Z5) to Pa(x) € HY(X,Z4). Let pa be the reduc-
tion modulo 2. The Pontryagin square has a property
that paPa(x) = 2. Therefore

p2Pa(wa;) = wi; = pa(pi). (F2)

Appendix G: The Kiinneth formula

The Kiinneth formula is a very helpful formula that
allows us to calculate the cohomology of chain complex
X x X’ in terms of the cohomology of chain complex
X and chain complex X’. The Kiinneth formula is ex-
pressed in terms of the tensor-product operation ® p and
the torsion-product operation Xp = Torf"7 which have
the following properties:

M®zM ~M @2 M,
ZRz;M=M®zZ =M,
Z,@zM~M®z Z, =M/nM,
Z,®zR/Z~R/Z®7Z, =0,
Zy @z Zn = Zimony,
R/Z®zR/Z =0,

R®zR/Z=0,
R®zR =R,
MaM)@pM=M ezM)d (M @zM),
Mg (M oM')=MerM)e MegM’);  (G1)
and
Torf(M,M') = MKz M,
MKgM ~M KM,
ZX;M=MKXzZ =0,
Z, Xz M= {m € Mlnm = 0},
Zn Xz R/Z = Zna
Z,R2 72, =Z iy,
MaM KpM=MKzMaeM Xz M,
MXpM &M =MXzM &MEKXg B, (G2)
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where (m,n) is the greatest common divisor of m and
n. These expressions allow us to compute the tensor-
product ®p and the torsion-product Xp. Here R is a
ring and M, M’,M” are R-modules. A R-module is like a
vector space over R (i.e. we can “multiply” a vector by
an element of R.)

The Kiinneth formula itself is given by (see Ref. 102
page 247)

HYX x X', M@z M)
~ [@g:() H*(X,M) @ HEF (X, M’)} ®

{ sl HR (X, M) R HOF (X, M')} . (G3)

Here R is a principle ideal domain and M,M’ are R-
modules such that MXz M = 0. We also require either
(1) Hq(X,Z) and Hy(X',Z) are finitely generated, or
(2) M and Hy(X',Z) are finitely generated.

For example, M =Z & - - ®ZPZ, D+ D Z,,.

For more details on principal ideal domain and R-
module, see the corresponding Wiki articles. Note that Z
and R are principal ideal domains, while R/Z is not. Also,
R and R/Z are not finitely generate R-modules if R = Z.
The Kiinneth formula works for topological cohomology
where X and X' are treated as topological spaces. But,
it does not work for group cohomology by treating H¢
as H? and X and X’ as groups, X = G and X' = &',
as demonstrated by the example M = M’ = R/Z and
X = X' = Z,. However, since H*(G,Z) = H*(BG, Z),
the above Kiinneth formula works for group cohomol-
ogy when M = M’ = Z. The above Kiinneth formula
also works for group cohomology when G, G’ are finite or
when G’ is finite and M’ is finitely generate (such as M’
isZor Z,).

As the first application of Kiinneth formula, we like
to use it to calculate H*(X’' M) from H*(X’',Z), by
choosing R = M’ = Z. In this case, the condition
MXgr M = MKz Z = 0 is always satisfied. M can be
R/Z,2Z,Z, etc. So we have

HYX x X'/ M)
~ | @y H* (X, M) 2z HH(X',2)|@

{ @ k(X M) Ry HOH1(X, Z)] . (Ga)

The above is valid for topological cohomology. It is also
valid for group cohomology:

HUG x G' M)
~ [&_y HH (G M) &2 HIHE 2)|@

| O HE (G M R 7RG Z)| (@)

provided that G’ is a finite group. Using eqn. (G13), we



can rewrite the above as
HYUG x G' M) ~ HUG, M)
| 022 1M (G M) @z HITFHGR/Z)| @

(el e B HHER/Z)], (Go)

where we have used
H'Y(G',Z) =0 (G7)
If we further choose M = R/Z, we obtain
HYG x G',R/Z)
~HYG,R/Z) & HY(G',R/Z)®
[ @22 HH(G R/2) @2 HOH NG R/2)| e
(i HHG R/Z) Rz HHGE RIZ)|, (G
where G’ is a finite group.
We can further choose X to be the space of one point

(or the trivial group of one element) in eqn. (G4), and
use

M, ifd=0,
0, ifd>0,

HY(X,M)) = (G9)

to reduce eqn. (G4) to

HYX,M) ~M®z; H(X,Z) ® MKz HTY(X, Z).
(G10)

where X’ is renamed as X. The above is a form of the
universal coefficient theorem which can be used to cal-
culate H*(X,M) from H*(X,Z) and the module M. The
universal coefficient theorem works for topological coho-
mology where X is a topological space. The universal co-
efficient theorem also works for group cohomology when
X is a finite group.

Using the universal coefficient theorem, we can rewrite
eqn. (G4) as

HYX x X' /M) ~ @d_HF X, HF (X' M) (G11)
The above is valid for topological cohomology. It is also
valid for group cohomology:

Hd(G X le M) = @gZOIHk[G’IHdik(G/, M)}a (G12)

provided that both G and G’ are finite groups.

We may apply the above to the classifying spaces of
group G and G'. Using B(G x G') = BG x BG', we find

HYB(G x G"),M] ~ @¢_H*BG, H**(BG',M)].
Choosing M = R/Z and using

HUG,R/Z) = H (G, Z) = HFY(BG,Z), (G13)
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we have
HL(G x G',R/Z) = HI[B(G x G'), Z]
= ot HNBG, HTH(BG Z))
=HE(G,R/Z) d HE(G',R/Z)&
ei_) H¥[BG, 1Y (G, R/2Z)] (G14)

where we have used H°(BG',Z) = Z, H5(G',Z) =
HY(BG',Z), and H5(G',Z) = 0 if G’ is compact (or
finite). Eqn. G14 is valid for any groups G and G'. If G
also satisfies (for example when G is finite)

HYBG,Z) =H%(G,Z2), HYBG,Z,) = H%(G,(én>,)
15

we can rewrite the above as

HYG x G',R/Z) = &_H*[G, HI"(G',R/Z)]. (G16)
Such/ a result is consistent with eqn. (H1) for arbitrary
G’ghé)osing X =BG, M =2Z,, equ. (G10) becomes

HYG, Z,) ~ Z, 9z HUG, Z) ® Z, Kz H (G, 2),
(G17)

where we have used eqn. (G15).
find that

HUGHY (G, R/Z)] ~ HY (G',R/Z) 7z H* 1 (G,R/Z)®
HY(G',R/Z) Rz HY(G,R/Z), (G18)

Using eqn. (G17), we

Appendix H: Lyndon-Hochschild-Serre spectral
sequence

The Lyndon-Hochschild-Serre spectral sequence (see
Ref. 103 page 280,291, and Ref. 104) allows us to un-
derstand the structure of H%(G,R/Z) to a certain de-
gree. (Here G is a group extension of SG by GG:
SG = G/GG.) We find that H4(G,M), when viewed
as an Abelian group, contains a chain of subgroups

{0}y =Hygy1 C HyC -+ C Hy=HYG,M)  (HI)

such that Hy/Hyy1 is a subgroup of a factor group of
HF[SG, HIF (GG M) s6], i.e. HFISG, HIF (GG, M)s¢]

contains a subgroup I'*, such that

Hy/Hyp C HMSG, HH(GG,R/Z)sc) /T,

k=0, ,d. (H2)

Note that G may have a non-trivial action on M and
SG may have a non-trivial action on H?*(GG,M) as
determined by the structure 1 - GG — GG £ SG —
SG — 1. We add the subscript SG to H**(GG,R/Z)
to stress this point. We also have

HO/Hl C HO[SGa Hd(GGv R/Z)SG]v

Hy/Hgy = Hy = HY(SG,R/Z) /T4, (H3)



In other words, all the elements in H¢(GG £ SG,R/Z)
can be one-to-one labeled by (zg, 1, - ,z4) with

x € Hy/Hyp C HF[SG, HIF(GG,R/Z)sc]/TE.
(H4)

Note that here M can be Z,Z,,,R,R/Z etc . Let xy q,
a = 1,2,---, be the generators of H*/H**+1 Then we
say Tp.o for all k,« are the generators of H4(G,M). We
also call Hy/Hp+1, k = 0,---,d, the generating sub-
factor groups of H(G,M).

The above result implies that we can use
(mg, mq, -+ ,mg) with

my, € HY[SG, H"*(GG,R/Z)sc] (H5)

to label all the elements in H¢(G,R/Z). However, such
a labeling scheme may not be one-to-one, and it may
happen that only some of (mg, mq,- - ,mg) correspond
to the elements in H%(G,R/Z). But, on the other
hand, for every element in H%(G,R/Z), we can find a
(mg, my,- -+ ,mg) that corresponds to it.

Appendix I: Generators of H*(BG, ciTO3%).

The Abelian group H¥(BG,siTO?) is generated by
WE(AT)/2r = aws where z are the generators

of H*(BG,Z). Since oiTO} = H3(SO,R/Z) =
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H*(BSO,Z) and since H*(BSO,Z) is generated
by the first Pontryagin class p;, we may also
say that H*(BG,oiTO3}) is generated by xp; in
H*[BG, H*(BSO,Z)]. We also know that H*(BG,Z) ~
H*=1(G,R/Z), thus we can further say that

H*(BG,0iTO3}) is generated by ap; in H*3[B(G x
S0),R/Z] where a are the generators of H*~1(G,R/Z)

and B(ap;) = xzp; under the natural map S
H*3[B(G x SO),R/Z] — H*[B(G x S0O),Z].

For example, when & = 2 and G = U(1),
H?[BU(1),0iTO7}] is generated by W, (A,I') = ciws.
W can also say that it is generated by WEOP(A, ) =ap;
where da = ¢; and a generates H'[U(1),R/Z]. So we can

write
cws = B(a)ws = —adws = —ap;. (I1)

We see that the natural map B : HF(G,R/Z) —
H*1(BG, Z) behave like a derivative d. Similarly, we
can do

B(a1)ws = _%alﬂ(wii) = _%alpb (12)

Note that when acting on the cocycles with Z5 coefficient,

B =Sq"
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