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We construct the theory of a chiral Luttinger liquid that lives on the boundary of a Galilean
invariant quantum Hall fluid. In contrast to previous studies, Galilean invariance of the total
(bulk plus edge) theory is guaranteed. We consider electromagnetic response at the edge and
calculate momentum- and frequency-dependent electric conductivity and argue that its experimental
measurement can provide a new means to determine the “shift” and bulk Hall viscosity.
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I. INTRODUCTION

Despite a long history and deep understanding of many
microscopic and universal features of quantum Hall states
[1, 2], quantum Hall physics continues to present experi-
mental surprises and new theoretical challenges. Recent
theoretical developments regarding the “shift” [3], the
Hall viscosity [4, 5], its relation to electromagnetic re-
sponse [6–8] and generic geometric response [9–12] prove
that there is still a lot to be learnt about quantum Hall
fluids. Motivated by these advances and the intimate
connection between the quantum Hall fluid’s bulk and
edge properties [2, 13, 14], we consider here a finite
droplet of a Galilean invariant quantum Hall fluid and
reexamine the physics that takes place at its edge.

We will study a quantum Hall fluid that is incom-
pressible in the bulk. At the edge, however, it supports
gapless excitations which are long wavelength deforma-
tions in the shape of the droplet that propagate along
the boundary with a drift velocity. The standard the-
ory of edge states, put forward in the seminal papers of
Wen and Stone [15, 16], is by now well-established and
understood [2, 14]. It is a theory of a chiral Luttinger

liquid, where excitations propagate along the edge only
in one direction that is determined by the direction of
the magnetic field (see Fig. 1). Tunneling experiments
confirmed the chiral Luttinger liquid nature of the edge
states in quantum Hall fluids [17].

A remarkable property of the chiral Luttinger liquid is
that it has an electromagnetic gauge anomaly. Namely,
taken on its own in the absence of the bulk, the edge the-
ory does not make good sense because it is not gauge in-
variant under electromagnetic U(1) transformations. As
a result, in the presence of an electric field Ex pointing
along the boundary the electromagnetic current is not

conserved. The nonconservation of the edge current is
compensated by the inflow of the Hall current from the
gapped bulk, derived from the Chern-Simons term, via
the celebrated Callan-Harvey mechanism [18]. In this
way the gauge invariance of the total system (bulk plus
edge) is guaranteed.

Nevertheless, it turns out however that the standard
edge theory has some deficiencies. In particular, we will

FIG. 1. Chiral excitation (hatched bump) that propagates
with the drift velocity cx = −Ey/B along the edge (y = 0) of
a quantum Hall droplet.

show that the edge theory [15, 16] is not invariant under
Galilean boosts along a flat boundary in the presence of
an external electromagnetic field. Since the bulk effective
theory, encoded in the Chern-Simons action, is Galilean
invariant, this implies the absence of Galilean invariance
in the total (bulk plus boundary) theory. We conclude
thus that for a clean Galilean invariant quantum Hall
fluid the edge theory of Wen and Stone is incomplete.

To cure this deficiency it is helpful to impose a broader
set of general coordinate invariance of which the Galilean
invariance of interest to us is a subset. General coordi-
nate invariance is a central principle in Einstein’s formu-
lation of general theory of relativity. A decade ago in
a seminal paper Son and Wingate extended this princi-
ple to nonrelativistic physics [19]. Nonrelativistic general
coordinate invariance led to exciting and experimentally
verifiable predictions in condensed matter and cold atom
physics [6, 19–21]. In technical terms, we will impose in-
variance of the edge theory under spatial diffeomorphism
transformations, i.e. coordinate reparametrizations. In
principle this allows to investigate the edge chiral Lut-
tinger liquid living on curved boundaries of quantum Hall
fluids placed on an arbitrary two-dimensional manifold,
but in this paper we will concentrate our attention on the
flat space physics. In particular, general coordinate in-
variance together with electromagnetic gauge invariance
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will guarantee the Galilean invariance of the total (bulk
plus boundary) theory.
In addition to the formulation of a Galilean invariant

theory of the chiral quantum Hall edge, our key result
is its application to compute the linear response to an
external electromagnetic perturbation. Namely, we find
that the finite-frequency (ω) and momentum (px) electric
conductivity is given by

σ(ω, px) =
ν

2π

(

1 +
S
4

p2x
B

) −ic

ω − cpx + i0+
− imǫ′′(B)

px
B

,

(1)
where B is the magnetic field, c the speed of the edge
modes and m the mass of the particles. The first term
of the conductivity is universal because it is determined
only by the filling factor ν and the “shift” S. On the
other hand, the second term is not universal since it is
sensitive to the equation of state, i.e., energy density ǫ
as a function of the magnetic field. Due to the close
relation between the “shift” and the bulk Hall viscosity
[4, 5], a spectroscopic measurement of the momentum de-
pendence of the conductivity at the edge provides an al-
ternative way to experimentally determine the bulk Hall
viscosity. Our results are thus consistent with the bulk
calculation of the electromagnetic response of quantum
Hall fluids [6–8].
In this paper we investigate an edge of integer quan-

tum Hall and Laughlin (filling factor ν = 1/k with k
an odd integer) fractional quanutm Hall fluids of spin-
less (spin polarized) fermions. It is known that in this
case there is a single chiral mode propagating along the
boundary. Here we will not consider an edge of the hi-
erarchical states of Haldane and Halperin [22, 23], where
multiple edge modes are expected and the effects of dis-
order are important [14].
Predictions made in this paper should be of relevance

for quantum Hall states to be realized in clean (no dis-
order) heterojunctions and rotating quantum degenerate
fermionic atoms.

II. CHIRAL LUTTINGER LIQUID

A convenient description of a quantum Hall edge is
bosonization of a chiral Luttinger liquid. In the integer
quantum Hall fluid the edge excitations are free chiral
fermions and the effective action can be readily written
down. In the fractional quantum Hall case the fermionic
formulation can not be studied by perturbative methods.
In both cases however the theory can be bosonized.
Specifically, from the fermionic edge density ρ we in-

troduce first a chiral bosonic field θ by

ρ =
1

2π
∂xθ, (2)

where the coupling to the electromagnetic field Aµ has
been neglected for the moment. Using this bosonic field,

the edge theory can be expressed as [15, 16]

Sθ =
1

4πν

∫

d2x (∂tθ + c∂xθ) ∂xθ, (3)

where d2x ≡ dtdx and c is the velocity of the edge excita-
tion. For a smooth edge, it is determined, in the simplest
approximation, by the potential that confines the droplet
and is given by the drift velocity of fermions located at
the edge

c = −Ey
B

, (4)

where the electric field is Ei ≡ ∂tAi − ∂iAt and the
magnetic field is B ≡ ǫij∂iAj with ǫxy = +1. In the
bosonized formulation the effect of the local fermion in-
teraction term vintρ

2 ∼ vint(∂xθ)
2 can be simply ab-

sorbed into the definition of the velocity c [2, 14].

We consider now how the chiral boson couples to the
external electromagnetic field Aµ neglected above. To
this end, we derive the edge action from the bulk theory
following the argument of Wen [15] in the presence of Aµ.
First, we start with the effective action of a quantum Hall
fluid which is the Chern-Simons action for a dynamical
statistical gauge field aµ coupled to the external electro-
magnetic field Aµ

SQH = − 1

4πν

∫

d3x ǫµνλaµ∂νaλ−
1

2π

∫

d3x ǫµνλaµ∂νAλ.

(5)
The action was written in such a way that it is explicitly
invariant under electromagnetic U(1) gauge transforma-
tions (even in the presence of a boundary). The gauge
field aµ is dual to the electromagnetic current Jµ, i.e.,

Jµ = −δSQH
δAµ

=
1

2π
ǫµνλ∂νaλ. (6)

We consider a quantum Hall fluid with a flat edge along
the cartesian coordinate x (see Fig. 1). To find the edge
action, we first impose in the bulk a gauge fixing condi-
tion for the statistical gauge field

at + cax = 0. (7)

As we will demonstrate in Sec. III, this choice has the
virtue of being invariant under Galilean boosts parallel
to the boundary. In addition, the incompressibility con-
dition 2πJ0 = b = −νB that follows from the Gauss law
can be automatically satisfied by writing

ai = ∂iθ − νAi. (8)

By substituting now Eqs. (7) and (8) into the bulk action
(5) and integrating several times by parts one obtains a
theory that lives only on the boundary with the action
that can be most conveniently written in the following
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form1

Sθ =
1

4π

∫

d2x

[

1

ν
D+θDxθ − θEx

]

, (9)

where the covariant derivative

Dµθ ≡ ∂µθ − νAµ (10)

was introduced and D+θ ≡ Dtθ+ cDxθ. Under the elec-
tromagnetic U(1) gauge transformation δαAµ = ∂µα, the
chiral boson is shifted δαθ = να and thus the covari-
ant derivative is invariant. Curiously, although there is
no spontaneous symmetry breaking in the bulk of this
system, the chiral boson couples to the external electro-
magnetic field as a Goldstone boson. This is because it
represents the phase of the vortex excitation, whose gap
vanishes at the edge [14].
Due to the last term, the action (9) is not U(1) gauge

invariant and thus has a gauge anomaly. In the presence
of a boundary, however, the bulk Chern-Simons term

SCS =
ν

4π

∫

d3x ǫµνλAµ∂νAλ, (11)

that originates from Eq. (5) by integrating out current
and density fluctuations, is also not gauge invariant with
the variation given by the edge integral

δSCS =
ν

4π

∫

d2xαEx. (12)

This contribution exactly cancels the gauge noninvari-
ance of the edge theory (9) and the total (bulk plus
edge) theory is gauge invariant. This is a realization of
the Callan-Harvey anomaly inflow mechanism in quan-
tum Hall physics [18].

III. GALILEAN INVARIANCE

In this paper we study clean quantum Hall fluids that
are invariant under rotations, translations and Galilean
transformations. In an infinite flat system the bulk
Chern-Simons action (11) does not change under these
spacetime transformations [24]. In the presence of a
boundary, however, the rotation symmetry is lost and in
addition the Chern-Simons action is not invariant any-
more under Galilean boosts and translations in the di-
rection perpendicular to the boundary. Nevertheless,
Galilean boosts and translations along the boundary are
still symmetries of the bulk CS action and thus need to
be reflected by the edge action.
In this section we investigate how the edge theory (9)

behaves under Galilean boosts along a flat boundary. Let

1 This is not how the action was originally written by Stone [16],
but one can show that his result is equivalent to Eq. (9) by using
integration by parts.

us recall that the transformations of the gauge fields Aµ
and aµ under a general infinitesimal spatial diffeomor-
phism xk → xk + ξk(t,x) and a U(1) gauge transforma-
tion α are given by2 [8, 19]

δξAt =α̇− ξk∂kAt − ξ̇kAk,

δξAi =∂iα− ξk∂kAi + ∂iξ
kAk −mξ̇k,

δξat = − ξk∂kat − ξ̇kak,

δξai = − ξk∂kai + ∂iξ
kai.

(13)

with m denoting the mass of an elementary fermion (elec-
tron).3 In fact, these transformation laws are valid pro-
vided the gyromagnetic factor gψ and the spin sψ of the
elementary fermion satisfy the relation gψ − 2sψ = 0.
This assumption can be easily relaxed, see [8, 25].
A Galilean boost is a combination of the spatial diffeo-

morphism ξk = βkt and the U(1) gauge transformation
α = mβkxk with βk being the velocity parameter of the
boost. As a result, under Galilean boosts parallel to the
boundary, the gauge fields Aµ, aµ and the chiral boson θ
transform as

δβAt =− βxt∂xAt − βxAx,

δβAi =− βxt∂xAi,

δβat =− βxt∂xat − βxax,

δβai =− βxt∂xai,

δβθ =− βxt∂xθ + νmβxx,

(14)

where we required that the chiral boson transforms as a
Goldstone boson. It follows now from Eq. (14) that the
magnetic and electric fields transform as

δβB = −βxt∂xB,

δβEx = −βxt∂xEx,

δβEy = −βxt∂xEy −Bβx
(15)

which implies the Galilean transformation law for the
drift velocity (4)

δβc = βx. (16)

Using Eqs. (14), (15), (16) we find that the edge action
(9) is not generically Galilean invariant. The variation of
the action is given by

δβSθ = − ν

2π

∫

d2xmβxA+ (17)

2 As was found by Son and Wingate in [19], this peculiar form
of the transformation rule for the gauge potential Aµ can be
most easily found by inspecting a free theory of nonrelativis-
tic particles. There it was also demonstrated that microscopic
interactions that respect general coordinate invariance can be
introduced.

3 The convention used here differs from [19] by the sign of m. This
convention is common in the recent works of Son and collabora-
tors on quantum Hall physics [6, 8, 25].
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with A+ ≡ At+cAx. Since the bulk Chern-Simons action
(11) is Galilean invariant, the total (bulk plus boundary)
action is not!
The root of the problem can be identified by reex-

amining the derivation in Sec. II: Although our start-
ing point, the bulk action SQH (5), is invariant under
Galilean boosts along the boundary, the identification
(8) is not consistent with Galilean invariance, since its
left hand side and right hand side transform differently.
Based on the transformation properties, we observe that
Galilean invariance of the action can be recovered if we
modify the ax component of the statistical gauge field to
be

ax = ∂xθ − νAx − νmc. (18)

This identification is consistent with Galilean invariance
and since c is assumed to be constant at the edge, it is
also consistent with the incompressibility constraint b =
−νB. In the following sections we will put this idea on a
firm ground using the nonrelativistic general coordinate
invariance introduced in [19].

IV. NONRELATIVISTIC GENERAL

COORDINATE INVARIANCE

In general, the form of the effective action is con-
strained by the (gauge) symmetries of the microscopic
theory. It has been realized recently [6, 8, 25] that
in addition to the U(1) gauge invariance, a large class
of quantum Hall microscopic models are invariant un-
der nonrelativistic general coordinate transformations
(reparametrizations). For this reason, it is important
to incorporate this invariance into the effective action
of quantum Hall fluids. In this section we review the ba-
sics of general coordinate invariance which will be used in
the next section to construct the bulk and edge effective
theories that respect this symmetry.
Consider a quantum Hall fluid living on an arbi-

trary two-dimensional manifold with a (generically time-
dependent) spatial metric gij . The transformation of the
spatial metric under an infinitesimal spatial diffeomor-
phism is given by

δgij = −ξk∂kgij − ∂jξ
kgik − ∂iξ

kgkj . (19)

Since fermions in a quantum Hall fluid rotate and have
a finite angular momentum, it is useful to introduce at
every point of the manifold a pair of orthonormal spatial
vectors (a vielbein) eai with a = 1, 2 that automatically
satisfy

gij = eai e
a
j , ǫabeai e

b
j = εij , (20)

where we introduced the Levi-Civita tensor εij ≡
√
gǫij .

Under spatial diffeomorphisms, the vielbein transforms
as a one-form, i.e.,

δeai = −ξk∂ke
a
i − ∂iξ

keak. (21)

The vielbein is not uniquely defined because it can be
changed by a local spatial rotation acting on the frame
indices a, b

eai → eai − λ(t,x)ǫabebi (22)

with the conditions (20) preserved. We will denote the
group of such transformations as SO(2)V

4. These trans-
formations can be identified as rotations of the orbital
spin. This gauge freedom gives rise to the spin connec-
tion

ωt =
1

2
ǫabeak∂te

b
k,

ωi =
1

2
ǫabeak∇ie

b
k =

1

2

(

ǫabeak∂ie
b
k − εjk∂jgik

)

(23)

which transforms as an Abelian gauge field ωµ → ωµ +
∂µλ under the local SO(2)V rotation (22). We will de-
note its electric and magnetic field as Eω i and Bω, re-
spectively.
Notably, the gauge potentials Aµ and ωµ do not trans-

form as one-forms under spatial diffeomorphisms, see e.g.
Eq. (13). This complicates the construction of general
coordinate invariants. In the following we will use the
modified fields

Ãt = At −
m

2
gijv

ivj , Ãi = Ai +mgijv
j ,

ω̃t = ωt +
1

2
εij∂i

(

gjkv
k
)

, ω̃i = ωi

(24)

proposed in [8, 21]. Here we introduced a velocity vector
vi that transforms under spatial diffeomorphisms as

δvi = −ξk∂kv
i + ∂kξ

ivk + ξ̇i. (25)

As a result, Ãµ and ω̃µ transform as one-forms for any
choice of the velocity field. We use the modified gauge
potentials to define modified electric and magnetic fields
that transform covariantly under nonrelativistic diffeo-
morphisms Ẽi, B̃, Ẽω i and B̃ω.
Within this formalism one can automatically ensure

Galilean invariance of a quantum Hall fluid provided vi

can be written as a function of the spatial metric gij , the
gauge potentials Aµ and their derivatives. For particles
neutral under SO(2)V a natural choice for the velocity
vector is given by [26]5

vi = −εijẼj

B̃
. (26)

4 The subscript V is added to distinguish from spatial rotations of
the coordinates, that act on the i, j indices.

5 This choice is physically natural because it gives the drift velocity
of the Hall fluid in the presence of an external electric field. In
a general case, the natural choice will involve the combination
of the field strengths of the electromagnetic field and the spin
connection under which particles are charged.
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Note that the modified electromagnetic fields themselves
depend on the velocity and its derivatives, so this has to
be seen as an implicit non-linear differential equation for
the velocity components. More explicitly, Eq. (26) for
the velocity vi in terms of the electric and magnetic fields
Ei and B is given by

(B +mεkl∂kvl)v
i = −εij(Ej +m∂tvj +mvk∂jvk), (27)

which can be rewritten as the Euler equation for a
charged fluid in the presence of electromagnetic fields

−m(∂t + vk∂k)vi = Ei +Bvkεki. (28)

This equation will be solved order by order in derivatives
in Sec. VA.

V. BULK AND EDGE THEORY

A. Bulk action

The effective action of a gapped quantum Hall fluid
is a local functional of the external sources. It has an
infinite number of terms that can be ordered according
to a power-counting scheme. Here we utilize a derivative
power-counting with a small parameter ǫ ≪ 1

At ∼ 1, Ai ∼
1

ǫ
, eai ∼ gij ∼ 1, ∂i ∼ ǫ, ∂t ∼ ǫ2. (29)

This assignment makes the electromagnetic fields to be
of order B ∼ 1 and Ei ∼ ǫ. The Chern-Simons action
(11) is then the leading O(1) order term. Within this
power-counting, the velocity field is expressed in terms
of electromagnetic fields as follows: the Euler equation
(28) is solved iteratively by expanding the velocity and
solving order by order in ǫ:

vi = ǫvi0 + ǫ3vi1 + ǫ5vi2 + · · · , (30)

where the leading order solutions are

vi0 = −εijEj
B

,

vi1 = −εij
m

B
(∂t + vk0∂k)v0 j ,

vi2 = · · · .

(31)

The next-to-leading O(ǫ2) order corrections to the
Chern-Simons bulk action were computed in [6]. The
bulk action can be written as

SNLO = S̃CS + S̃WZ + S̃ǫ, (32)

where the general coordinate invariant form of the bulk
Chern-Simons term is

S̃CS =
ν

4π

∫

d3x ǫµνλÃµ∂νÃλ, (33)

the geometric general coordinate invariant Wen-Zee term
[3] is

S̃WZ =
νs

4π

∫

d3x ǫµνλ
(

ω̃µ∂νÃλ + Ãµ∂ν ω̃λ

)

(34)

The coefficient is proportional to a number s related to
the orbital spin of particles in the ground state. It deter-
mines the “shift” S, namely the mismatch between the
number of fermions N and number of elementary mag-
netic flux quanta Nφ for a quantum Hall fluid living on a
closed manifold, i.e., Nφ = ν−1N −S [3]. For a manifold
of Euler characteristic χE , the shift is S = sχE .
The Chern-Simons and Wen-Zee actions are topologi-

cal. In general there are also non-topological terms that
up to the order we are considering are

S̃ǫ =

∫

d3x
√
g
[

−ǫ(B̃) +K(B̃)gij∂iB̃∂jB̃ + h(B̃)R
]

,

(35)

where ǫ(B̃), K(B̃) and h(B̃) are some functions of B̃ and
R denotes the Ricci scalar. Physically, ǫ(B) is the inter-
nal energy density of a quantum Hall fluid as a function
of magnetic field.
Written in this form, the total action is manifestly

general coordinate invariant. Although the action (32)
includes corrections of arbitrarily high order in ǫ, it is
complete only up to and including next-to-leading order.

B. Edge action

In the presence of a boundary we will consider a smaller
subgroup of diffeomorphism transformations that pre-
serve the shape of the boundary. In particular, for a
boundary at y = 0, this means that we will demand in-
variance of the edge action only under diffeomorphisms
along the x direction.
The form of the improved edge action can be derived

from the topological action of Wen and Zee [3] following
the same steps as in Sec. II. The general coordinate
invariant form including the coupling to the spin connec-
tion is given by

S̃QH = − 1

4π

∫

d3x ǫµνλ
(

1

ν
aµ∂νaλ + 2aµ∂νÃλ

)

, (36)

where Ãλ ≡ Ãλ + sω̃λ. In general, there are more non-

topological terms that depend on the dynamical gauge
field aµ (see for instance [8]) and give rise to Eq. (35).
Since these terms do not affect the form of the edge the-
ory, they have not been included here.
First we introduce a gauge fixing for the statistical field

using the general coordinate invariant condition

at + vxax = 0. (37)

This allows us to eliminate the temporal components of
the gauge field. On the other hand, its spatial compo-
nents can be now written as

ai = ∂iθ − νÃi = D̃iθ. (38)
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In this way, the Gauss law b = −νB̃ = −ν(B̃ + sB̃ω) is
satisfied explicitly. As a result, one recovers the result
that for a quantum Hall fluid on a sphere the shift is
S = 2s.
The action can be manipulated to be the sum of the

bulk topological terms (33), (34) and the gravitational
Chern-Simons term 6

S̃GCS =
νs2

4π

∫

d3x ǫµνλω̃µ∂ν ω̃λ (39)

plus the boundary action for the chiral boson

Sθ =
1

4π

∫

d2x

[

1

ν

(

D̃tθ + vxD̃xθ
)

D̃xθ − θẼx
]

, (40)

where Ẽx = Ẽx + sẼωx. Here x is a coordinate that
parametrizes the boundary. Eq. (40) is a key result of
this paper that gives the generalization of the conven-
tional edge action of Wen and Stone. The combination
of this edge action with the bulk action (32) is invariant
under nonrelativistic diffeomorphisms, U(1) and SO(2)V
gauge transformations. It directly follows that the total
action is Galilean invariant.
In this paper we assume the scaling θ ∼ ǫ−2. From Eq.

(2), this implies ρ ∼ ǫ−1 which is a natural scaling for
the one-dimensional fermion density at the edge. Within
this power counting the Lagrangian of the edge theory
(40) is O(ǫ−1). Note that in the absence of other con-
siderations than symmetries, the action at this order can
have a much more general form, the kinetic term can be
an arbitrary function of D̃tθ + vxD̃xθ and the magnetic
field B̃

Sθ =
1

4π

∫

d2x
1

ν
F
(

D̃tθ + vxD̃xθ, B̃
)

D̃xθ − θẼx. (41)

The equation of motion is modified, but the solutions
are still chiral with the same velocity. In the absence of
sources Ax = At = 0 and constant B and vx they take
the form

F ′′∂xθ(∂t + vx∂x)
2θ + 2F ′(∂t + vx∂x)∂xθ = 0. (42)

6 The coefficient νs2 is the classical value one gets from Eq. (36).
Due to the framing anomaly, it will receive a quantum correc-
tion that matches the gravitational anomaly of the chiral theory
at the boundary [10–12]. This means that the quantum effec-
tive action of the chiral boson will have extra terms (in addi-
tion to Eq. (40)) that are not invariant under SO(2)V gauge
transformations. These terms will compensate the variation of
the bulk term, in such a way that the total action is invariant.
This correction also determines the thermal Hall conductance
[27, 28]. In this paper, however, we restrict the analysis only
to the next-to-leading O(ǫ2) order in the derivative expansion,
and thus the gravitational Chern-Simons term and the associ-
ated extra SO(2)V anomalous terms in the edge action can be
ignored.

VI. ELECTROMAGNETIC RESPONSE AT THE

EDGE

As an application, in this section we calculate linear
response to longitudinal and transverse electromagnetic
perturbations in a quantum Hall fluid with a flat bound-
ary.

A. Equation of motion and currents

First, consider a chiral Luttinger liquid living on a
generic boundary of a two-dimensional manifold. The
boundary has an induced metric h which can be calcu-
lated from the metric gij of two-dimensional space as
follows

h = ∂xx
i∂xx

jgij , (43)

where xi(x) is a parametrization of the boundary.
The equation of motion derived from the action (40) is

∂xD̃+θ = 0 (44)

or written in momentum space

(ω − cpx)θ = iνÃ+. (45)

The current is proportional to the variation of the ef-
fective action with respect to the external gauge field.
In the presence of an anomaly, the current obtained in
this way is not invariant under gauge transformations
of the external field,7 but rather it transforms accord-
ing to Wess-Zumino consistency conditions [29]. For this
reason it is known as the consistent current. The cur-
rent can be made covariant by adding additional terms,
as first discussed by Bardeen and Zumino [30].8 These
terms cannot be derived from a local action, but we can
use the anomaly inflow argument of Callan and Harvey
[18] to determine them from the bulk action (see below).
The U(1) consistent current defined by

Jµ ≡ − 1√
h

δSθ
δAµ

(46)

is given by

J t =
1√
h

( 1

2π
D̃xθ +

ν

4π
Ãx

)

,

Jx =
1√
h

( c

2π
D̃xθ −

ν

4π
Ãt

)

.

(47)

As explained above, this current is not gauge invariant,
but we can make it such [32]: Under a variation with

7 For non-Abelian symmetries the current does not transform co-
variantly.

8 A discussion of consistent versus covariant currents for chiral
gauge theories can also be found in [31].
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respect to the gauge potential Aµ, the bulk action (32)
changes as9

δSNLO = −
∫

d3x
√
gJµbulkδAµ −

∫

d2x
√
hJµboundδAµ.

(48)

From the gauge invariance of the total (bulk plus
boundary) action we find that the boundary current

J̃ µ = Jµ + Jµbound (49)

must be gauge invariant. This is known as the covariant

current. The resulting covariant current is given by

J̃ t =
1

2π

1√
h
D̃xθ +O(ǫ2),

J̃ x =
c

2π

1√
h
D̃xθ −

1√
h
ǫ′(B̃) +O(ǫ3),

(50)

where ǫ′ ≡ ∂B̃ǫ. Here we discarded all terms that origi-

nate from K(B̃) and h(B̃) terms in the bulk action (35)
because they will introduce only higher order corrections
in our power-counting. In addition, we assumed that the
magnetic field is constant. This is sufficient for the cal-
culation of electromagnetic linear response that is done
in the following.

Using the equation of motion, one finds that the co-
variant current satisfies

∂µ(
√
hJ̃ µ) = − ν

2π
Ẽx − ǫ′′(B̃)∂xB̃. (51)

The nonconservation of the current is a manifestation of
the covariant gauge anomaly.

B. Longitudinal perturbation

We discuss now the case of a perturbation δAµ(t, x)
with µ = t, x in flat two-dimensional space with a flat
boundary parametrized by a cartesian coordinate x. This
perturbation leaves B and Ey unaffected, but gives rise
to the nonvanishing longitudinal Ex(t, x) (see Fig. 2).

9 In order to extract the boundary current the variation is taken
with vanishing normal derivatives ∂yδAµ = 0. Otherwise the
terms proportional to ∂yδAx ∼ δB and ∂yδAt ∼ δEy give
the boundary magnetization and transverse polarization respec-
tively, defined in the bulk as the variation of the grand canonical
potential with respect to magnetic and electric fields. An exam-
ple where the boundary magnetization is non-zero can be found
in [33] for free relativistic bosons in a magnetic field.

FIG. 2. Longitudinal perturbation Ex (dashed line)

First, we calculate the electric conductivity and the
conductance. By substituting the equation of motion
(45) into the expression for the covariant current (50)
we find in momentum space

δJ̃ x(ω, px) =
∫

py

[ ν

2π

−ic

ω − cpx
Ẽx(ω,p)− imǫ′′(B)ǫklpkvl

]

,
(52)

where
∫

py
≡

∫

dpy/(2π).

The velocity field in this case is given by

vi = −ǫij
Ẽj

B̃
≈

(

c,
Ex(t, x)

B

)

. (53)

By substituting this into the general relation valid in
flat space

Ẽx = Ex +m∂tvx +
m

2
∂xv

2 − s

2
∂xǫ

ij∂ivj (54)

to linear order in external perturbation we find

Ẽx ≈
(

1− S
4

∂2
x

B

)

Ex, (55)

where the relation 2s = S was used.
With the help of Eqs. (52), (53) and (55) we find now

the electric conductivity σ(ω, px) in the edge theory

δJ̃ x(ω, px) = σ(ω, px)Ex(ω, px),

σ =
ν

2π

(

1 +
S
4

p2x
B

) −ic

ω − cpx + i0+
− imǫ′′(B)

px
B

.
(56)

In the limit m → 0, the cyclotron frequency ωc =
B/m → ∞ and states from all higher Landau levels de-
couple. In this limit the conductivity simplifies to

σ(ω, px) =
ν

2π

(

1+
S
4

p2x
B

) −ic

ω − cpx + i0+
− i

ν

2π

px
B

, (57)

where we used that ǫ(B) = νB2/(4πm) for Laughlin’s
quantum Hall states in the limit m → 0.
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If one defines the conductance GH as a response of the
current J̃ x to a constant At

δJ̃ x = GHAt, (58)

then

GH =
ν

2π
(59)

which agrees with the prediction of the chiral edge theory
of [15, 16].
Finally, we note that the right-hand-side of Eq. (51)

has to be compensated by the bulk Hall current via the
Callan-Harvey anomaly inflow. For a static perturbation
δAt(x) it was found in [6] that

Jy =
ν

2π

(

1− S
4

∂2
x

B

)

Ex +mǫ′′(B)
∂2
xEx
B

. (60)

This expression equals in magnitude and is opposite in
sign to the right-hand-side of Eq. (51). The total U(1)
current is thus conserved in the bulk plus boundary sys-
tem.

C. Transverse perturbation

Consider now a perturbation δAµ(t, y) with µ = t, y in
flat two-dimensional space with a flat boundary along x.
This perturbation leaves B and Ex unaffected, but gives
rise to the nonvanishing transverse variation δEy(t, y)
(see Fig. 3). In the following we will assume that
δEy(t, y = 0) = 0, i.e., the perturbation vanishes at the
boundary. This is a simplest realization of a non-ideal
edge.

FIG. 3. Transverse perturbation δEy (dashed line)

For this perturbation the velocity field is given by

vi = −ǫij
Ẽj

B̃
≈

(

c− δEy(t, y)

B
, 0
)

. (61)

Using Eqs. (54) and (61), to linear order in the pertur-
bation we find

Ẽx ≈ −m
∂tδEy(t, y)

B
. (62)

Now the transverse conductivity σH(ω,p) will be cal-
culated. In other words, we will determine the response
of the edge covariant current δJ̃ x to the transverse elec-
tric perturbation δEy . Using Eqs. (52), (61) and (62)
one gets

δJ̃ x(ω, px) =

∫

py

σH(ω,p)δEy(ω, py),

σH(ω,p) =
ν

2π

mc

B

ω

ω − cpx + i0+
− imǫ′′(B)

py
B

.

(63)

In the limit m → 0 the transverse conductivity of a
Laughlin state simplifies to

σH(ω, py) = −i
ν

2π

py
B

. (64)

By using now the property of the perturbation

δEy(t, y = 0) =

∫

py

δEy(ω, py) = 0, (65)

we find

δJ̃ x(ω, px) = −imǫ′′(B)

∫

py
pyδEy(ω, py)

B
(66)

which in the position space simplifies to

δJ̃ x(t, x) = −mǫ′′(B)
∂yδEy(t, y)

B

∣

∣

∣

y=0

. (67)

VII. OUTLOOK

It has been demonstrated that Newton-Cartan geome-

try is a powerful mathematical formalism to study non-
relativistic quantum Hall fluids, superfluids and other
nonrelativistic systems [8, 25, 34–39]. In the future we
plan to extend Newton-Cartan geometry to spacetime
manifolds with boundaries, understand how it emerges
from the bulk geometry and apply this formalism to the
edges of quantum Hall fluids.
It is known that in addition to the electromagnetic

gauge anomaly, the gravitational anomaly appears at the
edge of a quantum Hall fluid [27, 28]. While its conse-
quences for the bulk of quantum Hall fluids have been
studied extensively recently [10–12], it will be useful to
investigate in more detail its edge implications by start-
ing from the theory of a nonrelativistic general coordinate
invariant chiral Luttinger liquid.
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