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We demonstrate room-temperature spin-polarized ultrafast (∼10 ps) lasing in a highly optically
excited GaAs microcavity. This microcavity is embedded with InGaAs multiple quantum wells in
which the spin relaxation time is less than 10 ps. The laser radiation remains highly circularly
polarized even when excited by nonresonant elliptically polarized light. The lasing energy is not
locked to the bare cavity resonance, and shifts ∼10 meV as a function of the photoexcited density.
Such spin-polarized lasing is attributed to a spin-dependent stimulated process of correlated electron-
hole pairs. These pairs are formed near the Fermi edge in a high-density electron-hole plasma coupled
to the cavity light field.

I. INTRODUCTION

Circularly polarized light has been used in various
applications, ranging from the determination of pro-
tein structures with circular dichroism spectroscopy1

and stereoscopic image projection in a polarized three-
dimensional (3D) system to spin-dependent electronics
(spintronics) and quantum computation2. Lasing in
semiconductors is generally independent of the spins of
electrons and holes, which constitute the gain medium.
In semiconductors, spin-polarized electrons (holes) are
generated in the conduction (valence) band upon absorp-
tion of circularly polarized light above the band-gap, as
determined by the optical selection rules3. At low pho-
toexcited densities, the photoluminescence (PL) usually
comes from spontaneous transitions that do not react
back on the electron system. In this case, the degree
of circular polarization (DoCP ≡ ρc) of PL reflects the
spin polarization in electrons and holes before radiative
recombination3. When the spin relaxation rate is fast
compared with the radiative recombination, the spin po-
larization in photoexcited carriers (optical orientation)
is typically lost during the absorption–cooling cycle, and
unpolarized PL results. Similarly, the ρc of the emission
in spin-controlled light emitting diodes (spin-LEDs)4 is
limited by electrical spin injection efficiency. However, in
a few spin-controlled lasers, highly circularly polarized
radiation can result from partially spin-polarized carri-
ers, provided that radiation from a spin-dependent stim-
ulated process dominates5–14.

In this study, we demonstrate room-temperature spin-
polarized ultrafast pulsed lasing in a highly photoexcited
planar semiconductor microcavity. The spin-polarized
lasing is attributed to a spin-dependent stimulated pro-
cess of correlated electron-hole pairs formed near the
Fermi edge in a high-density electron-hole plasma cou-
pled to the cavity light. The spin-polarized laser studied
here has a structure similar to vertical-cavity surface-
emitting lasers (VCSELs)15 and microcavities used for
studies of exciton-polariton condensates16–24. In VC-
SELs, the lasing energy is typically determined by the
bare cavity resonance and has limited energy shifts25

and linewidth broadening26 with increasing carrier den-
sity. The polarization properties of VCSELs are typically
affected by crystalline anisotropies27, except for a few
spin-controlled lasers6–14. On the other hand, exciton-
polariton condensates are typically studied in a low pho-
toexcited density regime below the Mott transition28

at cryogenic temperatures. Exciton-polariton conden-
sates generally display considerable spectral blueshifts
and broadening with increasing photoexcited density as a
result of polariton-polariton interactions, as well as deco-
herence and fluctuations induced by interactions29. Fur-
thermore, exciton–polariton condensates exhibit diverse
polarization properties and spin-dependent phenomena
depending on the excitation conditions and materials
involved30–39.
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FIG. 1. (Color online) (a) Laser energy diagram. (b)
Schematic of the microcavity structure. The sinusoidal red
curves represent the amplitude of the cavity light field. The
z-axis is the growth direction and is parallel to the wavevector
of the pump laser. (c) Pictorial representation of the high-
density e–h plasma in the quantum wells embedded in the
microcavity. Correlated e–h pairs are formed near the Fermi
edge of the e–h plasma as a result of effective coupling to the
cavity light field.

In contrast to conventional spin-controlled lasers (spin
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lasers)6–12,14, the spin-polarized lasing presented in this
study displays (1) substantial energy blueshifts of more
than 10 meV with increasing photoexcited density, (2)
spin-dependent energy splittings in the absence of an ex-
ternal magnetic field, (3) ultrafast sub-10-ps pulsed las-
ing, and (4) a high external quantum efficiency of ∼ 10%,
which matches the fraction of carriers photoexcited in the
MQWs. In particular, the lasing energy is largely deter-
mined by the chemical potential µ of the e–h plasma
coupled to the cavity light field: the lasing energy is not
locked to the bare cavity resonance.

The room-temperature e–h system explored in this
work consists mainly of free carriers and high-density e–h
plasmas as a result of thermal ionization40–42. Neverthe-
less, the presence of a cavity ensures the emergence of
correlated e–h pairs near the Fermi edge (Fig. 1) and
consequent spin-dependent stimulation that result in ul-
trafast pulsed lasing with high quantum efficiency. The
transient chemical potential µ can reach the second quan-
tized energy levels in QW (e2hh2 transition, E′′g ≈ 1.41
eV), which is more than 80 meV above the QW bandgap
(e1hh1 transition, E′g ≈ 1.33 eV) and approaches the
cavity resonance (Ec ∼1.41 eV). At a low photoexcited
density, µ is far off-resonant with respect to Ec (Ap-
pendix Fig. 7b–c), and the radiative recombination of
e–h carriers is largely suppressed. µ advances toward Ec

with increasing photoexcited density, so nonlinearly en-
hanced luminescence efficiency and lasing eventually re-
sult. Moreover, the lasing polarization can be effectively
controlled by optical pumping because of a negligible TE-
TM mode energy splitting at k‖ = 0 (Appendix Fig. 7a).
Spin-polarized carriers are optically injected by nonreso-
nant ps circularly pump pulses. Below the threshold, lu-
minescence is unpolarized because of sub-10 ps electron-
spin (τes ) and hole-spin (τhs ) relaxation times43–45 that
are short compared with the carrier lifetime τn & 1 ns.
Above a critical photoexcited density, laser action com-
mences with a high degree of circular polarization, close
to unity (ρc >0.98) (Fig. 2). When excited by a non-
resonant elliptically polarized pump, the ρc of the circu-
larly polarized laser radiation can even exceed that of the
pump in the limited photoexcited density regime.

II. RESULTS

The λ GaAs/AlAs distributed Bragg reflector (DBR)
microcavity examined in this study has three stacks
of three InGaAs/GaAs MQWs each, embedded at the
antinodes of the cavity light field. We optically pump
the sample nonresonantly by using 2 ps Ti:Sapphire laser
pulses at Ep = 1.579 eV (λp = 785 nm), which is
near a reflectivity minimum (reflectance ≈40%) of the
microcavity and about 170 meV above the lasing en-
ergy. To investigate laser action in a highly optically
pumped microcavity, we vary the laser pump flux by two
orders of magnitude and create a photoexcited density
ranging from approximately 5 × 1011 to 1013 cm−2 per
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FIG. 2. (Color online) Spin-polarized lasing at room
temperature. (a) Angle-resolved [k-space (kX , kY )] lumi-
nescence images at the lasing threshold (P = Pth) for co-
circular (σ+/σ+, left panel) and cross-circular (σ+/σ−, right
panel) components. Here, σ±/σ± represents the polarization
of pump/luminescence, respectively. Pth ≈ 2.5×108 photons
per pulse (over an area of 80 µm2), resulting in a photoex-
cited density nth ≈ 3 × 1012 cm−2 per QW per pulse for an
estimated absorption of 10% for nine QWs. Insets are the
corresponding real space (r-space) luminescence images. (b)
Energy (E) vs. in-plane momentum (k‖) dispersions along
the kY axis (kX = 0, kY = k‖).

QW per pulse, corresponding to a 2D density parameter
rs = 1/(a0

√
πnth) ≈ 5.3–1.2 for a0 ≈15 nm in InGaAs

QWs46. To control carrier heating and diffusion, we tem-
porally modulate pump intensity and spatially shape the
pump laser beam into a flat-top, respectively (see also
the Appendix A: Methods).

First, we characterize the laser in terms of the angu-
lar distribution and energy as functions of the in-plane
momentum [angle-resolved (k-space) images and E vs.
k‖ dispersions] (Fig. 2). At the threshold, the emis-
sion of the microcavity investigated in this study be-
comes angularly and spectrally narrow for the co-circular
σ+/σ+ component, where σ+/σ+ is the helicity of the
pump/emission, respectively. An intense radiation mode
emerges within an angular spread ∆θ < 3◦, correspond-
ing to a standard deviation ∆k = 0.3 µm−1 in k-space.
Approximating such a partially coherent beam as a Gaus-
sian Schell-model source47, we can determine a spatial
coherence length of 4 µm, which is close to the spatial
dimension of the lasing mode (Fig. 2a inset). On the con-
trary, no lasing action occurs for the cross-circular σ+/σ−

component, which exhibits an angularly broad intensity
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FIG. 3. (Color online) Photoexcited density depen-
dence. (a) Emission flux integrated over |k‖| < 3 µm−1

under a circularly polarized σ+ pump. (b) The degree of cir-
cular polarization DoCP (ρ̄c), determined from the lumines-
cence integrated near k‖ ≈ 0 (|k‖| < 0.3 µm−1) under a σ+ or

σ− circularly polarized pump. The dashed lines are the calcu-
lated emission flux and the ρ̄c, with a spin-dependent stimu-
lated process assumed (see Appendix: Rate-equation Model).

distribution and a parabolic E vs. k‖ dispersive spec-
trum. Accordingly, the radiation at the threshold has a
unity circular polarization.

Next, we describe the nonlinear input-output and po-
larization characteristics with varying pump flux. Fig.
3a shows the emission flux (output) vs. the pump flux
(input) under a circularly (σ+) polarized excitation. The
pump flux, P , is the photon flux per pulse transmitted
into the microcavity within a circular 10 µm diameter
area. The output nonlinearly increases by one order
of magnitude for an increase in the input by less that
20% near the critical photoexcited density. The onset
of such a nonlinear output for the co-circular compo-
nent (σ+/σ+) is defined as the threshold Pth (indicated
by an arrow in the figure). For P & 1.5Pth, the cross-
circularly polarized component also lases. Under a lin-
early polarized pump, the laser action commences at a
slightly higher pump flux (P = 1.05Pth) (not shown,
see Ref.48). This 5% threshold reduction with the op-
tical injection of the spin-polarized carriers is small but
significant compared with the <1% reduction predicted
for an InGaAs-MQW-based VCSEL49. In general, such
a threshold reduction is less than 5% in most locations
and samples studied in this work.

The total emission under a circularly polarized pump is
close to that under a linearly polarized one. The overall
efficiency (the ratio of the emission flux emanating from
the front surface [output] to the pump flux transmitted
into the microcavity [input]) reaches a plateau of ∼ 10%
at P & 3Pth. In the plateau regime, the output linearly
increases with the input and resembles the characteris-
tics of a conventional semiconductor laser. The maximal
efficiency ranges from 3% to 11%. An efficiency greater
than 10% can be obtained. Absorption in the nine 6-nm
thick In0.15Ga0.85As/GaAs MQWs in the cavity is 12%
at λp = 785 nm at room temperature. Therefore, an ef-
ficiency greater than 10% implies that essentially all of
the carriers photoexcited in the MQWs can recombine
radiatively and contribute to laser action.

The spontaneous build-up of the circularly polarized
radiation at a critical photoexcited density can be quan-
tified by the DoCP (ρ̄c) (Fig. 3b) deduced from the nor-
malized Stokes vector s = {s1, s2, s3} (see Appendix:
Methods). Below the threshold, the radiation is unpo-
larized (ρ̄c ≈ 0). Slightly above the threshold (Pth <
P < 1.2 Pth), the radiation is highly circularly polarized
(ρ̄c > 0.95). For P > 1.5Pth, the radiation becomes ellip-
tically polarized with reduced ρ̄c as a result of increasing
radiation with an opposite helicity. When the helicity of
the circularly polarized pump is switched, ρ̄c changes in
sign but maintains the same magnitude, i.e., the polar-
ization state is symmetric with respect to the helicity of
the pump. The pump flux-dependent DoCP is quanti-
tatively reproduced (dashed lines in Fig. 3b) by a rate-
equation model assuming a spin- and density-dependent
stimulated process, as described in the Appendix.

In Fig. 4, we study the spectral characteristics. When
the pump flux is increased from P = 0.5 Pth toward the
threshold, luminescence blueshifts by ≈5 meV, whereas
the linewidth ∆E decreases from about 10 meV to 0.3
meV. The linewidth ∆E [full width at half maximum
(FWHM)] of the spectral distribution and the peak en-
ergy of the co- and cross-circularly polarized spectra at
k‖ = 0 under a circularly polarized (σ+) pump are plot-
ted in Fig. 4b. Slightly above the threshold (Pth < P <
1.5Pth), spectrally narrow (∆E ≈ 0.3 – 1.0 meV) ra-
diation emerges with a nonlinear growth in magnitude,
whereas the peak energy remains constant. Far above
the threshold (P > 1.5Pth), the spectral linewidth in-
creases to more than 2 meV. The overall emission energy
shifts with the increasing pump flux are more than 10
meV (Fig. 4c), which is significantly larger than the cor-
responding energy shift of the cavity stop band (<2 meV)
(Appendix Fig. 8). In addition, far above the threshold,
co- and cross-circular components both lase with the ris-
ing peak energy while retaining an energy splitting of
≈1–2 meV (Fig. 4d).

Another manifestation of the spin-dependent process
is highly circularly polarized lasing even under a nonres-
onant elliptically polarized optical excitation (Fig. 5).
Here, the pump flux transmitted into the microcavity
sample is kept constant with varying pump circular po-
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FIG. 4. (Color online) Time-integrated polarized spectra. (a) 2D false-color images of microcavity luminescence/lasing
spectra vs. the pump flux for co-circular (σ+/σ+, left panel) and cross-circular (σ+/σ−, right panel) components. Spectra are
normalized with respect to the co-circular component (σ+/σ+) for each pump flux. Note that the intensities of the σ+/σ−

spectra for 0.8 Pth < P < 1.3 Pth (shaded area) are scaled up by a factor of 10. (b) Spectral linewidths ∆E (FWHM) and
peak energies determined from the emission spectra in (a). (c) Selected co-circular time-integrated polarized spectra for P =
0.8 (black), 1.0 (red) and 3.3 (blue) Pth. Spectral blueshifts and linewidth broadening with the increasing pump flux can
be readily identified in these selected spectra. (d) Polarized time-integrated spectra (blue solid line: co-circular; blue dashed
line: cross-circular) and spectral DoCP [ρ̄(E), black line] for P = 3.5 Pth. The time-integrated spectra reveal an apparent
spin-dependent energy splitting of 1–2 meV.

larization (ρpc , represented by the pump Stokes vector
tracing a meridian at the Poincaré sphere shown in
Fig. 5a). When the initial spin-dependent population
imbalance is controlled by variation of ρpc , the DoCP of
the lasing radiation (ρ̄c) can exceed that of the pump
for 1.0Pth < P < 1.5Pth (Fig. 5b). Such a spin am-
plification arises from the “gain” anisotropy in the pres-
ence of two threshold pump fluxes for two helicities of
laser radiation, typically denoted as JT1 and JT2 in the
literature on spin-controlled VCSELs12. Highly circu-
larly polarized lasing (ρ̄c > 0.8) occurs even when the
ρpc is as low as 0.5 (altitude φ = 30◦). Next, we con-
sider a polarization-dependent external efficiency (η±ex)
(Fig. 5c), which is defined as the ratio of the polarized
emission flux emanating from the front surface (output)
to the pump flux transmitted into the microcavity of the
same polarization (input). The external efficiency ηex of
the majority polarized emission component is less than
10−3 below the threshold, and increases by two orders of
magnitude at 1.2 Pth. In both cases, ηex is insensitive to
ρpc . At the threshold, ηex exceeds 10−2 for ρpc ≈ 1 (φ =
90◦, 270◦), whereas it remains ∼ 10−3 for ρpc ≈ 0 (φ = 0◦,
180◦). The low ηex below the threshold is due to signifi-
cant loss through nonradiative recombination, reabsorp-
tion, and emissions into other nonlasing modes. With
the increasing pump flux, a stimulated process dominates
over the loss and yields a dramatic increase in ηex above

the threshold. A competition between loss and spin-
dependent stimulation can result in the observed “spin
amplification” (ρ̄c > ρpc) effect under elliptically polar-
ized pumping, which is qualitatively reproduced by the
aforementioned model (Appendix Fig. 10).

To understand the mechanism of the spin-polarized
laser action, studying the polarization dynamics through
time-resolved polarimetry and spectroscopy is needed.
Fig. 6 shows the selected time-resolved co- and cross-
circularly polarized luminescence [I±(t)] under a σ+ cir-
cularly polarized pump. Below the threshold, the time-
dependent ρc(t) reaches ∼0.1 when the luminescence
reaches its peak, and then it decays with a time con-
stant less than 10 ps, as demonstrated by the mini-
mal transient difference between I+(t) and I−(t) at P
= 0.8 Pth (Fig. 6b). At the threshold, the co-circular
component commences the pulsed laser action within 30
ps, whereas the cross-circular component remains neg-
ligible [I+(t)/I−(t) > 100] (Fig. 6a). Such a high
ρc(t) > 0.9 is indicative of a spin-dependent stimulated
process through which spin polarization is amplified5,8,11.

We further conduct temporally and spectrally resolved
measurements, as shown in Fig. 6c. At the threshold, the
radiation remains spectrally narrow, with a peak energy
that is nearly constant with time. Above the threshold,
the radiation expands spectrally when the laser action
commences, and it gradually redshifts with time. In ad-
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FIG. 5. (Color online) Spin amplification under an ellip-
tically polarized pump. (a) Representation of polarization
states (Stokes vectors) in a Poincaré sphere. The pump polar-
ization is varied along the meridian in the s1-s3 (x-z) plane.
(b) The time-integrated DoCP (ρ̄c) of the spin-polarized laser
radiation as a function of pump DoCP (ρpc) (blue line) at 0.8
(black dots), 1.0 (magenta dots), and 1.2 Pth (red dots). (c)
External quantum efficiency (ηex) vs. pump DoCP (ρpc , rep-
resented by the altitude φ) at 1.2, 1.0, and 0.8 Pth. The
pump flux is maintained at a constant when ρpc is varied.
For a specific φ, only the ηex of the majority polarized emis-
sion component is shown (σ+ for 0◦ ≤ φ < 180◦ and σ− for
180◦ ≤ φ < 360◦). ηex of the minority component is not
shown because of a low signal-to-noise ratio for ρpc ∼ ±1.
Error bars represent the standard deviation of ηex over five
measurements.

dition, polarimetric measurements reveal a circularly po-
larized high-energy component during the initial 10–20 ps
pulsed radiation, followed by an unpolarized low-energy
one for P > 1.5 Pth (Appendix Fig. 9). The co- and
cross-circular components have the same transient spec-
tral peak energy depending on the total carrier, and this
indicates a spin-independent chemical potential µ.
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FIG. 6. (Color online) Dynamics and energy relaxation.
(a) Polarized time-dependent luminescence at k‖ = 0 for P

= 1.0 Pth under a circular polarized (σ+) pump. Blue (red)
curves represent the co-circular I+(t) [cross-circular I−(t)]
components. Note that the cross-circular component shown
at P = Pth is multiplied by a factor of 100. The time zero
is determined from the instrument response (black dashed
curve), which is measured via pump laser pulses reflected off
the sample surface. The time traces are spectrally integrated
(temporal resolution ≈ 5 ps). (b) Same as (a) but for P = 0.8
Pth. (c) Temporally and spectrally resolved streak spectral
images of the co-circular component I+(δE, t) at P = 1.0,
2.0, and 4.0 Pth. The y-axis (δE) is offset with respect to
1.408 eV, the lasing energy at Pth. The temporal resolution
is ≈30 ps because of the grating-induced dispersion.

III. DISCUSSION

We now distinguish the present room-temperature
system from exciton-polariton condensates at cryogenic
temperatures16–24. A laser is typically characterized by
its coherence and spectral properties, whereas a macro-
scopic condensate exhibits unique energy and momen-
tum distributions. Figs. 2 and 3 present data on the
increase of spatial coherence, nonlinear growth of macro-
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scopic occupation in a state in energy and momentum
space, and the spontaneous increase in circular polar-
ization. We note that some exciton-polariton conden-
sates exhibit linearly polarized radiation. This polar-
ized radiation is a result of an energy splitting of the
order of 100 µeV between two linearly polarized modes
(σX and σY ) induced by structural disorder and strain17.
The angular and spectral distributions of radiation from
the polariton laser studied here resemble those observed
in the condensates of exciton-polaritons at cryogenic
temperatures17,19. However, the room-temperature mi-
crocavity system presented here is a plasma laser with dy-
namics and spectral characteristics affected by the many-
body effects at high photoexcited densities rather than
the stimulation of exciton-polaritons in the strong cou-
pling regime50.

The highly photoexcited microcavity studied in this
work is one of the coupled electron-hole-photon (e–h-
γ) systems that are becoming a platform for studies on
non-equilibrium collective quantum states. A many-body
state near the Fermi edge in a degenerate high-density e–
h system can result in unusual optical properties. For
example, Fermi-edge superfluorescence51 has been ob-
served in a degenerate e–h system, whereas Fermi-edge
polaritons52 or Mahan excitons53,54 have been observed
in a microcavity containing a 2D electron gas. Theo-
retically, it has been predicted that BCS-like states have
been predicted to arise from a high-density coupled e–h-γ
system55–61.

To understand the spin-dependent polarization and
spectral characteristics, we propose that when the chem-
ical potential (µ) of the degenerate e–h plasma (Meh)
advances toward the cavity resonance (Ec), a fraction of
the e–h pairs near the Fermi edge can couple effectively
to the cavity light field and form a coherent state (n0).
When the conversion from Meh into n0 overcomes the de-
cay of n0, the occupation number in n0 approaches unity.
Subsequently, a stimulated process (∝ Mehn0) prevails
and results in a nonlinear population increase in n0 and
in laser radiation with an increasing Meh.

In this microcavity, the lasing polarization is deter-
mined by n0 as a result of spin-preserved stimulation.
The cooling time of nonresonantly photoexcited carriers
is comparable to the spin relaxation time (τs) (Appendix
Fig. 6b). Consequently, under a circularly polarized σ+

pump, a sizable spin-imbalanced population is built up
when carriers are cooled down to Meh. In the absence
of stimulation (below the threshold), radiation from n0 is
long-lived because of the relatively long population decay
time of Meh (∼ 100 τs). Therefore, the time-integrated
circular polarization ρ̄c is close to zero (unpolarized). In
this regime, the nonradiative loss dominates because of
inefficient conversion from M±eh to radiative n±0 . As a re-
sult, the overall radiative efficiency of the e–h system is
low. When the stimulation condition is satisfied for M+

eh

but not M−eh, the conversion rate from M+
eh to radiative

n+0 increases rapidly and yields a macroscopic population
in n+0 and a high overall radiative efficiency. By contrast,

the overall radiative efficiency for n−0 remains minimal.
Therefore, the resulting pulsed laser radiation is circu-
larly polarized with near unity ρ̄c. Such fully circularly
polarized lasing only occurs in a limited photoexcited
regime, which is determined by the finite spin-imbalance
between M+

eh and M−eh when carriers are cooled down.

When both M+
eh and M−eh reach the stimulation condi-

tion at a high photoexcited density, the laser radiation
displays a reduced ρ̄c. Temporally, the decreasing µ man-
ifests in radiation redshifts (Fig. 6c), which partially con-
tribute to the observed linewidth broadening in the time-
integrated spectra (Fig. 4a). The temporal evolution of
µ and the spin population imbalance also account for an
apparent spin-dependent energy splitting of about 1–2
meV (Fig. 4d). Initially, the lasing from n+0 at a high
energy dominates because the spin-flipping from M+

eh to

M−eh is minimal. With an increasing time delay, the spin-

flipping from M+
eh to M−eh becomes significant, and the

laser radiation from both n+0 and n−0 appear at a lower
energy.

In the Appendix, we provide a phenomenological rate-
equation model that includes spin-dependent stimula-
tion and loss. The model reproduces quantitatively the
spin-polarized lasing as a function of photoexcited den-
sity and pump polarization. In principle, the high-
density e–h-plasma lasing described in this study can
be modeled by a self-consistent numerical analysis based
on Maxwell-Bloch equations beyond a phenomenologi-
cal spin-flip model62 developed for conventional semi-
conductor lasers63; however, the strong optical nonlin-
earities induced by the coupling of the e–h plasma and
the cavity light field should considered. For example, an
index-induced cavity resonance shift can be considered a
mechanism for the observed density- and time-dependent
lasing energy shift. The cavity resonance shift (δEc) is re-
lated to the change in the refractive index (δnc) approxi-
mately through δEc/Ec = −δnc/nc, where nc is the effec-
tive refractive index averaged over the longitudinal cavity
photon mode. Therefore, a cavity resonance shift δE ∼10
meV (Fig. 4) requires a sizable reduction of the refrac-
tive index, i.e., |δnc/nc| ∼ 0.7%. Such a significant δnc
is probable with resonance-enhanced optical nonlinearity,
which is consistent with the aforementioned framework
based on the formation of cavity-induced correlated e–h
paris near the Fermi edge. Nonetheless, analyzing the
polarized spectral characteristics and dynamics of lasers
with highly interacting carriers in the gain media is im-
portant to further understand Coulomb many-body ef-
fects, such as screening, bandgap renormalization, and
phase-space filling41,56,57,64 in high-density coupled e–h-
photon systems58–61.

In the present studied spin-polarized microcavity laser,
the spontaneous emission factor65,66 is ∼ 10−2 and
the external quantum efficiency can reach 10%, which
matches that of the carriers absorbed in the QW gain
media. Moreover, the lasing threshold carrier density
is nearly the same as that in conventional VCSELs
even when the cavity resonance is far detuned from the



7

bandgap of the QWs (Ec − E′g ∼ 80 meV). Theoreti-
cally, the threshold density is expected to increase with
the increasing detuning, except when many-body inter-
actions in the photoexcited carriers are considered60. We
attribute the high quantum efficiency at a high photoex-
cited density and the low threshold under a sizable de-
tuning to the stimulation of correlated e–h pairs formed
near the Fermi edge of the high-density plasmas as a re-
sult of the coupling to the cavity light field. Moreover,
the lasing energy is largely determined by the chemical
potential of the plasmas rather than by bare cavity reso-
nance; as a result, tuning the laser energy for more than
10 meV with an increasing photoexcited density is pos-
sible. Specifically, the emission energies blueshift more
than & 10 meV when the photoexcited density increases
from 2 × 1012 cm−2 to ∼ 1013 cm−2 per pulse. Our re-
sults suggest potential applications for wavelength tun-
able lasers25,67, with polarization controlled by an exter-
nal stimulus rather than being fixated to static struc-
tures. The sub-10 ps pulsed laser action commencing
within 10 ps after pulse excitation suggests that a high-
speed operation (>100 GHz) is feasible68. In addition,
the studied microcavity structure with the cavity reso-
nance tuned to the excited quantized levels of QWs can
be used for spin-controlled high-speed VCSELs with elec-
trical injection of spin-polarized carriers via ferromag-
netic contacts13,14,69.

In summary, we have described a spin-polarized laser
that exhibits nonlinear energy shifts, spin-dependent en-
ergy splittings, and linewidth broadening with an increas-
ing photoexcited density. The ultrafast (sub-10 ps) room-
temperature spin-polarized lasing occurs in a highly pho-
toexcited microcavity in which correlated e–h pairs are
formed near the Fermi edge. The spin-dependent stimu-
lation and high optical nonlinearities arising from cavity-
induced many-body states play an important role in fa-
cilitating the observed spin-polarized lasing presented in
this study. Our results should stimulate activities that
exploit spin and many-body effects for fundamental stud-
ies of light-matter interactions, as well as facilitate devel-
opments of spin-dependent optoelectronic devices.
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Appendix A: Appendix: Methods

Sample fabrication. We grow the microcavity on a
semi-insulating (100)-GaAs substrate by using a molec-
ular beam epitaxy method. The top (bottom) DBR con-
sists of 17 (20) pairs of GaAs(61-nm)/AlAs (78-nm) λ/4

layers. The central cavity layer consists of three stacks of
three In0.15Ga0.85As/GaAs (6-nm/12-nm) quantum wells
each, positioned at the anti-nodes of the cavity light field.
The structure is entirely undoped and contains a λ GaAs
cavity sandwiched by DBRs; the result is a bare cavity
resonance Ec ≈ 1.41 eV (λc = 880 nm) at room temper-
ature (Fig. 8). The QW bandgap (E′g ∼1.33 eV) is tuned
through a rapid thermal annealing process (at 1010 ◦C
– 1090◦C for 5-10 s), in which the InGaAs QW bandgap
blueshifts because of the diffusion of gallium ions into the
MQW layers. The cavity quality factor Q is about 4000–
7000, which corresponds to a cavity photon lifetime ∼2
ps.

Thermal management. At a high pump flux, the
steady-state incident power transmitted to the sample at
the 76 MHz repetition rate of the laser will exceed 50
mW and result in significant thermal heating and carrier
diffusion. The techniques we use to control the thermal
heating and diffusion of the photoexcited carriers are (1)
temporally modulating the pump laser intensity to sup-
press the thermal carrier heating and (2) spatially shap-
ing the pump beam profile to enable lasing in a single
transverse mode. Steady-state thermal heating can in-
hibit laser action and lead to spectrally broad redshifted
luminescence. To suppress steady-state thermal heating,
we temporally modulate the 2-ps 76 MHz pump laser
pulse train with a duty cycle (on/off ratio) < 0.5 % by
using a double-pass acousto-optic modulator system71.
The time-averaged power is limited to below 0.2 mW for
all experiments. Multiple transverse modes can simul-
taneously lase because of the diffusion of photoexcited
carriers and crystalline disorder, which lead to instabil-
ity and complex lasing characteristics. To control carrier
diffusion, we holographically generate a flat-top pump
beam profile (area ≈ 300 µm2) at the sample surface with
a spatial beam shaper consisting of a two-dimensional
(2D) liquid-crystal spatial light modulator (SLM)72.

Optical excitation. The front surface of the micro-
cavity is positioned at the focal plane of a high-numerical-
aperture microscopy objective (N.A. = 0.42, 50×, effec-
tive focal length 4 mm). A 3× telescope, a Faraday rota-
tor, a polarizing beam splitter, and the objective form a
reflected Fourier transform imaging system. The light
fields at the SLM and sample surface form a Fourier
transform pair. The 2D SLM (1920 × 1080 pixels, pixel
pitch = 8 µm) enables us to generate arbitrary pump ge-
ometries with a ≈2 µm spatial resolution at the sample
surface using computer-generated phase patterns. The
pump flux can be varied by more than two orders of mag-
nitude with the use of a liquid-crystal attenuator.

Imaging spectroscopy. We measure the angular,
spectral, and temporal properties of luminescence in the
reflection geometry. In a planar microcavity, carriers
coupled to the cavity light field are characterized by an
in-plane wavenumber k‖ = k sin(θ) because of the 2D
confinement of both photons and carriers. The leak-
age photons can thus be used to directly measure the
angular distribution of optically active carriers. Angle-
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FIG. 7. (Color online) Microcavity sample characterization. (a) E vs. k‖ dispersions for the TE (left) and TM (right)

modes under a circularly polarized pump at 1.579 eV and P = 0.6 Pth. The photoexcited density at Pth is ∼ 2 − 3 × 1012

cm−2 per quantum well per pulse. The simulated TE and TM dispersions are shown as magenta and black curves, respectively.
The TE-TM energy splitting is less than 50 µeV at k‖ = 0, allowing the effective control of lasing polarization by optical
pumping. (b) To determine the density-dependent spectral characteristics of PL in the InGaAs/GaAs MQWs, we measure the
time-integrated and time-resolved PL in the sample, with the top DBR mirror layers removed, by selective wet etching70. PL
spectra at P = 0.2 (blue), 0.6 (magenta), and 1 Pth (green) in the absence of the top DBR mirrors. Here, PL is attributed to
the spontaneous radiative recombination of photoexcited carriers in the InGaAs/GaAs MQWs. The dual PL spectral peaks
are attributed to the first and second quantized energy levels in the MQWs, respectively. The QW bandgap (E′g) corresponds
to the ground state, the transition between the first quantized energy levels of the electron and the heavy-hole (e1hh1). E′g
can decrease with the increasing photoexcited density (band gap renormalization). µ can be deduced from PL from the
excited state (second quantized levels, e2hh2 transition). With an increasing density, E′g redshifts slightly because of band
gap renormalization, whereas µ blueshifts considerably (∼ 10 meV) as a result of phase space filling (Pauli blocking) at a high
photoexcited density (& 1012 cm−2 per QW). (c) Normalized PL spectra near 1.40 eV, which displays a significant spectral
blueshift of 15–20 meV with the increasing photoexcited density (0.1 to 2 Pth).

resolved luminescence images and spectra are measured
through a Fourier transform optical system. A removable
f = 200 mm lens enables the projection of either k-space
or r-space luminescence on to the entrance plane or slit
of the spectrometer. Luminescence is collected through
the objective, separated from the reflected specular and
scattered pump laser light with a notch filter, and then
directed to an imaging spectrometer. A single circular
transverse lasing mode with a spatial mode diameter ≈8
µm is isolated for measurements through a pinhole po-
sitioned at the conjugate image plane of the microcav-
ity sample surface. The spectral resolution is ≈0.1 nm
(150 µeV), which is determined by the dispersion of the
grating (1200 grooves/mm) and the entrance slit width
(100–200 µm). The spatial (angular) resolution is ≈ 0.3
µm (6 mrad) per CCD pixel.

Polarization control and notation. The polar-
ization state of the pump (luminescence) is controlled
(analyzed) by a combination of liquid crystal devices,
such as variable retarders and polarization rotators, and
Glan-Taylor/Glan-Thomson polarizers without mechan-
ical moving parts. A polarization compensator (Berek’s
variable wave plates) is used to compensate for the phase
retardance induced by the reflection from the miniature
gold mirror surface. The circularly polarized pump or lu-
minescence with angular momentum +~ (−~) along the

pump laser wavevector k̂ ‖ ẑ is defined as σ+ (σ−). Lin-
early polarized light with horizontal (vertical) polariza-
tion is defined as σX (σY ). The polarization state is
characterized by the Stokes vector {S0, S1, S2, S3}. S0 is

the flux and is determined as S0 = I+ + I− = IX + IY =
I45

◦
+ I135

◦
. The Stokes vector can be normalized by its

flux S0 to the Stokes three-vector s = {s1, s2, s3}. s1 =

(IX − IY )/(IX + IY ), s2 = (I45
◦ − I135◦)/(I45

◦
+ I135

◦
),

and s3 = (I+ − I−)/(I+ + I−). I+, I−, IX , IY , I45
◦
,

as well as I135
◦

are measured time-integrated or tempo-
ral intensities of the circular or linear polarized compo-
nents. We represent the polarization state with the fol-
lowing three quantities: the degree of circular polariza-
tion (DoCP ≡ ρc = s3), the degree of linear polarization

(DoLP ≡ ρl =
√
s21 + s22), and the degree of polariza-

tion (DoP ≡ ρ =
√
s21 + s22 + s23). The accuracy of the

measured polarization state is ≈1%–2%.

Appendix B: Appendix: Rate-equation Model

To model the spin-controlled lasing processes, we use
a set of rate equations with spin-dependent stimulated
processes. We consider two states populated with spin-
polarized electron-hole (e–h) pairs: a nonradiative e–h
plasma reservoir (M±eh) and radiative correlated e–h pairs

at k‖ ≈ 0 (n±0 ). The e–h pairs nonresonantly photoex-
cited by a 2 ps pulsed pump laser at 1.58 eV relax rapidly
(<5 ps) to the reservoir via, for example, a spin-preserved
scattering process with LO optical phonons. Therefore,
we assume that spin-polarized e–h pairs are optically in-
jected into the reservoir at a generation rate of GpP

±,
where P± is the pump laser flux of helicity ±. The spin
flipping time of the e–h pairs, 1/Wsf , is less than 10 ps,
as demonstrated by the polarized time-dependent PL be-
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FIG. 8. (Color online) Reflectance and laser spectral
characteristics. (a) Reflectance spectrum at k‖ = 0 from
the front surface of a microcavity sample with 1.405 eV lasing
energy at the threshold: measured (black solid line) and sim-
ulated (orange solid line). This sample is an as-grown sample
not subject to a rapid thermal annealing process. The sim-
ulation is performed via a transfer matrix method, including
the optical absorption in the GaAs layers, but excluding the
complex dielectric constant of excitons (e-h pairs) in MQWs.
The cavity resonance (Ec) is about 1.41 eV. (b) Emission
spectra at k‖ = 0 at at pump P = 0.3 and 1.0 Pth. Above
the threshold, luminescence is dominated by the lasing mode
(red curve). (c) Spectral peak energy as a function of pump
flux (photoexcited density) for emission peaks I, II, and III
as indicated in (b). The vertical black and red dashed lines
indicate P = 0.3 and 1.0 Pth, respectively. Emission peak I
and peak III correspond to a reflection minimum with energy
below and above the reflection stop band, whereas peak II is
near the cavity resonance. Peak I and peak III experience less
than 2 meV spectral shifts with an increasing pump flux. By
contrast, peak II blueshifts more than 10 meV for the same
density range, a resulting indicating a strong optical nonlin-
earity induced by the coupling between the high-density e–h
plasma and the cavity light field.
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FIG. 9. (Color online) Transient lasing spectra at P =
4Pth. Cross-sectional transient spectra at specified time de-
lays extracted from the temporally and spectrally resolved
streak images of the sample. Transient spectra are averaged
over 5 ps and normalized to the maximal peak intensity of
the co-circular component. The spectra are equally scaled
but offset vertically by 1. Red lines represent the co-circular
(σ+/σ+) component, whereas blue lines represent the cross-
circular (σ+/σ−) one. The energy scale is measured with
respect to 1.408 eV, which is the peak lasing energy at the
threshold Pth. In the initial time delay of a few ps after pulse
excitation, the emission is spectrally broad and blueshifts by
about 5 meV. For delays less than 20 ps, the co- and cross-
circular components have the same spectral peak energy (ver-
tical dashed lines), and this suggests that carrier interactions
with the same spins and opposite spins are in a compara-
ble magnitude. The spectral peak energy is determined by
the total carrier density instead of individual spin-up or spin-
down population. On the other hand, the intensity of the co-
circular component is higher than that of the cross-circular
component within 20 ps after pulse excitation because the in-
effective spin-flipping in the reservoir results in an imbalanced
spin population. The emission spectrum reaches a maximum
at about 10 ps, and then gradually decreases in overall mag-
nitude and redshifts with time. The temporal energy redshift
in spectra is attributed to a descending chemical potential µ
with a decreasing carrier density.

low the threshold (Fig. 6) as well as in a sample without
the top DBR mirror layers (Fig. 7). The e–h carriers in
the reservoir can also dissipate through reabsorption and
nonradiative recombination (Γloss). We further assume
that a fraction of e–h pairs near the Fermi-edge couple
effectively to the cavity light field and form correlated e–
h pairs (N±eh = βM±eh). The conversion of carriers from
Neh to the radiative n0 state is enabled by the following
processes: (a) Wk, a spontaneous conversion from Neh,
and (b)Wss, a spin-dependent stimulated scattering from
Neh. The n0 state contributes to the leakage photons
measured experimentally at a rate associated with the
cavity photon decay rate Γc. The lasing dynamics can
then be described by the following set of coupled rate
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FIG. 10. (Color online) Spin-dependent Stimulation. (a) Calculated stationary DoCP (ρ̄c) with varying pump polarization
ρpc (represented by the altitude) for P = 0.8, 1.0 and 1.2 Pth. (b-c) Calculated polarized time-dependent radiation intensity
for co-circular σ+/σ+ [I+(t)] and cross-circular σ+/σ+ [I−(t)] components under a σ+ pump for P = 1.0 and 2.0 Pth. The
theoretical Pth is set to the pump flux when the stationary ρ̄c = 0.5 under a fully circularly polarized pump (ρpc = 1).

equations:

dM±eh(t)

dt
= Gp(t)P± ∓Wsf

[
M+

eh(t) −M−eh(t)
]
− ΓlossM

±
eh(t)

−Wss(n±0 )N±eh(t)n±0 (t) −Wk N±eh(t) ,

d n±0 (t)

dt
= Wss(n±0 )N±eh(t)n±0 (t) + Wk N±eh(t) − Γc n±0 (t).

The generation rate of carriers, Gp(t), from a 2 ps
pulsed laser pump is represented by a Gaussian distri-
bution with a standard deviation σ = 2 ps. The spin-
dependent stimulation rate Wss = W0× (1−n±0 /nsat) is
phenomenologically set to decrease with density, where
the saturation density nsat is obtained by fitting of the
pump flux-dependent, stationary DoCP (ρ̄c).

The fittings parameters are as follows: W0 = 1/10
[ps−1], Wsf = 1/10 [ps−1], Wk = 10−4 [ps−1], Γloss =
1/1000 [ps−1], Γc = 1 [ps−1], β = 0.015, and nsat
= 200. Given a spatial mode area of 10–20 µm2 for
the n0 state, the calculated threshold density is about
5− 10× 105 µm−2, consistent with experimentally mea-
sured carrier density per quantum well at the thresh-
old. This model reproduces the polarized laser output
fluxes (I±) and DoCP (ρ̄c) as a function of pump flux P
(Fig. 3) and as a function of pump polarization ρpc (Fig. 5
and Fig. 10a). The polarized time-dependent PL is also
reproduced qualitatively (Fig. 6 and Fig. 10b–c).

We note a few limitations of this simplified model: (1)
It does not consider energy relaxation and spatial carrier
diffusion properly. As a result, the spectral-dependent
stationary ρ̄c(E) and time-resolved ρc(E, t) cannot be
reproduced. (2) The model does not consider optical
selection rules under a nonresonant optical pumping and
neglects the fact that hole spin relaxation time is sub-
10 ps45. In InGaAs/GaAs quantum wells, the initial ρc
of the band-edge PL is limited to 0.25 because of ∼ps
hole spin relaxation for a nonresonant optical excitation
with more than 150 meV excess energy in our experi-
ments; the model uses a ρc(t = 0) = 1. Therefore, the
model produces a stationary ρ̄c higher than the exper-
imental values below the threshold. Moreover, the cal-
culated ρ̄c across the threshold is smooth, which is in
contrast to the “step-like” increase with the increasing
pump flux in the experiments. (3) We model the sat-
uration effect by limiting the stimulated scattering rate
Wss above a saturation density (nsat). The Wss(n0) can
exhibit a more complex density dependence when energy
relaxation and spectral broadening of the lasing mode
are considered. Despite of aforementioned limitations,
this simplified model can qualitatively simulate the main
experimental results including polarization amplification
under elliptically polarized pumping and spin-polarized
pulsed lasing dynamics.
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ture 497, 348 (2013); P. Bhattacharya, B. Xiao, A. Das,
S. Bhowmick, and J. Heo, Phys. Rev. Lett. 110, 206403
(2013).

24 H. Deng, H. Haug, and Y. Yamamoto, Rev. Mod. Phys.
82, 1489 (2010); J. Keeling and N. Berloff, Contemp. Phys.
52, 131 (2011); B. Deveaud-Plédran, J. Opt. Soc. Am. B
29, A138 (2012); I. Carusotto and C. Ciuti, Rev. Mod.
Phys. 85, 299 (2013); J. Bloch, “Polariton condensates in
low dimensional cavities,” in Physics of Quantum Fluids
(Springer, 2013) pp. 177–199; T. Byrnes, N. Y. Kim, and
Y. Yamamoto, Nature Phys. 10, 803 (2014).

25 C. J. Chang-Hasnain, IEEE J. Sel. Topics Quantum Elec-
tron. 6, 978 (2000); F. Koyama, J. Lightw. Technol. 24,
4502 (2006).

26 C. H. Henry, IEEE J. Quantum Electron. 18, 259 (1982);
J. Lightwave Technol. 4, 298 (1986); Y. Arakawa and
A. Yariv, IEEE J. Quantum Electron. 21, 1666 (1985).

27 K. Panajotov and F. Prati, “Polarization dynamics of VC-
SELs,” in VCSELs (Springer, 2013) pp. 181–231; J. M.
Ostermann and R. Michalzik, “Polarization control of VC-
SELs,” in VCSELs, Springer Series in Optical Sciences,
Vol. 166 (Springer, 2013) pp. 147–179.

28 G. Manzke, D. Semkat, and H. Stolz, New J. Phys.
14, 095002 (2012); L. Kappei, J. Szczytko, F. Morier-
Genoud, and B. Deveaud, Phys. Rev. Lett. 94, 147403
(2005); C. F. Klingshirn, “The intermediate density
regime,” in Semiconductor Optics (Springer, 2012) pp.
507–560; “The electron-hole plasma,” in Semiconductor
Optics (Springer, 2012) pp. 561–597; “Stimulated emission
and laser processes,” in Semiconductor Optics (Springer,
2012) Chap. 22, pp. 599–622.

29 M. Wouters, I. Carusotto, and C. Ciuti, Phys. Rev. B
77, 115340 (2008); P. Schwendimann and A. Quattropani,
Phys. Rev. B 77, 085317 (2008); H. Haug, H. T. Cao, and
D. B. T. Thoai, Phys. Rev. B 81, 245309 (2010); H. Haug,
T. D. Doan, H. T. Cao, and D. B. T. Thoai, Phys. Rev.

http://dx.doi.org/ 10.1016/j.ssc.2012.06.009
http://dx.doi.org/ doi:10.1063/1.1583145
http://dx.doi.org/doi:10.1063/1.2146064
http://dx.doi.org/ 10.1049/el:20057675
http://dx.doi.org/ 10.1049/el:20062890
http://dx.doi.org/ doi:10.1063/1.3651339
http://dx.doi.org/10.1155/2012/268949
http://dx.doi.org/10.1155/2012/268949
http://dx.doi.org/10.1063/1.4862330
http://dx.doi.org/10.1063/1.4862330
http://dx.doi.org/doi:10.1063/1.2035329
http://dx.doi.org/ 10.1103/PhysRevLett.98.146603
http://dx.doi.org/ 10.1103/PhysRevLett.98.146603
http://dx.doi.org/10.1088/0022-3727/40/11/R01
http://dx.doi.org/10.1088/0022-3727/40/11/R01
http://dx.doi.org/10.1103/PhysRevLett.102.093904
http://dx.doi.org/10.1103/PhysRevB.82.205309
http://dx.doi.org/10.1103/PhysRevB.82.205309
http://dx.doi.org/ 10.1109/JQE.2004.842312
http://dx.doi.org/10.1109/JQE.2009.2013107
http://dx.doi.org/10.1109/JQE.2009.2013107
http://dx.doi.org/ 10.1364/OE.20.003550
http://dx.doi.org/doi:10.1063/1.2967739
http://dx.doi.org/10.1103/PhysRevB.85.045314
http://dx.doi.org/10.1063/1.4892071
http://dx.doi.org/10.1063/1.4892071
http://dx.doi.org/ 10.1063/1.4850676
http://dx.doi.org/ 10.1038/nnano.2014.195
http://dx.doi.org/10.1109/3.7126
http://dx.doi.org/10.1109/3.7126
http://dx.doi.org/10.1007/978-3-642-24986-0_1
http://dx.doi.org/ 10.1126/science.1074464
http://dx.doi.org/ 10.1038/nature05131
http://dx.doi.org/ 10.1038/nature05131
http://dx.doi.org/ 10.1126/science.1140990
http://dx.doi.org/10.1038/nature06334
http://dx.doi.org/10.1038/nphys1034
http://dx.doi.org/10.1038/nphys1034
http://dx.doi.org/ 10.1038/nphys1051
http://dx.doi.org/10.1126/science.1177980
http://dx.doi.org/10.1038/nphys1668
http://dx.doi.org/10.1038/nphys1668
http://dx.doi.org/ 10.1038/nphys1959
http://dx.doi.org/ 10.1038/nphys1841
http://dx.doi.org/ 10.1038/nphys1841
http://dx.doi.org/10.1103/PhysRevB.76.201305
http://dx.doi.org/10.1103/PhysRevLett.100.047401
http://dx.doi.org/ 10.1073/pnas.1009847108
http://dx.doi.org/10.1088/1367-2630/14/10/105003
http://dx.doi.org/ 10.1007/978-3-642-24186-4_13
http://dx.doi.org/ 10.1007/978-3-642-24186-4_13
http://dx.doi.org/ 10.1038/nature12036
http://dx.doi.org/ 10.1038/nature12036
http://dx.doi.org/ 10.1103/PhysRevLett.110.206403
http://dx.doi.org/ 10.1103/PhysRevLett.110.206403
http://dx.doi.org/10.1103/RevModPhys.82.1489
http://dx.doi.org/10.1103/RevModPhys.82.1489
http://dx.doi.org/10.1080/00107514.2010.550120
http://dx.doi.org/10.1080/00107514.2010.550120
http://dx.doi.org/10.1364/JOSAB.29.00A138
http://dx.doi.org/10.1364/JOSAB.29.00A138
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1103/RevModPhys.85.299
http://dx.doi.org/10.1007/978-3-642-37569-9_9
http://dx.doi.org/10.1038/nphys3143
http://dx.doi.org/10.1109/2944.902146
http://dx.doi.org/10.1109/2944.902146
http://dx.doi.org/10.1109/JLT.2006.886064
http://dx.doi.org/10.1109/JLT.2006.886064
http://dx.doi.org/10.1109/JQE.1982.1071522
http://dx.doi.org/10.1109/JLT.1986.1074721
http://dx.doi.org/10.1109/JQE.1985.1072555
http://dx.doi.org/10.1007/978-3-642-24986-0_6
http://dx.doi.org/10.1007/978-3-642-24986-0_5
http://dx.doi.org/10.1088/1367-2630/14/9/095002
http://dx.doi.org/10.1088/1367-2630/14/9/095002
http://dx.doi.org/10.1103/PhysRevLett.94.147403
http://dx.doi.org/10.1103/PhysRevLett.94.147403
http://dx.doi.org/10.1007/978-3-642-28362-8_20
http://dx.doi.org/10.1007/978-3-642-28362-8_21
http://dx.doi.org/10.1007/978-3-642-28362-8_21
http://dx.doi.org/10.1007/978-3-642-28362-8_22
http://dx.doi.org/10.1103/PhysRevB.77.115340
http://dx.doi.org/10.1103/PhysRevB.77.115340
http://dx.doi.org/10.1103/PhysRevB.77.085317
http://dx.doi.org/10.1103/PhysRevB.81.245309
http://dx.doi.org/10.1103/PhysRevB.85.205310


12

B 85, 205310 (2012).
30 M. D. Mart́ın, G. Aichmayr, L. Viña, and R. André, Phys.
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