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The string-net approach by Levin and Wen, and the local unitary transformation approach by
Chen, Gu, and Wen, provide ways to classify topological orders with gappable edge in 2D bosonic
systems. The two approaches reveal that the mathematical framework for 2-+1D bosonic topological
order with gappable edge is closely related to unitary fusion category theory. In this paper, we
generalize these systematic descriptions of topological orders to 2D fermion systems. We find a
classification of 241D fermionic topological orders with gappable edge in terms of the following set of
data (N, F,7, F;i;’ﬁf‘f ,d;), that satisfy a set of non-linear algebraic equations. The exactly soluble
Hamiltonians can be constructed from the above data on any lattices to realize the corresponding
topological orders. When F;’ = 0, our result recovers the previous classification of 241D bosonic
topological orders with gappable edge.
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I. INTRODUCTION

Understanding phases of matter is one of the central
problems in condensed matter physics. Landau symme-
try breaking theory,»'? as a systematic theory of phases
and phase transitions, becomes a cornerstone of con-
densed matter theory. However, at zero temperature,

A. Quantum state on a graph 4 the symmetry breaking states described by local order
B. The structure of a fixed-point wave function 5 parameters are basically direct product states. It is hard
C. The first type of wave function renormalization: to believe that various direct product states can describe
F-move 6 all possible quantum phases of matter.
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07 and F}él/;né(;? 11 It turns out that there are many gapped quantum states

J. Summary of fixed-point gfLU transformations 12

that cannot be transformed into direct product states
through LU transformations. Those states are said to

VI. Categorical framework 13 have a long range entanglement. Thus, the equivalence

A. Projective super tensor category 13 classes of LU transformations, and hence the quantum
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states and much richer than what the symmetry break-
ing theory can describe. Different patterns of long range
entanglement correspond to different quantum phases

A. Solutions from group cohomology 14 .
B. Solutions from group supercohomology 14  that are beyond the symmetry-breaking/order-parameter
description® and direct-product-state description. The
VIII. Summary 14 patterns of long range entanglement really correspond



to the topological orders®!® that describe the new kind
of orders in quantum spin liquids and quantum Hall
states. 11719

In absence of translation symmetry, the above LU
transformation can be expressed as a quantum circuit,
which corresponds to a discretized LU transformation.
The discretized LU transformation is more convenient to
use. The gapped quantum phases can be more effectively
studied and even be classified through the discretized LU
transformations.%7-20-22

After discovering more and more kinds of topologi-
cal orders, it becomes important to gain a deeper un-
derstanding of topological order under a certain math-
ematical framework. We know that symmetry break-
ing orders can be understood systematically under the
mathematical framework of group theory. Can topologi-
cal orders be also understood under some mathematical
framework? From the systematic construction of topo-
logically ordered states based on string-nets?® and the
systematic description of non-Abelian satistics®3, it ap-
pears that tensor category theory may provide the under-
lying mathematical framework for topological orders.?*

However, the string-net and the LU transformation
approaches®”2° only provide a systematic understand-
ing for topological orders in qubit systems (ie quantum
spin systems or local boson systems). Fermion systems
can also have non trivial topological orders. In this pa-
per, we will introduce a systematic theory for topological
orders in interacting fermion systems (with interacting
boson systems as special cases). Our approach is based
on the LU transformations generated by local hermitian
operators that contain even number of fermion opera-
tors. It allows us to classify and construct a large class
of topological orders in fermion systems. The mathe-
matical framework developed here may be related to the
theory of enriched categories,?® which can be viewed as a
generalization of the standard tensor category theory?6-27

To gain a systematic understanding of topological or-
der in fermion systems, we first need a way to label those
fermionic topological orders. In this paper, we show that
a large class of fermionic topological orders (which in-
clude bosonic topological orders as special cases) can be
labeled by a set of tensors: (N7, ng,F;iZ§5ﬂ7di). Cer-
tainly, not every set of tensors corresponds to a valid
fermionic topological order. We show that only the ten-
sors that satisfy a set of non-linear equations correspond
to valid fermionic topological orders. The set of non-
linear equations obtained here is a generalization of the
non-linear equations (such as the pentagon identity) in
a tensor category theory. So our approach is a general-
ization of tensor category theory and the string-net ap-
proach for bosonic topological orders. We would like to
point out that the framework developed here not only
leads to a classification of fermionic topological orders,
it also leads to a more general classification of bosonic
topological orders than the string-net and the related
approaches.%-20

From a set of the data (N,ij, F,ij,F;inm;?‘f, d;), we can

obtain the parent Hamiltonian as a sum of projectors.
We believe that the Hamiltonian is unfrustrated. Its
zero-energy ground state realizes the fermionic/bosonic
topological order described by the data.

In section II, we give a careful discussion on what
is a local fermion system. In section III, we introduce
fermionic local unitary transformations. We then use
fermionic local unitary transformations to define quan-
tum phases for local fermion systems and fermionic topo-
logical orders. In section IV, we use fermionic local uni-
tary transformations to define a wave function renormal-
ization flow for local fermion systems. In section V, we
discuss the fixed points of the wave function renormal-
ization flow, and use those fixed points to classify a large
class of fermionic (and bosonic) topological orders. In
section VI, we comment on its relation to categorical
framework. In section VII, we give a few simple exam-
ples. In appendix A, we discuss the definition of branch-
ing structure for a trivalent graph. In appendix B, we
discuss the fermionic structure of the support space. In
appendix C, we derive the ideal Hamiltonian from the
data that characterize the fermionic/bosonic topological
orders.

II. LOCAL FERMION SYSTEMS

Local boson systems (ie local qubit systems) and local
fermion systems have some fundamental differences. To
reveal those differences, in this section, we are going to
define local fermion systems carefully. To contrast local
fermion systems with local boson systems, let us first
review the definition of local boson systems.

A. Local bosonic operators and bosonic states in a
local boson model

A local boson quantum model is defined through its
Hilbert space V' and its local boson Hamiltonian H. The
Hilbert space V of a local boson quantum model has a
structure V' = ®V; where V; is the local Hilbert space
on the site 7. A local bosonic operator is defined as an
operator that act within the local Hilbert space V;, or
as a finite product of local bosonic operators acting on
nearby sites. A local boson Hamiltonian H is a sum
of local bosonic operators. The ground state of a local
boson Hamiltonian H is called a bosonic state.

B. Local fermionic operators and fermionic states
in a local fermion model

Now, let us try to define local fermion systems. A
local fermion quantum model is also defined through its
Hilbert space V' and its local fermion Hamiltonian H.
First let us introduce fermion operator c§ at site © as



operators that satisfy the anticommutation relation

gef = —dieg, ()t = —(¢])ieq, (2)
for all 2 # j and all values of the «, 5 indices. We also
say cg acts on the site 2. The fermion Hilbert space V is
the space generated by the fermion operators and their
hermitian conjugate:

V= {ef(e) ] 0} 3)

Due to the anticommutation relation (2), V' has a form
V = ®V; where V; is the local Hilbert space on the site 2.
We see that the total Hilbert space of a fermion system
has the same structure as a local boson system.

Using the Hilbert space V' = ®Vj;, an explicit represen-
tation of the fermion operator c§* can be obtained. First,
each local Hilbert space can be splitted as V; = V2 o V5.
We also choose an ordering of the site label 2. Then ¢
has the following matrix representation

g =Cy [[55,

j<i

0 Ag Iy 0
where I is the identity matrix acting in the space V0
and I} is the identity matrix acting in the space V.

The matrix C3* maps a state in Vi0 to a state in Vil, and
vice versa. We note that

Cixl = -¥iCT. (®)

We see that a fermion operator is not a local bosonic
operator. The product of an odd number of fermion op-
erators and any number of local bosonic operators on
nearby sites is called a local fermionic operator.

Let us write the eigenvalue of ¥ as (—)%. The states
in Vio have s; = 0 and are called bosonic states. The
states in Vi1 have s; = 1 and are called fermionic states.
We can view s; as the fermion number on site 2.

A local fermion Hamiltonian Hy is a sum of terms:
H = % ,Op, where ), sums over a set of regions.
Each term Op is a product of an even number of lo-
cal fermionic operators and any number of local bosonic
operators on a finite region P. Such kind of terms is
called pseudo-local bosonic operator acting on the region.
In other words, a local fermion Hamiltonian is a sum of
pseudo-local bosonic operators. The ground state of a
local fermion Hamiltonian H is called a fermionic state.

Note that, beyond 1D, a pseudo-local bosonic opera-
tor is in general not a local bosonic operator. So a lo-
cal fermion Hamiltonian H; (beyond 1D) in general is
not a local boson Hamiltonian defined in the last sub-
section. In this sense, a local boson system and a local
fermion system are fundamentally different despite they
have the same Hilbert space. When viewed as a boson
system, a local fermion Hamiltonian corresponds to a
non-local boson Hamiltonian (beyond 1D). Thus classi-
fying the quantum phases of local fermion systems corre-
sponds to classifying the quantum phases of a particular
kind of non-local boson systems.

IIT. FERMIONIC LOCAL UNITARY
TRANSFORMATION AND TOPOLOGICAL
PHASES OF FERMION SYSTEMS

Similar to the local boson systems, the finite-time evo-
lution generated by a local fermion Hamiltonian defines
an equivalence relation between gapped fermionic states:

(1)) ~ [1(0)) iff [ip(1)) = Te! Jo 497 @5(0))  (6)

where 7 is the path-ordering operator and H(g) =
>-; 0i(g) is a local fermion Hamiltonian (ie O;(g) is a
pseudo-local bosonic operator which is a product of even
local fermionic operators). We will call 7 [e! Jo dg Hy(9)]
a fermion local unitary (fLU) evolution. We believe that
the equivalence classes of such an equivalence relation are
the universality classes of the gapped quantum phases of
fermion systems.

The finite-time fLLU evolution introduced here is closely
related to fermion quantum circuits with finite depth. To
define fermion quantum circuits, let us introduce piece-
wise fermion local unitary operators. A piecewise fermion
local unitary operator has a form U, = []; el Hs (@)
where {Hf(%)} is a Hermitian operator which is a pseudo-
local bosonic operator that acts on a region labeled by <.
Note that regions labeled by different 2’s are not overlap-
ping. U; = e'H#7(®) ig called a fermion unitary operator.
The size of each region is less than some finite number .
The unitary operator Uy, defined in this way is called
a fermion piece-wise local unitary operator with range [.
A fermion quantum circuit with depth M is given by the
product of M fermion piece-wise local unitary operators:

UM . = ;BlU}Si)l e ;%). We believe that finite time
fLU evolution can be simulated with a constant depth
fermion quantum circuit and vice versa. Therefore, the
equivalence relation eqn. (6) can be equivalently stated

in terms of constant depth fermion quantum circuits:

(1)) ~ [#(0)) iff [4(1)) = UZz|v(0)) (7)

where M is a constant independent of system size. Be-
cause of their equivalence, we will use the term “fermion
Local Unitary Transformation” to refer to both fermion
local unitary evolution and constant depth fermion quan-
tum circuit in general.

Just like boson systems, the equivalence classes of
fermionic local unitary transformations correspond to
the universality classes that define phases of matter.
Since here we do not include any symmetry, the equiva-
lence classes actually correspond to topologically ordered
phases. Such topologically ordered phases will be called
fermionic topologically ordered phases.

IV. FERMIONIC LOCAL UNITARY
TRANSFORMATION AND WAVE FUNCTION
RENORMALIZATION

After defining the fermionic topological orders as the
equivalence classes of many-body wave functions under



region A

region A

FIG. 1: (Color online) (a) A fermion local unitary (gfLU)
transformation U, acts in region A of a fermionic state |¢)
are formed by bosonic and fermionic operators in the region
A. Uy always contain even numbers of fermionic operators.
(b) UjU, = P is a projector, whose action does not change
the state [¢).

fLU transformations, we like to use the fLLU transfor-
mations, or more precisely the generalized fermion local
unitary (gfLU) transformation, to define a wave function
renormalization procedure. The wave function renormal-
ization can remove the non-universal short-range entan-
glement and make generic complicated wave functions to
flow to some very simple fixed-point wave functions. The
simple fixed-point wave functions can help us to classify
fermionic topological orders.

Let us first define the gfLU transformation U, more
carefully. Consider a state [1)). Let p4 be the entangle-
ment density matrix of |¢) in region A. p4 may act in a
subspace of the Hilbert space in region A. The subspace
is called the support space V4 of region A (see Fig. 1(a)).
Let \g?);) be a basis of this support space Vi, and |¢;) be a
basis of the full Hilbert space V4 of region A. The gfLU
transformation U, is the projection from the full Hilbert
space V4 to the support space VA. So up to some unitary
transformations, Uy is a hermitian projection operator:

U, = U, P,Us,
Ui, =1,

P? =P, Pl =P

g» g 9>

UlU; = 1. (8)

The matrix elements of U, are given by (papi). We will
call such a gfLU transformation a primitive gfLLU trans-
formation. A generic gfLU transformation is a product of
several primitive gfLU transformations which may con-
tain several hermitian projectors and unitary transfor-
mations, for example, U, = U1 PyUs P,Us.

To understand the fermionic structure of Uy, we note
that the support space V4 has a structure Vy = VX @ f/j
(see appendix B1), where \72 has even numbers of
fermions and V} has odd numbers of fermions. This
means that U, contains only even numbers of fermionic
operators (ie Uy is a pseudo-local bosonic operator).

We also regard the inverse of Uy, U ;f, as a gfLLU trans-
formation. An fLU transformation is viewed as a special

FIG. 2:  (Color online) The lattice is a graph (described
by the blue lines) with branching structure. The black lines
describe the dual lattice. The state on the edges are labeled
by i,j,k,m,n =0,--- , N. The state on the edges are labeled
by «,B. The vertices are labeled by a, 8. The a vertex
has two incoming edges and o has a range a = 1,--- , N®.
The [ vertex has two incoming edges and § has a range § =
1.+ N

case of gfLU transformations where the degrees of free-
dom are not changed. Clearly UgTUg = P and UgUgT =P
are two hermitian projectors. The action of P does not
change the state |¢) (see Fig. 1(b)). Thus despite the
degrees of freedom can be reduced under the gfLLU trans-
formations, no quantum information of the state |¢) is
lost under the gfLU transformations.

We note that the gfLU transformations can map one
wave function to another wave function with fewer de-
grees of freedom. Thus it can be viewed as a wave func-
tion renormalization group flow. If the wave function
renormalization leads to fixed-point wave functions, then
those fixed-point wave functions can be much simpler,
which can provide an efficient or even one-to-one label-
ing scheme of fermionic topological orders.

V. WAVE FUNCTION RENORMALIZATION
AND A CLASSIFICATION OF FERMIONIC
TOPOLOGICAL ORDERS

As an application of the above fermionic wave func-
tion renormalization, in this section, we will study the
structure of fixed-point wave functions under the wave
function renormalization. This will lead to a classifica-
tion of fermionic topological orders.

A. Quantum state on a graph

Since the wave function renormalization may change
the lattice structure, we will consider quantum state de-
fined on a generic trivalent graph G. The graph has a
branching structure as described by appendix A: Each
edge has an orientation and each vertex has two incom-
ing or one incoming edges. Each edge has N + 1 states,
labeled by ¢ = 0,..., N. Each vertex also has physi-



cal states. The number of the states depends on the
states on the connected edges and they are labeled by
a=1,.,Norpg=1, --~»N¢l§' for vertices with two in-
coming and one outgoing edges. (see Fig. 2).

Despite the similar look between « index and « index,
the two indices are very different. « index labels the
vertices while o index labels the state on a vertex. In
this paper, we very often use «a to label states on vertex
Q.

The states on the edge are always bosonic. How-
ever, the states on the vertices may be fermionic. We
introduce, for example, F}’ to indecate the number

of fermionic states on the vertex: a = 1,..,B; la-
bel the bosonic(fermion parity even) states and o =
1+ B),...,F} + B} label the fermionic(fermion parity
odd) states. Here

By =Ng - Fy ©

is the number of bosonic states on the vertex. Similarly,
we can introduce Ni’; and FZ-’;, to indecate the number of
states and fermionic states on vertices with one incoming
edges and two outgoing edges. In this paper, we will
assume that

N}7 = NE

ij _ pk
iy Bk = B;

L, FY = FF (10)

79
as required by unitarity.

We introduce s}/ («) to indicate whether a vertex state
labeled by « is bosonic or fermionic: s}’ (o) = 0 if the a-
state is bosonic and s}’ («) = 1 if the a-state is fermionic.
Here the vertex connects to three edges ¢, j, and k (see
Fig. 2). Each graph with a given «, 8, ...7, j, ... labeling
(see Fig. 2) corresponds to a state and all such labeled
graphs form an orthonormal basis. Our fixed-point state
is a superposition of those basis states

s w(EET). w

all conf.

W}ﬁx> =

In the string-net approach, we made a very strong as-
sumption that the above graphic states on two graphs are
the same if the two graphs have the same topology. How-
ever, since different vertices and edges are really distinct,
a generic graph state does not have such an topological
invariance. To consider more general states, in this pa-
per, we would like to weaken such a topological require-
ment. We will consider vertex-labeled graphs (v-graphs)
where each vertex is assigned an index a. Two v-graphs
are said to be topologically the same if one graph can be
continuously deformed into the other in such a way that
vertex labeling of the two graphs matches. In this paper,
we will consider the graph states that depend only on the
topology of the v-graphs. Those states are more general
than the graph states that depend only on the topol-
ogy of the graphs without vertex labeling. Such a gener-
alization is important in obtaining interesting fermionic
fixed-point states on graphs.

B. The structure of a fixed-point wave function

Before describing the wave function renormalization,
we examine the structure of entanglement of a fixed point
wave function g, on a v-graph. First let us introduce
the concept of support space with a fixed boundary state.

We examine the wave function on a patch, for exam-

ijok i j ok
ple, \g%/ The fixed-point wave function gy (W)

(only the relevant part of the graph is drawn) can
be viewed as a function of a, 5, m: ¢irr(a, f,m) =

i j ok
Vix (XV) if we fix 4,7,k,0 and the indices on the
!

other part of the graph. (Here the indices on the other
part of the graph are summarized by I'.) As we vary the
indices I' on the other part of the graph (still keep 4, j, k,
and [ fixed), the wave function of o, 8, m, @i k1.r (e, B, m),
may change. All those ¢;;xi (e, 5, m) form a linear space
of dimension Dl”k. D;jk is an important concept that
will appear later. We note that the two vertices o and (3
and the edge m form a region surrounded by the edges
i,J,k, 1. So we will call the dimension-D;’ * space the sup-

port space V;" ¥ and Dy * the support dimension for the
state ¥gx on the region surrounded by a fixed boundary
state i, 5, k, L.

We note that in the fixed-point wave function

i j ok
o (W) , the number of choices of a, 3, m is Nl”k =
1

ZZZO NN/ . Thus the support dimension D)’ * sat-
isfies D;jk < N/ ¥ Here we will make an important
assumption — the saturation assumption: The fixed-point
wave function saturates the inequality:

N
D% = NF =N NIN&E, (12)
m=0

In general, we will make the similar saturation assump-
tion for any tree graphs. We will see that the entangle-
ment structure described by such a saturation assump-
tion is invariant under the wave function renormalization.

Similarly, we can define D’ as the support dimension

N0
of the ®gy \{ on a region bounded by links ¢, 7, k.

Since the region contains only a single vertex a, we have
D;) < N,?. The saturation assumption requires that

D = N7 (13)

In fact, this is how N’ is defined.

We note that under the saturation assumption, the
structure of the support dimensions for tree graphs is
encoded in the N}’ tensor. Here N, plays a similar role
as the pattern of zeros in a classification of fractional
quantum Hall wave functions.?®



C. The first type of wave function renormalization:
F-move

Our wave function renormalization scheme contains
two types of renormalization. The first type of renor-
malization does not change the degrees of freedom and
corresponds to a local unitary transformation. It cor-

i jok
responds to locally deforming the v-graph \KP/ to
I
i

k
%
\t%/. (The parts that are not drawn are the same.)
!

The fixed-point wave function on the new v-graph is
ik

X
given by gy (\%{) Again, such a wave function
I

can be viewed as a function of x,d,n: qzijkl’p(x,é, n) =
i ij

Vfix (\%ﬂ/ if we fix 4,7,k,l and the indices on the

I

other part of the graph. The support dimension of

i J Xk
the state gy (\%,,/ on the region surrounded by
!

i,j, k1 is DY, Again D* < Nj*, where Nj* =

Zﬁ;o N,ZkNli” is the number of choices of x,d,n. The
saturation assumption implies that N;” - D}’ k

ijok
The two fixed-point wave functions gy <\gP/> and
1

ik
Vix (\é?n/ are related via a local unitary transforma-
1

tion. Thus

D% = Dj¥, (14)
which implies
N N
> NINM =N NENT (15)
m=0 n=0

i jok
We note that the support space of gy (W) and
1

ik
Vfix (\%{) should have the same number of fermionic
1

states. Thus eqn. (15) can be splitted as

N N
> BB S = Y BB AR (10

m=0 n=0

N N
> BIF™ + B =Y BIFF"+ FFB{". (17)

We express the above unitary transformation in terms
of the tensor F,Z{:L'"LXO(‘;’B, where 4,j,k,... = 0,...,N, and

a=1,.,N/, etc

N Njk Ni"
bijki,r( ~ NS TFIT bijrr(x. 6,m)
n=0x=14§=1
(18)
or graphically as
i j ok i j X k
N I DL AT (> B
1 nxs !

where the vertices carrying the states labeled by
(a, B, x,0) are labeled by (a, 8, x, ) (see Fig. 2). Here
~ means equal up to a constant phase factor. (Note that
the total phase of the wave function is unphysical.) We
will call such a wave function renormalization step an
F-move.

There is a subtlety in eqn. (19). Since some values of «,

B, ... indices correspond to fermionic states, the sign of
wave function depends on how those fermionic states are
i j ok

ordered. In (19), the wave functions gy and

m

I
Lk
Yix \é%n/ are obtained by assuming the fermionic
1

states are order in a particular way:

i jok
)
I
ik

afBn n,..
:Zwﬁx 1y \KP/ Iaﬂmm"')Qﬁﬂlﬂz“'
[
i ij
,(/)ﬁx \5?,1/
1

ijok

5 X
=Y NG omm) xon, o, (20)
l

where ) sums over the all indices on the vertices and
edges. 7; are indices on other vertices. Here |af3...) o g
is a graph state where the a-vertex is in the |a)-state, the

B-vertex is in the | 3)-state, etc . We note that |Ba...) o

is also a graph state where the a-vertex is in the |a)-
state, the fS-vertex is in the |3)-state. But if the |o)-state
and the |3)-state are fermionic (ie s¥ (o) = s7"*(B) = 1),
laB...) ap.. and |Ba...) go.. will differ by a sign, since
in |aﬁ...>ﬁg5m the fermion on B-vertex is created before
the fermion on a-vertex is created, while in |Ba...)ap...
the fermion on a-vertex is created before the fermion on

B-vertex is created. In general we have

By ap.. = (2)H @O O |ga Y g0 . (21)



We see that subscript a f... in |af...) o ... is important
to properly describe such an order dependent sign. Sim-

ilarly, we must add the superscript in the wave function
a

1
(W), since the amplitude
!

of the wave function depends on both the labeled graph
i jok

\;{P/ and the ordering of the vertices a 87, n,.... Such
!

a wave function has the following sign dependence:

afn n,-
e (S
l
i j k
549 (o) sk égﬂ Ny
= (—) 'm( ) 1 (B)wﬁx 112 \;HZP/ . (22)
!

Thus eqn. (19) should be more properly written as

i Xk
ijm,af Xém
Z Fk:lmxé ¢ﬁx \\%1/ )
nxd 1

(23)

. afn n,..
as well, as in g 77

i j ok
l

where the superscripts a ... and xJd... describing the
order of fermionic states are added in the wave function.

Since the sign of the wave function depends on the or-
dering of fermionic states, the F-tensor may also depend
on the ordering. In this paper, we choose a particular
ordering of fermionic states to define the F-tensor as de-
scribed by af... and x ... in eqn. (23). In such a canon-
ical ordering, we create a fermion on the S-vertex before
we create a fermion on the a-vertex. SimiTarly, we create
a fermion on the d-vertex before we create a fermion on
the x-vertex.

We have seen that, to describe a given fermionic state,

(22)

order of the fermions on the graph. Different choices of
fermion orders lead to different fermionic wave functions
even for the same fermionic state. To avoid such order
dependence of the fermionic wave function (even for the
same fermionic state), in the following, we would like to
introduce one Majorana number 6, on each vertex a
to rewrite a wave function that does not depend on the
ordering of fermionic states on vertices. The Majorana
numbers satisfy

the fermionic wave function ¥gy depends on the

02217 9g9§=—9§9g for any a # 3,

0, =04, (0a..0p) =050, (24)

We introduce the following wave function with Majorana

numbers:
i jok . i jok
(ij ’ (nz QIB
R G R -
) - 1
i jok ik

X in ik
8) 87 IXe
Ui | N7 | =103 0 g
1

where the order of the Majorana numbers (6,0 3...) is

tied to the order a ... in the superscript that describes

the order of the fermionic states. We see that, by con-
i jok

struction, the sign of Wgy (W) does not depend on
I

the order of the fermionic states, and this is why the Ma-
i jok
jorana wave function Wgy (W) does not carry the
I

superscript (afS...).

We would like to mention that (8,,605) and (6,,65)
are treated as different Majorana numbers even when, for
example, « and y take the same value. This is because
« and x label different vertices regardless if o and x

have the same value or not. So a more accurate notation
should be

(26)

where 0, and 0, are different even when o = y. But in
this paper, we will drop the ~ and hope that it will not
cause any confusions.

Let us introduce the F-tensor with Majorana numbers:

ijm, o s;y{ ) 4R (B) psi™ (8 szbk ijm,o
]:kgn,xziﬂ = eﬁ( )eé ( )Hél ( )HK (X)Fk{n,xziﬁ (27)

We can rewrite (23) as

J J

i k i Xk
. \”{P/ ~ S FIe W \y (2’)
l )

nxo

Such an expression is valid for any ordering of the fermion
states.
From the graphic representation (23), We note that

FIm™ = 0 when (29)
N4 < 1or N** <1or N¥ <1or Nj* <1,

or 7 (a) + sy (B) + s7% () + si"(5) = 1 mod 2.



When N < 1 or N/* < 1, the left-hand-side of
eqn. (23) is always zero. Thus F,z{;n ;(%’B = 0 when
N < 1or N < 1. When N/* < 1 or Nj* < 1,
wave function on the right-hand-side ofBeqn. (23) is
ijm,o

always zero. So we can choose Fkln’x(s = 0 when
Ni* <1 or Nj* < 1. Also, Fé{:x’f;ﬁ represents a pseudo-

local bosonic operator which contains even number of
fermionj; operators. T herfefore F ,32” )’(%B is non-zero only
when s (o) + s (B) + s3F(x) + si"(9) =0 mod 2.

For fixed ¢, j, k, and [, the matrix Fg% with ma-

m,afS Fijm,aﬁ
n,xo kin,xd

mension NlijlC (see (15)). Here we require the map-
ping ¢ijkt,r(X,6,n) = dijrr(e, B, m) generated by the
matrix F}] to be unitary. Since, as we change T,

trix elements (F,i{) is a matrix of di-

b ijk 1.
Gijer,r (X, 0,n) and ¢;jp,r (e, B,m) span two NZ_J' dimen-
sional spaces. Thus we require F}] to be an N’ Fx N/ k
unitary matrix

.. ’ 1l . .
E : ijm’ ol B¢ pijm,aBys
Fk:ln,x5 (Fkln,xzi ) - 67",7"'6(1,0/6576"
nxd

(30)

In this way, the F-move represents an fLU transforma-

J

ik ij ok

i
~ ijm,af Y1
\Ifﬁx W —= Z ]:knt,ngo \Ilﬁx %
tne

p p

2: ijm,af pitn,ex
= ]:kntyw ]:lps,m

tnK;p;sKY;q0¢

i k1 i

i k k 1
) m ~ mkn,BX s m ~ mkn,Bx £ijm,ae, 9,
Uy W = Z Fipgoe Vi W = Z Fipg.be 7 qps.py Lhix W
qde )

p p

The consistence of the above two relations leads a condi-
tion on the F-tensor.
To obtain such a condition, let us fix i, j, k, [, p,
i jok o1

and view g | ™ as a function of «a, 8, x, m,n:

n
P
ik

o, B, x,m,n) = ax W . As we vary indices

4
on the other part of graph, we obtain different wave
functions ¢(«, 8, x, m,n) which form a dimension D;,Jkl

tion. It is easy to see that the unitarity condition implies:

ik ; i jok
Vg \a?,,/ =3 (FIm) wa \gV

(31)

The F-move (28) can be viewed as a relationship be-
tween wave functions on different v-graphs that are only
differ by a local transformation. Since we can locally
transform one v-graph to another v-graph through dif-
ferent paths, the F-move (28) must satisfy certain self

i joko
consistent conditions. For example the v-graph

4
ijok

can be transformed to W through two different

P

paths; one contains two steps of local transformations
and another contains three steps of local transformations
as described by eqn. (28). The two paths lead to the
following relations between the wave functions:

l i j _k
~ Z fijm,aﬁfitmwx\l, t
- knt,ne ¥ Ilps,ky fix v s
tne;s
NP;sRY »
i I
Fik g y 32
lsq,0¢ *fix ’YS a ( )
p
1 i
(33)

qde;spy

space. In other words, D;jkl is the support dimension
of the state 1g, on the region «, 3, x, m,n with bound-
ary state ,7,k,l,p (see the discussion in section V B).

Since the number of choices of «, 3, x, m,n is N;;jkl =

ij Armk Arnl ijkl ijkl .
Y Nt NJWNGY, we have D™ < NjI™. Here we re
quire a similar saturation condition as in (12):

(34)

ijkl _ pmyijkl
Np _Dp

Similarly, the number of choices of §,¢,v,¢,s in



9, . ¥ .
Peix Y is also N;,Jkl. Here we again assume
p
Didkl — Niikl where DR is the su t di i f
F = N7 K pport dimension o
ijok 1
9, . ..
Vhix ¥4 | on the region bounded by i, j, k, 1, p.

p

So the two relations (33) and (32) can be viewed as two
relations between a pair of vectors in the two DF* di-
mensional vector spaces. As we vary indices on the other
part of graph (still keep 4, j, k, [, p fixed), each vector in
the pair can span the full Di7* dimensional vector space.
So the validity of the two relations (33) and (32) implies
that

Njk th Ntl
z]m oc,@ itn z,aX]_-jkt,nm
knt ne lps ky v lsq,0¢
t n=1p=1k=1
N
~ mkn,BX z]m ae
Z lpq,de ps ol (35)

which is the fermlonlc generalization of the famous pen-
tagon identity. The above expression actually contains

many different pentagon identities, one for each labeling
i j ok l i j ok Lij k1

scheme of the vertices in " , Mg wa
P
ik ik
V) .
\Q\V/, and W We obtain
Yx M
p p
Njk N'it Ntl
ij a,B itn cpr-gkt,nn
knt e lps ry ¥ 1sq,0¢
t n=1¢p=1k=1
qu
~ mkn,ﬂx 'L]m e
Z Ipq,de pS - (36)

We can use the transformation

e B (37)
to change ~ to = in the above equation and remove the
Majorana numbers to rewrite the above as

ijm,aﬁ
Fkln,xts

Njk Nit Ntl
2 :z :2 :z : ijm,af qitn,ex mikt,nk
F knt,ne Flpa Ky F}sq 5
t n=1p=1kr=1
N

_ 7J( mkn, Bx ijm,cee
= (=)™ g Z Flpq de qpa oy (38)

The above fermionic pentagon identity (38) is a set
of nonlinear equations satisfied by the rank-10 tensor
F ,z{;" XCEB The above consistency relations (38) are equiv-
alent to the requirement that the local unitary trans-
formations described by eqn. (28) on different paths all

commute with each other up to a total phase factor.

D. The second type of wave function
renormalization: O-move

The second type of wave function renormalization does
change the degrees of freedom and corresponds to a gen-
eralized local unitary transformation. One way to imple-

ment the second type renormalization is to reduce j

to +i , so that we still have a trivalent graph. This re-
quires that the support dimension D;;s of the fixed-point
i

wave function g, | Jj k | is given by

This implies that

= 5721'/ wﬁx

The second type renormalization can now be written as
(since Dy; = 1)

where the ordering of the vertices is described by a 31....
We will call such a wave function renormalization step an

o )
O-move. Here O} 2B satisfies

ik Arik
N;™ N

Sy oo <1 @)

k,j a=1p8=1
and

0% — 0, if N7* <1 or s (a) + s7%(8) = 1 mod 2.
(43)

The condition (42) ensures that the two wave functions
on the two sides of eqn. (41) have the same normalization.
We note that the number of choices for the four indices
(J, k,a, B) in Of-k’aﬁ must be equal or greater than 1:

D;=> (N{*)?>1. (44)
jk

In fact, we should have a stronger condition: the number
of choices for the four indices (j, k, o, 8) that correspond
to bosonic states must be equal or greater than 1

D, = ZB]’“

+(F? > (45)



10

The wave functions in eqn. (41) is defined with re-  af7.... Let us introduce
spect to the ordering of the fermionic states described by
afn.... Let us introduce NG N § NG
=1 4 3 e}
i PNJ = - i PNJ
Vg, _ [0 (0()9 (5)03(77) hbﬁgéﬂ ,
2 jT =[5 o iT jT (51)
Wy Gl) = (05 g <+z> 46) .4
and Vs =04 WPy @y (52)
: ¥ (@) 5% (B) Ajka
Ofk’aﬂ =04 ( )%’ (ﬁ)ng’ 8, (47) We can rewrite (49) as
We can rewrite (41) as B N
. DI/ 75 I G IES N (53)
k,af8 l B J
(48) which is valid for any ordering of the fermionic states.
which is valid for any ordering of the fermionic states. F. A relation between 0% and yi7*

We find that the following wave function has two ways

E. The third type of wave function of reduction:

renormalization: Y-move

The third type of wave function renormalization also
changes the degrees of freedom. The support space of Z Vik g,
i,fy T HX
iT jT is one dimensional, while the support space of By
i
i

O
J
X_ is >, (N;7)? dimensional. So the wave function
J

Vhix (ZT jD is a particular vector in the support space of

NOY
:Iﬁk: . Thus, the third type of wave function renormal-

i J ’ Z ngyqlﬁx

ization takes the following form

N2,
Z Ykz aﬁd]ﬁaﬂn :é: = wﬁﬁx iT jT (49) ~ Z Jk O]k A .
ka8 iFPNJ Wex | J

where the ordering of the vertices is described by « 37.. _ _ A
We will call such a wave function renormalization step a ~ ny‘]g,yOfk’w‘Ofk’aﬂ\I/ﬁx G i) (55)
Y-move. We can choose /

Ykijaﬁ =0, if N}/ <1orsY(a)+s/(8)=1mod 2. The two reductions should agree, which leads to the con-
(50)  dition

ko k ik A mik,af
The wave functions in eqn. (49) is defined with re- o0 Zyzj ,B'yoj o (56)
spect to the ordering of the fermionic states described by By



G. A “gauge” freedom

We note that the following transformation changes the
wave function, but does change fixed-point property and
the phase described by the wave function:

() e (YY) e
where f,ij is a unitary matrix

Zfzj a 7,] o * _ 5(1X- (58)

Similarly, we have unitary transformation f % for ver-
tices with two incoming edges and one outgomg edge.
Such transformations corrrespond to a choice of basis and
should be regarded as an equivalent relation.

The above transformation induce the following trans-

formation on (F;{,TW‘XB,O”‘ o Yk”ag)'

Ojk#lﬁ N f i a/fz]g’ﬂojk a 5
1] j.o ij
Ykaﬂ%( Izoz ) (fwﬁ) Yka’ﬁ”

, k 5 . . , %
FAmal — fie, fr P (fIRX (2 )y Bmos” . (59)

We can use the above degree of freedom to

choose

“gauge77

OFeb — 0I%a5, 5 O > 0. (60)
ng’a is chosen to be a real number.
Then eqn. (56) implies that Y7, ~

can choose the phase of Yk”a to make

1/0;7%, and we
VI =1/0. (61)

H. Dual F-move and a relation between 0" and

ijm,af3
Fkln 00X

We also find another wave function that can have two
ways of reduction as well:

Tk, BT gy
§ :]:mze on

mip,xo

~ ]_-Jk:l uT Okm Xojp,a\llﬁ (+ )

o FIkLIT OFmx QI ()t 00+ (@) g G’) '

mip,xa -’ p

11

jkl
~ O W

mip,xo

~ f-jkl,;rr Ojk,uolm T\Ij

mip,xo

0
1)

All the edges have a canonical orientation from up to

down, and ]—'”hT Xogﬁ , the dual so-called F-move, can be

expressed as:

~ ]_-jkh;rr O]k:,p,olm T\II

mip,xo

J—_-ZJm,;rr _ 9 l (0‘)9 p (X)9 1 (/1«)9 i (T)F’ij ut (63)

kln,xa kln,x«

This allows us to obtain another condition

kit Jkl,ut ~Akm,x nip,o Im,7\—1 gk —1
szp X szp XaOp O (Oz ) (Ol ) (64)
. =ikl T . .
We require Fy, ;" , to be unitary, which leads to
Okm,x’ ij/,o/ km,xojlﬁa
§ :(ijl,;rr )* p’ i Jkl,ur ~'p i
mip’,x'a’ lm, 7 ~jk,u mip,Xa ~lm,m ~jk,u
lput Oz Ol Oi Ol
Okm,X'ij'»a'Okm,xojp,a
_ F]kl ur jlel,p,T p’ i p 7
E : mip’,x" o’ mip,xa (Olm’TOjk’“)Q
lpt % l
= Opp' Oxx' Oarar' (65)
or
Jjkl,pr Jkl,pt
Z (szp X' o ) Fm?p X §pp’ 6)()(’5(10/ (66)
Im, 7 ~jk,\2 km,x ~jp,o\2’
(o e L E RN (P R o

The above condition can be satisfied by the following
ansatz

0”“—,/ 5;5,[) Zd d;i >0,  (67)

where 5{’“ = 1 for ka > 0 and 5fk = 0 for ka = 0.
From eqn. (42), we find that d; satisfy

> did;N; =dyD, D= di. (68)
ij l

The solution of such an equation gives us the quantum
dimension d;.

I. H-move and an additional constraint between

Jk,a ijm,af3
o; and £ 58X

Let us consider a new type of move — H-move.

: y
v [ 1538 | = Y wm e,
& fa nxo




Again, we use the convention that all vertices have a

canonical ordering from up to down. Similar to the F-
Hkim,aﬁ b d X
move, H ;5" can be expressed as:

ki , ':i mk B in Py Zlk ki ,
Hjlzrzlxozgﬂ — 9; (a)aséz ( )eséz ( )01 (X)Hjlzn",lx%tﬂ (70)
In the following, we will show how to compute the coef-
ficients Hflzmxﬁﬁ from F lz{::l ;(CEB and d;.

First, by applying the Y-move, we have:

§ kl
~ ynﬁx/(;\l]ﬁx

n,x’o

o N\ T :
kmi’,B°x
Z (]:jnl,ﬁx’ ) Y | ;

(72)

Finally, by applying the O-move, we end up with:

(73)

All together, we find:

. . ’ T ’
kim, Kl ki, km,
Hise? = S Os(Fmx) oFme ()
X/B/
Under the proper gauge choice Eq.(60), we can further

express the coefficients H. ,ZJZZLXO;B as:

kim,aB _ vkl ¢ ppkmi,axy* Hkm,
Hyp s =Y s (Fras ™) 07"
kmi,ax\* Akl 0y~ 1 ~km,
= (Fjaigs ) (On2%) 0™ (75)
The unitarity condition for H-move requires that:
km/q, kmi,ax ) *
3 Fintg's” (Fjntps )
(012

nxd

_ 5mm’5ao¢’5ﬂ,3/
(oFm )2

; (76)

With the special ansatz Eq.(67), we can further sim-
plify the above expressions as:

kim,aB8 __ mn kmi,«
Hjln,x6 - didl (anl,,BSX) (77)

12
and

y Cavek did
km'i,a kmi,o 11

E anjnl,ﬁ’(S'X(anl,ﬂéx) = d 5mm,60‘a/655/7 (78)
— m

Similarly, we can also construct the dual-H move:

N Y 0
, é{ > kim, ~
Lo f ~ N CHET Wy | (79)
$ ﬁ nxo
Tkim, a8

and we can express Hipn s 85

T kim, o s (B) st () psi™(8) psik Frkim, o
Hjln,xéﬂ _ oé ( )02 ( )eél ( )9K (X)Hjln,xﬁﬂ’ (80)

Tkim,a8

where the coefficients H lnoxs  can be expressed as:

rrkim,aff __ vkl pimk,ad Aml,B
Hjln,x(s _Yn,JFlnj,,BX Oj
imk, Kl,5\ 1 I,
= R os ot s

Again, with the special ansatz Eq.(67), we have:

dmdy

kim,a3
Hz ’
In,xé
J X d]dk

imk,ad
Fing,Bx (82)

It is easy to see that the unitarity condition for dual H-
move is automatically satisfied if H-move is unitary.

J.  Summary of fixed-point gfLU transformations

To summarize, the conditions (15, 17, 45, 30, 29, 38,
68 form a set of non-linear equations whose variables are

N ,ij , F,ij , F,g;” ;;\B , d;, Let us collect those conditions and

list them below

N N
o > NN =" NjFN/
m=0 n=0
N N
o Y BIF" +FIB"™ =Y BI'F"+ Fi*B"
m=0 n=0
o Y BI+ (M=,
Ik
o N/ =B 4 FI*. (83)



s 1 1l ..
igm',o’ B igm,afB\x __
¢ E :Fkln,xé (Fk:ln,xé )" = Om,m' 00,0 08,8,
nxo

ijm,a
* Flinys = 0 when

N4 < 1or N"* <1or N¥ <1or N <1,
or 55(a) + s{(8) + sF(x) + 5§7(8) = 1 mod 2.

ik it tl
N{™ N, N,

§ :} :E :E : ijm,af pitn,ex piktne
° Fkntﬂw Flp&m Flsq,&zﬁ

t n=1e¢=1k=1

N

_(_\sH(a)sF(5) mkn,Bx pijm,ae
=(=) Z Flpqﬁe qus,(bv : (84)

e=1
o ) did;NJ =dyD, D= di. (85)
i 1
d ka'i,ocx Fk:mi,ax * dzdl5 S 5

i Z nd'jni grer ( jnl, B8 ) = . mm Oaa’ Opp, (86)

nxo

Finding N/, F?, F,g:l,yo)‘\ﬁ, and d; that satisfy such
a set of non-linear equations corresponds to find-
ing a fixed-point gfLU transformation that has a
non-trivial fixed-point wave function. So the solu-
tions (N;J,F;J,Fgggﬁﬁ,di) give us a characterization of
fermionic topological orders (and bosonic topological or-
ders as a special case where F}7 = 0).

We would like to stress that, although the solutions
(N F? ,FZ{T’? ,;;\B ,d;) decscribe 2+1D fermionic topologi-
cal orders with gappable edge, the correspondence is not
one to one. Given a set of solutions, the transforma-
tion in eqn. (59) on Fyj ™" 70;\/3 will generate another set of

solutions (since the equitions for d; and Fy7)" ,Yof\ﬂ decou-
ple). The two sets of solutions describe the same topo-
logically ordered phase. Also eqn. (59) does not include
all the redundancy: two solutions that are not related
by “gauge” transformation eqn. (59) may still describe
the same fermionic topological orders. We need to com-
pute the modula transformation 7" and S from the data
(N 7F£J,F,z{z?$\5,di) to determine the 2+1D topological

order.?:29:30

VI. CATEGORICAL FRAMEWORK

To provide a conceptual understanding of our gener-
alization of string-net model, we discuss briefly the cat-
egorical picture which underlies earlier algebraic manip-
ulations. Such a mathematical framework will provide
more examples for our fermionic string-net Hamiltonians
in Appendix B 2.

A string-net or Levin-Wen Hamiltonian can be easily
constructed using 6j-symbols from a unitary fusion cat-
egory C. The elementary excitations of the model form a
unitary modular tensor category (UMTC) &, which turns
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out to be the quantum double Z(C) of the input category
C. A priori, the output modular category £ is not nec-
essarily related to the input category C. Therefore, it is
conceivable that similar Hamiltonians can be constructed
from some other algebraic data where the elementary ex-
citations still form a UMTC, which is not necessarily a
quantum double. This is explored in Ref. 6. In the pre-
ceding sections, we generalize the string-net model by
including fermionic degrees of freedom.

The mathematical framework for such a generalization
is the theory of enriched categories.?” An enriched cate-
gory is actually not a category, just like a quantum group
is not a group. We will consider only special enriched cat-
egories, which we call projective super fusion categories.
The ordinary unitary fusion categories are enriched cat-
egories over the category of Hilbert spaces, while projec-
tive super fusion categories are enriched categories over
the category of super Hilbert spaces up to projective even
unitary transformations.

To the physically inclined readers, the use of category
theory in condensed matter physics seems to be unjus-
tifiably abstract. We would argue that the abstract-
ness of category theory is actually its virtue. Topolog-
ical properties of quantum systems are independent of
the microscopic details and are non-local. A framework
to encode such properties is necessarily blind to micro-
scopic specifics. Therefore, philosophically category the-
ory could be extremely relevant, as we believe.

A. Projective super tensor category

We use super vector spaces to accommodate fermionic
states, and generalize the composition of linear trans-
formations to one only up to overall phases—a possibil-
ity allowed by quantum mechanics. The projective ten-
sor category of vector spaces is the category of vector
spaces and linear transformations composed up to over-
all phases, and the category of super vector spaces is the
tensor category of Zs-graded vector spaces and all even
linear transformations.

In the categorical language, a fusion category is a
rigid finite linear category with a simple unit. Equiv-
alently, it can be defined using 6j-symbols: an equiv-
alence class of solutions of pentagons satisfying certain
normalizations?”.  Fermionic 6j-symbols Film ,&B )¢ in
eqn. (28) with certain normalizations define a projective
super fusion category if they satisfy fermionic pentagon
equations eqn. (35). However, the setup used in this pa-
per may only generate a subclass of projective super fu-
sion category.

B. Super tensor category from super quantum
groups

The trivial example of a super tensor category is the
category of Zs-graded vector spaces and all linear trans-



formations. More interesting examples of super tensor
categories can be constructed from the representation
theory of super quantum groups.

Super quantum groups are deformations of Lie
superalgebras.?!32 Though a mathematical theory analo-
gous to quantum group exists, the details have not been
worked out enough for our application here. In litera-
ture, the categorical formulation focuses on the invariant
spaces of even entwiners, while for our purpose, we need
to consider all entwiners. In particular, we are not aware
of work on Majorana valued Clebsch-Gordon coefficients,
therefore, we will leave the details to future publications.

VII. SIMPLE SOLUTIONS OF THE
FIXED-POINT CONDITIONS

In this section, let us discuss some simple solutions of
the fixed-point conditions (83, 84, 85, 86) for the fixed-

point gfLU transformations (N, ,i] , B ,ij , Flz%”;;\ﬂ ,d;).

A. Solutions from group cohomology

Many bosonic solutions can be constructed from a fi-
nite group G. Here we treat the edge index i, 5, k,--- as
elements in the group: 4,7,k € G with group mulitplica-
tion i - j € G. We choose the fusion coefficient as

ifi-j=k

o1
sz _ )
k {Q ifi-j#k

Fif —0. (87)

Since N,” = 0,1, we can drop the indices «, 3 on vertices.

F, ;{,T 70/‘\5 that satisfies eqn. (84) is given by

FH™ = ws(i, j, k)N Nj™R NIk N, (88)

where ws(i,7,k) is the 3-cocycle in group cohomology
class H3[G,U(1)].333* In this case, the self-consistent
condition Eq.(84) for F-tensor becomes the cocycle equa-
tion for ws (i, J, k):

wB(iajv ]f)W3(i,j : kal)wi?t(jvkvl) = W3(i 'ja k,l)W3(i,j,](€ ! l)
89)

d; that satisfies eqn. (85) is given by

d; = 1. (90)
Such a solution describes a “twisted” gauge theory in
24-1D.35-37 If we choose a trivial 3-cocycle ws (i, j, k) = 1,

the solution will describe a standard gauge theory with
gauge group G in 2+1D.
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B. Solutions from group supercohomology

Similarly, many fermionic solutions can be constructed
from a finite group G. Again we treat the edge index
i,7,k, -+ as elements in the group: ¢, j, k € G with group
mulitplication i - j € G. We choose the same fusion co-
efficient N,” as for bosonic solutions, but with nonzero

j.
Fi:

0, ifi-j#k
na(i, j)N # 0. (91)

Nf:{L ifi-j=k

ij
Fk:

where no(i,j) € Zy valued on 0,1 is 2-cocycle in the
obstruction free subgroup of group cohomology class
BH?|G,Z5]. By obstruction free, we mean that for any
na(i, j) satisfying the 2-cocycle condition:

(i, j) +n2(i-j, k) =na(i, j- k) +n2(j k), (92)
the following +1 valued function:
(_)nz(iyj)m(kal)’ (93)

must be a coboundary in B*[G,U(1)] when we view
it as a 4-cocycle with U(1) coefficient. Each element
in BH?[G,Z,] become a valid Zs-graded structure for
fermion systems. N

On the other hand, since N,’ = 0,1, we can again
drop the indices «, 8 on vertices. Fyj" 7’;“\5 that satisfies
eqn. (84) is given by

FI™ = @34, §, k)N Nk NIk Nim, (94)

where ws(i, 7, k) is the 3-supercocycle in group superco-
homology class H}[G, U(1)]****, which satisfies:

(Ijg(i, j7 k)(:):;(l,] : kv l)(;}?)(.]: kv l)
= (=)@ D, (i - 5k, D@ (i, 5, k - 1) (95)

Again d; that satisfies eqn. (85) is given by
d; = 1. (96)

Such a solution describe a fermionic gauge theory in
2+1D, e.g. the recently proposed fermionic toric code.?®

VIII. SUMMARY

Using string-net condensations and LU transforma-
tions (or in other words, unitary fusion category theory),
we have obtained a classification of 2+1D topological or-
ders with gappable edge in bosonic systems.%2% An inter-
acting fermionic system is a non-local bosonic system. So
classifying topological orders in fermion systems appears
to be a very difficult problem.



FIG. 3: (Color online) Two branched simplices with opposite
orientations. (a) A branched simplex with positive orientation
and (b) a branched simplex with negative orientation.

In this paper, we introduced fLU and gfLLU trans-
formations, which allow us to develop a general theory
for a large class of fermionic topological orders. We
propose that 241D topological orders with gappable
edge in fermionic systems can be classified by the data
(N, F F ;imff ,d;) that satisfy a set of non-linear al-
gebraic equations (83), (84), (85), and (86). Such a result
generalizes the string-net result®2° to fermionic cases.
We hope our approach to be a starting point for estab-
lishing a mathematical framework for topological orders
in interacting fermion systems.
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Appendix A: Branching structure of 2D graph

To define a lattice model a space M, we first triangu-
late of the space M to obtain a complex M;,;. We will
call a cell in the complex as a simplex. In order to de-
fine a generic lattice theory on the complex My, it is
important to give the vertices of each simplex a local or-
der. A nice local scheme to order the vertices is given by
a branching structure.?33%39 A branching structure is a
choice of orientation of each edge in the n-dimensional
complex so that there is no oriented loop on any triangle
(see Fig. 3).

The branching structure induces a local order of the
vertices on each simplex. The first vertex of a simplex is
the vertex with no incoming edges, and the second vertex
is the vertex with only one incoming edge, etc . So the
simplex in Fig. 3a has the following vertex ordering:
0,1,2,3.

The branching structure also gives the simplex (and its
sub simplexes) an orientation denoted by s;;..., = . Fig.
3 illustrates two 3-simplices with opposite orientations
So123 = + and sgio3 = —. The red arrows indicate the
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orientations of the 2-simplices which are the subsimplices
of the 3-simplices. The black arrows on the edges indicate
the orientations of the 1-simplices.

In this paper, we will only consider 2D space. The
graph that we use to define our lattice model is the dual
graph of the 2D complex M;,;. The branching structure
of M;,; leads a branching structure of our graph: each
vertex of the graph cannot have three incoming edges or
three outgoing edges.

Appendix B: The parent Hamiltonian for fixed point
wavefunctions

1. The fermionic structure of support space

To understand the fermionic structure of the support
space Vy, let us first study the structure of p4. Let |¢;)
be a basis of the Hilbert space of the region A and |¢;)
be a basis of the Hilbert space of the region outside of A.
|4} can be expanded by |¢;) @ |#;):

) = Ciilon) ® |ds)- (B1)
Then the matrix elements of p4 is given by
(PA)ij = Z(Cﬁ)*cﬁ- (B2)

K3

For a fermion system, the Hilbert space on a site, V; has
a structure: V; = V2@ V;!, where states in V,? have even
numbers of fermions and states in V;! have odd numbers
of fermions. The Hilbert space on the region A, Vy,
has a similar structure V4 = VX ® V/{, where states in
VY have even number of fermions and states in V have
odd numbers of fermions. Let |¢; o) be a basis of V.
Similarly, the Hilbert space on the region outside of A,
V3, also has a structure Vz = V9 @ V1. Let |¢;,) be a
basis of V{. In this case, [¢) can be expanded as

W)) = Z Ci,a;{,ﬁ|¢i,a> ® |(Z_5§,B>‘

io;if3

(B3)

the matrix elements of p4 can now be expressed as

(pA)i,a;jﬁ = Z(Ci,(x;f,'y)*cj,ﬂ;f,'y'

i,y

(B4)

Since the fermion number mod 2 is conserved, we may
assume that |¢) contains even numbers of fermions. This
means C; o5, = 0 when o +~v = 1 mod 2. Hence, we
find that

(pa)iaij,8 =0, when a + =1 mod 2. (B5)

Such a density matrix tells us that the support space Va
has a structure V4 = V§{ & V}, where V9 has even num-
bers of fermions and f/j has odd numbers of fermions.
This means that U, contains only even numbers of
fermionic operators (ie U, is a pseudo-local bosonic op-
erator).
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FIG. 4: A honeycomb lattice. The vertices are labeled by v,
hexagons by p, and links by 1.

2. Compute the parent Hamiltonian

In the section V, we have constructed the
fixed-point wave functions from the solutions
(N B F) ff\ﬁ ;“,d;) of the self consistent condi-
tions. In this section, we will show that those fixed-point
wave functions on a honeycomb lattice (see Fig. 4) are
exact gapped ground state of a local Hamiltonian

A=Y (1-Q)+>(1-B,)  (BY)

where }, sums over all vertices and ), sums over all
hexagons.

The Hamiltonian H should act on the Hilbert space
Vi formed by all the graph states. It turns out that it
is more convenient to write down the Hamiltonian if we
expand the Hilbert space by adding an auxiliary qubit to
each vertex:

VEY = Vo @ (®@uViubit) (B7)

where ®,, goes over all vertices and V¢ is the two di-
mensional Hilbert space of an auxiliary qubit |I), I =
0,1. So in the expanded Hilbert space V5”, the states
on a vertex v are labeled by |o) ® |I), I = 0,1. Vg
is embedded into V5* in the following way: each vertex
state |a) in Vi correspond to the following vertex state
la) @ |sijk()) in VS*, where we have assume that the
states on the three links connecting to the vertex are |i),
|7), and |k). So the new auxiliary qubit |I) on a vertex
is completely determined by (i, j, k, @) and does not rep-
resent an independent degree of freedom. It just tracks
if the vertex state is bosonic or fermionic. The |0)-state
correspond to bosonic vertex states and the |1)-state cor-
respond to fermionic vertex states.

In the expanded Hilbert space, Qv in H acts on the
states on the 3 links that connect to the vertex v and on
the states |a) ® |I) on the vertex v:

Qv \?’ZJ> ®|I) = }i\% @) i N >0, I=s(a),
Oy ’\?;J> ®|I) =0  otherwise. (B8)
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Clearly, Q,, is a projector Q% = Qv. The Ep operator
in H acts on the states on the 6 links and the 6 ver-
tices of the hexagon p and on the 6 links that connect
to the hexagon. However, B, operator will not alter the
states on the 6 links that connect to the hexagon. Let

us define the Majorana number valued matrix element

ao,bf,cy,d\ep, fv .. .
Bala/:[zlﬁfrycl,y/f;’i‘/‘i/’elul)flul(l,j’ k,l’ m’ n) aS.

ac,bB,cy,d\ep, fv ..
Bala/’blﬁl’CI,Y/’d/A/’el/J//’fIV/ (’L, 75 k, l, m, n)

[ E [ E
X

‘ \ a' - % a 3
A ) Yt
= ( gy fkﬂzﬁ’l ;Y"e’ n Bp Uay y&ﬂ v
Le :\ L

£

- £

In order to compute B, we consider the following local
deformation:

h A f [ A A
% a f » &
B a byp o’
Wy Lk“‘_g—‘_z n| — Way k“‘_&_{ —
vy upe vy ule
3 F & " [ ‘ g %
. B = . B =

We note that the self consistent conditions satisfied by
the F-tensor and O-tensor ensure that all those different
ways to transform between the two above states lead to
the same B matrix.

To understand how B acts on a state that is not in
the support space, let us consider the dimension D;;ximn
of the support space Vjjrimn which can be calculated by

LA F [ A

- S
£ \ a ; \ 1!
. . ba L 3.5”
deforming the graph .ﬁ«—g_‘_{ n into ;Kw"
: ey upe Ry ¢
8 F A S s
» B s 3 £ b

through a gfLU transformation . Under the saturation
assumption, D;jrimn is equal to the distinct labels in the
A A

A
Eoy £
Lo o
graph 4—0 = (with 4,4, k,[, m,n fixed):
*
A
3 F
S ma

Dijkimn = ZNf N NING™.

trs

(B11)

In particular, we can have the following two paths that



connect the two states (see Fig. 5):
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where U is a gfLU transformation. We find that

[N E A A [ gt
‘}_g_@ \/‘g‘<§‘+ B =ULCUp (B12)
L pa : byF '\
Uaye | & vie—n | ——— Wg, | k—/" V)= . .
Loeng_upe : C:l#{" A \ A
A { a b A i % 3 ; {!
> ; e 3 IS L . ‘l ‘,‘l . . .
where C, acting on gy | 84— /—4—" , is a dimension
lup Tuf PR
P E s
[
. . . . . s
Y S oo E .
L L N 4 Dijkimn X Dijkimn identity matrix. In the following let
i e c L w7 us compute the explicit form of Up.
W | 8 A T s . .
EorRe g i f“;tp €< As seen in Fig. 5, let us first apply an inverse H-move,
i s \ i s N an F-move, a dual H-move, an inverse F-moves and finally
I £ : . I .
- g one O-move, thus we obtain:
} i & A
; \ a 3 s
byp f Jit,xs \t ‘
Vi | EL = > (Hns) Wax | & (B13)
txo r
s :
A A
A
N
: Bx
it,x0 t b,d : 7 g
= Y Y L |
a (o
txd TKN ; I3 7
» A L
A A
A
N f
: oz
_ jit, th tfb dyAyrfe,kA »L .
= D D) () Fok o ity e | 4 N
txd TEN Spp . X dﬂ
4
S £ a
[N A
: £
i i
_ jit, X5 tfb Sy qyrfe, kA fen Vet ; X s
= 220 2 (Hes) e Mitere Ftsaju ) W | 4 1
i n
txd TKN Spp n'v'e ! P
h F
G # o
A A
A 3 .
N L
o
_ ]zt,xé tfb dyAyrfe,kA fen v'ent nfevr' ‘
- Z Z Z Z Hfba, aﬂ F cher wn Hels,pp (Frnsd ;Lp) Oy Wix ‘é :
txd TKM Spp Ve
Therefore, we finally derive:
ao,bf,cy,dXep, fv jit,xo tfb dyqyrfe,kA fen viet nfevr'
(up)trs,xntpe (7' .]7 k’ l7 m ’I’L) (Hfba aﬂ) ckr nanls pe ( msd MP) On (B14)

Also Up, containing only one O-move (see Fig. 5), has
a form Up = U1 PUy where U o are unitary matrices and

(

P is a projection matrix. So the rank of B is equal or
less than Djjximn. Since it is the identity in the Dijrimn-



dimensional space Vijkimn, the matrix B is a hermitian

J

FIG. 5:

ac,bB,cy,dX ep, fv -
E E E E E E B i 5o e ar e o oo (8 Js by Lms m)

ada” b”ﬂ” C”’y” &\ e”ﬂ” f”l/”

_ pacbBev.dhen, fv -
_Ba,a,)b,ﬁ,,6/7/7d,>\,)e/ul,f/ul(Z,j,k,l,m,n)

I
Lo de e

Up is generated by an inverse H-move, an F-move,

a dual H-move, an inverse F-moves and finally one O-move,
which turns a hexagon graph into a tree graph. (Z/lp)T turns
a tree graph into a hexagon graph.
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projection matrix onto the space Vijximn:

B BN RY A N NB nn fn
a’a”,b” B7,c”y”,d" N e” ), f v

a’al b B ey AN el ! fT v (l,j, k, l, m, n)

(B15)

In the above calculation of the B, we first insert a bub-
ble on the a-link. We may also calculate B by first in-
serting a bubble on other lines. All those different cal-
culations will lead to the same B matrix, as discussed
above.

We note that Bm f?p2 and BmBm are generated by
different combinations of F-moves and O-moves. Since
the two combinations transform between the same pair
of states, they give rise to the same relation between the
two states. Therefore B, and B, commute

By, Bp, = By, B (B16)

Dy

We see that the corresponding Hamiltonian H is a sum
of commuting projectors and is exactly soluble.

L. D. Landau, Phys. Z. Sowjetunion 11, 26 (1937).

L. D. Landau and E. M. Lifschitz, Statistical Physics -
Course of Theoretical Physics Vol 5 (Pergamon, London,
1958).

M. B. Hastings and X.-G. Wen, Phys. Rev. B 72, 045141
(2005), cond-mat/0503554.

S. Bravyi, M. B. Hastings, and F. Verstraete, Phys. Rev.
Lett. 97, 050401 (2006).

S. Bravyi, M. Hastings,
arXiv:1001:0344.

X. Chen, Z.-C. Gu, and X.-G. Wen, Phys. Rev. B 82,
155138 (2010), arXiv:1004.3835.

and S. Michalakis (2010),

" B. Zeng and X.-G. Wen (2014), arXiv:1406.5090.

10
11

12

13

14

15

16

17
18

X.-G. Wen, Physics Letters A 300, 175 (2002), cond-
mat/0110397.

X.-G. Wen, Int. J. Mod. Phys. B 4, 239 (1990).

X.-G. Wen, Advances in Physics 44, 405 (1995).

D. S. Rokhsar and S. A. Kivelson, Phys. Rev. Lett. 61,
2376 (1988).

X.-G. Wen, F. Wilczek, and A. Zee, Phys. Rev. B 39,
11413 (1989).

N. Read and S. Sachdev, Phys. Rev. Lett. 66, 1773 (1991).
X.-G. Wen, Phys. Rev. B 44, 2664 (1991).

R. Moessner and S. L. Sondhi, Phys. Rev. Lett. 86, 1881
(2001).

X.-G. Wen, Phys. Rev. B 65, 165113 (2002), cond-
mat/0107071.

A.Y. Kitaev, Ann. Phys. (N.Y.) 303, 2 (2003).

G. Moore and N. Read, Nucl. Phys. B 360, 362 (1991).

19 X.-G. Wen, Phys. Rev. Lett. 66, 802 (1991).

20 M. Levin and X.-G. Wen, Phys. Rev. B 71, 045110 (2005),
cond-mat/0404617.

21 F. Verstraete, J. I. Cirac, J. I. Latorre, E. Rico, and M. M.
Wolf, Phys. Rev. Lett. 94, 140601 (2005).

22 (. Vidal, Phys. Rev. Lett. 99, 220405 (2007).

23 A. Kitaev, Annals of Physics 321, 2 (2006), cond-
mat/0506438.

24 M. Freedman, C. Nayak, K. Shtengel, K. Walker, and

Z. Wang, Ann. Phys. (NY) 310, 428 (2004), cond-

mat/0307511.

G. M. Kelly, Reprints in Theory and Applications of

Categories No. 10 p. 1 (2005), URL http://wuw.tac.mta.

ca/tac/reprints/articles/10/tr10abs.html,http://

www.tac.mta.ca/tac/reprints/articles/10/tr10.pdf.

S. MacLane, Categories for the working mathematician.

Graduate Texts in Mathematics, Vol. 5 (Springer-Verlag,

New York-Berlin, 1971).

27 7. Wang, Topological Quantum Computation (CBMS Re-
gional Conference Series in Mathematics, 2010).

28 X.-G. Wen and Z. Wang, Phys. Rev. B 77, 235108 (2008),
arXiv:0801.3291.

29 E. Keski-Vakkuri and X.-G. Wen, Int. J. Mod. Phys. B 7,
4227 (1993).

30 T. Lan and X.-G. Wen (2013), arXiv:1311.1784.

31 M. Chaichian and P. Kulish, Phys. Lett. B. 234, 72 (1990).

32 P. Minnaert and S. Toshev, J. Math. Phys. 35, 5057 (1994).

33 X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Phys. Rev.
B 87, 155114 (2013), arXiv:1106.4772.

25

26


http://www.tac.mta.ca/tac/reprints/articles/10/tr10abs.html, http://www.tac.mta.ca/tac/reprints/articles/10/tr10.pdf
http://www.tac.mta.ca/tac/reprints/articles/10/tr10abs.html, http://www.tac.mta.ca/tac/reprints/articles/10/tr10.pdf
http://www.tac.mta.ca/tac/reprints/articles/10/tr10abs.html, http://www.tac.mta.ca/tac/reprints/articles/10/tr10.pdf

34 X. Chen, Z.-C. Gu, Z.-X. Liu, and X.-G. Wen, Science 338,
1604 (2012), arXiv:1301.0861.

35 R. Dijkgraaf and E. Witten, Comm. Math. Phys. 129, 393
(1990).

36 L.-Y. Hung and Y. Wan, Phys. Rev. B 86, 235132 (2012),
arXiv:1207.6169.

37 Y. Hu, Y. Wan, and Y.-S. Wu, Phys. Rev. B 87, 125114

19

(2013), arXiv:1211.3695.

38 7-C. Gu, Z. Wang, and X.-G. Wen (2013),
arXiv:1309.7032.
39 F. Costantino, Math. Z. 251, 427 (2005),

arXiv:math/0403014.



	Contents
	Introduction
	Local fermion systems
	 Fermionic local unitary transformation and topological phases of fermion systems 
	 Fermionic local unitary transformation and wave function renormalization 
	 Wave function renormalization and a classification of fermionic topological orders 
	Categorical framework
	Simple solutions of the fixed-point conditions
	Summary
	Branching structure of 2D graph
	The parent Hamiltonian for fixed point wavefunctions
	References

