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In this letter, we examine the role of Coulomb interactions in the emergence of macroscopically
ordered states in graphene supported on hexagonal boron nitride substrates. Due to incommensura-
tion effects with the substrate and interactions, graphene can develop gapped low energy modes that
spatially conform into a triangular superlattice of quantum rings. In the presence of these modes,
we show that Coulomb interactions lead to spontaneous formation of chiral loop currents in bulk
and to macroscopic spin-valley order at zero temperature. We show that this exotic state breaks
time reversal symmetry and can be detected with interferometry and polar Kerr measurements.
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Introduction. In spite of the presence of quasiparticles
with Dirac cone spectrum1, the emergence of topological
order in graphene is hindered by the fermionic doubling
problem, where electrons have a four-fold degeneracy in
valleys and spins2. Due to the vanishingly small density
of states (DOS) at the Dirac points, many-body instabil-
ities in general are quantum critical and require strong
coupling regimes3. We argue that one promising possibil-
ity to generate many body states that lift the fermionic
degeneracy and break time reversal symmetry (TRS) is
to use substrates to reconstruct the DOS of graphene
near the Dirac points into nearly flat bands.

In incommensurate two-layer crystals with honeycomb
structure, the Dirac points are protected by a com-
bination of parity and TRS4. On top of hexagonal
boron nitride (BN), where inversion symmetry is bro-
ken, graphene can open a gap in the spectrum of the
order of ∼ 20 − 50meV5–8, as recently observed in trans-
port measurements9. Due to the 1.8% lattice mismatch
between graphene and its substrate10–12 and possible
twisted configurations between the two10–14, BN creates
local potentials in graphene which modulate with the
same periodicity of the Moire pattern created by the two
incommensurate structures (Fig.1a)15. In the continuum
limit, the Hamiltonian of graphene in the presence of the
BN substrate can be generically written as

H =
∫

d2r
∑

σ

∑

ν=±

Ψ†
νσ(r)[−vi∇ · ~σν + Âν(r)]Ψνσ(r) ,

(1)
where Ψν = (ψνa, ψνb) is a two component spinor in
the sublattice space in a given valley, ~σν = (νσ1, σ2)
are the Pauli matrices defined for each valley (ν = ±),
v = 6eVÅ is the Fermi velocity, σ =↑↓ indexes the spin
and Âν(r) = µ(r)σ0 + νA(r) · ~σν +M(r)σ3 are the local
scalar, vector and mass term potentials induced by the
BN substrate, which spatially modulate with the Moire
pattern. In leading order, Âν(r) ≈

∑3
j=1 cos(Gj · r) Âν ,

where Gj are the reciprocal lattice vectors in the Bril-
louin zone of the extended unit cell, and Âν parametrizes
the amplitudes of modulating potentials.

As shown in previous tight binding models5,16, the re-

gions where the mass term changes sign forms a lattice of
disconnected quantum rings separating regions with op-
posite topological charges18, as shown in Fig. 1b. In the
presence of interactions, the amplitude of the induced
mass term is M ≡ max[M(r)] ≈ 50 − 100meV16,17 for
a Moire supercell with up to 140Å in size10–12. The
real space topology of those lines describes an insulat-
ing state in the bulk, unlike in twisted graphene bilay-
ers, where inversion symmetry is restored and those gap-
less lines percolate into a metallic state with Dirac-like
quasiparticles5,19.

Those 1D circular domain walls can contain gapped
low energy modes when the amplitude of the induced
mass term M is larger than the finite size gap ≈ v/(2πa)
set by the radius of the rings20. In this regime, we find
that Coulomb interactions lead to spontaneous valley and
spin polarization in those quantum rings, which describe
chiral loop currents in bulk. We develop an effective lat-
tice model and show that interactions lead to the sub-
sequent formation of macroscopic valley and spin polar-
ized low energy bands at zero temperature. This exotic
ordered state explicitly breaks TRS and describes a ferro-
magnetic superlattice of spin and valley local moments.
We propose that the ferromagnetic valley order can be
detected with interferometry experiments and through
the polar Kerr effect, which measures the rotation of a
linearly polarized beam of light reflected on the sample.

b)a)

Figure 1: a) Moire pattern of graphene on top of boron ni-
tride. b) Periodic mass term potentials M(r) induced on
graphene by the BN substrate. Solid rings: regions where
the mass potential M(r) crosses zero and changes sign16.
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Toy model Hamiltonian. In the presence of Coulomb
interactions, the mass term M(r) is a relevant operator
in the renormalization group sense, while the scalar term
µ(r) and the vector potential term A(r) are not21. The
latter are small compared to the mass term in the strong
coupling regime of the problem, which will be assumed6.
In this regime, the mass term is the only relevant term
and behaves as a periodic function that changes sign in
the nodal lines where M(r) = 0.

In cylindrical coordinates, r = (r, θ), the mass term
profile for a single quantum ring can be approximated by
a step function, namely M(r > a) = −M(r < a) = M ,
where a is the radius of the quantum ring. The Hamil-
tonian matrix of a single ring can be written as Ĥ(r) =
Ĥ+(r)⊗ν+ +Ĥ−(r)⊗ν−, where ν± = (v0 ±ν3)/2 are the
valley projection operators, with νi (i = 1, 2, 3) as Pauli
matrices,

Ĥ+(r) =
(

M(r) −ie−iθ(∂r − i
r
∂θ)

−ieiθ(∂r + i
r
∂θ) −M(r)

)

, (2)

is the Hamiltonian in valley ν = + and Ĥ− = Ĥ∗
+ in

the opposite valley (we set v → 1). The eigenvectors
that satisfy the equation Ĥ(r)Φ(r) = EΦ(r) are the four
component spinors Φj,+(r) = (Ψj(r),0) and Φj,−(r) =
(

0,Ψ∗
j(r)

)

, where

Ψj(r) =

(

F−
j (r)ei(j− 1

2
)θ

iF+
j (r)ei(j+ 1

2
)θ

)

, (3)

with j = m + 1
2 the total angular momentum quan-

tum number (m ∈ Z), including orbital (valley) and
pseudo-spin (sublattice) degrees of freedom. Impos-
ing the proper boundary conditions at r = a and

r → ∞, F±
j (r) = A±

j I|j± 1

2
|(r
√

M2 − E2
j )θ(a − r) +

B±
j K|j± 1

2
|(r
√

M2 − E2
j )θ(r − a), with In(x) and Kn(x)

as modified Bessel functions, and A±
j , B

±
j the proper co-

efficients (see Fig. 2a). For Ma ≫ 1 the wave functions
are sharply peaked at r = a, and the states are local-
ized at the domain wall where the mass term changes
sign. In the opposite regime, when Ma is of the order
1, the electrons can tunnel across the center of the ring
and their wavefunctions become extended over the area
of each ring, as in a quantum dot. In any case, the energy
spectrum of the j energy level is set by the condition

1
4M2

∏

s=±1

∂a ln
K|j+ s

2
|(
√

M2 − E2
j a)

I|j+ s

2
|(
√

M2 − E2
j a)

= 1, (4)

which gives a discrete spectrum of gapped low energy
modes confined inside the quantum rings, as shown in
Fig. 2b as a function of Ma.

The energy spectrum inside the gap is particle hole
symmetric, with j = m + 1

2 > 0 describing positive en-
ergy states and j < 0 describing negative energy ones.
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Figure 2: a) Amplitude of the wavefunctions around the do-
main wall set by the the quantum rings for Ma ranging from
0.7 to 3.5 for |j| = 1

2
. Orange line: profile of mass term po-

tential M(r) for a single quantum ring within the toy model.
b) Gapped low energy modes j = m+ 1

2
, for m = −4, −3 . . . 3

from bottom to the top curves. All modes are four-fold de-
generate. The red lines indicate the j = ± 1

2
states.

The red curves correspond to |j| = 1
2 states, while the

other three curves describe |j| = 3
2 ,

5
2 and 7

2 states re-
spectively, the outer curves having higher |j|. In all cases,
there is a critical value of Ma below which a given mode
dives in the continuum of the band outside the gap. In-
side the gap, those discrete levels are sharply defined and
describe the circular motion of electrons physically con-
fined inside the quantum rings shown in Fig. 1b. All
levels have four-fold degeneracy, with two spins and two
valleys. Their spin and orbital degeneracies can be lifted
by repulsive interactions, which can give rise to locally
polarized states.

Valley and spin polarized states. The Coulomb inter-
action between the electrons is

HC =
1
2

∫

d2rd2r′ ρ̂(r)V (r − r′)ρ̂(r′), (5)

where V (r−r′) = e2/(κ|r−r′|), with e the electric charge,
κ ≈ 2.5 the dielectric constant due to the BN substrate
and ρ̂(r) =

∑

σ Θ†
σ(r)Θσ(r) is a density operator defined

in terms of the field operators Θσ(r) ≡
∑

ν,j Φν,j(r)cν,σ,j ,
where cν,σ,j describes an annihilation operator with spin
σ on a given valley and angular momentum state j =
m+ 1

2 .
The Coulomb interaction at the j-th level in a given

quantum ring can be written as

HU = Un̂↑n̂↓ + U
∑

σ

n̂+,σn̂−,σ, (6)

where

U =
∫

d2rd2r′|Φν,j(r)|2V (r − r′)|Φν′,j(r′)|2 (7)

is the valley independent Hubbard coupling and n̂σ =
∑

ν n̂ν,σ describes the occupation of the j-th state in
terms of c operators (j level indexes omitted). The Hub-
bard U term is shown in Fig. 3a as a function of Ma and
shows a non-monotonic behavior, reflecting the crossover
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Figure 3: a) Scaling of the Hubbard energy U and b) the
hopping energy between nearest ring t vs Ma. Red curves:
|j| = 1

2
levels; black curves: |j| = 3

2
. c) Exchange coupling J

(black circles) and superexchange coupling t2/U (orange) in
M units vs. Ma in the |j| = 1

2
state. For 0.4 . Ma . 1.1,

the system shows ferromagnetic valley order (see text).

of the wavefunctions for Ma . 1, when the electrons can
easily tunnel through the center of the quantum rings.
At Ma . 0.4, the |j| = 1

2 states merge the continuum,
and the toy model description breaks down. The ex-
change interaction in a given ring is identically zero due
to the orthogonality of the eigenspinors in different val-
leys, Φ†

+(r)Φ−(r) = 023. The problem of an isolated
quantum ring in a given j state is dual to the problem
of a doubly degenerate orbital with spin 1

2 , and can be
mapped in the Coqblin-Bladin model for two degenerate
orbitals24.

At the mean field level, the effective Hamiltonian of
the j-th state with bare energy E0 is HL =

∑

νσ Eνσn̂ν,σ,
where

Eν,σ = E0 + U
∑

ν′

nν′,−σ + Un−ν,σ

is the renormalized energy due to interactions. The occu-
pation of the four degenerate states nν,σ (ν = ±, σ =↑↓
) in the j-th level can be calculated self-consistently
from the Greens function of the localized c electrons,
Gσ,ν(ω) = (ω − Eσ,ν + iδ)−1, namely nν,σ = 〈n̂ν,σ〉 =
− 1

π
Im
∫ µ

−∞ dωGσ,ν(ω), with µ the chemical potential.
When the repulsion U is the dominant energy scale, the
lowest energy solution is a state where nν,σ = N+ and
nν,−σ = n−ν,σ = n−ν,−σ = N−, which is spin and valley
polarized for N+ 6= N−

24. In this regime,

Ns =
1
2

−
1
π

arctan
(

2N− +N−s − x

y

)

, (8)

with s = ±, where x = (µ−E0)/U and y = δ/U , with δ
the level broadening. In the limit y → 0, when the levels

are sharply defined inside the gap, and E0 < µ < E0 +U ,
the lowest energy solution is a maximally spin and valley
polarized state with N+ = 1 and N− = 0. This state
describes a lattice of isolated quantum rings with random

spin polarized circulating charge currents.
Nearly flat bands. The effective tight binding Hamil-

tonian for the c electrons moving in a triangular su-
perlattice of quantum rings is Heff = Ht +

∑

i HU,i +
∑

〈i,j〉 HC,ij , where

Ht = t
∑

〈ij〉

∑

νσ

c†
i,ν,σcj,ν,σ (9)

is the kinetic energy of the electrons, with ci the an-
nihilation operator for an electron in a quantum ring
centered at Ri, and 〈ij〉 indexes nearest neighbor (NN)
sites. t is the hopping energy betwen NN rings, tij =
∫

d2rΦ†
ν(ri)δM̂(r)Φν(rj), with ri ≡ r − Ri, where

δM̂(r) = δM(r)σ3 ⊗ ν0 is the the mass potential that
restores the periodicity of the superlattice when added
to the step function potential M(r) = M sign(r− a) due
to one isolated quantum ring at the origin. The second
term, HU,i, is the on-site Coulomb interaction (6) on a
given site i in the superlattice, and is defined by n̂i,ν,σ

density operators. The third one, HC,ij , describes the
Coulomb interaction (5) between different superlattice
sites.

The hopping amplitude t shown in Fig. 3b has a non-
monotonic behavior as a function of Ma which mimics
the behavior of the Hubbard U coupling, and is typically
one order of magnitude smaller than the Coulomb inter-
action, U/|t| & 7. In particular, for M ≈ 50 − 100meV17

and for a typical superlattice size of 3a ≈ 140Å11,12 in
graphene nearly aligned with BN, Ma ∈ [0.4, 0.8], which
corresponds to a ratio 7 . U/t . 9. At quarter filling
(µ = 0), that suggests that correlations keep the gapped
1D modes inside the rings strongly localized. In order
to account for the macroscopic order of the chiral loop
currents in bulk, we examine the electronic correlations
among the rings.

As electrons hop between different superlattice sites,
the on-site correlation tends to align either their val-
ley or spin quantum numbers antiferromagnetically due
to Pauli principle, in order to reduce the energy cost
of the kinetic energy. In second order of perturbation
theory, the super-exchange interaction among the rings
is given by HS = HtH

−1
U Ht + O(t4), or equivalently

Hs = −(t2/U)
∑

〈ij〉

∑

{ν}{σ} c
†
i,ν,σcj,ν,σc

†
j,ν′,σ′ci,ν′,σ′

25.
This term maps into the SU(4) Heisenberg Hamiltonian

Hs = 4
t2

U

∑

〈ij〉

(

1
4

+ τi · τj

)(

1
4

+ Si · Sj

)

(10)

in a triangular lattice, where Si is a spin 1
2 operator on

site i and τi the equivalent pseudo-spin operator, which
acts in the valleys. This Hamiltonian is frustrated and is
expected to describe a spin-orbital liquid in the ground
state26.
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The Coulomb interaction between rings, HC,ij , fol-
lows directly from Hamiltonian (5) by properly in-
cluding the superlattice into the definition of the field
operators Θσ(r) =

∑

ν,i Φν(ri)ci,νσ. This term can
be written explicitly in the form of the exchange in-
teraction He = J

∑

〈ij〉

∑

{ν}{σ} c
†
i,ν,σc

†
j,ν′,σ′ciν′,σ′cj,ν,σ,

where J > 0 is the exchange coupling, Jij =
1
2

∫

d2rd2r′ Φ†
ν(ri)Φν(rj)V (|r − r′|)Φ†

ν′(r′
j)Φν′(r′

i), and
can also be cast into the form of an SU(4) Heisenberg
model

He = −4J
∑

〈ij〉

(

1
4

+ τi · τj

)(

1
4

+ Si · Sj

)

. (11)

When J > t2/U , the exchange coupling dominates and
drives the system into a spin-valley ferromagnetic state
with true long range order at zero temperature, giving
rise to spin-valley polarized low energy bands. At strong
enough coupling, those bands are expected to become
nearly flat. In the corresponding midgap band formed
by j = − 1

2 levels, the spin-valley ferromagnetic state
emerges for 0.4 . Ma . 1.1, as shown in Fig. 3c. In
this interval, J . 0.1M ∼ 5 − 10meV. Although knowing
the exact polarization of the low energy bands requires
self-consistently solving a non-trivial strongly correlated
problem, when U ≫ t interactions are strong and lead
to a net spin-valley polarization in the midgap states at
zero temperature.

Experimental observation. In the valley ferromagnetic
state, the loop currents in bulk break TRS and produce
a ferromagnetic lattice of local magnetic moments ≈ µB,
with µB a Bohr magneton. An external magnetic field H

couples with the spin-valley moments through the Zee-
man coupling, HZ = −2µB(τ + S) · H. Due to the prox-
imity of the ordered ground state at T = 0, a very weak
applied magnetic field µBHz ∼ 0.01kBT can produce a
large spin-valley magnetization ∼ 1µB

27. For instance, at
temperatures T ∼ 0.01J/kB . 1K, the required applied
field can be smaller than Hz . 0.01 T. In this regime,
this state can generate a macroscopic flux Φ that is pro-
portional to the spin-valley polarization. This flux can be
detected with standard superconducting quantum inter-
ference devices placed on top of graphene28, as illustrated
in Fig. 4a.

When linearly polarized light is applied over an
atomically thin medium that breaks TRS, the light
polarization rotates by the Kerr angle θK(ω) =
8π/[c(n2 − 1)]Reσxy(ω)29, where σxy is the anomalous
Hall conductivity30, which is proportional to the val-

ley polarization31, c is the speed of light and n ≈ 2.5
is the refraction index of the BN substrate. Within
the toy model (2), the anomalous Hall conductivity can
be derived by defining the electronic Green’s function
Gν(r, r′, ω) =

∑

j,k Φν,j,k(r)Φ†
ν,j,k(r′)/(ω − Ej + iγ) in

terms of the Bloch waves in the superlattice for a given
valley ν, Φν,j,k(r) =

∑

i Φν,j(ri)eik·Ri . For simplicity, we
assume that Ej is the energy of a dispersionless flat band

indexed by the angular momentum state j and γ is the

0.6 0.8 1 1.2 1.4

ω/∆

-0.03

0

0.03

θ K

a) b)

I

Φ

I

Figure 4: a) Magnetic flux Φ produced by the valley ferromag-
netic state, measured by an interference device (gray region)
on top of graphene. The supercurrent I splits between two
Josephson junctions (on green). b) Polar Kerr angle θK in ra-
dians versus photon energy ω normalized by the optical gap
∆ for transitions between j = ± 1

2
energy flat bands. Curves

for Ma = 0.5, 0.6, 0.7 and 0.8 (red) (see text).

inverse of the quasiparticle lifetime.
The anomalous Hall conductivity in valley ν = +

follows from the current-current correlation function
Πxy(r, r′, ω) = e2tr

∫

V+,xG+(r, r′, ω′)V+,yG+(r′, r, ω′ +
ω) dω′/2π, with Vν,i = v(σν,i ⊗ ν0)30. In momen-
tum space, the optical Hall conductivity is σxy(ω) =
(i/ω) limq→0 Πxy(q,−q, ω). The transitions between the
valley polarized j = ± 1

2 bands dominate the Hall re-
sponse for frequencies near the optical gap ∆ = 2Ej= 1

2

.
In this frequency range (∼ 1013Hz), the zero temperature
response is16

σxy(ω) ≈ c2
0

e2

h

(~vΛ)2

(~ω + iγ)2 − ∆2
(12)

restoring ~, where Λ ∼ 2π/(3a) is the size of the Moire
Brillouin zone and c0 =

∫

d2r F−
1

2

(r)F+
− 1

2

(r) ≈ 0.81.

For γ ∼ 15meV32 and ~vΛ ≈ 0.26eV, which corre-
sponds to a Moire unit cell of 140Å, the Kerr angle is
θK ∼ 10−2 radians for maximal valley polarization, as
shown in Fig. 4b. For a weak valley magnetization of
0.1µB, the Kerr rotation is θK ∼ 10−3, which is still very
large. This effect that can be detected with THz/infrared
Kerr experimental setups32. In the visible range, Hall
Kerr measurements are extremely sensitive and are able
to detect rotations as small as θK ∼ 10−9 radians33. By
changing the occupation of the midgap states, the valley
ferromagnetic order can be controlled with a gate voltage.
This exotic state has clear experimental signatures and
can lead to the experimental realization of valley order in
graphene at low temperature and weak applied magnetic
fields34.
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