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We consider a quantum dot coupled to a topological superconductor and two normal leads and
study transport properties of the system. Using Keldysh path-integral approach, we study current
fluctuations (shot noise) within the low-energy effective theory. We argue that the combination of the
tunneling conductance and the shot noise through a quantum dot allows one to distinguish between
the topological (Majorana) and non-topological (e.g., Kondo) origin of the zero-bias conduction peak.
Specifically, we show that, while the tunneling conductance might exhibit zero-bias anomaly due
to Majorana or Kondo physics, the shot noise is qualitatively different in the presence of Majorana

zero modes.

PACS numbers: 73.21.Hb, 71.10.Pm, 74.78.Fk, 72.70.4+m

Introduction. The search for topological superconduc-
tors hosting non-Abelian quasiparticles (defects binding
Majorana zero modes) has become an active and excit-
ing pursuit in condensed matter physics[1-3]. There has
been enormous theoretical and experimental activity in
this direction recently [4] fueled, in part, by the potential
application of topological superconductors for the fault-
tolerant topological quantum computation schemes[5].
A large number of theoretical proposals for engineer-
ing topological superconductors in the laboratory has
been put forward [6—15], and there has been a significant
amount of experimental activity in this area recently [16—
25]. One of the simplest ways to detect the presence
of Majorana zero modes (MZMs) in topological super-
conductors (TSC) is tunneling spectroscopy. Indeed, the
presence of MZMs leads to a quantized zero-bias conduc-

tance G = 2¢%/h [26-33]. The pioneering Majorana ex-
periment based on a semiconductor/superconductor het-
erostructure proposal [10, 11] was performed in Delft [10]

where the observation of zero-bias peak in a finite mag-
netic field was reported, consistent with the theoretical
predictions[31]. However, other effects might also lead
to the zero-bias anomaly which spurred the debate[34—
I1] as to the precise origin of the (un-quantized) zero-
bias conduction peak observed in recent tunneling experi-
ments [16-21]. Therefore, additional experiments testing
other properties on MZMs[17, 36, 37, 42-54] are neces-
sary in order to reach a consensus.

In this Letter, we propose a new scheme, which com-
bines the tunneling conductance and current fluctua-
tion measurements, to distinguish between the topolog-
ical (Majorana) and non-topological origin of the zero-
bias peak. We consider a quantum dot (QD) coupled
to a MZM and two normal leads, see Fig. 1. One
can extract information about MZMs by measuring the
shot noise between two normal leads. This approach
allows one to eliminate a number of false-positive fea-
tures by simply changing either Majorana coupling or
the QD couplings. Indeed, while the Kondo effect as
well as resonant-tunneling physics exhibit zero-bias peaks
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FIG. 1. Proposed experimental setup for the shot noise mea-
surement. (a) A MZM is formed at the domain wall between
a ferromagnetic insulator and a s-wave superconductor at the
QSH edge. (b) A MZM is formed at the ends of topolog-
ical superconducting wire, and QD is formed near the wire
T-junction.

in the tunneling conductance, their current fluctuations
are qualitatively different. Thus, it is suggestive to use
shot noise as a diagnostic tool for MZMs. The physics
of the QD coupled to the MZM has been discussed in
Refs. [42, 44, 47, 55]. It has been shown that Majo-
rana coupling significantly modifies the low-energy prop-
erties of the QD and drives the system to a new (dif-
ferent from Kondo) fixed point [47]. Building on top
of the slave boson formalism developed in Ref. [17], we
compute here the shot noise in the system shown in Fig.
1. It is well-known that noise measurements usually pro-
vide additional information for correlated systems [56—60]
and often allow one to identify the nature of the charge
carriers. The shot noise for the non-interacting systems
such as the normal lead-TSC and non-interacting QD-
TSC have been considered in Refs.[51, 61-64]. In this
paper, we address this important and non-trivial ques-
tion and obtain analytically the power spectrum of shot
noise in the presence of the Coulomb interactions in QD
by taking into account the interplay between Kondo and
Majorana physics.

Our main results are summarized in Table I. We find
that in the case of symmetric couplings to the leads
I';, = T'r the shot noise power spectrum P(w — 0)
in the presence of MZM coupling exhibits a universal



TABLE I. Shot noise power spectrum P(w — 0) and conduc-

tance G [43, 45, 46] for 'y, = T'g.
spinless system (non-|spinful system: Kondo
interacting U = 0) regime (Jeq| > A\, T')
with P(O)z%andG:§, P(O):%iandG:%
MZM | (independent of €q)
without |P(0) =0 and G =  |P(0) =0 and G = 2
MZM for g =0

value e?/2h which is independent of the QD energy
level ¢4, and corresponds to the transmission probabil-
ity 7(0) = § . This is to be contrasted with the resonant
level model which exhibits a strong dependence on 4.
In the Kondo limit, tunneling conductance exhibits the
zero-bias anomaly but the shot noise power spectrum is
zero P(w — 0) = 0. Thus, the combination of both shot
noise and conductance through a QD allows one to dis-
tinguish between the Majorana and other physics. We
believe that our results are relevant for the ongoing Ma-
jorana experiments since conductance and current fluc-
tuations can be readily accessed.

Theoretical Model. We consider a setup shown in Fig.
1 in which a QD is coupled to a MZM ~; localized at
the domain wall between a magnetic insulator and an
s-wave superconductor at the edge of a Quantum Spin
Hall (QSH) insulator [7] or localized at the ends of the
topological superconducting wire [10, 11, 16]. We assume
here that the superconducting gap A is large, and develop
an effective low-energy theory for the system valid at
E < A:

H = Hyeaas + Hpot +HL-D +i>\(d¢+d$)’y1 +107172. (1)
Here Za:L,R Zk),a 6k0207a6k07a,
ZU eddl.da‘ + Unﬁu, and HLfD =
Y a=L.R Zk,a(t‘lkc;rca odo + h.c.) describe the leads,
QD, and the Lead—yQD coupling, respectively. The

operators c;fwa (df) create a spin-o electron in the

HLeads =
Hqop =

a-lead (the dot), n, = d d,, ¢, is the chemical potential
of the QD, U is the QD on-site Coulomb interaction,
and t,x (A) is the tunneling coupling between the leads
(TSC) and the QD. The splitting energy 0 represents
the finite overlap between two MZMs. We note that
the time-reversal symmetry is broken by the magnetic
insulator which also determines the spin polarization of
the MZM. Without any loss of generality we assume v,
only couples to the spin up channel of the QD. The lead
and QD Hamiltonians remain SU(2)-invariant under
spin rotation.

We first integrate out Majorana operators v; and s,
which leads to the self-energy ¥ (w) (defined below). We
assume that the QD is in the single-occupancy regime
U > |eg| > AT with T being the broadening of the
QD level due to normal leads I' = I'y, + I'g with ', =
7|ta|?pr; here pr is the density state of the leads at

the Fermi level. In this limit, one can use a slave boson
approximation for an infinite-U Anderson model[65, 66]
where the double occupancy of the QD is suppressed.
Following standard procedure [65, (6], one can introduce
the auxiliary boson b and fermion f, in order to d, —
fob", with the constraint b’ + > _ fIf, = 1. Within
the slave boson mean field approximation (SBMF), we
replace the bosonic field and the Lagrangian multiplier n
by their expectation values. The mean field parameter b
and 7 can be determined self-consistently by minimizing
the free energy. The detail of SBMF calculation in the
presence of a MZM can be found in Ref. [17] (also see
[67]). The SBMF approach decouples the spin-up channel
from the spin-down channel and allows one to compute
various correlation functions.

Shot noise calculation. We now use the Keldysh for-
malism [68] to study current fluctuations. Since two
spin channels are decoupled within SBMF approxima-
tion, we drop the index o in this derivation. Given that
MZM coupling breaks particle number conservation, the
QD Green’s function now acquires an anomalous con-
tribution (e.g. (T.d(t)d(t'))), and we need to work in
the Nambu space N. We introduce a lead-QD basis
Ut = ({c}k, cri},dl,d, {CTR,C, crr})/V?2, and write the ac-
tion in this new space S. The effective action can be
written in terms of the full Green function Q

S = SO + SL—D + Ssourcea (2)
So+SL-p = / / dtdt' UT()Q~ (¢, 1)U (t), (3)
cJC

Qri,rkr Qrk,d QL REk
Qa,Lir  Qdaa  QdRrr 4)

QRk,Lk’ QRk,d QRk,Rk/

Qriy =

All matrix elements above have the same structure, e.g.
Qa,a = {{Guq Faa}, {Fi3, Ggq}}, see SI [67] for details of
Qkk/. After restoring the spin index, the retarded Green’s
functions are given by

W+ €g+il — By (w)

R () = — =
GhioW) (Wil = 25, (w))(w + i) — &2’ (5)
Pl ) = ST )

(w+ il — 2%, (w))(w + i) — &2’

where 3, (w) = A2b%w/(w?—42) with Ay = Aband A\| = 0.
The effective broadening and energy of the QD level now
read I =Tb?, €, = €4 + 1.

We now consider current fluctuations through the left
junction. The current operator is given by

ie

IL:E
k

(;chzkd—fzdech) = \IjTM\I77 (7)

The 6-by-6 matrix M in N®S space for lead momentum k
is My = (ie/h){{0, M}?,0},{M?*,0,0},{0,0,0}} where
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FIG. 2. The power spectrum P;(w) for I', = I'r and dif-

ferent A. Panel (a) no splitting of MZMs §/T" = 0. The
non-monotonic dependence of Py(w) originates from the non-
trivial dependence of the P-H contribution A4 to the shot
noise; (b) splitting energy J/I' = 0.05. Here we used €4 = 0.

MRt = (T ) and M= (),

action for the source term is

Then, the

Siource = — / dtA)IL(t) = — / dtUl Ay, MU, (8)
C

— 00

Here we rewrote the action in terms of the for-
ward and backward components and performed Larkin-
Ovchinnikov rotation[6%]. As a result, the source A =
A%4* is now a matrix in Keldysh K space, where
a = cl,q with 4% = I and 47 = oy, see details in
SI[67]. The generating function for this problem Z[A] =
fD[{cTchLk}de{cTchRk}] ¢"® can be obtained in the
following way[68] : In Z[A] = TrIn [i— QAM}, where the

unit matrix I and the Green function Q are defined in
N®S®K space, A is in K space, and Misin N®$S space.
Finally, the symmetrized current noise for left junction
can be written as

Si(w,eV) = / dte (5T, ()51 (0) + 611 (0)5 T (1))

_ 1 5% 1n Z[A]
C 40AY(w)AY(—w) | 4_p ©)

where 61, (t) = I1.(t) — (IL), and an extra factor 1/2 is to
remove the doubling of the Hilbert space. The details of

the evaluation of Eq.(9) are presented in SI[67]. At zero
temperature, the shot noise is given by
eV/2
Sr(eV) = Z dwP,(w), (10)

T _evy2

where P, (w) = (2¢%/h) (A%(w) +A2(w)>. Here P, (w) is
the power spectrum of noise for each spin with Ag /A be-
ing the contributions to the noise from particle-particle
(P-P)/particle-hole(P-H) channels, respectively. After
tedious calculations (see SI[67] for details), one finds

A = 21:LfR(|G5gyg|2 + |G§d70|2) + 4f2L|F£i,a|2
—8U3 T (1Gh, [* +|GE, 1Y) — 16T [F g |*
—16T3 (|G, * +1Go P FiGe (1)

8% =T8[(FE, + Fib,)°

= =y Pl ok A
—8(T'zy —Tx) (Figo+ Fdd,a)
+16(I';, — Tr)*((FL + TR)* +€3) 2’20 }7(12)
where GdEd can be obtained from G?g by €4 — —eq. The
P-H contribution is vanishing at zero frequency A (w) ~
w?. Here we assume a symmetric bias V;, = —Vx.

Results and Discussions. Before presenting the results
for an interacting QD problem, it is instructive to con-
sider first a non-interacting spinless model, for which the
results can be easily obtained by setting n =0 and b =1
in Py(w)(10). The power spectrum P(0) at T = 0 and
0=0is

262 FLFR 62
Przo(0) = —— = (13)
h T2 2h|p g,
262 4FLFR 4FLFR 262 ].—‘263
haoO=Zr e \"mre )= W oy
d d d/ ITL=Tg
(14)

One can see that coupling to MZM dramatically modi-
fies the shot noise. For example, at the symmetric point
the shot noise power does not depend on €4 and is given
by €2 /2h whereas without MZM Py—(0) depends on ¢,
and is zero on resonance €5 = 0. By tuning the coupling
asymmetry ', /T or QD energy level €4, one should ob-
serve a qualitative different behaviour for the cases with
and without MZMs, see SI [67] for more details. The shot
noise at finite bias eV is given by Eq.(10). In order to un-
derstand the eV # 0 results, we plot the power spectrum
P(w) in Fig. 2 (a), which shows a two-peak structure.
For A <« T, we find that the width between the two peaks
~ A?/T', and for A >> T, this width becomes ~ T.

We now discuss results at finite splitting 6 # 0. As
shown in Fig. 2 (b), the spectral function for a finite §
exhibits two peaks at small w. When A < T', the po-
sition of the peak is at +6. Thus, in order to observe
the predicted value P(0) = e2/2h, one should adjust the
voltage to be A?/I" > eV > §. When A > I, the width
of the splitting is I'62/A2. Thus, the condition to observe
P(0) = €%/2h value is T > eV > I'62/A2. We plot the
shot noise as both a function of the A and ¢ in Fig. 3.
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FIG. 3. Spinless non-interacting QD: the dependence of the
shot noise Sr(eV)/eV (measured in units of 2¢2/h) at finite
bias eV/T'=0.1 on A and §. Here I'y, =T'g, €4/I' = —0.4.

One can see that the larger the splitting energy &, the
larger Majorana coupling A is needed to observe the pre-
dicted value for the shot noise P(0) = e¢2/2h. The effect
of varying €4 is discussed in [67].

The conclusion based on the results of the spinless non-
interacting problem is that Majorana coupling qualita-
tively modifies the shot noise through the QD. Thus, the
combination of the conductance and shot noise measure-
ments allow one to clarify the nature of the zero-bias
conduction feature, see Table I. Even though the spinful
problem is more complicated, we show that this qualita-
tive feature persists in the presence of interactions and al-
lows one to distinguish between the Majorana and Kondo
origin of the zero-bias feature in the tunneling conduc-
tance. We now consider the QD in the limit of single-
occupancy U > |eg] > T, A and eV <« Tk with Tk
being the Kondo temperature. We first analyze the case
of no splitting 6 = 0. A recent study based on SBMF
approach [47] shows that a crossover from Kondo- and
Majorana-dominated regimes can be realized by tuning
the coupling A . For A < A\, = /Ty /T|eql, Kondo effect is
important [47]: the renormalized coupling corresponds to
Kondo temperature I' = T'b?> = Tk = A exp(—7leq|/2D)
and the renormalized energy level is €5 = |eq + | ~ ['b*
(Here A is the bandwidth and b < 1 is the variational
parameter). When A > A, the parameter b ~ \/|eg]
is determined by the Majorana coupling rather than the
Kondo temperature. One can see that in the perturba-
tive regime |eq| > T', A corresponding to b < 1, the posi-
tion of the renormalized level is close to the Fermi energy
€1 ~ I'b* < T [17]. In both cases the spin-down chan-
nel shows perfect transmission (i.e. linear conductance
G = €2?/h), and, thus, its contribution to the shot noise
is zero. On the other hand, the shot noise for the spin-
up channel, due to the coupling to MZM, corresponds to
the universal value e?/2h independent of ;. The conduc-
tance and shot noise for spinful QD can be summarized

0.0

FIG. 4. Spinful QD in the single-occupancy regime: The
dependence of the shot noise S7(eV)/eV (measured in units of
262/h) as a function of A and §. Here ¢4/T"' = —10.0, ', = ',
eV/T' = 0.001, and A/T" = 30.0. The non-monotonic behavior
as a function of X\ originates from the P-H contribution A 4.
The contribution to Sr(eV) from the spin-down channel is
negligibly small in this parameter regime.

as follows. The linear conductance for |eg| > A\, T reads

e /1 3e?
O =5 (3+1) =55 @

which is consistent with the numerical renormalization
group calculation [45]. The shot noise power is

2¢? (1 e?

The results beyond the |eg| > A, T limit can be obtained
numerically and are discussed in [67].

We now consider the effect of a finite energy splitting
0 # 0 and a finite bias eV # 0 which is important for
the experimental detection of the effect we predict here.
The shot noise S7(eV)/eV as a function of A and ¢ is
shown in the Fig. 4. One can see that in order to resolve
the quantized value P(0) = e2?/2h, one has to satisfy
the following conditions: a) in the regime b\ < bT, the
voltage should be A2/T > eV >> §; b) in the A > bI'
regime, the condition becomes b?T' > eV > I'62/\2. It
is thus clear that in the Majorana-dominated regime, i.e.
A > bleg| > bI, the voltage should satisfy condition b),
in which case the shot noise power spectrum exhibits a
plateau around Sy(eV)/eV = e2/2h, see Fig. 4. One
can also notice that the width of the plateau around
Sr(eV)/eV = €2?/2h gradually shrinks with increasing
d. In the limit A > |eg4], the renormalized energy level
€y shifts away from the Fermi level since b ~ 1, which,
in turn, suppresses the conductance at zero bias and en-
hances the shot noise, see discussion in SI [67].
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