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Inelastic neutron scattering was performed on silicon powder to measure the phonon density
of states (DOS) from 100 to 1500K. The mean fractional energy shifts with temperature of the
modes were 〈∆εi/εi∆T 〉 = −0.07 giving a mean isobaric Grüneisen parameter of +6.95±0.67,
significantly different from the isothermal parameter of +0.98. These large effects are beyond the
predictions from quasiharmonic models using density functional theory (DFT) or experimental data,
demonstrating large effects from phonon anharmonicity. At 1500K the anharmonicity contributes
0.15 kB/atom to the vibrational entropy, compared to the 0.03 kB/atom from quasiharmonicity.
Excellent agreement was found between the entropy from phonon DOS measurements and the
reference JANAF thermodynamic entropy from calorimetric measurements.
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I. INTRODUCTION

Phonons are responsible for most of the entropy of materials at modest temperatures. The phonon entropy, or
vibrational entropy, can be estimated with a set of fixed phonon frequencies in the harmonic approximation, but
these results are usually too inaccurate for thermodynamic predictions of phase stability at elevated temperatures1.
Changes in phonon frequencies with temperature are generally important for calculating thermodynamic functions2,
but our understanding of high temperature behavior is still emerging. Such studies require phonon spectra at high
T , for which there are few experimental data.

The thermal properties of silicon are of importance for silicon-based electronics, nano-mechanics, photovoltatics,
thermoelectrics, and batteries3–11. Some of the nonharmonic behavior of a material is expected to originate from
“quasiharmonic” thermal softening (reduction in frequency) of phonons, where the phonon entropy increases as the
material expands against its bulk modulus. Anharmonicity from phonon-phonon interactions causes further phonon
softening without thermal expansion and can account for a substantial part of the entropy of materials at high
temperatures. Anharmonic phonon-phonon interactions also shorten the lifetimes of phonons, causing broadenings in
the phonon spectrum and a finite phonon mean free path for thermal transport.

The lattice dynamics of silicon has attracted ongoing attention owing to its anomalous thermal expansion, which
changes from negative to positive at low temperatures. Phonon dispersions of silicon have been reported, as have
phonon densities of states (DOS), thermal properties and mode Grüneisen parameters12–17. The work with density
functional theory (DFT) on silicon includes one of its earliest successes for determining the crystal structure of a
solid at elevated temperatures18. Experimental work has employed inelastic neutron scattering (INS) and Raman
spectroscopy up to 300K and to high pressures12–14,19–23. These studies assessed and correctly described the low
temperature lattice dynamics, but to our knowledge there has not been a study of phonons in silicon by inelastic
neutron scattering at temperatures above 700K. Measurements at higher temperatures are important for assessing
phonon anharmonicity, which is also pertinent to thermal conductivity at all temperatures.

In the present work we measured phonon DOS curves on high purity silicon powder using a direct geometry inelastic
neutron spectrometer and investigated the phonon DOS with DFT. We found that the thermal changes in phonon
frequencies were a factor of seven larger than expected from the quasiharmonic model, indicating a large effect from
phonon anharmonicity. The thermal broadening of features in the phonon spectrum also indicates anharmonicity.

II. METHODS

II.1. Inelastic Neutron Scattering

Inelastic neutron scattering (INS) spectra were obtained with ARCS24, a time-of-flight Fermi chopper spectrometer
at the Spallation Neutron Source at Oak Ridge National Laboratory, using an incident energy of 97.5meV and an
oscillating radial collimator to reduce background and multiple scattering25. Silicon of 99.9999% purity was pulverized,
and 7.9 g of powder with an effective sample thickness of 6.0mm was contained in an aluminum sachet and mounted
in a closed-cycle helium refrigerator for measurements at temperatures 100, 200, and 300K. Similar sachets made of
niobium foil were mounted in a low-background electrical resistance vacuum furnace for measurements at temperatures
301, 600, 900, 1000, 1100, 1200, 1300, 1400, and 1500K. Backgrounds were measured on empty sachets in the same
sample environment at corresponding temperatures. Time-of-flight neutron data were reduced with the standard
software packages in the procedures for the ARCS instrument as described previously26–28. Data reduction included
subtraction of the background, and corrections for multiple scattering and multiphonon scattering. Because silicon
is a coherent scatterer, averages over a wide range of momentum transfer (2-12 Å−1) were used to obtain the phonon
DOS curves presented in Fig. 1. Successful background subtraction is indicated by the close similarity of the room
temperature measurements in both the closed-cycle refrigerator and the electrical resistance furnace (300 and 301K).

II.2. Ab-initio Calculations

Ab-initio density functional theory (DFT) and density functional perturbation theory (DFPT) calculations were
performed with the VASP package29–33. The generalized gradient method was used with PBE exchange correlation
functionals34,35 for projector augmented wave pseudopotentials36,37 and a plane wave basis set. All calculations used
a kinetic energy cutoff of 500meV, a direct supercell of 216 atoms, and a 2 × 2× 2 k-point grid. The energy cutoffs,
k-point density, and configurations were converged to within 5meV/atom. The phonon eigenenergies were computed
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FIG. 1. Phonon DOS curves of silicon, gT (ε), normalized to unity. Curves are offset for clarity.

through DFPT33,38. The free energy was calculated as

F(T, V ) =E0(V )

+

∫

dε g(ε)
(ε

2
+ kBT ln(1 − e−ε/kBT )

) (1)

The quasiharmonic approximation (QHA) calculations were obtained by minimizing the free energy F (T, V {a0}) of
Eq. 1 with respect to the volume of the supercell. Ground state energies, E0(V ), were calculated separately and
self-consistently for each volume, and the DOS, g(ε), were calculated with the specific lattice parameter, a0, that
produced the minimized volume.
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III. RESULTS

A sharp cutoff of the phonon spectrum occurs at 67meV. The phonon DOS are near zero well above this cutoff,
indicating the success of the corrections for background, multiple scattering, and multiphonon scattering. Figure 1
shows that the phonon DOS go through a systematic thermal softening (decrease in phonon energy) and thermal
linewidth broadening with increasing temperature. The DOS curves contain five distinct features caused by Van Hove
singularities. At 300K, two transverse acoustic modes between 10 and 30meV give the peak near 18meV and the
shoulder near 26meV. The two features between 30meV and 55meV are from longitudinal acoustic and optical modes,
respectively. Finally, the higher energy feature around 60meV is from transverse and longitudinal optical modes. The
high-energy optical modes centered around 60meV show the largest thermal shift of approximately 4meV between
100 and 1500K, but the largest fractional changes, ∆εi/εi, are found for the low-energy transverse acoustic modes
from 10 to 30meV. The negative fractional shifts of the five features are shown in Fig. 2. Fractional shifts agree within
±1% of the average fractional shift. This uniform trend might seem indicative of a simple quasiharmonic behavior,
but the magnitude of the shift proves too large.
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FIG. 2. The negative of the fractional thermal shifts of the five features of the DOS: transverse acoustic (TA: red squares
and purple circles), longitudinal acoustic (LA: blue pentagons), longitudinal acoustic and optical (LA/LO: green hexagons),
and transverse and longitudinal optical modes (TO/LO: black triangles). The average between the shifts of the five features is
shown by a dotted orange line.

The measured DOS agree strongly with the calculations and allow for the identification of the five distinct features
in the DOS corresponding to the specific branch or branches in the silicon dispersion relations as seen in Fig. 3.
The phonon dispersion and DOS (Fig. 3) were calculated in the QHA at the 100K equilibrium volume and scaled
in energy to fit the 100K measured DOS. Each branch was labeled and identified according to previously reported
methods and results12,39.
The self-similarity of the phonon DOS at elevated temperatures is shown in Fig. 4. Here the phonon DOS measured

at 100K was rescaled in energy and normalized to unity.

g′(ε) = g100K
(

[1− 3αT γ̄T (T − 100)]ε
)

(2)

The rescaled phonon DOS, g′(ε), is shown with the experimental DOS curve for 1500K. The thermal expansion
coefficient, α, and isobaric Grüneisen parameter are defined later in the text (Eq. 6). The two curves are in good
coincidence, although the thermal broadening of the longitudinal peak at 56meV is evident.
In the quasiharmonic approximation, the minimization of the free energy of Eq. 1 gives γi, the mode Grüneisen

parameter

γi ≡ −
V

εi

∂εi
∂V

(3)

defined as the fractional shift of energy of phonon mode i per fractional shift in volume. There have been many studies
defining the Grüneisen parameter as mode specific14,17,40,41, but from the uniform thermal behavior of the phonons
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FIG. 3. Phonon dispersion and DOS of silicon at the quasiharmonic 100K equilibrium volume (black solid line) scaled in energy
to fit the experimental 100K DOS (orange dotted line) from Fig. 1. The distinct features are labeled with their corresponding
marker used in Fig. 2.
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FIG. 4. Silicon phonon DOS of experimental measurements at 100 (blue) and 1500 (red)K (solid lines). A DOS at 1500K
(dotted line) is obtained from shifting and renormalizing the measured DOS at 100K (Eq. 2).

in the whole Brillouin zone, we present a mean Grüneisen parameter in Table. I, defined as

γ̄ = −

〈

V

εi

∆εi
∂V

〉

= −

〈

∂ ln εi
∂ lnV

〉

(4)

The isothermal (γ̄P ) and isobaric (γ̄T ) Grüneisen parameters are defined as

γ̄P = −
1

3α(T )

〈

∂ ln εi
∂V

〉
∣

∣

∣

∣

T

∂V

∂T
= BT

〈

∂ ln εi
∂P

〉
∣

∣

∣

∣

T

(5)

γ̄T = −
1

3α(T )

〈

∂ ln εi
∂T

〉
∣

∣

∣

∣

P

(6)

γ̄T = −
1

3α(T )

(〈

∂ ln εi
∂V

〉∣

∣

∣

∣

T

∂V

∂T
+

〈

∂ ln εi
∂T

〉∣

∣

∣

∣

V

)

(7)

γ̄T = γ̄P −
1

3α(T )

〈

∂ ln εi
∂T

〉∣

∣

∣

∣

V

(8)
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TABLE I. Calculated and measured Grüneisen parameters using constants at room temperature. See text for details on values
and method of calculation.

Experimental Calculated in the QHA

γ̄ - 1.00 ± 0.60

γ̄T 7.00 ±0.67 1.102 ± 0.72

γ̄P 0.98 -

γ 0.367 -

Note: Errors bars were calculated from the differences in peak shifts of the five features.

The isothermal and isobaric parameters describe the phonon energy shifts from effects of temperature and volume,
where α(T ) is the coefficient of linear thermal expansion and BT is the bulk modulus. The experimental phonon shifts
shown in Fig. 2 were used to obtain γ̄T with Eq. 6, whereas all of the QHA parameters used phonon energy shifts
from the differences in DFPT calculated DOS of the change in volume that minimized the free energy (Eq. 1). From
Eq. 8, γ̄T contains not only a contribution from the volume-dependent phonon frequency shifts, the “quasiharmonic”
contribution, but also a second term from a pure temperature dependence, the “anharmonic” contribution. The cal-
culated isobaric and isothermal parameters were normalized with room temperature thermal expansion coefficients for
consistency. Coefficients of linear thermal expansion, α(T ), were obtained from reported values of thermal expansion
and lattice constants42,43. Our experimental isobaric parameter (γ̄P ) was calculated using Eq. 5 with phonon shifts
from high pressure Raman spectroscopy measurements reported by Weinstein and Piermarini23. The thermodynamic
Grüneisen parameter γ is defined as

γ =
3αV0BT

CV

(9)

and is listed in Table I. It was evaluated with BT = 0.9784 × 1011Pa44, α = 2.59 × 10−6K−144, and the classical
result of heat capacity1, CV = 25 J/(molK). Table I shows a large discrepancy between the γ̄T from the phonon
measurements and the Grüneisen parameters from volume expansion.
To first order, the phonon DOS is the only function needed to obtain the vibrational entropy1,45

Svib(T ) = 3kB

∫

dε g(ε)
[

(n+ 1) ln(n+ 1)− n ln(n)
]

(10)

The entropy Svib(T ) obtained from each measured DOS at temperature T , g(ε)(T ), is shown by orange circles in Fig.
5. To obtain a continuous curve, we also calculated the entropy with rescaled DOS curves from Eq. 2, using the
experimental γ̄T = 7.0 from Table I. An ab initio calculation of a DOS at 0K is used with Eq. 10 to obtain a harmonic
entropy for all temperatures. For the calculated results in the QHA, the ab initio DOS with thermal expansion were
evaluated. At the highest measured temperature of 1500K, we find that the anharmonic contribution to entropy is
0.15 kB/atom, which is a factor of five larger than the quasiharmonic entropy contribution of 0.03 kB/atom. Finally,
the total entropy from the NIST JANAF database46 is shown in Fig. 5.

IV. DISCUSSION

At all temperatures, the vibrational entropy Svib(T ) obtained from the experimental phonon DOS measurements is
in excellent agreement with the total entropy from the JANAF tables (Fig. 5). The agreement to within approximately
1% is striking, especially considering that the JANAF tables were assessed from calorimetric measurements, and our
Svib(T ) was obtained by counting phonons. The JANAF entropy is slightly higher than the phonon entropy at high
temperatures suggesting an additional contribution, but the reliability of this difference is not yet understood. The
contribution from electron excitations is probably negligible, and we also expect the phonon spectrum will be little
affected by adiabatic electron-phonon coupling1,45,47–49.
A harmonic model accounts for most of the entropy of silicon at modest temperatures, but the error at high

temperatures is thermodynamically significant. The first correction from the quasiharmonic approximation is small
because the bulk modulus is modest, and the thermal expansion is small for strongly covalently bonded atoms14.
Both the measured and calculated mode-specific Grüneisen parameters have variations but are approximately 1 at
elevated temperatures17,41. Prior calculations of temperature-dependent Grüneisen parameters in the quasiharmonic
approximation also do not exceed 114. Much of the previous interest in the lattice dynamics of silicon was centered on
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FIG. 5. Vibrational entropy of silicon from experimental phonon DOS curves (orange circles). Entropy from calculated
DOS curves are also shown: harmonic (solid black line) and quasiharmonic (green triangle). The interpolated anharmonic
approximation is shown (orange dotted line), as is the NIST JANAF entropy data (blue diamonds)46. Inset enlarges the high
temperature region.

its peculiar thermal expansion at cryogenic temperatures. At low temperatures and high pressures, the quasiharmonic
approximation has predicted accurate thermophysical behavior14,17,20. The quasiharmonic model predicts the thermal
expansion at low temperatures well, and predicts the thermal expansion at high temperatures adequately50. The low-
energy transverse modes in the open diamond cubic crystal structure have been suggested as the source of the low
temperature negative thermal expansion20,51,52, but the mechanistic details are not fully understood. Nevertheless, it
is possible that the open-ness of the diamond cubic structure may also be responsible for the anharmonicity and low
thermal expansion of silicon when all of the phonon modes are highly populated (above 800K).
Thermal expansion is not a validation of the quasiharmonic model, as it predicts phonon shifts that are in error by an

order of magnitude when actual values of thermal expansion are used, as seen by the discrepancy of the experimental
and calculated γT in Table I and by the tiny phonon shifts predicted by the quasiharmonic model (e.g.,50). The failure
of the quasiharmonic approximation at high T stems from the assumptions that phonons are non-interacting. Thermal
broadening is evident in the peak from longitudinal acoustic modes at 39meV and longitudinal optic modes at 56meV
at high temperatures. Although lifetime broadening has no effect on the vibrational entropy to first order, we should
expect that other anharmonic corrections to the phonon self energy from the cubic and quartic parts of the phonon
potentials may be important45. This is most evident in the differences between γ̄P and γ̄T in Table I. The second term
in Eq. 8 for γ̄T, which gives the pure temperature dependence of the phonon energy, is much larger than the first
term from the quasiharmonic contribution. This pure anharmonicity dominates the non-harmonic thermodynamics
of silicon at high temperatures, where 80% of the deviation from the harmonic model is from pure anharmonicity.
If the phonon shifts (Fig. 2) were only dependent on volume changes and excluded temperature effects, the mode
Grüneisen parameter (γ̄) would have a value of around 4.4 when using experimental lattice parameters42,43. This is
more than a factor of four larger than the previously measured isothermal parameters (γP ) found in Table I showing
the need to differentiate the isothermal and isobaric parameters. The experimental points were obtained with Eq. 10,
which was derived for non-interacting harmonic or quasi-harmonic phonons. With phonon lifetime broadening, there
is a net shift of spectral weight to higher frequencies, lowering the apparent vibrational entropy. A small correction
for this effect was suggested recently2, and using this correction for the thermal broadening of the present data would
give an upward shift of the experimental points in Fig. 5 by 0.015kB/atom at 1500K, but less at lower temperatures.
The phonon DOS of silicon shows a curious self-similarity. With increasing temperature the phonon DOS keeps

approximately the same shape but is rescaled in energy. The simplest explanation is that all interatomic force
constants decrease proportionately with temperature, but this explanation may be specious. At 1500K the different
features of the phonon DOS are broadened differently, reflecting differences in the imaginary part of the phonon self
energy from cubic terms in the phonon potential45. Such differences were reported recently by Hellman, et al.40,
who showed large broadenings of the longitudinal and highest optical modes compared to the lower energy transverse
acoustic modes. The different cubic anharmonicities also contribute different real shifts to the phonon self energies, so
a thermal re-scaling of force constants would require compensating contributions from the quartic and quasiharmonic
contributions of different phonons. It therefore seems unlikely that this self-similarity of the phonon DOS could be
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precisely accurate, and the different slopes in Fig. 2 suggest that it is only approximate.

V. CONCLUSION

Measurements of the phonon DOS of silicon from 100 to 1500K showed significant thermal softening and some
thermal broadening. From prior experimental studies of the effect of pressure on the phonons, and from the present
computational study on the effect of volume on phonon frequencies, the quasiharmonic contribution to the non-
harmonicity was obtained. At low temperatures, the quasiharmonic model works well to describe the phonon shifts,
but at high temperatures all of the thermal broadening, and 80% of the thermal softening, were due to phonon
anharmonicity. Nevertheless, the vibrational entropy calculated from the experimental phonon DOS curves of silicon
was found to be within 1% of the total thermodynamic entropy from calorimetry data.
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