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We consider a multiband metal with deep primary bands and a shallow secondary one. In the
normal state the system undergoes Lifshitz transition when the bottom of the shallow band crosses
the Fermi level. In the superconducting state Cooper pairing in the shallow band is induced by
the deep ones. As a result, the density of electrons in the shallow band remains finite even when
the bottom of the band is above the Fermi level. We study the density of states in the system and
find qualitatively different behaviors on the two sides of the Lifshitz transition. On one side of the
transition the density of states diverges at the energy equal to the induced gap, whereas on the other
side it vanishes. We argue that this physical picture describes the recently measured gap structure
in shallow bands of iron pnictides and selenides.
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Recent discovery of superconductivity in iron-based
materials is one of the most important developments in
modern condensed matter physics1–3. In addition to high
transition temperatures, these materials have several ex-
citing features including the interplay of superconduc-
tivity with spin-density wave order, a possibility of elec-
tronic mechanism of pairing, and the formation of uncon-
ventional superconducting state4,5. The new physics is
observed in a wide variety of materials, whose properties
can be fine-tuned by doping.

A common feature of iron-based superconductors is
the multiple-band electronic structure. Some of these
bands are very shallow, with Fermi energies of several
millielectronvolts, and may be depleted with doping or
pressure6–8. Such a qualitative change of the Fermi-
surface topology is known as the Lifshitz transition9,10.
Superconducting properties of shallow bands have a num-
ber of interesting features. For example, if was recently
demonstrated by ARPES technique that in the com-
pounds FeSe1−xTex

11,12 and LiFe1−xCoxAs
8 the mini-

mum gap for the shallow band is realized at zero mo-
mentum, rather than at the Fermi surface, as expected in
the standard BCS theory. Furthermore, in Refs.8,12 the
superconducting gap was observed on the side of the Lif-
shitz transition where the band would have been empty in
the normal state. These observations were interpreted as
a manifestation of the Bose-Einstein condensation of elec-
tron pairs formed as a result of strong electron-electron
attraction13.

The goal of this paper is to present an alternative phys-
ical scenario based on the notion that the superconduc-
tivity in the shallow band may be induced by deep bands
via pair-hopping. In the case when superconducting pair-
ing is dominated by the deep bands, the gap parame-
ter in the shallow band is primarily determined by the
properties of deep bands and may be understood in the
mean-field approximation. Within our scenario the su-
perconducting state in the shallow band is not a result
of the Bose-Einstein condensation even though the gap
may be larger than the Fermi energy. The influence of
the shallow band on the transition temperature and other

global properties is typically weak due to its small den-
sity of states14. However, its superconducting properties
are very different from the conventional BCS state due
to strong violation of the particle-hole symmetry.

It is interesting to note that superconductivity changes
the nature of the Lifshitz transition. In particular, the
carrier density in the shallow band remains nonzero on
both sides of the transition. Finite density appears be-
cause the particle-hole mixing generates a finite density
of states (DoS) in the energy range where normal-state
DoS was zero leading to appearance of a long tail in
superconducting-state DoS. The only qualitative change
at the transition is modification of the excitation spec-
trum. At the critical value of the chemical potential the
minimum energy of excitations moves to the band center,
as observed experimentally11. This change is reflected in
the shape of DoS which changes dramatically as a func-
tion of the chemical potential. While on one side of the
transition DoS diverges at the gap energy as predicted
by the BCS theory, on the other side it vanishes at the
gap energy.

We consider a superconductor with M deep bands and
one shallow band, as illustrated by the inset in Fig. 1.
The starting point for our discussion of the superconduc-
tivity in the shallow band is the BCS Hamiltonian

H0=
∑

p,σ

ξpa
†
p,σap,σ+

∑

p

∆0

(

a†
p,↑a

†
−p,↓+a−p,↓ap,↑

)

, (1)

Here the operator ap,σ destroys an electron in the shallow
band with momentum p and spin σ, and

ξp = p2/(2m0)− µ, (2)

where the chemical potential µ is measured from the bot-
tom of the shallow band. For definiteness we assumed an
isotropic electronlike shallow band, i.e., m0 > 0. The
point µ=0 corresponds to the Lifshitz transition in the
normal state at which this band becomes depleted, see
inset in Fig. 1. The pairing amplitude ∆0 is induced in
the shallow band by Cooper pair exchange with the deep



2

0

1

2

3

-2 -1 0 1 2

superconductor

normal metal

p
a
rt

ic
le

 d
e
n
s
it
y

/
0

FIG. 1. The dependence of the particle density in shallow
band on the chemical potential for normal metal and super-
conductor. The density unit is n(∆0). While in the nor-
mal state the density vanishes at the Lifshitz transition point,
µ = 0, in the superconducting state it remains finite for all
µ. The inset illustrates electronic spectrum of a multiband
metal with the shallow band.

bands. At zero temperature it is given by15–17

∆0 =

M
∑

j=1

V0,jνj∆j ln
W

∆j
. (3)

Here V0,j are the amplitudes of pair hopping between the
shallow and deep bands, ∆j and νj are the values of the
gap and normal DoS in the deep bands. The value of
the cut off parameter W depends on the mechanism of
Cooper pairing; equation (3) only assumes thatW ≫ ∆j .
We emphasize that the validity of the mean-field equa-

tion (3) requires conditions that ∆j are much smaller
than the Fermi energies EF,j for the deep bands, while
the relation between ∆0 and EF,0≡µ may be arbitrary.
Note that the sum in the right hand side of Eq. (3) ex-
cludes the term j=0 corresponding to the contribution to
pairing from the shallow band. In the limit µ≫∆0 this
term also has the mean-field form V0,0ν0∆0 ln(µ/∆0).
However, since we are interested in the regime when the
bottom of the shallow band is close to the Fermi level, the
density of states ν0 is small, and such contribution is neg-
ligible compared to those of other bands18. Even though
at µ∼∆0 the shallow-band contribution can not be de-
scribed by the mean-field approach, it remains small. As
a result, all the gap parameters ∆j , including ∆0, can be
assumed to be independent of µ.
Diagonalization of the Hamiltonian (1) with the Bo-

goliubov transformation gives the standard quasiparticle
spectrum

Ep =
√

ξ2p +∆2
0. (4)

The electron and hole contributions to the Bogoliubov
wave function of quasiparticles are determined by the

coherence factors

u2
p=

1

2

(

1 +
ξp
Ep

)

, v2p=
1

2

(

1− ξp
Ep

)

.

We emphasize that in our case these standard mean-field
results are valid for any relation between µ and ∆0 in-
cluding the region of empty band in the normal state,
µ<0.
The Lifshitz transition in the normal metal is charac-

terized by non-analytic behavior of the particle density
as a function of the chemical potential9. Indeed, the den-
sity of particles in the shallow band at zero temperature
vanishes at µ < 0,

n(µ) =
(2m0µ)

3/2

3π2
θ(µ). (5)

Here θ(x) is the unit step function. To study the effect of
superconductivity on the Lifshitz transition we evaluate
the particle density as

ns(µ) = 2

∫

d3p

(2π)3
v2p.

Introducing the natural scale n(∆0) for the density, we
present ns(µ) in the form

ns(µ) = n(∆0) G (µ/∆0) , (6)

where the function G (a) is defined as

G (a) =
3

4

∞
∫

−arcsinha

dx exp(−x)
√
a+ sinhx.

It can be expressed in terms of the full elliptic integrals
K(x) and E(x) as

G(a) =
1

2

(

a2 + 1
)1/4

[

K [r(a)]√
a2 + 1 + a

+ 2aE [r(a)]

]

, (7)

where r(a) = 1
2
(
√
a2 + 1 + a)/

√
a2 + 1.

The dependences of particle densities on the chemi-
cal potential for normal and superconducting states are
shown in Fig. 1. At µ ≫ ∆0 we use the asymptotic
behavior G(a) ≃ a3/2 at a → ∞ and find that ns(µ) ap-
proaches the normal-state density n(µ). In the opposite
limit −µ ≫ ∆0 the particle density falls off gradually,

ns(µ) ≈
(2m0)

3/2
∆2

0

16π
√

|µ|
. (8)

At µ = 0, we find ns(0)/n(∆0) =
1
2
K
(

1
2

)

≈ 0.927.
Unlike the normal case, ns(µ) does not vanish at µ =

0. More importantly, one can see from Eq. (7) that the
function ns(µ) is analytic at all µ. This indicates that
the Lifshitz transition at µ = 0 is completely smeared
by the superconductivity. Thus, in the thermodynamic
sense, the change between the behaviors of the system
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at positive and negative values of the chemical potential
should be classified as a crossover.
On the other hand, the spectrum of quasiparticles

changes qualitatively at the normal-state Lifshitz tran-
sition point, µ = 0, see insets in Fig. 2. For µ > 0 the
gap in the spectrum, Eg = ∆0 is realized at the Fermi
momentum p = pF =

√
2m0µ, whereas for µ < 0 the

spectral gap Eg =
√

∆2
0 + µ2 is at the band center p = 0.

This has dramatic consequences for the behavior of the
density of states of the system.
The shallow band contribution to the DoS is given by

νs(E) =

∫

d3p

(2π)3
1

2

(

1 +
ξp
E

)

δ (|E| − Ep) . (9)

Here the electron and hole parts of DoS correspond to
the energy regions E > 0 and E < 0, respectively. The
momentum integral is determined by the roots of the

equation
(

p2/2m0−µ
)2

+ ∆2
0 = E2. The resulting DoS

has the form

νs(E) =
(2m0)

3/2

8π2
Re

[

∑

δ=±1

(

|E|
√

E2 −∆2
0

+ sign(E)δ

)

×
√

µ+ δ
√

E2 −∆2
0

]

. (10)

Note that the term with δ = −1 contributes to Eq. (10)

only if µ > 0 and |E| <
√

µ2 +∆2
0. At ∆0 = 0 our result

(10) recovers the normal state DoS

νn(E) =
(2m0)

3/2

4π2

√

E + µ θ(E + µ). (11)

Representative DoSs for positive and negative µ are
shown in Fig. 2.
Despite its simplicity, the result (10) has a number of

interesting features. As expected, in the limit µ ≫ ∆0

the DoS approaches the standard symmetric BCS shape

νs(E) ≈ νn(0)
|E|

√

E2 −∆2
0

for ∆0 < |E| ≪ µ.

The above result also describes the main diverging term
for E → ±∆0, meaning, in particular, that it remains
symmetric for any positive µ. Nevertheless, in the region
µ ∼ ∆0, due to the violation of the particle-hole symme-
try, the overall DoS shape acquires significant asymme-
try, see Fig. 2(a). In contrast to the normal-state DoS,
which terminates at E = −µ, the superconducting DoS
remains finite at negative energies E < −Eg. In particu-

lar, at −E ≫
√

µ2 +∆2
0 it has a power-law tail

νs(E) ≈ (2m0)
3/2

8π2

∆2
0

2|E|3/2 . (12)

Another peculiar feature of the DoS at µ > 0 is the
square-root singularity at the energies E = ±

√

µ2 +∆2
0
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FIG. 2. Typical shapes of the DoS νs(E), Eq. (10), for the
shallow band in superconducting state for (a) positive chemi-
cal potential, µ = 0.8∆0, and (b) negative chemical potential,
µ = −0.5∆0. For comparison, the corresponding normal-state
DoS νn(E), Eq. (11), is also shown by the dashed lines. The
unit of DoS is νn(∆0). The insets illustrate shapes of quasi-
particle spectra.

marked in Fig. 2(a). This singularity appears due to the
quasiparticle band edge at p = 0, see inset in Fig. 2(a).
The DoS exhibits a qualitatively different behavior

at µ < 0. In this regime it no longer diverges at the
spectral gap energies E = ±Eg, but approaches zero as
√

|E| − Eg, similar to behavior at the band edge in the
normal state, see Fig. 2(b). More precisely, for E → ±Eg

νs(E)≈ (2m0)
3/2

8π2

(

Eg

|µ| ± 1

)

√

Eg

|µ| (|E|−Eg).

The qualitative difference in the behavior of the DoS
at positive and negative µ is a direct consequence of the
change in the excitation spectrum shown in the insets of
Figs. 2(a) and 2(b). At µ > 0 the square-root singularity
of the DoS at E → ±Eg is due to the fact that the lowest
energy quasiparticle state has momentum p 6= 0. At µ <
0 the minimum of the excitation spectrum is at p = 0,
resulting in vanishing density of states at E → ±Eg.
Thus, a careful measurement of the density of states at
different values of the chemical potential should reveal
a well-defined “crossover point” separating the regimes
illustrated in the two panels of Fig. 2.
Our discussion of the superconductivity in the shallow

band neglected the possible momentum dependence of
the pair hopping amplitudes V0,j and the resulting de-
pendence of the pairing amplitude ∆0(p) in the Hamil-
tonian (1). Such dependence is indeed weak because the
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characteristic scale of the dependence V0,j(p) is of the
order of the large Fermi momentum in the deep band
j. It is easy to show that a weak dependence of ∆0 on
momentum will result in a shift of the “crossover point”
separating the regimes of Fig. 2(a) and Fig. 2(b) away
from µ = 019.
Recent papers8,11,12 studied the spectrum of excita-

tions in the shallow band of iron-based superconductors
and discovered that the minimum energy is achieved at
p = 0. This observation is consistent with the scenario
shown in the inset of Fig. 2(b). The authors of Refs.8,11,12

interpreted this observation as a possible evidence of the
Bose-Einstein condensation scenario of superconductiv-
ity. The latter assumes that two electrons in an otherwise
empty shallow band form a bound state. In three dimen-
sions such binding of electrons in pairs requires strong
attractive interaction between them. In all other super-
conductors explored to date, the minimum of the exci-
tation spectrum is achieved at p 6= 0, indicating that
the interactions are weak, and electron pairing instead
follows the conventional BCS scenario. Our work shows
that the behavior shown in Fig. 2(b) may also be ob-
served in multiband BCS superconductors due to pair
hopping into the shallow band.
It was recently reported that in the compounds

LiFeAs20 and LiFe1−xCoxAs
8 the shallow band has the

larger gap than the deep bands, which have conventional
quasiparticle spectra, |∆0| > |∆j |. We point out that
this does not contradict the scenario of induced super-
conductivity in the shallow band. For instance, in the
case of just one deep band, one can easily obtain using
Eq. (3) that ∆0/∆1 = V0,1/V1,1. It is natural to ex-
pect that all paring amplitudes are of the same order
of magnitude. Thus there is no reason why a situation
with |V0,1| > V1,1 may not be realized, in which case
|∆0| would exceed |∆1|. Note that even in this regime
the shallow band still gives a negligible contribution to
superconducting pairing because ν0 ≪ ν1. It is straight-
forward to generalize the above argument to the case of
several deep bands. On the other hand, the predicted
shapes of the DoS illustrated in Fig. 2 are most easily
observed in materials where ∆0 is the smallest gap. In
this case, the singular behavior at energies near ±∆0 is
not obscured by the nonvanishing contributions to the
DoS from the deep bands.
To summarize, we showed that the Lifshitz transition

in multiband metals with a shallow band is smeared
by superconductivity. In particular, the particle density
varies continuously as a function of the chemical poten-
tial, as shown in Fig. 1. The resulting crossover is never-
theless characterized by qualitatively different behaviors
of the density of states above and below certain value of
µ, as illustrated in the two panels of Fig. 2.
The authors are grateful to A. Kanigel and A. A. Var-

lamov for discussions. This work was supported by the
U.S. Department of Energy, Office of Science, Materials
Sciences and Engineering Division.



5

1 Y. Kamihara, T. Watanabe, M. Hirano, and H. Hosono,
Journ. Amer. Chem. Soc. 130, 3296 (2008).

2 J. Paglione and R. L. Greene, Nat Phys 6, 645 (2010).
3 D. C. Johnston, Adv. Phys. 59, 803 (2010).
4 P. J. Hirschfeld, M. M. Korshunov, and I. I. Mazin, Rep.
Progr. Phys. 74, 124508 (2011).

5 A. Chubukov, Ann. Rev. of Cond. Mat. Phys. 3, 57 (2012).
6 C. Liu, T. Kondo, R. M. Fernandes, A. D. Palczewski,
E. D. Mun, N. Ni, A. N. Thaler, A. Bostwick, E. Roten-
berg, J. Schmalian, S. L. Budko, P. C. Canfield, and
A. Kaminski, Nat. Phys. 6, 419 (2010).

7 C. Liu, A. D. Palczewski, R. S. Dhaka, T. Kondo, R. M.
Fernandes, E. D. Mun, H. Hodovanets, A. N. Thaler,
J. Schmalian, S. L. Bud’ko, P. C. Canfield, and A. Kamin-
ski, Phys. Rev. B 84, 020509 (2011).

8 H. Miao, T. Qian, X. Shi, P. Richard, T. K. Kim,
M. Hoesch, L. Y. Xing, X. C. Wang, C. Q. Jin, J. P. Hu,
and H. Ding, arXiv:1406.0983 (2014).

9 I. M. Lifshitz, Zh. Eksp. Teor. Fiz. 38, 1569 (1960), [Sov.
Phys. JETP 11,1130 (1960)].

10 Y. Blanter, M. Kaganov, A. Pantsulaya, and A. Varlamov,
Phys. Rep. 245, 159 (1994).

11 Y. Lubashevsky, E. Lahoud, K. Chashka, D. Podolsky, and
A. Kanigel, Nat. Phys. 8, 309 (2012).

12 K. Okazaki, Y. Ito, Y. Ota, Y. Kotani, T. Shimojima,
T. Kiss, S. Watanabe, C.-T. Chen, S. Niitaka, T. Hanaguri,

H. Takagi, A. Chainani, and S. Shin, Sci. Rep. 4, 1 (2014).
13 S. Giorgini, L. P. Pitaevskii, and S. Stringari, Rev. Mod.

Phys. 80, 1215 (2008).
14 V. I. Makarov and V. G. Bar’yakhtar, Zh. Eksp. Teor. Fiz.

48, 1717 (1965), [Sov. Phys. JETP 21,1151 (1965)].
15 H. Suhl, B. T. Matthias, and L. R. Walker, Phys. Rev.

Lett. 3, 552 (1959).
16 V. A. Moskalenko, Fiz. Met. Metalloved. 8, 503 (1959).
17 B. Geilikman, R. Zaitsev, and V. Kresin, Fiz. Tverd. Tela

9, 821 (1967), [Sov. Phys. Solid State 9, 642 (1967)].
18 The scenario we consider here is distinctly different from

the situation when the shallow band dominates the Cooper
pairing so that its depletion destroys superconducting
state7,21,22.

19 If the p dependence of ∆0 is taken into account, the min-
imum spectral gap shifts to the band center, p = 0, at
µ = m0∆0(0) d

2∆0/dp
2.

20 K. Umezawa, Y. Li, H. Miao, K. Nakayama, Z.-H. Liu,
P. Richard, T. Sato, J. B. He, D.-M. Wang, G. F. Chen,
H. Ding, T. Takahashi, and S.-C. Wang, Phys. Rev. Lett.
108, 037002 (2012).

21 L. D. Cooley, A. J. Zambano, A. R. Moodenbaugh, R. F.
Klie, J.-C. Zheng, and Y. Zhu, Phys. Rev. Lett. 95, 267002
(2005).

22 D. Innocenti, N. Poccia, A. Ricci, A. Valletta, S. Caprara,
A. Perali, and A. Bianconi, Phys. Rev. B 82, 184528
(2010).


