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We present first principles calculations of the thermal and thermal transport properties of Bi2Te3
that combine an ab initio molecular dynamics (AIMD) approach to calculate interatomic force
constants (IFCs) along with a full iterative solution of the Peierls-Boltzmann transport equation for
phonons. The newly developed AIMD approach allows determination of harmonic and anharmonic
interatomic forces at each temperature, which is particularly appropriate for highly anharmonic
materials such as Bi2Te3. The calculated phonon dispersions, heat capacity, and thermal expansion
coefficient are found to be in good agreement with measured data. .The lattice thermal conductivity,
κl, calculated using the AIMD approach nicely matches measured values, showing better agreement
than the κl obtained using temperature independent IFCs. A significant contribution to κl from
optic phonon modes is found. Already at room temperature, the phonon lineshapes show a notable
broadening and onset of satellite peaks reflecting the underlying strong anharmonicity.

PACS numbers: 31.15.E-,61.48.-c,71.20.Tx,78.30.Na

I. INTRODUCTION

With dramatic advances in materials fabrication tech-
nology and computational power during the past two
decades, materials for thermoelectric cooling and power
generation have attracted significant interest. Since be-
ing identified as a promising thermoelectric material
decades ago,1 Bi2Te3 remains one of the best thermo-
electrics available today with a measured figure of merit,
ZT , of around 1 for bulk alloys of Bi2Te3 and maxi-
mum 1.4 in nanostructured form.2 Recently, fabrication
of atomically thin crystals of Bi2Te3

3 have introduced a
new potentially promising avenue to tailor the thermo-
electric properties of this Van der Waals bonded layered
structure.

The remarkably high ZT that occurs in Bi2Te3 and re-
lated compounds arises in part because of their intrinsi-
cally low lattice thermal conductivities, κl, and accurate
theoretical descriptions of κl in this class of materials are
of critical importance. For decades, theories of κl intro-
duced simple models and approximations that typically
required a host of fit parameters, which were adjusted to
measured data. However, in recent years, powerful first
principles approaches have been developed to calculate
κl, which have provided a deeper understanding of the
nature of thermal transport in non-metallic crystals and
their alloys. While these approaches4–13 are effective for
many materials, they may not be ideal for Bi2Te3 and
related compounds because of such materials unusually
large anharmonicity. To address this, here we calculate
the κl for Bi2Te3 using a recently developed ab initio
description that includes explicitly the temperature de-
pendence of the interatomic forces14–16

In section II, the first principles theoretical approach
used to determine the thermal and thermal transport
properties of Bi2Te3 is developed. Section III presents
the calculated results for Bi2Te3 including phonon disper-
sions, heat capacity, thermal expansion coefficient, ther-
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FIG. 1. Phonon dispersion relations along high symmetry
directions for Bi2Te3 at calculated using AIMD determined
IFCS at 77K (red curves) compared to measured data17 also
at 77K (green points).

mal conductivity and phonon lineshapes. Summary and
conclusions are given in section IV.

II. THEORY

To obtain the thermal and thermal transport proper-
ties of Bi2Te3, accurate, temperature-dependent descrip-
tion of the harmonic and anharmonic interatomic forces
combined with a full solution of the phonon Boltzmann
transport equation (BTE) are used here, as detailed in
the following two subsections.

A. Interatomic force constants

In previous ab initio calculations, the harmonic and an-
harmonic interatomic force constants (IFCs) have been
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FIG. 2. Heat capacity, cP , at constant pressure of Bi2Te3 as
a function of temperature. Red curve gives the cP obtained
using IFCs obtained with the TDEP formalism; blue curve
gives the cP using IFCs determined within the QHA; points
with error bars are measured data taken from Bessas et al. 18

obtained at the volume that minimizes the total elec-
tronic energy. Such an approach gives effectively T=0K
IFCs. This approximation is reasonable as long as the
material under study is not highly anharmonic, and it has
been shown to work well for such materials. For highly
anharmonic materials, the Born-Oppenheimer potential
energy surface can show a considerable temperature de-
pendence, which suggests that the lattice contributions
should be included at each temperature considered. Here
this is accomplished using a recently developed ab initio
molecular dynamics approach.14–16

In this approach, a temperature-dependent anhar-
monic effective potential (TDEP) is constructed, and
the IFCs in the model Hamiltonian are fit to the Born-
Oppenheimer molecular dynamics potential energy sur-
face at each temperature, making the technique suitable
for calculations of important materials properties such
as phonon lifetimes. The model Hamiltonian is chosen
to be:

H =U0 +
∑
i

p2
i

2mi
+

1

2!

∑
ijαβ

Φαβij u
α
i u

β
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+
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∑
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Ψαβγ
ijk u

α
i u

β
j u

γ
k

(1)

Here, mi, pi, and ui are the mass, momentum and dis-
placement from equilibrium of atom i, αβγ designate
cartesian components, and Φ and Ψ are the second and
third order effective IFCs. The explicit procedure for
extracting these IFCs has been described previously in
Refs. 14 and 16. We note that these IFCs will implicitly
include renormalization to infinite order of anharmonic-
ity, as well as all orders of electron-phonon coupling.
This form of model Hamiltonian allows us to calculate
the phonon dispersions, free energy, thermal expansion,
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FIG. 3. The volume coefficient of thermal expansion for
Bi2Te3 calculated using the AIMD approach (red curve) and
with IFCs determined within the QHA (blue curve). The
experimental point at 300K is from Bessas et al. 18

phonon lifetimes and phonon thermal conductivity with
an explicit temperature dependence.

All density functional theory calculations were done
using the projector augmented wave (PAW)19 method
as implemented in VASP.20–23 We treated exchange-
correlation within the local density approximation
(LDA)24. Bi2Te3 crystallizes in a layered hexagonal
structure that can be reduced to a rhombohedral unit
cell, defined with a lattice parameter a and an angle α,
or equivalently a larger hexagonal unit cell defined by two
lattice parameters, a and c. For the molecular dynamics
it is beneficial to have a simulation cell as compact as pos-
sible, so we built the supercell from 4×4×1 repetitions of
the hexagonal unit cell, 96 Bi atoms and 144 Te in total.
Harmonic IFCs were calculated out to 11 coordination
shells, while anharmonic IFCs were calculated out to fifth
coordination shells. Constraints due to translational in-
variance and other symmetries were employed to identify
the minimum number of independent IFCs that needed
to be computed, as described previously.14,16 To prop-
erly treat the effect of temperature, we performed the
calculations on a grid of 5 volumes, 4 angles and 4 tem-
peratures. IFCs for temperatures and volumes between
these grid points were obtained using interpolation.

Since Bi2Te3 is a layered material we tested a se-
ries of proposed van-der-Waals functionals, namely vdW-
DF25,optPBE-vdW26,optB88-vdW,optB86-vdW26, and
vdW-DF227. These functionals consistently give a bulk
modulus 20-40% lower than the LDA values, resulting
in too low phonon frequencies and consequently that do
not agree well with experiment. As a result, we have not
used these functionals.

For each of these grid-points, we ran ab inito molec-
ular dynamics in the canonical ensemble. Temperature
was controlled using a Nosé thermostat29, and each point
was run for about 10000 time steps of 2fs each. For the
BZ integration we use the Γ-point and the plane-wave
energy cutoff was set at 300eV. From each of these sets,
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FIG. 4. The thermal conductivity calculated at zero pressure
using T-dependent IFCs. The top line is the in-plane (κxx)
and the bottom line the out-of-plane (κzz) thermal conduc-
tivity. In-plane experimental values from two samples (black
circles) are from Goldsmid 28 .
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FIG. 5. Comparison of κxx (upper curves) and κzz

(lower curves) using the temperature-dependent approach
(red curves), the quasiharmonic approximation (blue curves)
and temperature independent results (gold curves).

50 uncorrelated samples were chosen and recalculated us-
ing a 3 × 3 × 3 k-point grid to achieve the desired accu-
racy.Using the TDEP method, we obtained the Gibbs
free energy surface, G(P, T ), and in the process obtained
volume and rhombohedral angle as a function of tem-
perature. We translated this to a volume coefficient of

thermal expansion, α = (1/V )∂V/∂T . With the free en-
ergy surface, the harmonic and anharmonic IFCs are ob-
tained at the equilibrium (P=0) pressure at each temper-
ature. This allows immediate calculation of the phonon
frequencies, heat capacity, cP = −T∂2G/∂T 2, and vol-
ume Grüneisen parameters γλ = −V/ωλ∂ωλ/∂V , where
λ designates the phonon mode with wave vector q and
branch index s at each temperature.

B. Phonon lifetimes and thermal conductivity

We have examined phonon thermal transport in Bi2Te3
using the IFCs determined from the AIMD approach.
The hexagonal symmetry of the Bi2Te3crystal structure
gives a diagonal thermal conductivity tensor with in-
plane and out of plane components, κxx and κzz, re-
spectively. A temperature gradient, ∇T , is taken to be
applied along x or z directions. The resulting phonon
current in direction α through the sample is:

Jα =
1

V

∑
qs

~ωqsvqsαnqsα (2)

where V is the crystal volume, vqsα is the phonon veloc-
ity in mode qs, and nqsα is the non-equilibrium distri-
bution function. For small thermal gradients ∇Tα, the
distribution functions can be linearized as

nqsα ≈ n0qs − vqsατqsα
dn0qs
dT

dT

dα
(3)

where n0 is the equilibrium (Bose) distribution at tem-
perature T, α corresponds to a Cartesian direction and
τqsα the phonon lifetime for transport in that direction.

The phonon lifetimes of Bi2Te3 are determined from a
full, iterative solution of the phonon Boltzmann equation
(PBE).30 The phonon modes and three-phonon scatter-
ing rates are calculated at each temperature, since at
each temperature the force constants, volume and rhom-
bohedral angle will be different. The PBE was solved on
a 15× 15× 15 q-point grid for each of the temperatures.
The momentum conservation is exactly fulfilled on an
odd grid. For the energy conservation we tested two com-
putational schemes: 1) The adaptive broadening scheme
of Yates et al. 31 , and 2) a tetrahedron approach.32–34

Convergence as a function q-grid density was tested for
each approach. For approach 1, this involved adjusting
the adaptive broadening parameter so as to achieve con-
verged thermal conductivity with increasing grid density.
Both approaches converged to the same thermal conduc-
tivity values to within 1%. It was determined that the
tetrahedron approach was computationally more efficient
for systems with small numbers of atoms per unit cell,
such as Si, whereas for materials with larger unit cells,
such as Bi2Te3, the adaptive Gaussian scheme was prefer-
able as it more easily handled the many branch crossings.

From the lifetimes, the lattice thermal conductivity is
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calculated as:

καα =
1

V

∑
qs

Cqsv
2
αqsταqs (4)

where Cqs = ~ωqs∂n
0
qs/∂T is the mode specific heat.

III. RESULTS AND DISCUSSION

We have calculated the thermal and thermal trans-
port properties of Bi2Te3 using IFCs determined using
the AIMD approach. These results are compared with
those obtained using 1) T=0K IFCs obtained at the vol-
ume that minimizes the the total electronic energy but
not including thermal effects, and 2) using T-dependent
IFCs obtained within the quasi-harmonic approximation
(QHA) where the temperature dependence is incorpo-
rated indirectly through the volume dependence of the
phonon frequencies. In all cases, anharmonic phonon-
phonon scattering as well as scattering from isotopic im-
purities was included. The isotope scattering has negli-
gible on effect κl is in this material even at the lowest
temperatures considered.

Fig. 1 shows the Bi2Te3 phonon dispersions along high
symmetry directions calculated using equilibrium har-
monic IFCs determined using the AIMD approach for
T=77K compared to experimental values measured also
at 77K.17 Relatively good agreement is seen throughout
the Brillouin zone for both acoustic and optic phonon
branches. The calculated transverse acoustic (TA) and
longitudinal acoustic (LA) phonon velocities along Γ →
X (in-plane) direction are 1.63 km/s and 2.65km/s and
along Γ→ Z (out of plane) are 1.37 km/s and 1.96 km/s.
We note that the dispersions and acoustic velocities ob-
tained here using AIMD compare well with previous re-
sults that did not include explicit T dependence in the
IFCs.35

Fig. 2 gives the calculated heat capacity, cP , of Bi2Te3
as a function of temperature compared to measured
data.18 It is evident that both AIMD and T=0K IFCs
give excellent agreement with experiment over the full
T range considered. This being said, above 100K, an
increasing difference is seen between the CP calculated
using the two different approaches.

The calculated Bi2Te3 volume thermal expansion co-
efficient, α, is given as a function of T in Fig. 3 us-
ing IFCs determined using AIMD and within the QHA.
It is evident that while both approaches give similar α
for low T, above 200K, AIMD values are higher and
have a larger slope than the QHA values reflecting the
larger anharmonicity conveyed in the AIMD. In partic-
ular, at room temperature, they give better agreement
with the measured α. Specifically, the calculated values
at 300K for AIMD and QHA IFCs are 4.89 · 10−5K−1

and 4.44 · 10−5K−1, as compared to the measured value
of 5.2 · 10−5 K−1.18 Worth noting is that the measured
values from various sources differ quite a bit, both in
values and qualitative trends.36

Fig. 4 shows the in-plane and out-of-plane thermal con-
ductivities, κxx and κzz, calculated with AIMD IFCs ob-
tained at equilibrium for each temperature. The colored
fields indicate the range of κxx and κzz when the lattice
parameters are varied by ±1% from equilibrium.

It is evident that κxx and κzz are robust to such vari-
ations. Also shown are the κxx values measured by
Goldsmid 28 for two Bi2Te3 samples. The AIMD calcu-
lated results show excellent agreement with these mea-
sured values over the full range of temperatures. The
lower values of κzz compared to κxx arise in part because
of the smaller out-of-plane acoustic velocities, as men-
tioned above and also due to the stronger anharmonicity
in the out of plane direction, as reflected by the larger
thermal expansion in this direction.

One might wonder if point defects in real Bi2Te3 sam-
ples could play a significant role in reducing its measured
thermal conductivity. We have tested the sensitivity of
the calculated lattice thermal conductivity of Bi2Te3 to
such point defects. We find that it is quite insensitive
to these, for both acoustic and optic phonons. Specifi-
cally, we have included up to 0.1% oxygen impurities as
mass defects on both the Bi and Te sites. O atoms are
about 8 (13) times lighter than Te (Bi) atoms. The large
mass difference between O and Bi/Te and large defect
concentration of 0.1% make this a particularly large per-
turbation,. Nevertheless, we find that the Bi2Te3 ther-
mal conductivity decreases by a negligible amount (0.5%
at 300K). The reason why the effect of point defects
so small is that the anharmonic phonon-phonon scat-
tering in Bi2Te3 around room temperature is extremely
strong so the phonon-phonon scattering rates are much
larger than the phonon-point defect scattering rates, even
for relatively large concentrations of defects having large
mass differences.

Recently, the lattice thermal conductivity of Bi2Te3
has been calculated using Green-Kubo molecular dynam-
ics (MD) simulations with IFCs determined from em-
pirical potentials developed from T=0K ab initio total
energy surfaces.4,5 In the 100K-400K temperature range,
the calculated κxx values in Ref. 5 lie higher than the cor-
responding AIMD values obtained here while those from
Ref. 4 are in reasonably good agreement with the AIMD
values. The calculated κzz values in both Refs. 5 and 4
are larger than the corresponding AIMD values obtained
here. In particular, at 300K, Ref. 5 gives κxx=2.4W/mK,
while Ref. 4 gives κxx=1.3W/mK, almost identical to our
κxx value obtained within the AIMD/BTE approach.

It is interesting to compare the lattice thermal conduc-
tivites obtained using AIMD IFCs at each temperature
with the corresponding values obtained using T=0K IFCs
calculated from total energy minimization and within the
QHA. This is done in Fig. 5. In the 100K to 400K tem-
perature range shown, κxx obtained from the T=0K IFCs
(gold curve) is noticeably higher than that calculated us-
ing the AIMD IFCs (red curve).

This is due to subtle temperature dependent changes
in the harmonic and anharmonic IFCs that arise in the
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FIG. 6. The in plane and out of plane acoustic phonon dis-
persions vs temperature.

AIMD calculations, which drive κxx to smaller values
with increasing temperature. Specifically, the in-plane
acoustic velocities become slightly smaller while the an-
harmonic IFCs become a slightly stronger. Understand-
ing the interesting behavior of κzz is helped by examining
the temperature dependence of the acoustic velocities,
which are shown in Fig. 6 for the QHA and TDEP cal-
culations. Along Γ→ Z, all of the acoustic branches ob-
tained from the TDEP calculations are larger than those
from the QHA at low temperature (100K). As a result,
κzz is larger for the TDEP IFCs compared to that ob-
tained using the QHA IFCs. However, with increasing
temperature the LA velocities show substantial soften-
ing, which acts to lower κzz and produce the its more
rapid decrease seen in Fig. 5.

The difference between the TDEP, QHA and T-
independent results in Fig. 5 decreases with temperature
as the effects of anharmonicity are reduced. This is il-
lustrated in Fig. 7, which compares κxx values from the
T=0K and QHA IFCs (gold and blue curves) with those
from the T-dependent IFCs (red curve) over a large tem-
perature interval. Below about 100K, the curves overlap.
However, with increasing temperature, the TDEP curve
show increasing separation from the other two, which
highlights the importance of including the temperature
dependence of the IFCs in the higher temperature range
in order to accurately describe the thermal conductivity.

Recently developed experimental techniques can now
measure the accumulation of the lattice thermal conduc-
tivity of a material as a function of the phonon mean
free path (mfp).37–39 Here we present the calculated ac-
cumulation for in-plane transport for Bi2Te3 calculated
using the TDEP IFCs. The mfp of a phonon in mode
qs is defined as |vqs|τqsα. The thermal conductivity ac-
cumulation, κacc(l), sums the fraction of heat carried by
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FIG. 7. κxx calculated using the temperature-dependent ap-
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curve) shown over an expanded temperature range to illus-
trate the increasing error introduced using the T-independent
IFCs above about 100K.

phonons with mfps smaller than l:

κaccαα (l) =
1

V

∑
qs

Cqsv
2
αqsταqsΘ(l − |vqs|ταqs) (5)

where Θ(x) is the Heaviside step function. Fig. 8 shows
κaccxx (l) at T = 300K. The separate curves show the per
branch contributions, with yellow (green) shading giving
the contributions for acoustic (optic) phonon branches.
In many materials, direct contributions to κl from op-
tic phonons are relatively small because optic phonon
branches lie at higher frequencies so have lower ther-
mal populations and are also less dispersive than acoustic
phonon branches giving generally smaller optic phonon
velocities.

In contrast, Fig. 8 shows that in Bi2Te3, large contribu-
tions to κxx are from optic phonons, a significant portion
of which come from the lowest two optic branches. These
findings are consistent with the relatively low frequen-
cies of these two branches along with their being fairly
dispersive compared to the other optic branches. Note
that the two lowest lying optic branches are intertwined
with the LA branch making it difficult to differentiate
the contributions from acoustic and optic phonons in the
frequency region between about 1-2 THz (see Fig. 1).
We have indicated these contributions in purple in Fig.
8. The high-lying optic phonon branches (above around
2 THz), contribute about 20% of the total thermal con-
ductivity at 300K. We estimate about an additional 10%
contributionsfrom the two lowest optic branches giving a
total of roughly 30%.
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It is interesting to note that 50% of the accumulation
comes from phonons having mfps smaller than 1.5nm.
This is in stark contrast to silicon where about 40% of
the accumulation comes for phonons that are at least
1µm.39 This large difference reflects the much smaller
phonon lifetimes in Bi2Te3 compared to Si as well as the
smaller Bi2Te3 acoustic velocities and frequencies.

The small mfp values contributing to κxx suggest that
it would be hard to further reduce it through nanostruc-
turing since the feature size would have to be smaller than
the mfp of phonons contributing to the bulk intrinsinc κl.
This is typically the case for low thermal conductivity
bulk materials, as has been pointed out previously.40

Given the low frequency scale and strongly anharmonic
nature of Bi2Te3 it is of interest to examine the phonon
lineshapes. It is generally assumed that the phonon self
energy Σ = ∆ + iΓ will shift the frequencies ω by ∆ and
broaden the lines into Lorentzians with a FWHM of Γ.
This is valid as long as Γ � ω. To check the validity in
Bi2Te3, we have calculated the phonon lineshapes, given
by:41

σqs(Ω) ∝ 2ωqsΓqs(Ω)(
Ω2 − ω2

qs − 2ωqs∆qs(Ω)
)2

+ 4ω2
qsΓ

2
qs(Ω)

(6)

where the imaginary part of the self-energy is given by

Γqs(Ω) =
∑
s′s′′

~π
16

V

(2π)3

∫∫
BZ

∣∣∣Ψqq′q′′

ss′s′′

∣∣∣2 ∆qq′q′′×[
(nq′s′ + nq′′s′′ + 1)δ(Ω− ωq′s′ − ωq′′s′′)

+2(nq′s′ − nq′′s′′)δ(Ω− ωq′s′ + ωq′′s′′)
]
dq′dq′′,

(7)

where ∆qq′q′′ ensures that q+q′+q′′ = K, a reciprocal
lattice vector, and the three-phonon matrix elements by

Ψqq′q′′

ss′s′′ =
∑
ijk

∑
αβγ

εqsαiε
q′s′

βj εq
′′s′′

γk√
mimjmj

√
ωqsωq′s′ωq′′s′′

×

Ψαβγ
ijk e

iq·ri+iq′·rj+iq′′·rk

(8)

The real part of the self energy is given by a Kramers-
Kronig transformation:

∆(Ω) =
1

π

∫
Γ(ω)

ω − Ω
dω (9)

We calculated the lineshape (related to the inelastic neu-
tron cross section) as a function of q along high symmetry
directions in the Brillouin zone for temperatures of 77K,
300K and 450K. The results can be seen in Fig. 9.

At 77K the lineshapes are distinct and well-defined,
but by 300K, there is notable broadening of the
linewidths and some slight satellite peaks. At 450K the
dispersions are significantly broadened to the point where
most modes are completely diffuse. The anomalous an-
harmonicity at room temperature underlines the impor-
tance of including the temperature dependence of the
IFCs. Some modes are diffuse beyond recognition, but
the dispersive heat carrying modes still seem to have co-
herent behaviour and can be described with perturbation
theory despite the strong anharmonicity.

IV. SUMMARY AND CONCLUSIONS

The thermal and thermal transport properties of
Bi2Te3 have been calculated using a first principles ap-
proach that compares three different ways to determine
of the harmonic and anharmonic interatomic force con-
stants. Specifically, results obtained using IFCs from
an AIMD approach are compared to those obtained us-
ing T=0K IFCs and those calculated within the quasi-
harmonic approximation.

Using the AIMD calculated IFCs, good agreement with
measured data is obtained for phonon dispersions, heat
capacity, thermal expansion coefficient and lattice ther-
mal conductivity and their deviation from those obtained
with T-independent IFCs is particularly noticeable above
room temperature. The latter two quantities show no-
ticeably better agreement with experiment compared to
corresponding results obtained using temperature inde-
pendent IFCs. Their low frequency scale and relatively
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FIG. 9. Bi2Te3 phonon lineshapes at temperature 77, 300 and 450K in panels (a), (b) and (c) respectively. Brighter color
reflects higher intensity.

dispersive behavior causes the optic phonon branches to
provide a large contribution to the thermal conductivity
of Bi2Te3 at room temperature. At and above room tem-
perature, the phonon lineshapes show a notable broaden-
ing and satellite peaks highlighting the underlying strong
anharmonicity.
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