aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Nonequilibrium quantum transport through a dissipative
resonant level
Chung-Hou Chung, Karyn Le Hur, Gleb Finkelstein, Matthias Vojta, and Peter Wolfle
Phys. Rev. B 87, 245310 — Published 21 June 2013
DOI: 10.1103/PhysRevB.87.245310


http://dx.doi.org/10.1103/PhysRevB.87.245310

Non-equilibrium quantum transport through a dissipative resonant level

Chung-Hou Chung!'2, Karyn Le Hur®*, Gleb Finkelstein®, Matthias Vojta®, and Peter Wolfle”:®

! Department of Electrophysics, National Chiao-Tung University, HsinChu, Taiwan, R.O.C.

2 Physics Division, National Center for Theoretical Sciences, HsinChu, Taiwan, R.O.C.

3 Center for Theoretical Physics Ecole Polytechnique and CNRS 91128 Palaiseau, France

4 Department of Physics and Applied Physics, Yale University, New Haven, CT, USA

5 Department of Physics, Duke University, Durham, NC 27708, U.S.A.
S Institut fir Theoretische Physik, Technische Universitit Dresden, 01062 Dresden, Germany
"Institut fiir Theorie der Kondensierten Materie, KIT, 76128 Karlsruhe, Germany
8 Institut fiir Nanotechnologie, KIT, 76021 Karlsruhe, Germany
(Dated: May 17, 2013)

The resonant-level model represents a paradigmatic quantum system which serves as a basis for
many other quantum impurity models. We provide a comprehensive analysis of the non-equilibrium
transport near a quantum phase transition in a spinless dissipative resonant-level model, extending
earlier work [Phys. Rev. Lett. 102, 216803 (2009)]. A detailed derivation of a rigorous mapping
of our system onto an effective Kondo model is presented. A controlled energy-dependent renor-
malization group approach is applied to compute the non-equilibrium current in the presence of a
finite bias voltage V. In the linear response regime V — 0, the system exhibits as a function of
the dissipative strength a localized-delocalized quantum transition of the Kosterlitz-Thouless (KT)
type. We address fundamental issues of the non-equilibrium transport near the quantum phase
transition: Does the bias voltage play the same role as temperature to smear out the transition?
What is the scaling of the non-equilibrium conductance near the transition? At finite temperatures,
we show that the conductance follows the equilibrium scaling for V' < T', while it obeys a distinct
non-equilibrium profile for V' > T. We furthermore provide new signatures of the transition in
the finite-frequency current noise and AC conductance via a recently developed functional renor-
malization group (FRG) approach. The generalization of our analysis to non-equilibrium transport
through a resonant level coupled to two chiral Luttinger-liquid leads, generated by fractional quan-
tum Hall edge states, is discussed. Our work on the dissipative resonant level has direct relevance
to experiments on a quantum dot coupled to a resistive environment, such as H. Mebrahtu et al.,

Nature 488, 61, (2012).

PACS numbers: 72.15.Qm,73.23.-b,03.65.Yz
I. INTRODUCTION

Quantum phase transitions (QPTs)*? which separate
competing ground states represent generic phenomena in
solid-state systems at zero temperature. The transition
is frequently found to be continuous, often times giv-
ing rise to a quantum critical point. In the neighbor-
hood of a quantum critical point of a metallic system the
finite temperature properties as a rule show non-Fermi
liquid behavior3. In recent years, quantum phase transi-
tions at the nanoscale have attracted much attention* 1°.
Much of the effort has been focused on the breakdown
of the Kondo effect in transport of a quantum dot due
to its coupling to a dissipative environment. However,
relatively less is known about the corresponding out-of-
equilibrium properties!® 2%, A finite bias voltage applied
across a nanosystem is expected to smear out the equi-
librium transition, but the current-induced decoherence
might act quite differently as compared to thermal deco-
herence at finite temperature 7', resulting in exotic be-
havior near the transition.

Meanwhile, understanding the interplay of electron in-
teractions and non-equilibrium effects in quantum sys-
tems is one of the most challenging open questions in
condensed matter physics. Many of the theoretical ap-

proaches that have been proven so successful in treating
strongly correlated systems in equilibrium are simply in-
adequate once the system is out of equilibrium. The real-
time Schwinger-Keldysh formalism2® has been known
as the most successful approach to non-equilibrium dy-
namics since it offers a controlled perturbative expan-
sion of the density operator. However, care must be
taken to avoid the appearance of infrared divergences,
in the perturbative approaches. Though much is known
for quantum impurity systems in equilibrium, under-
standing their properties in non-equilibrium steady-state
is still limited. Nevertheless, significant progress has
been made by different approaches, such as (1) an-
alytical approximations: perturbative renormalization
group method (RG)?"2%, Hamiltonian flow equations®?,
functional RG3%3! | strong-coupling expansions3?, master
equations®3; (2) exact analytical solutions: field theory
techniques®®, the scattering Bethe Ansatz3®, mapping
of a steady-state non-equilibrium problem onto an ef-
fective equilibrium system?3%3°, non-linear response the-
ory approach to current fluctuations*’; (3) numerical
methods: time-dependent density matrix renormaliza-
tion group (RG)*!, time-dependent numerical RG*2, dia-
grammatic Monte Carlo*?, and imaginary-time nonequi-
librium quantum Monte Carlo*.



In this paper, we provide a comprehensive analy-
sis of the non-equilibrium transport near a quantum
phase transition in a dissipative resonant level model by
employing the recently developed frequency-dependent
RG?7 and functional RG approaches®!, and extending
our earlier work in Ref. 16. We aim to address several
fundamental questions related to the non-equilibrium
transport in quantum dot settings, such as: what is the
distinct non-equilibrium conductance profile at zero tem-
perature compared to that in equilibrium at finite tem-
peratures near the transition? Is there any scaling behav-
ior of the conductance at finite temperatures and finite
bias voltage near the transition?

For this purpose, we investigate three classes of typical
nano-models comprising a spinless resonant level coupled
to: (i) two non-interacting Fermi-liquid leads subject to
an Ohmic dissipative environment, where an Ohmic en-
vironment can be realized in a nanoscale resistor and has
many applications in physics ranging from mesoscopic
physics (See Refs. 8,10,11.) to biological systems*®, (ii)
two interacting fermion baths, in particular two Frac-
tional Quantum Hall Edge (FQHE)*6 leads, or the “chi-
ral Luttinger liquids” where electrons on the edge of a
2D fractional quantum Hall system show one-dimensional
chiral Luttinger liquid behaviors with only one species
of electrons (left or right movers), (iii) two interacting
Luttinger-liquid leads subject to an Ohmic dissipative
environment.

In the class (i) model, the QPT separating the con-
ducting and insulating phase for the level is solely driven
by dissipation, which can be modeled by a bosonic bath.
Dissipation-driven QPTs have been addressed theoret-
ically and experimentally in various systems, such as:
quantum dot systems?47, Josephson junction arrays*&59,
superconducting thin film®' 3, superconducting qubit®?,
qubits or resonant level systems coupled to photonic
cavities®®?®, and biological systems*®®7. Very recently,
new Majorana physics in dissipative nano-structures has
attracted much attention®®. Here, we focus on the non-
equilibrium properties of the system near a quantum
phase transition. Meanwhile, for the class (ii) model,
tunneling of electrons or quasi-particles between two
FQHE states may in general suffer from the electron-
electron interactions in FQHE. Interesting experimen-
tally relevant questions arise regarding how interaction
effects modify the nonequilibrium charge transport in
such systems. Furthermore, one can extend the above
two classes of models to a more general class (iii) model
where both electron-electron interactions and the dissipa-
tion are present in the FQHE setups®. Our results have
relevance for the recent experiment in Ref. 47 where the
electronic transport through a resonant level in a nan-
otube exhibits Luttinger liquid behavior, namely the con-
ductance demonstrates a non-trivial power-law suppres-
sion as a function of bias voltage.

This paper is organized as follows: In Section IT A,
the model Hamiltonian of class (i) is introduced. In Sec-
tion IT B, we establish rigorous mappings of our model

system, the class (i) model at a finite bias voltage, onto
the out-of-equilibrium anisotropic Kondo model as well
as onto class (ii) and (iii) model systems subject to a
finite voltage bias. We compute the current operator
in Section IT C for these three classes of models. We
employ the nonequilibrium RG approach in Section III.
Our results on nonequilibrium transport near the quan-
tum phase transition both at zero and finite tempera-
tures are presented in Section IV, followed by the results
on the nonequilibrium finite-frequency current noise in
Section V. We make a few remarks on the important is-
sues of nonequilibrium quantum criticality in Section VI.
Finally, we draw conclusions in Section VII. The novel
aspect of this extended paper compared to our previous
work in Ref. 16 is the investigation of the finite-frequency
noise near the transition.

II. MODEL HAMILTONIAN
A. Dissipative resonant level model

Our Hamiltonian corresponding to the class
(i) model mentioned above takes the following
generic form:

H = 3" 5" [ek) — mile) i+ tich,d + hec.
E i=1,2

+ > A(dfd—1/2) (b, + 1) + Y wiblby,

(1)

where t; is the (real-valued) hopping amplitude between
the lead ¢ and the quantum dot, ¢x; and d are electron
operators for the (Fermi-liquid type) leads and the quan-
tum dot, respectively, the Planck constant % is fixed to
unity. p; = £V/2 is the chemical potential shift applied
on the lead 7 (V will denote the bias voltage through-
out this paper), while the dot level is at zero chemi-
cal potential. Here, b, are the boson operators of the
dissipative bath with an Ohmic type spectral density®:
Jw) = 73, AMd(w — w,) = 2maw. Note that usually
we introduce a cutoff via a exp(—w/w,) function in J(w);
here, we assume that w. is a large energy scale com-
parable to the energy bandwidth of the reservoir leads.
To simplify the discussion, we assume that the electron
spins have been polarized through the application of a
strong magnetic field. Our model can be realized exper-
imentally in a quantum dot coupled to resistive environ-
ment as shown in Ref. 47. Note also that our generic
Hamiltonian Eq. (1) is related to the other two
types of models (class (ii) and (iii)) via mappings
described in Section IT B and Appendix A.

In this section, we briefly summarize the behavior of
our model system at equilibrium which means in the
absence of a finite bias voltage (V = 0). A dissipa-
tive resonant-level systems in equilibrium coupled to sev-
eral leads maps onto the anisotropic one-channel Kondo



model®1%11 where the dimensionless transverse Kondo
coupling g f is proportional to the hopping ¢ between
the level and the leads and the longitudinal coupling
gge) x 1 — y/a (the exact prefactors are given in Refs.
8,10,11; see also Section II B and Appendix A). Here,

the superscript (e) in gf}z refers to the equilibrium cou-

plings. The model exhibits a Kosterlitz-Thouless (KT)
QPT from a delocalized (Kondo screened) phase for
g + gt
to a localized (local moment) phase for gf) + gze) <0,
with a small conductance, as the dissipation strength is
increased (see Fig. 1). For gS_e) — 0, the KT transition
occurs at a, = 1. As a — a,, the Kondo temperature T
obeys™: InTk o 1/(a — a.). Note that here we assume
our resonant level system exhibits the particle-hole (p-h)
symmetry; namely, the resonant-level energy €4 is set to
be zero (¢4 = 0). However, in a more general resonant-
level model where p-h symmetry is absent, an additional
term of the form egd’d is present in the Hamiltonian Eq.
(1). In terms of its equivalent Kondo model, this p-h sym-
metry breaking term plays the role as an effective local
magnetic field B, x €4 acting on the impurity spin in the
Kondo model'!, which needs more involved treatments
and exceeds the scope of a simple and generic model sys-
tem considered in the present work.

In equilibrium, the dimensionless scaling functions
g(f) (T') and gt (T') at the transition are obtained via the
renormalization-group (RG) equations of the anisotropic
Kondo model:

> 0, with a large conductance, G ~ e2?/h,

g (T) = —gl(T) = 2ln(D/T)) Y, (2)

where D = Dgel/(291) with Dy being the ultraviolet
cutoff. Having in mind a quantum dot at resonance,
Dy = min(de,w.), with de being the level spacing on
the dot and w. the cut-off of the bosonic bath; Dy is
of the order of a few Kelvins!®. At low temperatures
T < Dy, the conductance drops abruptly with decreas-

ing temperatures®:

Geq(ae, T < Dy) [gie))cr(T)r - m (3)

Below, we analyze the non-equilibrium (V' # 0)
transport of our model system at the KT transition and
in the localized phase in the double-barrier resonant
tunneling regime where the dissipative resonant level
couples symmetrically to the two leads (t1 = to2 = ).
Note, however, that when the dissipative resonant level
couples asymmetrically to the leads t¢; # t2, as has
been observed experimentally in Ref. 47, the system
reaches the single-barrier tunneling regime, leading to
Luttinger liquid behavior in conductance with power-law
dependence in bias voltage.

For the sake of convenience, we set the following units
throughout the rest of the paper: e=h= Dy =kp = 1.

B. Useful Mappings

Our generic model Hamiltonian Eq. (1) in fact can be
mapped onto various related model systems as we shall
discuss below, including the anisotropic Kondo model
(class (1)), the class (ii) and (iii) systems mentioned
above. Here, we will address the non-equilibrium trans-
port through a dissipative resonant level based on one of
the equivalent models: the two-lead anisotropic Kondo
model. The mappings for the three classes of models dis-
cussed below will be derived in an analogous way. The
general scheme of these mappings is via bosonization fol-
lowed by re-fermionization (or in the opposite order)%:60,

1. Mapping the dissipative resonant level model
onto the anisotropic Kondo model

First, we envision a non-equilibrium mapping reveal-
ing that the leads are controlled by distinct chemical po-
tentials. Through similar bosonization and refermioniza-
tion procedures as in equilibrium, our model is mapped
onto an anisotropic Kondo model”®10:11 with the effec-
tive (Fermi-liquid) left (L) and right lead (R)%? (see Ap-
pendix A for details):

He = )
k,y=L,R,0=71,]
(J(j)sJLrRS_ + J(f)s;gLS_ + h.c.)

bY s
v=L,R

ek — el ko

_|_

(4)

where cLL( R)o is the electron operator of the effective

lead L(R), with o the spin quantum number, v = L, R is
the index for the effective non-interacting fermionic leads,
St =dl, S~ =d,and S* = Q — 1/2 where Q = dd de-
scribes the charge occupancy of the level. Additionally,
sfﬂ =D sk %C,Twaaféck/ﬁg are the spin-flip operators

between the effective leads v and f, J(j)’@) o t1,2 em-
body the transverse Kondo couplings, J, o (1—1/v2a*),
and 1, = £%,/1/(20*). It should be noted that this
mapping is exact near the phase transition where o — 1
or a* = 3= — 1/2, and thus p, = £V/2. Note that
the above mapping takes a spinless dissipative resonant
level model with spinless fermionic baths ¢,—1 2 to the
anisotropic Kondo model with a “spinful” quantum dot
(with spin operator given by ST>7*) and “spinful” con-
duction electron leads ¢7_; r. The appearance of the
“pseudo-spin” degrees of freedom in the effective Kondo
model can be understood in terms of the ”charge Kondo”
effect: the tunneling between a resonant level (which can
be represented by a “qubit” or a “spin”) and the spin-
polarized leads plays an equivalent role as the “pseudo-
spin” flips between spin of a quantum dot and that of the
conduction electrons; and the coupling of the charge of



the resonant level to the bosonic environment acts as the
Ising coupling between z-components of the pseudo-spins
on the dot and in the effective leads”®. Meanwhile, as
mentioned above, when the resonant-level model shows
p-h asymmetry, an additional term e4d'd appears in the
Hamiltonian, which is equivalent to a local magnetic field
acting on the impurity spin eqdtd — B,S, via the iden-
tification: df = S*, d = S~, and dd —1/2 = S.. For
simplicity, we do not intend to study further this p-h
asymmetry term and focus mainly on the effective Kondo
model in the absence of magnetic field. Note also that
the mapping has been derived earlier in Ref. 16 and is
well-known at equilibrium (Ref. 8). In Appendix A, we
will provide more details regarding the different theoret-
ical steps, in particular with a finite bias voltage.

2. Mapping for a resonant level coupled to a FQHE

Our analysis for the non-equilibrium transport of a dis-
sipative resonant level model is applicable for describing
a resonant level quantum dot coupled to two chiral Lut-
tinger liquid leads, which is relevant for describing quasi-
particle tunneling between two Fractional Quantum Hall
Edge (FQHE) states®® (the class (ii) model mentioned
above). In the absence of bias voltage, this case has been
studied in Refs. 8,11. Via the standard bosonization®,

1 ;£a(0)
K

ca(0) = F.e (5)
where F, is the Klein factor that guarantees the
fermionic anti-commutation relations of electron

operators, the Hamiltonian of such system can be writ-
ten as”®1146 (see Appendix A.):

Hroue = Henirat + Hy + Hy,, (6)

where the lead term Hp;q; describes two chiral Luttinger
liquid leads with lead index o = 1,2, H; denotes the
tunneling term and the bias voltage term H, is given
respectively by:

1 [T dpq, 2
Hcira = 3 o d’
irad 2/%;2(@) .

H, = t1°/VEq 4 toete2/VEg L e

V 1
H, = —5\/—?(3%—&?2)7

(7)

where the boson field ¢q—1,2 denotes the chiral Luttinger
liquid in lead «, the tunneling between lead and the
resonant level is given by t,, V is the bias voltage,
and K refers to the Luttinger parameter. Here, we set
2ma = 1 throughout the paper with a being the lattice
constant. Through the similar refermionization, we
arrive at the effective Kondo model as shown in Eq. (4)

with the bare Kondo couplings J(j)’@) = tei(\/i_x/;?)w’l,

4

J. =1—1/v/2K. We can further map this model
backwards onto the dissipative resonant level

model Eq. (1) following Appendix A with the
identification % = K%, + 1 where K, = % with «

being the dissipation strength defined in Eq. (1).
The non-equilibrium RG scaling equations for Hrgoug
have the same form as in Eq. (14).

3. Mapping for a dissipative resonant level coupled
to interacting leads

So far, we consider here just a dissipative resonant
single-level coupled to two non-interacting leads. Nev-
ertheless, the mapping can be straightforwardly gener-
alized to the same system but with a spinless quantum
dot which contains many energy levels. In this case, the
effective Luttinger liquid parameter K’ is modified as:
% = %—I—l (see Eq. (A22) in Appendix A). The mapping
can be further generalized to the system of a single-level
or many-level spinless quantum dot with Ohmic dissi-
pation coupled to two chiral Luttinger liquid leads with
Luttinger parameter K (the class (iii) model mentioned
above), giving rise to the effective Luttinger liquid pa-
rameter K defined as (see Eq. (A24) in Appendix A):

1 1 1

—=—=+4+14— 8
T K +1+ X (8)
for a many-level spinless quantum dot and
1 1 1
—= = = e 9
K K + K, ( )

for a spinless quantum dot with a single resonant level.
Here, Kp = é with a being the dissipation strength de-
fined in Eq. (1). Details of the mapping are given in
Appendix A.

C. Average current

We may compute the non-equilibrium current operator
in the effective models through the mappings. We will
first compute the current operator within the effective
anisotropic Kondo model as it is the main focus of this
paper. From the mapping described in Section II. B 1.,
we can establish the invariance of the net charge on the
resonant level upon the mapping: N1 — No = Ni, — Ng,
where N; = Z,ﬂ. E;fﬂ.éki represents the charge in lead ¢ =

1,2, whereas N, = ", cL ~Ckvo Tepresents the charge in
the effective lead v = L, R. This allows us to check that
the averaged currents within the Keldysh formalism?® are
the same in the original and in the effective Kondo model
(see Appendix B for details):

I = i[QL — Qg, Hk]
= i W (s7 8 —55,97) = (1 = 2,L - R).
(10)



Thus, the current I can be computed from the Kondo
model due to the invariance of the average current upon
the mapping mentioned above. Note that through the
various mappings mentioned above, it is straightforward
to see that the current operator for other related models—
resonant level coupled to FQHE leads and dissipative res-
onant level (both small and large in size) coupled to inter-
acting Luttinger liquid leads—take exactly the same form
as shown in Eq. (10).

III. NON-EQUILIBRIUM RG APPROACH
A. RG equations

Now, we employ the non-equilibrium RG approach to
the effective Kondo model®” in Eq. (4). In this approach,
the Anderson’s poor-man scaling equations are general-
ized to non-equilibrium RG equations by including the
frequency dependence of the Kondo couplings and the
decoherence due to the steady-state current at finite bias
voltage?”. The fact that the running Kondo cou-
plings acquire energy dependence in the presence
of a finite bias voltage is related to the existence of
two different Fermi levels at the left (right) lead,
each of them hosting a Kondo resonance peak.
A full treatment of the energy dependence re-
quires a functional RG formulation involving in-
tegrals over energy3!. For the sake of simplicity, we
assume that the resonant level (quantum dot) is symmet-
rically coupled to the right and to the left lead, t; = t2
(or Jj_l) = 5_2) = J1). We will discuss in Appendix
C the more general case with t; # t3. The dimension-
less Kondo couplings as a function of frequency w exhibit
an extra symmetry due to the particle-hole symmetry of
the effective Kondo model: g (.y(w) = g1 (»)(—w) where
g1(z)(Do) = N(0)Jy (. is the initial value, with N(0)
being the density of states per spin of the conduction
electrons. Here, we suppress the upper script symbol (¢)
in the Kondo couplings since we will now focus on the
non equilibrium case V not zero. We obtain?":

9. (w) Z 1% 2

omD _,3:—11 |:gj_( 2 )] ®w+%,

g1 (w) BV sV

mp "t (5)s- () 0o

where ©, = O(D — |w+iI'|), D < Dy is the running cut-
off. Here, I is the decoherence (dephasing) rate at finite
bias which cuts off the RG flow??. In the Kondo model,
T" corresponds to the relaxation rate due to spin flip pro-
cesses (which are charge flips in the original model), de-
fined as the broadening I' = I'y of the dynamical trans-
verse spin susceptibility x*(w) in the effective Kondo
model%3:

(12)
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FIG. 1: RG flow of g1 ,.-(V/2) at the transition as a function
of bandwidth cutoff D (in unit of Dy); the bare couplings are
gL = —g- = 0.1 (in unit of Dg). We have set V = 0.72 (in
unit of Dy). The decoherence rate I' is around 0.00117Dy.

with x*(w) being the time Fourier transform of the
spin susceptibility x*(t) = 0()([S™(t),ST(0)]) =
O (L) ), F10)f,0)]), and xo being x*(w = 0).
Here, we take the pseudo-fermion representation of the
spin operators St 7% = %faa;r/;"zfg with fy—1 , being
the pseudo-fermion operator and o+ 7% being the Pauli

matrices®”.

In the original model the decoherence rate I' corre-
sponds to the charge flip rates, defined as the broadening
Ty of the resonant-level (d—electron) Green’s function
(or equivalently the imaginary part of the resonant-level
self-energy Im(X4(w))): T' =Tq = Im(X4(w)) where the
self-energy 3;(w) of the d—electron Green’s function is
defined via: 1/G4(w) x w+eg+ Re(Eg(w))+ilm(Xq(w))
with G4(w) being the Fourier transform of the resonant-
level Green’s function Gy(t) = i6(t){[d(t),d (0)]). These
two definitions for I' agree with each other with the
proper identification: d = S, df = ST.

Note that these RG equations in the present context
were already discussed in the short Ref. 16, but now we
will elaborate the methodology. The configurations of
the system out of equilibrium are not true eigenstates,
but acquire a finite lifetime. The spectral function of
the fermion on the level is peaked at w = £V/2, and
therefore we have g, .)(w) ~ g1 (-)(£V/2) on the right
hand side of Eq. (11). Other Kondo couplings are not
generated. From Ref. 27 via the Fermi’s golden rule of
the spin-flip rates I' in the Kondo model, we identify:

= g Z /do.) [nggf(w)fw—m(l = fo—p,)  (13)

V.o
"’ndgﬁ_(W)fwf;uY (1- fwf,u.,/) )
where f,, is the Fermi function. Here, v = 4/ for the g%(w)

terms while y # 4/ for the g2 (w) terms with v, 7/ being L
or R. We have introduced the occupation numbers n, for
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FIG. 2: (Color online) I'(w) at T" = 0 versus w across the
KT transition. The bias voltage is fixed at V = 0.32Dq.
I'(w) develops a peak (dip) at w = 0 in the delocalized (local-
ized) phase, respectively. At w ~ £V (vertical dotted lines),
I'(w) shows peaks (for localized phase) or dips (for delocal-
ized phase). Note that I'(w) weakly depends on w for |w| < V/,
IN(lw| < V) = D(w=0).

up and down spins satisfying ny +ny; =1 and S, = (ny —
n,)/2. In the delocalized phase, we get ny =n; =1/2, in
agreement with the quantum Boltzmann equation?”. At
the KT transition, we can use that g, (w) = —g,(w) from
the symmetry of the Kondo model and that )~ _n, = 1.
Finally in the localized phase, we have g; < —g., and n,
satisfies |S,| — 1/2 (see Refs. 7,8,10,11), which remains
true at a finite bias voltage.

B. Solutions to RG equations

Following the scheme of Ref. 27, we solve Egs.
(11) and (13) self-consistently.  First, we compute
gi(z)lw = £V/2) for a given cutoff D. We then
substitute the solutions back into the RG equations to
get the general solutions for g, (.y(w) at finite V, and
finally extract the solutions in the limit D — 0. When
the cutoff D is lowered, the RG flows are not cutoff by
V' but they continue to flow for I' < D < V until they
are stopped for D <T.

In Fig.1 we show a typical RG flow of g, (V/2) at the
KT transition as a function of bandwidth D with the

analytical approximation: g, (V/2) ~ 21; - for D >V,
D

g1L(V)2) m —45 for T < D <V, and g, (V/2) ~ — 5>

In 55 In 3

for D < T'. Here, D = Dye'/(291) with Dy being the
ultraviolet cutoff, and D is the running cutoff scale set
by the RG scaling equations for g, /.. This clearly shows
that the RG flow of g, (V/2) is stopped at T', a much
lower energy scale than V.

Note that the charge (or pseudospin) decoherence
rate I' is a function of frequency, I'(w) in the more

0.002
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16° C n /
0.0016 - r—-r ] -
ro) r w0 ]
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FIG. 3: (Color online) RG flow of I'(D) at T' = 0 versus D
(in unit of Do) at a fixed bias voltage Vo = 0.72Dq (vertical
dashed line) at the KT transition with bare Kondo couplings
gL = 0.1 = —g,. Under RG, I approaches a constant value
as D — 0: I'(D — 0) =~ 0.00117Dq. Inset: I" as a function of
V for the same bare Kondo couplings.

general and rigorous functional renormalization group
(FRG) framework3!. Here, I' = I'(w = 0) within FRG.
Nevertheless, we find I'(jw| < V) at T = 0 depends
weakly on w and can be well approximated by its value
at w =0, T(T = 0,w) = T'(T = 0,w = 0) (see Fig. 2).
We have checked that the non-equilibrium current
I(V, T = 0) and conductance G(V,T = 0) obtained from
this approximation (I'(T = 0,w) ~ I'(T' = 0,w = 0))
agrees very well with that from the more rigorous FRG
approach based on the frequency-dependent decoherence
rate I'(T' = 0,w) (see Eq. (36) below) as a consequence of
the fact that the current and conductance are integrated
quantities over the frequencies, and they are insensitive
to weak frequency-dependence of I'. In Fig. 3 we show
the RG flow of the decoherence rate I'(w = 0) as a
function of D, using the same parameter as in Fig. 1.
One observes that I' tends to a finite value as D — 0.
The inset shows I' as a function of V' (see also section
VI). Note that, unlike the equilibrium RG at finite
temperatures where RG flows are cutoff by temperature
T, here in non-equilibrium the RG flows will be cutoff by
the decoherence rate I', an energy scale typically much
higher than 7', but much lower than V, T < T' < V.
Moreover, T'(V) is a non-linear function in V. (For
example, at the KT transition I'xr(V) o V/[In(5))%
) The unconventional properties of I'(V) lead to a
non-equilibrium conductance (G(V,T = 0)) distinct
from that in equilibrium (G(T,V = 0)) near the KT
transition'®. In contrast, the equilibrium RG will lead
to approximately frequency independent couplings, (or
“flat” functions g, (w) = g1 .(w = 0)).

Notice that the mapping mentioned above works near

the KT transition, a* = 1_+a — 1/2. However, for a
general case deep in the localized phase, the effective

Kondo couplings acquire an additional phase Jil)’@) x
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arrows give the values of g, (w = 0) at these bias voltages.
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to the width of the dip I'y (defined in the text), i.e. V =Ty,
and for V' = 0.00008 (magenta) where two dips are not well
separated, V < I'y.

tl,zei(ﬁ_ﬁ)é“z‘l where the more general form of Jj_l)’(2)

and its phase (;35;271 are derived and defined in Eq. (A10)
of Appendix A.. This results in a nonzero bare scal-

ing dimension®® for Jil)’@), [J(j)’@)] =1(vV2- \/%)2 =
1—4/ % + % This slightly modifies the non-equilibrium

RG scaling equations to the following form:

Vv 2
()
B=—1,1

991 (w) L o 4
anD = _Z[(l_ﬁ) g1 (7>

f=-1,1

o ()0 (5 Peuwsy a9

g, (w)
OlnD

_|_

where the linear term (1 — /2 + 7=)g. (ﬂTV) in Eq.
(14) for g, (w) comes from the bare scaling dimension of

Jj_l)’(2) terms mentioned above, and it vanishes in the
limit of K — 1/2, as expected. In fact, this term applies
to the three models (case (i), (ii) and (iii)) through the
mappings. Note that the above scaling equations may be
cast in the same form as in Eq. (11) through redefinition

of the coupling g.: g- = §- = g+ 3(1 — /= + 5%=). All
the previous results remain valid upon the above shift of
9z-
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FIG. 5: Non-equilibrium current at the localized-delocalized
transition. The naive approximate analytical expression Eq.
(17) fits well with the numerical result at low bias voltages up
to V =T =~ 107 2Dy, see Inset). However, it starts to deviate
from the numerical result at higher bias voltages.

IV. NON-EQUILIBRIUM CONDUCTANCE

In the section, we present our results for non-
equilibrium conductance. All explicit results will be
obtained for the KT transition point and the localized
phase, but not for the delocalized phase.

A. Non-equilibrium conductance at the KT
transition

At the KT transition, we both numerically and analyti-
cally solve Egs. (11) and (13) (in the limit of D — 0). In
particular, the approximated analytical solution within
the approximation Oy ~ (D — V) due to ' <« V is
obtained:

gJ_,cr(W) ~ Z®(|w - ﬁV/2| - V)
B

+ OV - w— BV/2|) x

1 1
In[D?/V max(lw — BV/2,T)]  4In %] '

The solutions at the transition (denoted ¢, ¢ and g, )
are shown in Fig. 4. Since g, r(w) decreases under the
RG scheme, the effect of the decoherence leads to min-
ima; the couplings are severely suppressed at the points
w= :l:%. We also check that g or(w) = —gz,er(w).

From the Keldysh calculation up to second order in the
tunneling amplitudes, the current reads:

I= %/dw[zélgl(wyng X (16)

fuomun 0= fumn)| = (L & B).
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At T =0, it simplifiesas [ = 3 fl/‘//izdwgf_ (w). Then, we
numerically evaluate the non-equilibrium current. The
differential conductance is obtained as G(V) = dI/dV.
The T = 0 results at the KT transition are shown in
Fig. 5 and Fig. 6.

First, it is instructive to compare the non-equilibrium

current at the transition to the (naive) approximation:

v w =02 & KL
I, =~ [91er(w =0)]" ~ 8 (In*(D/V))

. (an

As shown in Fig. 5, our numerically obtained non-
equilibrium current fits well with the above analytical
approximation for V' < 0.01Dy. However, it starts to
deviate from its numerically obtained values for higher
bias voltages V' > 0.01Dq (see Inset of Fig. 5). This
deviation is due to the fact that the equilibrium form of
the conductance at the transition is obtained by treat-
ing geri(w) a flat function within —V/2 < w < V/2:
Gerl (W) & geri(w = 0) = g2 (T — V). We have
checked that the equilibrium coupling g.-; (w = 0) in-
deed corresponds to ¢{?(T = V), therefore the transport
recovers the expected equilibrium form for V' — 0. How-
ever, since g, (w) is not a flat function for —V/2 < w <
V/2 (it has two minima at w = +V/2), with increas-
ing V (say for V' a2 0.01Dy) the non-equilibrium current
exhibits a distinct behavior due to the frequency depen-
dence of the coupling.

Note that the crossover in conductance from
equilibrium to non-equilibrium profile happens
when separation of the two dips at w = £V/2 in
g1 (w), given by the voltage bias V, is comparable
to the width of the dip I'y, i.e. V =T, (see Fig. 4
and the Inset therein). Here, I'; is estimated as
the width of w in g, (w) such that the magnitude
of the dip |g1. — g1 (w = V/2)| is reduced by about
20%. For the parameters used in Fig. 4 and Fig.
5 (gL =0.1Dyg = —g.), we find the crossover occurs
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FIG. 7: Conductance in the localized phase (in units of
7). (a) G(V) at low bias follows the equilibrium scaling
(dashed lines). (b) The conductance G(V)/G. is a func-
tion of V/T™* where we have defined G. = G(ac, V) and

T* = Doe ™/ V9291,

for V.~ T'y = 0.01Dy. In general, I'; is a function
of voltage bias V, the decoherence rate I', and
initial (bare) Kondo couplings (see, for example
Eq. (15)). Hence, the crossover scale occurs at
a different voltage V when different initial (bare)
couplings are considered.

In fact, the more accurate approximate expression for
the non-equilibrium current at the transition is found to

be:

IaeV) = 75 (Florate =0)
+ (0= Dl = V/2)P).
(18)
where
gLer(w=V/2) = l/ln(l—l‘)_V)

1 1
gJ_,cr(W = 0) ~ 2 (111(27.72/‘/2) B 4ln(D/V)) '

(19)

Here, we have treated g, .-(w)? within the interval
—V/2 <w < V/2 as a semi-ellipse.

As demonstrated in Fig. 6, the conductance G(V') ob-
tained via the approximation in Eq. (18) fits very well
with that obtained numerically over the whole range of

0 < V < Dg. In the low-bias V' — 0 (equilibrium)

limit, since g ¢r(w = 0) =~ gf)cr(T = V) <« 1, we have
2

Iae, V) = 2 (¢0,(T = V)

) ; therefore the scaling of
G(a., V) is reminiscent of the equilibrium expression in
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(solid lines) is distinct from the equilibrium form (dashed
lines). The dot-dashed lines stem from an analytical approx-
imation via Eq. (26).

2

EQ- (3)a G(QC,V) ~ (gg_e)cr(T:V)) = %W
This agreement between equilibrium and non-equilibrium
conductance at low V' persists up to a crossover scale
V ~ 0.01D; (determined for the parameters used in Fig.
6). At larger biases, the conductance shows a unique non-
equilibrium profile; see Eq. (18). We find an excellent
agreement of the non-equilibrium conductance obtained
by three different ways — pure numerics, analytical so-
lution Eq. (15) and the approximation in Eq. (18).

For large bias voltages V= — Dy, since
g1.cr(w) approaches its bare value ¢;, the non-
equilibrium  conductance increases rapidly and
reaches G(ae,V) ~ Go = Zg7. Note that the
non-equilibrium conductance is always smaller than
the equilibrium one, G(ac, V) < Geglae, T = V),
since g (w = £V/2) < gi(w = 0). Additionally,
in the delocalized phase for V. > Tx > 0, the RG
flow of g, is suppressed by the decoherence rate, and
G x 1/In*(V/Tx) (Ref. 27).

B. Non-equilibrium conductance in the localized
phase

In the localized phase, we first solve the equilibrium
RG equations of the effective Kondo model analytically,
resulting in

ATy = T (4. 1) (20)
(e) _ 2cg1 (c+1g:]) T o
ngoc(T) - (C+|gz|)2_gL(D0)4C(DO)

(21)

9

where ¢ = (/g2 —¢g2. We introduce the energy scale
T* = Doe~™/V9:=91 (which vanishes at the KT transi-
tion) such that gg_e))loc(T) o (T/T*)?%¢ for T — 0, leading
to GioU(T) o< (T/T*)%.

At a finite bias, we then solve for the self-consistent

non-equilibrium RG equations both analytically and nu-
merically, resulting in:

A
ijoe (W=V/2) = g1+ 5 [VQC\/mm)
- VA4 QEWW
C
~ Ve + BV

P BI'® ++/c? + B2T2%¢
—1n
2 | BVe+ 2+ B2V
L9 AV /2 + A2V e
“In ,
2 A++e2+ A2

A[VQC\/02+A2V4C (23)
BV \%4
—_ ‘/A2+C2]+_[(E)C C2+B2(5)20

Cc
- Ve + B2V
e [B&r+ e+ B>
sz In
2 BVe ++/c2 + B2y2e
AV 1 /& T ATV
At VE T A

gliloc (W=0)~g, +

—In
+ 2

3

and similarly we get

A2
9z,loc (w = V/2) g, + _[1 _ V4C] (24)

2c
B2 T
_VQC 1—(— 2¢
+ 2C [ (V) ]7
A2
e (=00 + A=V )
B2
+ =V -27%,
c
where we unambiguously identify A = %4 + cig\;z\v

B = AV*® in this expression, V and I' have been
normalized to Dy.

The non-equilibrium current in the localized phase
I1,c(V) is obtained via the same approximation leading

to Eq. (18) at the KT transition:
Iloc(v) ~ 7T2‘/ (4 [gL loc( :O)]2) (26)
L R e 0]
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FIG. 9: Scaling of the conductance G(V) at the KT transi-
tion (same unit as in Fig. 6). (a). For V > T, the conduc-
tance follows the non-equilibrium scaling G(ae., V). (b). For

V < T, now the conductance follows the equilibrium scaling
Geq(ae,T).

As shown in Fig. 7, we numerically obtain the non-
equilibrium conductance in the localized phase. For very
small bias voltages V' — 0, we find that the conductance

reduces to the equilibrium scaling: G(V) — el (T =

loc

V) o (V/T*)% (see Fig. 7 (a) and (b)). For g ;o <
|92,10¢| and a* = HLQ — 1/2, we get that the exponent

4c =~ 2a* — 1, in perfect agreement with that obtained
in equilibrium at low temperatures: G(T) oc T2 1
(Ref. 9). At higher bias voltages 0.01Dy < V < Dy,
the conductance now follows a unique non-equilibrium
form (consult Fig. 8) whose qualitative behavior is sim-
ilar to that at the KT transition. Our non-equilibrium
conductance obtained numerically in this phase is in very
good agreement with that from the above approximated
analytical solutions in Eq. (26) (see Fig. 8).

C. Non-equilibrium conductance at finite
temperatures

We have also analyzed the finite temperature profile
of the non-equilibrium conductance at the transition and
in the localized phase. We distinguish two different be-
haviors. At the KT transition, for V' > T, the conduc-
tance G(V, T) exhibits the same non-equilibrium form as
T =0, GV, T =0) (see Fig. 9(a)); while as for V< T
it saturates at the value for the equilibrium conductance
(V = 0) at finite temperatures (see Fig. 9(b). In the
localized phase, while for V' < T the conductance satu-
rates at G(V = 0,7T) (Fig. 10(a)), for V> T, however,
G(V,T) exhibits universal power-law scaling:

G(V.T)/G(V =0,T) < (V/T)* (27)

10

W T T T T T T T 3 L O \E
[ ] F T=0.01 1
F 1 F o |-= T=0.001 I
F / L |— T=0.0001 ]
L | — - T=0.00001 n
A o
10°F // =R i
E 1=
r 1S 10'F /I -
. / 19 / 1
© [ - f b ’.: r ]
i / % F 7/ <
| — = 4 ]
0°F / E
A s 3 / ]
| 1 10p—— ——/ 3
16° A T I I B I T Y B I
10°  10°  10*  10®°  10° 10° 10 10° 10° 10° 10
V /D, VIT

FIG. 10: Scaling of the conductance in the localized phase
with g1 = 0.08,g. = —0.12 (in unit of Dy). (a). For V> T,
the conductance follows the non-equilibrium scaling G(«, V).
(b). For V <« T, now the conductance follows the equilibrium
scaling Geq(cte, T).

(see Fig. 10(b)). This universal power-law scaling be-
havior in G(V, T) looks qualitatively similar to that from
the recent experiment on the transport through a dis-
sipative resonant level in Ref. 47. However, these two
power-law behaviors in conductance at a finite bias and
temperature are different in their origins: The authors in
Ref. 47 studied the quantum critical behavior of a dis-
sipative resonant level in the regime of the delocalized
phase (a < a. = 1). As the resonant level is detuned
from the Fermi level, the system at low temperatures ex-
hibits power-law scaling in conductance at a large bias
voltage V' > T: G(V/T) « (%)** with 0 < o < 1.
They showed further that this behavior is equivalent to
that for a single-barrier tunneling of electrons through a
Luttinger liquid. By contrast, the Luttinger-liquid-like
power-law scaling in G(V,T) (see Eq. (27)) we find here
is the generic feature of a dissipative resonant level in
the localized phase (o« > a, = 1), which has not yet
been explored experimentally. Therefore, our theoreti-
cal predictions on the nonequilibrium transport at a dis-
sipative quantum phase transition offer motivations for
further experimental investigations in the regime of our
interest. The above two qualitatively different behav-
iors in conductance for V- < T and V > T crossover at
V = T. Note that similar behavior has been predicted
in a different setup consisting of a magnetic Single Elec-
tron Transistor (SET) in Ref. 22 where a true quantum
critical point separates the Kondo screened and the local
moment phases.



LBge+Q+w,e) ) |a B(a,e+Q+oo]

e+Q+w

FIG. 11: (Color online) Diagram for the FF current noise
S(w). The solid lines represent conduction electron propaga-
tors; the dashed lines denote the pseudo-fermion propagators.
The current vertex functions Lag(w1,w2) are denoted by the
shaded squares.

V. NON-EQUILIBRIUM FINITE-FREQUENCY
CURRENT NOISE

In addition to non-equilibrium current and conduc-
tance near the localized-delocalized transition addressed
above, further insight on the phase transition can be ob-
tained from the current fluctuations (or noise). The zero
frequency shot noise has been used to probe the frac-
tional charge of quasiparticle excitations in FQHE state
tunnelings®:%6. However, even more useful information
can be found in the finite-frequency (FF) current noise,
which can be used to probe the crossover between differ-
ent quantum statistics of the quasiparticles. Recently,
there has been theoretical studies on the FF current
noise of a non-equilibrium Kondo dot57 %9, So far, these
studies have not been extended to the non-equilibrium
FF current noise of a dissipative quantum dot. In this
section, we perform completely new calculations (com-
pare to those presented in Ref. 16) to provide further
signatures of the transition in FF current noise spectrum.

A. Functional RG approach

To address this issue, we combine recently developed
functional renormalization group (FRG) approach in
Refs. 17,31 and the real-time FRG approach in Ref. 69.
Within our FRG approaches, as the system moves
from the delocalized to the localized phase, we find
the smearing of the dips in current noise spectrum
for frequencies w =~ +V; more interestingly, we find a
peak-to-dip crossover in the AC conductance at w ~ +V.
These features are detectable in experiments and can
serve as alternative signatures (besides conductance)
of the QPT in the dissipative resonant level quantum dot.

First, via the above mapping, the current through the
dissipative resonant level quantum dot is given by the
transverse component of the current I+ (¢) in the effective
anisotropic Kondo model as shown in Eq. (10)'6. Fol-
lowing the real-time RG approach in Ref. 69 the Keldysh
current operator through the left lead in the effective
Kondo model (via a generalization of Eq. (10)) is given

11

FIG. 12: (Color online) Diagram for renormalization of the
current vertex function Lag(wi,w]) (the squares). The solid
lines represent conduction electron propagators; the dashed
lines denote the pseudo-fermion propagators. Here, the
Kondo couplings g(w) are denoted by the circles.

by: I7(t):

~ e
Ii‘ (t) = Z Z / dt1dts Z Z dtldtgLi'ﬁ(tl —t,t— tg)
K a,f

X [sta(t1,t2)S7 (1) + h.c] (28)

Wlth aaﬂ = LvRa gf(t) = f’{T(t)Ef’{(t)v S;Eﬂ(tlth) =
CZT(tl)Ung(tg). Here, Lo g(t1—t,t—t2) is the left current
vertex matrix with bare (initial) matrix elements: L+ =
Lty = 0. L = ~Lg, = ish = a1, L85, = Lifr =0
LY, = — L%, =0, and k = %1 being the upper and lower
Keldysh contour, respectively. The emission component
of the non-equilibrium FF noise of a Kondo quantum dot,
S<(t), is given by the current-current correlator:

St = Iz (01 (1) (29)

Similarly, the absorption part of the noise is defined as:

S>(t) = (I (t)Ii(0)). Note that the current operator
I () is non-local in time under RG; the current vertex
function L,g(t; —t,t —t2) therefore acquires the double-
time structure: it keeps track of not only the times elec-
trons enter (¢1) and leave (t2) the dot, but also the time
t at which the current is measured®®. The double-time
structure of the current operator automatically satisfies
the current conservation: I7(t) = —I#(t) (Ref. 69).
The frequency-dependent current noise S(w) is computed
via the second-order renormalized perturbation theory
(see diagram in Fig. 11). Note that due to the double-
time structure of the current vertex function Lag(t1,t2),
in the Fourier (frequency) space, Lo g(e+w, €) has a two-
frequency structure; it depends on the incoming (e + w)
and outgoing (€) frequencies of the electron (see Fig. 11).
The result reads:

S<W) = Y “2Re(Das(@)®)  (30)

a,8=L,R

where the correlator D, g(w) is computed by the diagram
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FIG. 13: (Color online) 3D plot for Ly r(wi,w2) at zero tem-
perature in the delocalized phase with bare Kondo couplings
being ¢4 = 0.05Do, g% = 0.05Dy. The bias voltage is fixed at
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in Fig. 11:
Das(@) = [ G as( s (@)
Xas(@w) = [ 55Ga(@Gsle+ 9 +w)
X Ldale+w, O Lha(e e+ w),
(@) = [ E0G 09, G

where G is the Green’s function in 2 x 2 Keldysh space,
and its lesser and greater Green’s function are related to
its retarded, advanced, and Keldysh components by:

G = (GF -GRt+GM)2
G” = (GF+GR-a%))2 (32)

The lesser (G<) and greater (G~) components of Green’s
function of the conduction electron in the leads and of the
quantum dot (impurity) are given by:

G< (6 C(e fﬁ—ML/R

) iA.(€)
G7 r(€) = iA()( — fempp)n)
G7,(€) = 2mid(e)nyo(e)
(6) = 2mid(e)(nsq(e) — 1), (33)

where A.(e) = 2nNoO(Dg — €) is the density of states of
the leads, nys,(€) = (flf,) is the occupation number of
the pseudofermion which obeys ng +nyp) =1, ngo(e —
0) = 1/2 in the delocalized phase and ngp(e — 0) — 0,
ng (e = 0) — 1 in the localized phase'®!®. Here, the
pseudofermion occupation number n¢, and the occupa-
tion number on the dot ng are related via (npy —nys)) =
(ng) —1/2 (Refs. 16,17). The renormalized current ver-
tex function Léﬂ (w1, ws) and the Kondo couplings ¢, (w),
g-(w) are obtained from the non-equilibrium functional
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FIG. 14: (Color online) 3D plot for Lpr(w1,ws) at zero tem-
perature in the localized phase with bare Kondo couplings
being ¢% = 0.05Do, g2 = —0.1Dy. The bias voltage is fixed
at V =0.32Dy.

RG approaches in Ref. 69 and Refs. 27,31, respectively.
Carrying out the calculations, the finite-frequency noise
spectrum reads:

SSw) = Y

a,B=L,R
X féf,ua(l - féf,ug)v (34)

where fe_,, is the Fermi function of the lead « = L/R
given by fe_,., = 1/(1+ elcra)/ksT) The symmetrized
noise spectrum reads:

3
3 /deLi‘ﬁ (e 4w, e)Lé‘a(e, €+ w)

S(w) = [57() + 57 @) (35)

with the relation between emission and absorption parts
of the noise spectrum in frequency space S<(w) =
S” (—w) being used.

The frequency-dependent Kondo couplings g, .(w)
and current vertex functions Léﬂ (w1,wsz) are obtained
self-consistently within the FRG approaches, which can
be divided into two parts. First, the Kondo couplings
g1 ..(w) are solved via Eq. (11)1727:31 together with the
generalized frequency-dependent dynamical decoherence
rate I'(w) appearing in ©, = O(D — |w + i['(w)]) in Eq.
(11). Here, I'(w) is obtained from the imaginary part of
the pseudofermion self energy!7-31:63:

Pw) =7 [de gule+wgr(lfF - fA.]

+ ge(e+w)g-()fF — fE.)]
+ (L>R). (36)

Note that the zero-frequency decoherence rate I'(w = 0)
corresponds to the decoherence rate I' obtained in Eq.
(13)27.  We have solved the RG equations Eq. (11)
subject to Eq. (36) self-consistently 2.
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FIG. 15: (Color online) S(w) at zero temperature versus w
across the KT transition. The bias voltage is fixed at V =
0.32Dy. Inset: S(w) at zero temperature versus w normalized
to So = S(w =0).

The solutions for g, (w), g.(w) and I'(w) close to
the KT transition are shown in Refs. 16,17 (see also
Fig. 2 and Fig. 4). As the system goes from
the delocalized to localized phase, the features
in g, (w = £V/2) undergo a crossover from sym-
metric double peaks to symmetric double dips,
while the two symmetric peaks in g.(w = £V/2)
still remain peaks (see Fig. 4). The finite-frequency
non-equilibrium decoherence rate I'(w) monotonically in-
creases with increasing w, it shows logarithmic singular-
ities at |w| = V in the delocalized phase!”. As the sys-
tem moves to the localized phase, the overall magnitude
of I'(w) decreases rapidly and the singular behaviors at
w = £V get smeared out'”.

Next, following Ref. 69, we generalize the RG scaling
equation for the general current vertex function Lqg(w)
for the anisotropic Kondo model (see diagrams in Fig. 12
and also in Fig. 1 of Ref. 69). The RG scaling equa-
tions for the general vertex functions Li‘éz(wl,wg) can
be simplified as:

dLocﬁ (wla wQ)

D = Z Loy (wr, wz)@#,y (w2)gp(w2)

y=L,R
+ ga'v(wl)@uv (w1)Lyp(wi,w2) (37)

where we make the following identifications:
gLR/RL(W) - ng/RL(w) = 91(W); Yaalw) —
gzL/RR(W) = g.(w). Similarly, Lpg/pr(wi,w2) —
LiR/RL(wl,wg) refers to only the transverse compo-
nent of the current vertex function Lqg(wi,ws); while
Lir/rr — LEL/RR refers only to the longitudinal part
of L. Here, the frequency-dependent Kondo couplings
91,20 (w) in Eq. (37) are obtained from Eq. (11) and Eq.
(36). Note that the scaling equations for L,g(wi,ws2)
via Ref. 69 can also be expressed within the RG ap-
proach in Ref. 27 via a straightforward generalization
by allowing for the two-frequency dependent vertex
functions Lag(wi,w2) where wy (o refers to the incoming
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FIG. 16: (Color online) (a) The zero-temperature AC con-
ductance Gac(w) defined in Eq. (38) versus w across the KT
transition. (b) Gac(w) at zero temperature versus w nor-
malized to Go = Gac(w = 0). The bias voltage is fixed at
V =0.32Dg.

(outgoing) frequency (see Fig. 11 and Fig. 12).

B. Results

We solved the self-consistent RG scaling equations Eq.
(37) for the current vertex functions with the help of
the solutions for the renormalized Kondo couplings via
Eq. (11) and Eq. (36). The typical results at zero tem-
perature are shown in Fig. 13 and Fig. 14; they exhibit
the following symmetry: L.g(wi,w2) = —Lga(w2,w1).
Note that since the initial conditions for the current
vertex function have the following structures: L9, = 0,
LY # 0, we find Lyo(wi,w2) < Lpp(wi,ws2). In the
delocalized (Kondo) phase, a sharp peak is developed
in Lpg(wi,ws) for (wi,w2) = (V/2,-V/2), while a
small dip (valley) is formed at (wq,w2) = (V/2,0)
(see Fig. 13). Meanwhile, in general Lppr(wi,ws) is
maximized at wyp) = £V/2 for fixed wy(qy. This agrees
perfectly with the result in Ref. 69. In the localized
phase, however, we find the opposite: Lpgr(wi,ws)
develops a sharp dip at (w1, ws2) = (V/2,—-V/2); and it
is minimized wy () = £V/2 for fixed wy(1). The peak-dip
structure of the current vertex function L,g plays a
crucial role in determining the noise spectrum both in
delocalized and in the localized phases.

Substituting the numerical solutions for L,g(w1,ws)
and gop(w) into Eq. (34), we get the zero-temperature
FF noise S(w). The results at zero temperature are
shown in Fig. 15. First, the overall magnitude of S(w)
decreases rapidly as the system crosses over from the de-
localized to the localized phase. This can be understood
easily as the current decreases rapidly in the crossover,
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transition.

leading to a rapid decrease in the magnitude of noise.
For |w| > V, S(w) in both phases increases monotoni-
cally with increasing w due to the increase of the photon
emission at higher energies®®. For |w| < V, however, it
changes from a peak to a dip centered at w = 0 as the sys-
tem crosses overs from delocalized to localized phase (see
Fig. 15). At |w| =V, S(w) exhibits a dip (minima) in
the delocalized phase, a signature of the non-equilibrium
Kondo effect; while as the system crosses over to the
localized phase the dips are gradually smeared out and
they change into a “kink”-like singular point at w = +V/,
connecting two curves between w < V and w > V.

We furthermore computed the non-equilibrium AC con-
ductance at zero temperatureﬁg>70:

S5 (w) =57 (w)

w

Gac(w) = (38)
across the transition. Note that G(w = 0) = dI/dV
corresponds to the non-equilibrium differential con-
ductance. As shown in Fig. 16 (a), in the delocalized
phase the splitted peaks in Gac(w) at w = £V are
signatures of the Kondo resonant at finite bias, and are
consistent with the dips at seen in the noise spectrum.
As the system moves to the localized phase, the overall
magnitudes of Gac(w) as well as the pronounced
splitted Kondo peaks at w = <V get suppressed;
they change into dips deep in the localized phase (see
Fig. 16 (b)). In response to this change in the splitted
Kondo peaks, the overall shape of G4¢(w — 0) shows
a dip-to-hump crossover near w = (0. Note that the
suppression of the Kondo peaks for Gc(w) at w = £V
corresponds to the smearing of the dips at w = £V
shown in the noise spectrum S(w) (see Fig. 15). The
above evolution in the noise spectrum matches well
with the non-equilibrium transport properties studied
in Refs. 16,18, and can serve as alternative signatures of
the localized-delocalized transition in future experiments.
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VI. DISCUSSIONS

We would like to make a few remarks before we
conclude. Firstly, the distinct non-equilibrium scaling
behavior seen here is in fact closely tied to the non-trivial
(non-linear) V' dependence of the decoherence rate I'(V')
which cuts off the RG flow (see Fig. 17 (a) and (b)).
The decoherence rate I' near the transition clearly plays
a very different role as compared to the temperature
near the transition. In particular, at 7= 0 we find that

~ %I is a highly non-linear function in V, resulting
in the observed deviation of the non-equilibrium scaling
from that in equilibrium. In fact, we can obtain the
analytical form via the approximation in Eq. (18)
and Eq. (26). At the KT transition, I'/V shows a
logarithmic decrease as V' decreases (see Egs. (18),
(19)); while in the localized phase it exhibits a combined
power-law and logarithmic dependence on V' (see Egs.
(22), (23), (24), (25), (26)),

By contrast, the equilibrium decoherence rate I'(V =
0,T) shows a clear power-law behavior in the localized
phase at low temperatures, 7' — 0 (see Eq. (21)):

DV = 0,T) ( T >1+4C, (39)

T*

which is consistent with the prediction made in Ref. 74
for the electron lifetime in Luttinger liquids.

Meanwhile, at the KT transition and in the localized
phase, since I' < V, the RG flow for g, ;. are cut off at
an energy scale I' much lower than V', leading to smaller
renormalized couplings g, ;. in magnitude compared to

their corresponding equilibrium values g(f)Z(T =V),

lg1/z < |g(f)Z(T = V)|. This results in smaller conduc-

tance than that in equilibrium, G(V') < G*4(T).

Secondly, it is of fundamental importance to study fur-
ther the possible scaling behaviors in non-equilibrium
dynamical quantities near the transition, such as the
w/T scaling in dynamical charge susceptibility at the
KT transition and in the localized phase. In particular,
the question has been raised on the existence of the con-
cept of “effective temperature” that allows one to extend
the fluctuation-dissipation theorem in equilibrium to the
non-equilibrium (non-linear) regime™. It is also interest-
ing to address the crossover between delocalized phase
with G(V) oc 1/ In*(V/Tx) where In Tk o< 1/(a — o) to
KT point with G(V) o 1/In*(T/D) and further to the lo-
calized phase with power-law conductance G (V) oc V7.
To date, the full crossover function of the conductance
is not known yet. Further study is therefore needed to
investigate these issues.



VII. CONCLUSIONS

In summary, we have investigated the non-equilibrium
transport at a QPT using a standard nano-model, the
dissipative resonant level model. By employing an
exact mapping onto the anisotropic Kondo model and
by applying a controlled energy-dependent RG and
functional RG approaches to our model system we have
calculated the renormalized coupling functions g, ,(w),
the decoherence rate I', the current I, differential con-
ductance G(V,T), and the current noise spectrum S(w).
For V' — 0, the conductance G follows the equilibrium
behavior; by increasing V', the frequency-dependence
of the couplings begins to play an important role and
therefore we systematically find scaling behavior of the
non-equilibrium conductance very distinct from that of
the equilibrium counterpart. We have also analyzed the
finite temperature profile of G(V,T) at the transition
as well as in the localized phase and found that the
conductance shows different behaviors for V' > T and
V < T it exhibits V/T scaling behavior for V < T.

Regarding transport properties of our system near
the transition, the role played by the bias voltage is
very different from that played by the temperature.
The key to these very different behaviors lies in the
fact that the non-equilibrium charge (or effective spin)
decoherence rate, which serves as a cutoff for the RG
flows of the Kondo couplings, is a highly non-linear
function of the bias voltage. Further investigations
are needed to address the full crossover function in
conductance as well as the scaling behaviors of the
dynamical quantities near the transition in a search for
the existence of the “effective temperature” that allows
one to generalize the equilibrium fluctuation-dissipation
theorem to the non-equilibrium regime. Furthermore, we
provide signatures of the localized-delocalized transition
in the finite-frequency current noise spectrum and the
AC conductance. Our results have a direct experimental
relevance for dissipative two-level systems; moreover,
they are applicable for describing non-equilibrium trans-
port of a resonant level coupled to interacting chiral
Luttinger liquid generated by fractional quantum Hall
edge states via the mappings discussed in Appendix A.
Finally, our model system has direct relevance for the
recent experiment in a quantum dot coupled to resistive
environment as shown in Ref. 47. Our work motivates
future experimental as well as theoretical investigations
on dissipative quantum phase transitions in nanosystems.
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Appendix A: Useful mappings

In this Appendix, we provide detailed derivations on
various mappings mentioned in Section II. Via bosoniza-
tion and refermionization techniques, the three mappings
described below will follow one from the other, but there
are a few technical details that will change.

1. Mapping a dissipative resonant level model onto
anisotropic Kondo model

We provide details on the mapping of the dissipative
resonant level model in Eq. (1) onto the anisotropic
Kondo model in Eq. (4). Our goal is to connect the
parameters of these two equations in the main text.

We first start from Eq. (1):

H = Y (elk) = pa)ef,on + ticjyd + h.c.
k,i=1,2

+ ) A(dTd—1/2) (b + b)) + > wiblby,

(A1)

where t; is the (real-valued) hopping amplitude between
the lead ¢ and the quantum dot, ¢; and d are (spinless)
electron operators for the (Fermi-liquid type) leads and
the quantum dot, respectively. p; = £V/2 is the chem-
ical potential applied on the lead i (V denotes the bias
voltage), while the dot level is at zero chemical poten-
tial. Here, b, are the boson operators of the dissipative
bath with an Ohmic type spectral density. It proves to
be more convenient to re-express the dissipative boson
fields b, and bl in terms of the canonical fields ¢o(x,t)

and TIo(x, ) asT6!:

“ o0 dp . .
r,t) = — L _[b,e™P" + bl e—alrl/2
boet) = [ e b

Mo(x,t) = 3t<230($7 t)
(A2)

where w, = vpp, with v, being the phonon velocity, and
the boson fields ¢g(z,t) and Iy(z,t) satisfy the commu-



tation relation: [¢o(z,t),Ilo(2/,t)] = id6(x — 2’). The
dissipative boson bath can therefore be re-expressed as:

dp
Hdiss = Zwrbj«br:/%|p|b;‘£bp

- %/d“’[(azéoy(x,ﬂ+ﬁ3(x,t)]. (A3)

Here, the velocity of the boson field (;30 is set to be 1.

We continue the mapping by bosonizing the fermionic
operators in the leads:

1
V2ma

Cq (O) = Faeiwa(o)a

(A4)

where we have introduced the (standard) Klein factors
F,, ensuring anti-commutation relations and a is a short-
distance cutoff (lattice spacing). The fermionic baths of
conduction electrons can be re-written as:

Hicads = Z (e(k) — pi)ek;cni
k,i=1,2
B %/dm Z [(8x90a)2(x7t> +H(2l($,t)IA5)

a=1,2

where the Fermi velocity of the electrons is set to be 1.

The level on the quantum dot can be mapped onto a
pseudo-spin: d = FyS~ and S* = dfd —1/2; a = 1,2
represent the two leads. The coupling between the dot
and the dissipation bath (\; term) can be absorbed in the
tunneling part of the Hamiltonian through the unitary
transformation Ug":

UB — ei1/ %bszéo

(A6)
H, = ULHUg
i /14 .
- Z tiFiTFdelV Ky P eiea (0§ 4 [ c.
i=1,2

with K = % Here, « refers to the strength of the cou-
pling between the resonant level and the dissipative bo-
son bath, and we set 2ma = 1 for simplicity.

We can simplify our variables even further by combin-
ing the above fields describing the leads and the noise:

és,a = VK(‘PQ“"\/KLbQZ)O)a Q/;a,a = VK( Kibsﬁa—dgo),
where % = KL +l=a+1= ai Note that here K may
be interpreteci as the effective Luttinger liquid parame-
ter as the effect of Ohmic dissipation on the quantum dot

plays a similar role as interactions in the Luttinger liquid

leads coupled to the dot with the identification K = 14%1

The combined bosonic and fermionic bath flbath can be
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re-expressed in terms of these new boson fields:

f{bath = Hleads"'Hdiss
= 5 [ 3 (@ (at) 4 )
a=1,2
+ 5 [ del(@bo(at) + B(a, )
_ 1 / a3 [(Oeboa)®(@,t) + T2 (2,1)
2 a=1,2

+ (Oxban) (2,t) + 103 4 (z,0)], (A7)

where Il (,) , fields are canonically conjugate to the fields

®s(a),a- Note that as we shall see below only the fields
from symmetric combinations qgsya and II; ., couple to the
tunneling and chemical potential terms, the antisymmet-
ric combinations ¢, o and I, , are de-coupled from the
rest of the Hamiltonian.

The tunneling and chemical potential parts of the

Hamiltonian now become:

- bs,a
ULHUp = Y toaFiFse' VE S~ + H.c(A8)

a=1,2

H;

vV [1 - -
H# = UITBH#UB:_? g(axébs,l_ax(bsz)

Close to a* = 1/2 (transition), we can map our
model onto the 2-channel anisotropic Kondo model. Af-

ter applying the two unitary transformations U; =

’L(di/s’?l —\/§¢~>S,1)Sz and UQ — ei(%_\/ﬁg’sﬂ)sz

e , we obtain:

~ 1/

H, = UlUIH,U,U,
— [tlFlTFdei(\/i_\/%)033,261'\/5(135,1

(A9)

+ tQF;Fdei(ﬂfﬁ)%’lei‘/ﬂ’“]S* + H.c.

- (\/_ - \/%)(amq;s,l + aﬂaésﬁ)sz
there are

Note that factors

(V= A)dee

additional

in the hopping terms. Since we are in-
terested in the physics close to the localized-delocalized
transition, i.e., K = o — 1/2, we may drop these phase
factors in the following analysis. The chemical potential
term after the above two transformations now becomes

phase

~ 11

H, = UJU{H,UUs
v [1 - 3
_ _5\/; [0:(V205,1) — 02 (V205 )]

Note that since the hoping H’ and chemical potential EIM

(A10)

terms involve only qgsya fields, qgaﬂ fields are decoupled
from the Hamiltonian.

Now, we can refermionize the bosons and map our
transformed Hamiltonian

Hpon = Hyarn + H, + fl; (A11)



onto the anisotropic Kondo model in Eq. (4) via the
following identifications:
V20,1 = @] — oy, (A12)
V20,2 = O~ P
¢7/r(0) = Ffpe'®isn

where F7 /R is the Klein factor for the effective lead L
and R, respectively.

To see the equivalence between these two models, we
bosonize Eq. (4) and compare it with Eq. (A11):

HK - Hleads +HJL +HJ27

Hicads = Z

ky=L,R,0=T,]

= %/dl’ Z [(8m(1)a)2((b,t)+ni($,t)]

a=L,R
V 1 (e g
- o 2 ot - e
Hy, = JVstp5 +7Psh, 5 +hee
_ Jil)FzTF§€i¢27i¢; + JiQ)F;TF£6i¢;7i¢t7
PR S
v=L,R

= —J. Y [0.9] - 0,Y]
a=L,R

[Ek - M’Y] CZ’ya'ckVU

(A13)

With the proper redefinitions of the Klein factors:
FFy = FI'Fy, FiF, = FTF}, and the identifica-
tions: d = 5=, df = S+, dld—1/2 = 5., J\™) = t,,
J, =1-— \/%, we finally establish the equivalence be-
tween a Kondo model with the effective left (L) and right

lead (R) in Eq. (4) and a dissipative resonant level model
in Eq. (A11).

2. Mapping a dissipative resonant level model onto
a resonant level coupled to FQHE

We provide details here on the mapping of a dissipative
resonant level model Eq. (1) onto a resonant level cou-
pled to Fractional Quantum Hall Edge states (FQHE) as
shown in Eq. (6).

We start from the Hamiltonian Eq. (6) describing a
resonant level coupled to two FQHE states:

Hrque = Henirar + Hy + Hy,, (Al4)
where the lead term H.p;.q; describes two chiral Lut-
tinger liquid leads with lead index o = 1,2, H; denotes
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the tunneling term and the bias voltage term H), is given
respectively by:

1 [t dpa )
Hcira = 3 S dv
irad 2/ma;2<dx) v

H, = t1°/VEq 4 tyete2/VEg L he.

V1
— = —— (D1 — D),
2 Vi O o)

H, =
(A15)

where the boson field ¢,—1 2 denotes the chiral Luttinger
liquid in lead «, the tunneling between lead and the res-
onant level is given by t,, V is the bias voltage, and K
refers to the Luttinger parameter.

Via similar Unitary transformations shown in Eq.
(A11), Up = ei(j—%*\/itpl)sz and Uy = ei(j—%*\/itpz)sz7
Eq. (6) now becomes:

Hroue = UgTUlTHFQHEU1U2 = Hcpiral + Hy + Hy,
(A16)
where the tunneling term H; in Eq. (A15) becomes (as-
suming t1 = to = t):

H, = V2 JR)e2eivEe (A7)

. ei(ﬁ_ﬁ)weiﬁw]sf + h.c.
1

and the chemical potential term in Eq. (A15) becomes

i, - _%,/%[az(ﬁ%)—az(ﬁwﬂ. (A18)

The equivalence between a resonant level coupled to
FQHE Eq. (6) and a dissipative resonant level model Eq.
(1) is established by comparing the transformed Hamil-
tonian ﬁFQHE in Eq. (A16) for the former model and
Hpru (see Eqgs. (A7), (A10), and (A11)) for the latter
one.

3. Mapping a dissipative resonant level onto a
dissipative resonant level coupled to chiral Luttinger
liquid leads

Below we provide details on the mapping of a large dis-
sipative resonant level onto a large resonant level (spin-
less quantum dot) with Ohmic dissipation coupled to two
chiral Luttinger liquid leads. The mapping is easily ex-
tended to the latter case with a small (single-level) reso-
nant level.

First, we take the same dissipative boson environment
as shown in Eq. (A3). Via standard bosonization (see
Eq. (5)), the Luttinger leads and the chemical potential
term take the same bosonized form as Eq. (A5) and Eq.



(7), respectively. The remaining parts of the Hamiltonian
are modified as follows:

Hdot = Hd + Ht + Hdba

Hd = Z Eddedk,
k

H = >

kK a=1,2

> A (d] i — 1/2) (b, +0F),
rk’

taCh odiS™ +he, (A1)

Hyy,

where ¢q, refers to the energy spectrum of the many-
level dot, the electron destruction operator on the dot
d(0) is defined as: d(0) = ), di, and spin-flip operator
S+ represents for the hopping of charge between lead and
the dot”. We then bosonize the electron operators in the
leads (see Eq. (5)) and on the dot: d(0) = 9,

Via the unitary transformation Up defined in Eq. (A7),
we arrive at:

H, = ULHUg (A20)
i by i £al®) _ _
= 3 taFl eV 005 L e,
a=1,2

To further simplify the hoping term, we define new boson
fields ¢4(q),o Vvia linear combinations of the fields (¢ (0)
and ¢q):

¢a,o¢ = \/F(spa—\/%o) _(bd)u

Goe — \/ﬁ(%?wd)

with % = % + 1. The combined fermionic baths of the
leads and the dot are given by:

(A21)

Hy = Hieqas + Hy

/d(E Z z(bsoz :E t) +ﬂ§,a(w7t)

a=1,2

+ (0ubaa)?(x,t) + 112 (2, 1), (A22)

where ﬁs(a))a are canonically conjugate boson fields to
®s(a),a fields. In terms of the new fields ¢4(q),qo, the hop-
ing and chemical potential terms now become:

~ i Z¢
B = Y taFiFe'VF %N S 4 Hee,

H, — H

o
V | K
= 5\ F[az(%,l) -

We may furthermore combine the boson ﬁAelds from the
leads ¢4, and from the dissipative bath ¢ via the fol-

Oz (¢a,2)]- (A23)
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lowing definitions:

és,a = \/E(%—’;l"i_ L(ZBO)u

K
¢aa /1 ¢o

Pae = (A24)
where % = %4— % Upon applying the unitary transfor-

mation, the combined fermionic and bosonic baths terms
become:

/dacz Dps.a)? (z,t) + 112, (2, 1)

a=1,2
+ (81(5&04) (x,t)—l—ﬁia(:z:,t)],

where ﬁs(a),a are canonically conjugate boson fields to
(bs(a),oz fields.

Meanwhile, the corresponding hopping and chemical
potential terms become:

(A25)

H = Y toFiFse VES™ +Hec,  (A26)
a=1,2
H, — H,
vV [K’ -
= _5 K[ (¢s 1) (¢s,2)]' (A27)

Via the similar Unitary transformation shown in Eq.
i(LL—v24,.2)S.
(A11), Uy —e(\/; VERUSs hd nge(\/E Vage2) ,

the tunneling term becomes (assuming t; = ty = t):

i — 1), . <
Hy = tle (v2 VR iv26s (A28)

N ei(f*\/—g)wei\/iq?sp]sf +he.
1 ~ ~
_ (1 — 4 / ﬁ)(aﬁqﬁM + 8\/§¢s,2>8z

The chemical potential term therefore becomes

H, — H,

= ——|—=1[0(V2¢s1) —
o\ 50 (VEd)
We may now follow the same refermionization procedure
as shown in Eq. (A13) to map our Hamiltonian onto the
anisotropic Kondo model in the same form as Eq. (4)
with the following identifications:

0:(V26,52)]-(A29)

Jil)7(2) o taei(\/ifﬁ)qgsg,l,
J, 1—#,
2K
V /K’
po h=g\E (A30)

The above mapping can easily be generalized to a small
quantum dot with single resonant level with K given by
Eq. (9) where the contribution from the many-level big
dot is absent here.



Appendix B: Average currents.

In this Appendix, we prove that the average currents
in the original model I,.; is equivalent to that in the
effective Kondo model Ixon40. The current operators in
both models are given by:

Iori = d/dt(N1 — N3) (B1)
= it1 Y _(¢fyd —d'er) — (1 2)
k
Iondo = d/dt(Ny, — Ng) (B2)

— iJ W (78T — 55,57 ) = (1= 2,L = R)

On the other hand, from the bosonized forms of the
two models, (at the transition) we have:

(Iori) = (d/dt(Ny — Ny)) (B3)

— [ dalG10ue — Oua)

= / dxw / %<%[(‘%(\/§(lzs,l) - aw(\/iésﬂ)p

<jKond0> = <d/dt(NL - NR)> (B4)
_ /da: ddt 3 (0.0 — 0,0%))
o="T,]

_ / da (d/dt[0,(V2hs1) — 0:(V20s2)])

Therefore, we have

1 ~
<Iori> = \/7<IKond0> (B5)
(or <fori> = \/%<jKondo>)- The above relation ob-

tained so far from the mapping is exact at finite bias
voltages. In the limit of our interest K = o* — 1/2,

<j0Ti> = <jKondo>-

We can also prove this equivalence through Keldysh
perturbation theory. We now would like to prove that

<fK07ldO>K = <Iori>ori (BG)
where
(Ikomiolt) i = 57— (57)

TT[eiﬁHKTC(SCK(—OO,OO)IKondo(t)>]
TT[eiﬁHKTc(SCK(_Oou OO))]
o f A H () (BS)

X

ZK

SCK(—oo,oo) =

19

and
~ 1 . ~
Lori(t))ori = Trle PHT. (S (=00, 00) Lori(t))]
Zori = TT[G_BHTC(SgTi(_Oovoo))]
59T (—00,00) = e e WHE) (B9)

Here H;!(H*®?) is the Kondo (original) Hamiltonian in
equilibrium (g = 0), T.(---) orders the operators along
the Keldysh contour c.

1. We first show that Zx = Z,.; (the two partition
functions from the original and the effective Kondo mod-
els are equivalent) where

Zori = Tr[e_ﬂHTC(Sg”(—oo,oo))]

. . I rreq (4
SSTZ(—OO,OO) — e i [, dt’ He(t")

(B10)

To prove this, we first note that the original and
the effective Kondo models are related by the above-
mentioned unitary transformations: Hx = UTHU with
U = UyU1Up. The similar relation holds for the current
operators: Ixondo = Utl,U. To carry out the calcula-
tion in Eq. (B10), we apply the following two identities:

e —JoarUT(m)H()U(r)

X (—_1\yr B
= Z&[/o dT(UT(T)H(T)U(T)]", (B11)

n!

and

TrlA(T)B(r)C(7)] = Tr[C(r)A(r)
= Tr[B(r)C
(B12)

with 7 = it the imaginary time and A,B,C’ being any
quantum mechanical operators. Via Egs. (B10), (B11),
and (B12), it becomes clear that Zx = Z,;.

2. In a similar way, we can prove that:

Tr[eiﬁHKTC(ScK(_OOaOO)IKondO(t))] (B13)
= Trle” M T.(S¢" (=00, 00) Lori(t))]
where we have used Eq. (B11) and Iondo = UTL,,;U.
From 1. and 2. mentioned above, we conclude

that <fK0ndo(t)>K = (fOTi(t)>0Ti holds for all orders in
Keldysh perturbation theory.

Appendix C: Non-equilibrium current for t; # ts.

In this Appendix, we derive the general expression for
the average current for ¢; # t2. From Eq. (B3), the
average current in the Kondo model is given by:

(fy = /m S IO (GE y(w) — Giplw)) — (1 2,1 — R)
2
)



where G ,(t) = i(spzSa(t)). Following Ref.64, Dyson’s
equation for Gy ,(w) is given by:

Graw) = TR (@G (W) (C2)

— XS W) - (1= 2,L—»R)

_< _ _< _
where XZR (t) = <5LRSIR(t)>v XZR (t) = <§LR(t)52_R>v
_< - _t _i .

X = (S;5F®), xir (W), and x/ = are time-
order and anti-time-ordered Green’s functions, respec-
tively. The following relations hold among these correla-

tion functions:

XS (W) +x" (W) = x
X~ (W) = xS(w) = x"w) -

where x®/4(w) is the retarded (advanced) Green’s func-
tion, respectively. Straightforward calculation gives:

Xin (@) = 27 fur (1= furpn)d(w — e(k)) (C4)
Xin W) = =20 fu (1 = furp,)8(w — e(k))

The average current reads

) = [ Uit~ Lo (©3)

- fw—HR(l - fw—HL)fb](Xfl%(w) - Xﬁ(w))
+ (T = To)xg (W)

where Ty o = 27rp0(JJ(_1)’(2))2 with pg being the constant
density of states of the leads.
Following Ref. 64, for 'y = A's, we have

(1) :/OO (fomnr = fomnn) D) (Xd (@) = x4 (W) (C6)

— 00

~ 1 w 2 w 2
where I'(w) = (2ﬁp0)2%. Note that the

Kondo couplings have been generalized to be frequency
dependent following the nonequilibrium RG approach.

20
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