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Using first-principles and Wannier function methods, we systematically calculate the 

electronic band structure and topological edge states of single bilayer Bi (111) film (BL-Bi) as 

a function of strain and perpendicular electric field, to investigate the effects induced by 

lattice mismatch and interfacial charge transfer when BL-Bi is epitaxially grown on a 

substrate. We found that the BL-Bi remains with a finite band gap and a nontrivial band 

topology for strains up to ±6% and electric filed up to 0.8eV/Å. This indicates that the BL-Bi 

is a robust 2D topological insulator against strain and electrical field on a substrate. 
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I. INTRODUCTION 

Ultrathin films are essential for many applications in nanoscale science and technology.  

Thin films are often made by epitaxial growth process supported on a substrate, where 

interfacial strain due to lattice mismatch and charge transfer due to chemical heterogeneity 

between the film and substrate is unavoidable. Thus, strain and charge transfer are two 

important extrinsic factors to alter the intrinsic properties of ultrathin films grown on a 

substrate. While generally they may be considered as negative factors, we may also work 

them to our advantage. In fact, strain and interfacial engineering have now become a common 

strategy to tailor a wide range of thin film properties, from crystalline structure,1 growth 

morphology (especially nanoscale assembly),2 electronic band structure,3 magnetism,4 carrier 

mobility,5 to superconductivity.6 

 

Recently, a new class of materials of topological insulators (TIs) has been discovered. 

Among them, 2D TIs7-16 exist naturally in the thin-film form. So far, theoretical predictions of 

2D TI thin films, such as Bi(111)10,11 and Sb(111)12 films have mostly been done for 

freestanding films assuming a bulk lattice constant, whose topological and electronic 

properties show a very strong thickness dependence. However, in experiments, these TI films 

are grown on a substrate. Therefore, an important general question is how interfacial strain 

and charge transfer will affect the electronic and topological properties of TI films. 

 

Recent experiments have shown that the electronic and topological properties of an 

ultrathin single BL-Bi depend strongly on the substrate they grow on.16-18 It was found when a 

single BL-Bi is grown on a single quintuple (QL) layer of Bi2Se3 or Bi2Te3 substrate, an 

extrinsic helical Dirac band is created by interfacing these two gapped thin films.17 This 

extrinsic Dirac state is induced by the Rashba splitting, doesn’t like the surface/edge state in 



 

 

TIs which has a topological origin. Furthermore, when a single BL-Bi is grown on a thick 

Bi2Te3 or Bi2Se3 substrate of multiple QLs, distinctively different Dirac bands are formed.18 

On the Bi2Te3 substrate, a skewed Dirac cone with non-dispersive features is observed 

indicating many-body interactions that renormalize the linear Dirac bands; while on the 

Bi2Se3 substrate, a normal Dirac cone is observed indicating absence of many-body 

interactions.18  

 

There could be different factors, such as epitaxial strain, structural deformation, 

molecular orbital hybridization, and interfacial charge transfer, which affect the properties of 

Bi overlayer. However, experimental and theoretical analyses suggest two effects are most 

dominating. First, there appears a giant Rashba effect resulting from the internal electrical 

field induced by interfacial charge transfer when the BL-Bi is grown on either Bi2Se3 or 

Bi2Te3 substrate.16-18 Second, the in-plane lattice constant is measured to match the substrate 

exactly with a perfect coherent interface,16-18 which means the Bi (111) film is under 3.5%  

and 9.0% compressive strain on Bi2Te3 and Bi2Se3, respectively, so that strain was suggested 

to play an important role in affecting the degree of many-body interaction of topological band 

states in addition to internal electrical field effect.18 

 

Motivated by these recent experiments, we have carried out a systematic study of the 

electronic properties of BL-Bi focusing on the effects of strain and perpendicular electric field 

(as a major consequence of interface charge transfer), based on first-principles calculations. 

Our goal is to isolate these two important effects from other possible effects, which might also 

occur in experiments. We found that the band gap of the BL-Bi can be tuned by both strain 

and electric field, but without gap closing for strains up to ±6% and electric fields up to 

0.8eV/Å. Furthermore, our BL-Bi edge-state calculations show that the TI properties of the 



 

 

BL-Bi are unaffected by strain or electric field; there remains always an odd number of edge 

bands crossing at the Fermi level. These calculation results allow us to conclude that the TI 

states of BL-Bi is very robust against strain and electric field when grown on a substrate, 

which can be very useful for future experimental studies as well as advantageous for their 

potential spintronics applications. 

 

II. METHODS AND PARAMETERS 

The BL-Bi (111) has a hexagonal lattice with two atoms per unit cell, as shown in Fig. 1. 

Its electronic band structures and electronic properties were calculated as before17,18 in the 

framework of the PBE-type generalized gradient approximation using VASP package.19 All 

calculations are performed with a plane-wave cutoff of 400 eV on a 15×15×1 Monkhorst-

Pack k-point mesh. For structural relaxation, all the atoms are allowed to relax until atomic 

forces are smaller than 0.01 eV/Å. The optimized lattice constant is a=4.35 Å. The way to 

handle electric field in VASP is adding an artificial dipole sheet in the middle of the vacuum 

part in the periodic cell. In our study, the direction of the electric field was chosen to be 

perpendicular to Bi-BL sheet (along the z direction), and the vacuum layer is ~15Å thick. The 

edge states of 1D zigzag BL-Bi nanoribbon (ZBNR) were calculated as before20,21 by using 

the Wannier90 package.22 The tight-binding Hamiltonian with maximally localized Wannier 

functions (MLWFs) was fitted to the first-principles calculations. To study the strain and 

electric field effect, the MLWFs were fitted separately for each electric field and strain 

configurations in the first-principles calculations. Using this unit cell TB Hamiltonian, we can 

further construct a supercell Hamiltonian of the ZBNR, containing 40 unit cells. 

 



 

 

 

Figure 1. (a) Top view and (b) Side view of the Bi-BL(111) atomic structure. The rhombus 
shows the unit cell. 
 

 

Figure 2. Band structures of 2D BL-Bi (111) under different strains. (a) 0%, (b) -3% and (c) 
3%. (d) Band gap as a function of strain. 
 

 



 

 

III. RESULTS AND DISCUSSION 

Figure 2(a) shows the band structure of BL-Bi without strain. There is an indirect band 

gap of 0.56 eV around the Γ point, consistent with previous calculations.11,23 The conduction 

band minimum (CBM) lies exactly at Γ, while the valence band maximum (VBM) lies 

slightly away from Γ. We also check the orbital components of the CBM and VBM, which 

come from p orbitals. Figures 2(b) and 2(c) show the typical band structures of BL-Bi under 

compressive (-3%) and tensile (3%) biaxial strain, respectively. Under compressive strain, the 

position of VBM shows little change, but the CBM moves towards the M point [Fig. 2(b)]. 

With the increasing compressive strain, the indirect band gap of BL-Bi increases first (up to 

about -1%), and then decreases monotonically, as shown in Fig. 2(d). Under tensile strain, the 

position of VBM shows little change, while the CBM stays at the Γ point [Fig. 2(c)]. With the 

increasing tensile strain, the indirect band gap of BL-Bi decreases monotonically, as shown in 

Fig. 2(d). 

 

Figure 3. Band structure of 2D BL-Bi(111) under different electric fields (a) 0.2 eV/Å, (b) 0.4 
eV/Å, (c) 0.6 eV/Å and (d) 0.8 eV/Å. 



 

 

We then calculate the band structures of BL-Bi in a perpendicular electric field to mimic 

the interfacial charge transfer effect. As shown in Fig. 3(a), for E=0.2 eV/Å, the most 

significant effect of the electric field is to split the band spin-degeneracy. This can be 

attributed to the Rashba splitting induced by the inversion symmetry breaking in the electric 

field.17,24 With the increasing electric field from 0.2 to 0.8 eV/Å [Figs. 3(a)-3(d)], we found 

that the band splitting increases continuously. This can be easily understood, as the Rashba 

splitting is proportional to the intensity of the external field.  One sees that the CBM stays at 

the Γ point in the electric field, while the VBM moves slightly, so that the band gap decreases 

slightly with the increasing electric field. Another interesting feature is the VBM splitting 

results effectively in formation of Dirac bands with almost linear dispersion.17 

 

Figure 4.  Band structures of the ZBNR (containing 40 unit cells) under different strain. (a) 0%  
(b) -3% and (c) 3% strain. (d) Spatial distribution of the edge-state wavefunctions in (a). I and 
II label the different edge states, which are energy degenerate for different edges. The 
wavefunction is plotted as a function of the unit-cell position within the supercell and k point. 
|ψ|2 is the total wavefunction within each unit cell. 
 

The most important finding in band structures is that there is no band gap closing for 

biaxial strains up to ±6% and perpendicular electric fields up to 0.8eV/Å. This indicates that 

the electronic properties of Bi-BL are likely to be very robust again strain and/or interface 



 

 

charge transfer. To further confirm this point, we have calculated the 1D edge states of the 

ZBNR, which gives a direct manifestation of the electronic properties.  

 

Figure 4(a) shows the edge states of ZBNR without strain, exhibiting clearly a 1D Dirac 

edge state (the Dirac point is at the boundary of the Brillouin zone, k=π/L) inside the “bulk” 

band gap. The 1D Dirac edge state is spin degenerated, i.e., the spatially separated edge states 

at the two edges of the ZBNR are energy degenerated, but with different spin orientations. For 

each edge state, there is only one band-crossing point at the Fermi level in half of the 

Brillouin. Tuning the Fermi level within the band gap region, the property of odd number of 

band-crossing points remains intact. Therefore, the strain-free BL-Bi (111) is an intrinsic 2D 

TI.10,11 The spatial distributions of these edge states are shown in Fig. 4(d). At the Brillouin 

zone boundary, the edge-state wavefunction is localized at the edge. However, as the k 

decreases from the zone boundary to the center, the edge-state wavefunction gradually 

becomes delocalized. These results are consistent with previous theoretical calculations.14,24 

For the strained ZBNR, their corresponding band structures are shown in Figs. 4(b) and 4(c) 

under -3% and 3% strain, respectively. Except for the relative shape change, the properties of 

edge states are essentially the same to the strain-free case, particularly there is always a Dirac 

edge band within the band gap, which has an odd number of band-crossing points in half of 

the Brillouin. Therefore, the BL-Bi remains an intrinsic 2D TI under these strain conditions. 

The different shape of the edge states in Fig. 4 can be attributed to the atomic structure change 

under the strain, but it does not change the band topology. Under the strain (-3% and 3%), the 

edge-state distributions show little change, which are similar to the result without strain [Fig. 

4(d)].  

 

In addition, we have also checked the electronic structures of BL-Bi under larger strains 



 

 

up to -10% and 10%. For compressive strain beyond 7%, the BL-Bi will close its band gap 

becoming a metal; for tensile strain beyond 7%, the band gap of BL-Bi will increase with the 

increasing tensile strain after decreasing initially. 1D edge state calculations further show that 

the BL-Bi remains a 2D TI up to 10% tensile strain without topological phase transition. 

 

 

Figure 5.  Band structures of the ZBNR (containing 40 unit cells) under different electric 
fields. (a) 0.2 eV/Å, (b) 0.4 eV/Å, (c) 0.6 eV/Å and (d) 0.8 eV/Å. 
 
 

Lastly, the band structures of ZBNR under electric field are calculated, as shown in Fig. 

5. The electric field breaks the inversion symmetry of the whole ribbon and results in a 

different electrostatic potential at the two edges, as one edge has the “up” atom position while 

the other edge has the “down” atom position”. Consequently, the energy-degenerated edge 

states (with opposite spins at the two edges) are slightly split under the electric field, and we 

see two Dirac points at the boundary of the Brillouin zone in the electric field.  The splitting 



 

 

of the spin degeneracy and thence the separation between the two Dirac points changes 

slightly with the strength of electric field [Figs. 5(a)-5(d)]. However, the nontrivial 

topological properties of the edge states are not changed by the electric field; each Dirac band 

still has an odd number of band-crossing points with the Fermi level within the band gap 

region in half of the Brillouin zone.  So, the BL-Bi remains a 2D TI under the electric field up 

to 0.8 eV/Å. 

 

IV. CONCLUSIONS 

In conclusion, we have carried out a systematic study of electronic properties of single 

BL-Bi under strain and electric field. Our calculations show that although the band gap of BL-

Bi may overall decrease with either compressive or tensile strain, a finite gap can survive for 

strains up to ±6%, and also the nontrivial topological edge states preserve within the gap. The 

main effect of electric field is found to be splitting the spin degeneracy of bands, but with 

little influence on band topology that remains nontrivial for the electric filed up to 0.8 eV/Å. 

These results unequivocally demonstrate that the electronic properties of the BL-Bi are very 

robust against the external influences of strain and electrical field, easing its growth and 

application on a foreign substrate. 
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