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Three dimensional (3D) topological insulators display an array of unique properties such as single
Dirac-cone surface states and a strong magnetoelectric effect. Here we show how a 3D topolog-
ical spectrum can be induced in a trivial insulator by a periodic drive, and in particular, using
electromagnetic radiation. In contrast to the two-dimensional analog, we show that a two-photon
resonance is required to transform an initially unremarkable band structure into a topological Flo-
quet spectrum. We provide an intuitive, geometrical, picture, alongside a numerical solution of a
driven lattice model featuring a single surface Dirac mode. Also, we show that the polarization and
frequency of the driving electromagnetic field control the details of the surface modes and particu-
larly the Dirac mass. Specific experimental realizations of the 3D Floquet topological insulator are

proposed.

I. INTRODUCTION

Three dimensional (3D) topological insulators exhibit
a variety of novel electronic properties. Most impor-
tantly, their surface states have the spectrum of a sin-
gle massless, chiral two dimensional Dirac fermion. Such
surface states were observed recently by angular-resolved
photo emission spectroscopy in a variety of new ma-
terials, such as Bi;Sbi_, alloys, BiyTes,and BiySes' 3.
The unusual surface states lead to unique response prop-
erties of these materials, e.g., the axion magnetoelec-
tric response®®. Furthermore, these surfaces provide
a path for realizing unconventional superconductivity,
and in particular to realize and manipulate Majorana
Fermions®, which have important applications for topo-
logical quantum computing.

The topological behavior of electrons presents a
promising resource, and therefore we must understand
all ways to realize it. Here we explore the possibil-
ity of dynamically inducing a 3D topological spectrum,
surface states included, starting with a trivial (non-
topological) bulk insulator. Topological states of time-
modulated Hamiltonians were explored in Refs. 7-11.
The Floquet spectrum of a periodically driven system
was shown to exhibit a variety of topological phases”.
For instance, graphene is expected to exhibit a quan-
tum Hall effect when subjected to radiation®!%1!3; a
spin-orbit coupled semiconductor heterostructure (such
as HgTe/CdTe wells), can be turned topological using
microwave-teraHertz radiation'®, and vice versa'®'®.

In this manuscript we demonstrate how to induce a
“time reversal invariant” 3D topological spectrum in triv-
ial insulators using electro-magnetic radiation. Roughly
speaking, a topologically trivial band structure can be
turned topological by mixing the valence and conduction
bands by radiative transitions!'. In 3D, the radiation
must be carefully tailored to produce a non-vanishing

band mixing matrix element in a closed 2D surface in
momentum space, and must obey additional topological
and symmetry constraints. Nevertheless, the polariza-
tion and frequency of the driving electromagnetic field
enable a detailed engineering of the surface states, in-
cluding the possibility of opening and tuning a gap in
the surface Dirac cone.

The paper is organized as follows: In Sec. II, we re-
view a 3D lattice model for a time reversal symmetric,
spin orbit coupled insulator which exhibits a transition
between a trivial and a topological phase. This model
will be used in Sec. III to demonstrate how a topological
Floquet spectrum can be induced starting from the triv-
ial phase, using time periodic perturbations. In Sec. IV
we describe how to realize this effect using oscillating
electromagnetic fields. In Sec. V we discuss several as-
pects regarding the applications of these ideas to solid
state systems, including candidate systems.

II. TOPOLOGICAL TRANSITIONS IN A 3D
LATTICE MODEL

In the following, we use a simple generic band struc-
ture to develop our ideas. Consider an effective low-
energy model near the I' (k = 0) point3. The four states
near the Fermi energy at the I'" point are labeled using
two quantum numbers, corresponding to spin ¢ =7,]
and parity 7 = 4, —. Time reversal symmetry (TRS) is
represented by 7 = i0y ® IK, where K indicates com-
plex conjugation. Inversion symmetry is represented by
7T =1® 1,. Consider the Hamiltonian

H(k) = D(k) -7 (1)

where ¥ = (y1,792,73;75) are four Dirac matrices, repre-
sented by v; = 0, ® 7, with ¢ =1,2,3, and 75 = I ® 7.
The remaining dirac matrices are defined as v4 = I ® 7,



and v;; = 5 [v,7;]- In Eq. (1) and below, we denote 3-
dimensional (space coordinate) vectors, such as the mo-
mentum, k, in bold symbols, while the 4-dimensional vec-
tors are denoted with a vector symbol l_j, and D for unit
vectors. Writing D(k) = (d(k); D5(k)), we note that
the Hamiltonian (1) has both time reversal and space-
inversion symmetries under the restriction that the vec-
tor d(k) be odd under inversion, while D5 (k) is an even
function.

3D Band insulators with TRS (72 = —1 ) admit a
Zs classification'®1®, distinguishing a topological phase
from a trivial one. The model in Eq. (1) can describe
both phases, depending on the choice of parameters.
Note that although Eq. (1) does not describe the most
general 3D Hamiltonian with TRS, this effective model
spans a variety of realistic systems and allows a relatively
simple visualization of the Zs topological invariant that
we now focus on.

At each momentum, k, the Hamiltonian (1) is doubly
degenerate. Its eigenstates vy of (1) are also the eigen-
states of the rank-two projectors Py (k) = 1[I + D(K) -]
onto the valence (—) and conduction bands (+). We can
parameterize the unit vector, D(k) = D(k)/|D(k)| (lying
on a 3D sphere, S?), using two polar angles, 6 and &, and
an axial angle, ¢. We define 6 as cot(0x) = D5 (k)/|d(k)].
The angles £, ¢ correspond to the spin direction, by the
unit vector d(éy, ¢x) = d(k)/|d(k)|. Note that d (&, i)
remains undefined at 6 = 0, 7.

Using the above parametrization, the topological in-
variant of the Hamiltonian (1) can be calculated by con-
sidering the map from the 3D Brillouin zone (BZ), which
is a 3D torus, T3, to S3. The only topological invariant of
this map is an integer which counts the number of times
the map wraps the target space S2, also called the degree
of the map. Two Hamiltonians of the form (1), for which
the degree of the map differs by 2, can be deformed into
each other without closing the gap in the spectrum!®, by
adding terms not included in (1). Therefore, the Z, clas-
sification of the insulator (1) is given by the degree of the
map mod 2, with even and odd degrees corresponding to
trivial and topological insulators respectively.

Near the I' point, an expansion to order k? yields

D(k) = (Ak; M — BK?), (2)
where spherical symmetry can be assumed for
convenience??. The topological phase of the Hamil-

tonian (1),(2) occurs for M/B > 0. In this case, the
angle, 6, changes from # = 0 at k = 0 to § = 7 at
k| > \/M/B. For each 0 < § < m, the vector d wraps
a sphere of 2D unit vectors, S?, which corresponds to a
“latitude” on the target space S3. Therefore, the target
space S3 of the map is covered once in the topological
phase.

Now, when M/B < 0, the valence band is character-
ized by 0 < 6 < 7/2, while the conduction band corre-
sponds to 7/2 > 6 > w. Therefore, the degree of the
map from the BZ to S3 is zero, leading to a trivial in-
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FIG. 1. The two paraboloids represent the dispersion relation
e+ (k) of the valence and conduction bands for the Hamilto-
nian (1) in the trivial phase, projected on k., = 0. Each
energy is doubly degenerate. At each momentum, the projec-
tors P+ (k) on the eigenstates of (1) can be represented by the
spin direction d(&k, ¢k ), and by the angle O which is encoded
by the color scheme. The spin direction on spheres in momen-
tum space, |k| = ko is depicted on the right. A two-photon
resonance connecting the valence and conduction bands oc-
curs at such a sphere in momentum space, and is represented
by the green circles on the parabolas.

sulator. We note that terms involving other v matrices
can be added to H(k) in Eq. (1), while keeping TRS.
Then, the Z, topological invariant cannot be calculated
using the above simple considerations. However, as long
as the added terms do not cause the gap in the spectrum
of H(k) to close, the Zy invariant does not change.

III. TOPOLOGICAL FLOQUET SPECTRUM IN
THREE DIMENSIONS

Next, let us discuss the non-equilibrium case, where
the Hamiltonian Eq. (1) is initially in a trivial phase,
and a time-periodic perturbation is added in order to
make the system topological. To explore how this may
be achieved, we first consider a generic time-dependent
perturbation:

V(1) = Re (Veiwt) .5 (3)

where V is a complex, fixed, four-component vector. Flo-
quet implies that the unitary time-evolution operator
of the system, U(t) = Pexp (—z’ ftto dt’H(k,t')), where
H(k,t) = H(k) + V(t), can be written as

U(t) = W(t)exp [—iHp (k)] , (4)

where W is a unitary matrix satisfying W(t + T) =
W(t), T = 2r/w and Hp(k) is a time-independent Flo-
quet operator. The eigenstates of Hp are solutions of
[—i0; + H(k,t)] ®(t) = e®(t) in the space of T-periodic
®(t), and € are the quasi-energies. The solutions to the
Schrodinger Eq. are of the form W(t) = e~ !®(t).



A topological Floquet spectrum is defined in terms of
the topological properties of the time independent Flo-
quet operator”!® Hp(k). These can be studied using the
available tools for classifying equilibrium Hamiltonians
for free fermions!6:17.

To induce a topological Floquet operator Hp (k) in a
non-topological parent system, an appropriate choice of
V(t) must be made. First, the Floquet operator Hp(k)
should be invariant under an effective TRS?!. This would
follow when

TH(k,t)T ' =H(-k,~t+7), T?=-1 (5
holds for some fixed 7 (which can be redefined by choos-
ing the origin of time).”!?. The TRS constraint in Eq. (5)
is satisfied if arg(V1 23) = arg(Vs) + 7.

The most dominant effect of the time dependent per-
turbation V(t) will be to cycle transitions between two
states at a given momentum k that are at, or close to
resonance with the frequency w. These effects are most
conveniently studied by using a rotating frame, in which
the lower band is shifted up by w. This is achieved by
applying the unitary transformation II(k,¢) = Py (k) +
P_(k)e~ ™! (here Py (k) are the projectors defined above)
to the (interaction picture) Hamiltonian, which yields:

Hi(k,t) = €4 (k) Py (k) + [e- (k) + w] P- (k)
+ I(k, )V ()IIT (K, t), (6)

where €4 (k) = +|D(k)| are the band dispersion relations
of H(k). Note that H(k,t) and H(k,t) have identical
Floquet spectrum.

We now study the spectrum of Eq. (6). Ignoring the
last term, when w overcomes the band gap (w > 2M), the
two bands intersect on a two-sphere in the BZ, |k| = ko,
which we will denote S (Fig 1). Away from S, the driv-
ing term (third term in Eq. (6)) is negligible?? and the
quasi-energy states are roughly eigenstates of Py (k). At
S, however, the driving term may induce a new gap
in the quasi-energy spectrum. Most crucially, for small
momenta, H; is band inverted compared to the origi-
nal Hamiltonian. Define the projectors P{(k) onto the
quasi-energy bands of Hy; P! (k) smoothly interpolates
between P, (k) near the I" point, and P_(k) at |k| > ko
(and vice versa for P{(k)).

To determine the topological properties of P (k) (and
therefore of Hr(k,t)) we need to study the form of P{ (k)
near the resonance sphere. For values of k near the res-
onance sphere, we use the rotating wave approximation
(RWA), and consider only the time independent parts of
the third term of Eq. (6). This yields

<

Viwa = %(PJ/P_ v P_VTP+), V=V-7. (7)
The topological properties of PL(k) are intimately re-
lated to the transformation properties of Vgwa under the
group of spatial rotations in 3D. We assume a representa-
tion of spatial rotations where 74,5 transform trivially,

while (71,72,73) transform as a vector. Since to second
order in k the projectors Py (k) are scalars, the transfor-
mation properties of Vgwa at this order are determined
by those of V.

Importantly, a scalar Vv leading to a scalar Viywa
yields PI(k) with a non-trivial topological Zo invariant.
In contrast, a purely vector V' (and therefore a vector
Vewa ) vields a P (k) which is topologically trivial. To
illustrate this, we use the explicit form of Vrwa,

Vewa = %(Vl v+ Dz’Im{Vj}%‘j) (8)
where
Vi =Re{V} — (Re{V} - D)D. (9)

Consider two illuminating examples: (i) V = Viys

and (ii) V = Vi1, with V3 and V5 real. This choice
allows us, using Egs. (8),(9) to approximate P (k) ~
2(1 £ a(k) - 7). Therefore, we can deform Pf(k) such
that P{ (k) — PL(k) = 1(1+n(k) ¥) while keeping TRS
and without closing the Floquet gap. The topological
properties of PL(k) are determined by the degree of the
map from the BZ to S® defined by n(k).

In case (i), V is a scalar under spatial rotations, and

hence so is Vrwa = V_j_ - 4. Therefore, the first three

components of V1 must be proportional to k while the
fifth components is a scalar. Indeed, using Eq. (8) we get

Ky
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Vi = ( Ak, Vs — (10)

where D = |D(k)|. On the resonance sphere S, we have
ﬁ(k,t)’s = V1 /|V.|, which maps S to an S? sphere with

fixed latitude @(ko) in the target space S3. Therefore,
(k) defines a map from the BZ to S3, which maps the
I" point to the south pole (since P! (k) ~ P, (k) around
the T' point); maps S? spheres in the BZ to S? spheres
(“latitudes”) on S%; and maps |k| > ko towards the north
pole of S? (since PL(k) ~ P_(k) for |k| > ko ) . It is
therefore a map of degree one, which implies a topological
spectrum.

In Case (i), however, V and Vigwa give a vector repre-
sentation of spatial rotations. Therefore, the first three
components of V| must either be scalars or belong to
a spin-2 representation of spatial rotations, while the
fourth and fifth components must belong to a vector rep-
resentation. Indeed, an explicit calculation gives

A2k, k
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Ak, D5) (11)

V.= (vix-n

Clearly, on S, the vector V1 does not wrap around an 52
sphere on S, and the resulting map defined by (k) is
topologically trivial.

More generally, Vrwa will be a superposition of a
scalar and vector component. Whether a topological
spectrum is obtained depends on the relative magnitude
of the two components.



IV. REALIZATION USING
ELECTROMAGNETIC FIELDS

These geometrical considerations are crucial for
achieving a 3D topological Floquet spectrum using os-
cillating electromagnetic fields. The electric field oper-
ator is a vector under spatial rotations, rendering it in-
adequate, by the above discussion, for inducing a topo-
logical Floquet spectrum. This challenge is overcome,
however, by considering multipole tensors of the electric
field. More specifically, the trace of the quadrupole ten-
sor I;E; is a scalar under rotations. This scalar would
appear in the matrix element of a two photon transition
connecting the two bands. To employ this scalar, we need
a frequency w which satisfies M/2 < w < M, such that
interband single-photon resonances (due to linear field
effects) are excluded, but two-photon transitions, which
are second order in E, are allowed. Note that in order to
satisfy the TRS constraint, as defined by Eq. (5), the os-
cillating field must be linearly polarized'®. An ellipticity
in the polarization of the driving field leads to interesting
effects, which will be discussed later.

Let us now summarize the analysis of the two-photon
effects (for complete details see Appendix A). We choose
a gauge E = 0;A, ¢ = 0, whereby the Hamiltonian
becomes H(k,t) = D(k + A(t)) - 7. Choosing A =
Ag cos(wt)X, we obtain the Hamiltonian

H(k,t) = D'(k)-7+ Vi -7 cos(wt) + Va -7 cos(2wt), (12)

with Vi = (AAokx; 2BAok,), Vo = (0; 1BA?), and
D'(k) = (Ak; M — BAZ - Bk2>.

Our focus is the effect of 2w-terms, arising both from
172, and from second order processes in 171 Both con-
tributions scale, to lowest order in the light intensity, as
AZ/M. In order to calculate their effect, we perform two
consecutive unitary transformations (see Appendix B for
an alternative derivation). We first perform a transfor-
mation to a frame rotating with frequency w, of the form
leading to Eq. (6). The new Hamiltonian has no new res-
onances, and we diagonalize its time independent terms,
which yields new eigenvalues and projection operators,
denoted by 5$ )(k) and Pj(tl)(k) respectively. A second

unitary transformation, Iy (k, t) = PJ(rl)—l—P(l) exp(—iwt),

yields a new interaction-picture Hamiltonian, in which
the two bands cross at a surface S (topologically, a

sphere) with s$>(k) = (6(,1)(k) +w). Applying the rotat-
ing wave approximation yields on the resonance surface,

/3. (13)

The vector I_/'L(l) is defined, to lowest order in Ay and k,
as in BEq. (9) with the replacement D — D®) and V —
v = ((‘71 —V3) f)) D + Vy. A detailed derivation
)

Hyrwals = 2

of the exact form of VF is given in Appendix A. The

topological properties of VF), however, can be read off

a) b)
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FIG. 2.

‘_/l(l)(k) resulting from a two photon resonance of an electro-
magnetic field linearly polarized in the = direction. The mag-
nitude of the plotted vector field, on the resonance sphere S
(depicted), gives the gap in the Floquet spectrum. Its direc-
tion determines the spin direction of the quasi-energy states
on S. The map from S to the two-sphere S2, defined by these
three components, is of degree one. The resulting gap in the
Floquet spectrum is not isotropic, due to the necessary choice
of the direction of polarization of the electric field. b) A po-
lar plot showing the gap in the Floquet spectrum. The radial
direction gives the magnitude of the gap (in units of M) on
the resonance sphere, while the azimuthal coordinate is given
by tan~! (k, /k.). Different colors correspond to different val-
ues of |k.|/|ks|, where |ks| is the resonance momenta. The
parameters chosen are such that 4M = A/|ks| = B/|ks|>.

a) The first three components of the vector field

without referring to its specific form: note that Vy - ¥
is a scalar under spatial rotations, and according to the
discussion in Sec. ITI, will lead to a non-trivial topological
properties of _'J(_l). The contributions from Vl,producc
anisotropy in the gap of the Floquet spectrum, without
changing its topological properties.

The vector field V'J(_l) for a generic choice of param-
eters is plotted in Fig. 2. Clearly, it maps S to a sin-
gle covering of the unit sphere. The Floquet spectrum
is fully gapped at the resonance, with a gap anisotropy
that depends on the polarization direction, see Fig. 2b.
The smallest gap occurs at resonance momenta kg per-
pendicular to E, and is given by

ABAZ
2M

W AB
w? 2M

Egap = lks|=mn ks, (14)

(in the above, W is the intensity of the driving field,

2/ u/e

and n = CT, where p and € are the magnetic and
dielectric constants in the material)

A striking feature of the topological band structure
in 3D is the mid-gap, single Dirac-cone, surface modes?>.
Precisely such surface modes also emerge in the Floquet
spectrum due to the driving electric field. We demon-
strate this by studying numerically the Floquet problem



FIG. 3. Quasi-energy spectrum of the Floquet operator for
the model (15) in the slab geometry: boundary conditions
are periodic in z,y and homogeneous in the z direction. (a)
Quasi-energy spectrum inside the bulk gap with a linearly
polarized periodic electric field, € = X, yielding a Dirac cone
on the surface. (b) Same as (a) with an elliptically-polarized
electric field, € = % + idy, with § = 0.05. The ellipticity
opens a small gap in the Dirac cone. Note the anisotropy
of the Dirac conem due to the polarization of %. (c) Quasi-
energy spectrum of a linearly polarized field, € = X, showing
bulk bands and edge states as a function of k., for k, = 0.
Note that at k; = k, = 0, the smallest Floquet gap occurs
at finite k,. This gap is smaller then the one occuring at
ky = k. = 0 and finite k., due to the anistropy arising from
the choice of polarization. (d) Spectrum as a function of k,,
for k, = 0, with € = X+ idy. The inset magnifies the gapped
Dirac surface spectrum.

of the tight binding Hamiltonian

D(k,t) = (d(k) —2B(3

Zcos (kj + Aj( )))

whose low k expansion corresponds to the model in
Eq. (12). We consider a finite slab with homogeneous
boundary conditions at z = 0,L and a driving elec-
tric field polarized in the x direction. Fig. 3 shows the
quasi-energy spectrum inside the quasi-energy gap, which

clearly exhibits a Dirac cone.

Broken time reversal symmetry results in a gapped
surface mode of 3D topological insulators, which entails
unique transport properties®®. Remarkably, a gap of
the surface Floquet spectrum can be induced and con-
trolled by choosing an elliptical polarization of the elec-
tromagnetic driving field (see Fig 3). Indeed, elliptically-
polarized light breaks TRS as it precludes Eq. (5), as
shown in Fig 3 b) and d), and allows for control of the
edge state spectrum which is unique to the Floquet sys-
tem.

V. DISCUSSION

The 3D topological Floquet spectrum may be real-
ized in a variety of systems: Cold atoms with synthetic
spin orbit couplings?#2°, and even more naturally, semi-
conductors with direct band—gaps occurring in an odd
number of points in the Brillioun zone. By Eq. (14),
a narrow bandgap and the use of low- frequency drive
are advantageous for achieving a sizeable gap in the
Floquet spectrum. Candidate materials are rhombohe-
dral SbySes3, GeSbyTe 25, and the gap-tunable Heusler
compoundsw’28 with applied strain, and TIBiSe;2Ss_,
alloys?®, where a gap of ~ 10K can be achieved using
microwave fields of intensity < 1—

mm? *

As opposed to the its 2D counterpart'®, the sur-
face modes emerging in the 3D driven system, allow
direct probing of the driven topological state using a
multitude of all-optical means. These include photoe-
mission spectroscopy30’31; the measurements of the Kerr
and Faraday effect3?, which can detect a gapped Floquet
surface spectrum (whereas in the material these effects
should be negligible absent the driving); measurement of
induced photocurrents®?, and photoluminiscence34.

In a solid-state reahzatlon of our proposal, the elec-
tronic distribution in the presence of a periodic drive
poses an important question. It was previously studied
theoretically and experimentally®*3?, and we intend to
address it in future work. According to Ref. 35, coupling
to phonons can yield a steady state described by a filled
Floguet band with an effective temperature (on the order
of the lattice temperature). Furthermore, in Ref. 34 the
Floquet gap in a semiconductor system is directly ob-
served. These suggest the feasibility of our proposal in
solid-state systems.

A finite density of particles and holes in the Floquet
bands may attenuate the driving electromagnetic field.
By assuming that electrons participating in the band
inversion act as free charge carriers®637, we estimate a
lower bound to the attenuation length, & &~ 1/+/wpepeky,
due to carrier density ~ k3 and mobility y.. By Eq. (14),
the localization length A of the surface modes scales lin-
early with k_l. Therefore, a regime for which A < € is

2 BWZ
attained for ky < —L— W TR
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Appendix A: Topological properties of the
two-photon resonance

In this section we study the topological properties
of the Floquet operator corresponding to an insulator
driven with an electromagnetic field whose frequency al-
lows only for a two photon resonance, M < w < 2M,
where 2M is the bandgap of the insulator. The two-
photon resonance is a second order process in the electric
field. In the chosen gauge, a 2w-term arises both directly
from ‘72, and from a second order process in Vi. Both
terms therefore yield contributions of order A2%. In or-
der to consider both terms on an equal footing we shall
perform two consecutive time dependent unitary trans-
formations, where each transformation is characterized
by the frequency w. In order to analyze the resulting
time dependent Hamiltonian, we shall employ the rotat-
ing wave approximation and expand to lowest orders in
k and Aj.

We first introduce some useful notations. We decom-
pose any four dimensional vector V' into the components
parallel and perpendicular to a four dimensional unit vec-
tor D as

Vip=V-(V-D)D, (A1)

and

Vip=(V-D)D. (A2)
For notational convenience, we shall relabel D’(k) —
D(k), cf. Eq. (12) in the main text. The first rotat-
ing wave transformation is done via the unitary

Uir(k,t) = Py (k) + P_(k)e ™", (A3)

which leads to the Hamiltonian in the first rotating frame
given by

Hy = Ui(k,t)H(t)U] (k, 1)
= (D) + 3V, 1) -7 +wP- (k) + VO (1).(A4)
In the above, the time dependent part is given by

V() = (Vyp+3Varp) - 7 cos(wt)

+ 3V, p)iDjyigsin(wt) + V(t).  (A5)

Note that V() (t) contains terms with frequencies w (the
first two term in Eq. (A5)) and 2w, 3w (corresponding to

V(t), the third term above).
It is convenient to define

—

D(k) = Ac(k)D(k) + 4V, p(k),  (A6)

with
Ac(k) =e(k) — 3w, (k) =[D(K)], (A7)
which enables us to write Eq. (A4) as
Hy = DY (k) -5+ V(1) (A8)

The time-independent part of Eq. (A4) can be ex-

pressed using eigenvalues Eg:l )(k) and projection opera-

tors Pil)(k). We now perform a second rotating wave
transformation

Us(k,t) = PV (k) + P (k) exp(—iwt),  (A9)

which yields the Hamiltonian in the 2" frame,

Hy = 0 (0P (1) + (1 (1) + )P (k)

+ Ua(, ) (Vyp + 3V51 ) - 7) US (1, 1) cos(ot)
+ Ug(k,t)((%vﬂﬁ)ibj%j)Ug(k, £) sin(wt). (A10)

In the above, we have omitted from H, the term
Ugf/(t)UQT which does not contain any time independent
contributions to Ha, and therefore does not contribute to
the two photon resonance.

After the second transformations, the two bands cross
at a surface S for which ai”(k) = (89)(k) +w). We now
employ the rotating wave approximation. The contribu-
tion coming from the second term in Eq. (A10) can be
deduced from inspecting Eq. (8) and (9) in the main text.
The contribution arising from the third term in Eq. (A10)
yields a term of the form i[)i(‘_élb)jbk [vij,Vk]. Some
algebra reveals that to lowest order in Ay and k, the
two terms in Eq. (A10) involving ‘72 | p yield the same
contribution to the rotating wave approximation.

Therefore, on the surface S we have,

Hy pwals = -V 1/ (A11)

where the vector V!

| pa is defined as in Eq. (A1) by re-
placing

In order to achieve a topological Floquet spectrum,

(1)
the vector field Vj_ﬁ(l)

S to an S? sphere on the three dimensional sphere S3. In
the following we shall show that this is indeed the case.

As a first step, we inspect the contributions to ‘7(1),
which arise after the first unitary transformation. Keep-
ing only terms only up to second order in k, we find

L Ag(A2—2BM), (A
Vip = — 31 e (57801):

needs to map the resonance surface

and

(A13)

_ ABA? A
VQJ_ﬁ - WO <k, —Mk2> .



The vector field ‘72 1 clearly maps a sphere in the BZ to
an S? sphere on the target space S3. This is of course
expected from noting that ‘72 -4 is a scalar under spatial
rotations. However, we are interested in its contribution
to the two-photon resonance, i.e., to Eq. (A11).

To this end, we note that ‘72 | p is orthogonal to D by

construction, and DV =D+ 0(“2—?‘) D+ 0("40')

Therefore, the correction to V; | p» when it is inserted

)

| by are of higher order in Ay.

into the expression for ya
Explicitly, we have

- B 1 - -
V, 5 DY =——V,, -V
21D 2|D(1)\ 21 V1
1 ABA} AB
= — A4 2K )k,
|DM)| 4M ( M )
1 AQBAk
T Ae(k) AM

where we have kept terms only up to order k? and A3.

Therefore, the final contribution of Vs to \7&%(1) to this
order is

- _ A%2BA}

‘/21_15(1) = Vo1D — (4MA (k )k )D (Al4)

The second term in the above equation correspond
to a correction to the spatial (1 — 3) parts of V, p,

Eq. (A13), of order k? and A3. The spatial part of %Lﬁ
are originally of order k and A3. Therefore, to lowest

order in k and Ay, this correction does not alter the
(1)

B which we shall describe

topological property of V'
below.

We now calculate the contribution of V1 to VJ(_1D)(1>7
which will turn out to be of the same order as the con-
tribution of V3, c.f. Eq. (A14).

First, we note that

Vo DY = |DA6|(‘71.[))

(A15)

From Eq. (A15), and for Ae(k) > |V, | |, we have

—

(V- DV DD = (1 - S1nl

% (1 _ |‘/1LD|2)( 1J.D()A16
8Ae?
Using the definition of ‘71H’ Eq. (A2), we see that the

total contribution of V; to VJ(_D)(I)7 to order A2 is

(1) A (1) (‘71 .D) ¥
Vi = (Vi - DD & -2~V

SAc (A17)

J

(1)
D
der in the driving field as the contrlbutlon coming from

V2 | p» Eq. (A13) and its inclusion was necessary for com-
pleteness. Note that Vi, = AAgX + o(|k|), and therefore

(5-0), s
2Ae 1D X = 2M Ae

Therefore, this contribution to V is of the same or-

Aky + o( A3, k[*)
(A18)
while the y and z components of Eq. (A17) are of order
A2 and k3. Note that the 25 component of Eq. (A17) is
of order A2 and k2. From Eq. (A16), we see that the V;

term also contributes terms of order A3 and k? to Vl(lD) -

All of the above higher order corrections do not change

the topological properties of v to lowest order in

1Dy’
Ap and k.
(1)

Summing up both contributions to V' L pay We have,
to lowest order in k and Aj,
7. 5)
(1) N ( ¥ o
Vipn X= (Vuf) - Wvu) X
A 2
== (B — (A2 — 2BM) /Ae) Ak, (A19)

while the other two spatial components are given by

_ A3B
oM

Ak, a=vy,z (A20)

From Egs. (A19,A20), we see that the vector field

VE:‘))M maps the resonance surface S to an 2-sphere on

the target space S3. This 2-sphere is not at a constant
“latitude”, i.e. its 6 coordinate on S® is not constant.
Importantly however, this 2-sphere winds around the
poles of 53, i.e., it is an incontractible sphere on the
space S3\ (N US), the space of S with the north and
south pole removed.

From the above considerations, we see that Hs(t),
given in Eq. (A10) can be characterized by projection
operators of the form P( )(k) = 2(1 £ (k) - 7). The
unit vector fi2(k) defines a map from the BZ to S® with
the properties: (i) For regions in the BZ near the I" point,
(k) ~ —D(k), and therefore it maps 2-spheres in the
BZ to 2-spheres on S2, close to its south pole; (ii) Maps
the sphere S in the BZ to an S2 sphere on $% which
is incontractible on S3\ (N U S) (as discussed above) ;
(i) For large values of k, n(k) ~ D(k), therefore these
are mapped to 2-spheres close to the north pole of S3.
From continuity of 712 (k), it must therefore define a map
of degree one. This implies that the Floquet operator
corresponding to Hz(t) and H(t), has a non trivial Zs
topological invariant.



Appendix B: Virtual absorption perturbation theory

The two consecutive RW transformations are very reminiscent of a perturbation expansion. One RW transforma-
tion fails to produce a degenracy, and therefore a second transformation is necessary to expose the role of two-photon
processes. In this section we will show how indeed such processes can be analyzed as virtual absorption processes,
and derive a formula which replaces second-order degenerate perturbation expansions.

The first step involves mapping the time-dependent Floquet problem to a time-independent problem using an
auxiliery degree of freedom. Let us introduce an additional Hilbert space which serves as a counter of photons
absorbed (for the experts, we note that this auxiliery variable is just a way of keeping track of the Floquet block
index). We introduce an infinite lattice for a single particle, which we denote F, with states |n),; n is essentially
counting the number of photons absorbed by the system. The original system has a Hamiltonian which is split to
time independent H,,s and time dependent pieces:

H(t) = Hyys + O™t + Of et (B1)

we now replace the time dependent terms with hopping terms for the register particle F. We also add a diagonal
energy term that determines the energy of the F states. The Hilbert space after this mapping is a tensor product
state between the F-states and the system’s states. The time dependent Hamiltonian is therefore replaced by an
operator that acts on the larger Hilbert space,

Hir = Hoys + D (Oln+ 1) o (nl + O ) o (n+1]) + Ao (B2)

with

H, = an In)p g (0. (B3)

and Heys = Hyys @ Ip.
To retrieve the original Hamiltonian, Eq. (B1) all that is necessary is to initiate the auxiliary F-states in the
zero-momentum state:

W = 5 Dol (B4)

with N providing a normalization.
Our first claim is that the time-independent Hamiltonian, Eq. (B2), initiated with |¢) . has the same propagator
for the system as the one for the original Hamiltonian, Eq. (B1):

Ult) =P {exp {z /0 t dtH(t)” —p (] expliHut] exp [—iHpt] 1) p (B5)

where P denotes path ordering. To show this, we first move to the interaction picture in terms of the states F'. More
precisely we consider:

U(t) = et . emiHrt, (B6)
We note that
dud—]@ = —ie™M N (Hp — Hy)e MU(t). (B7)
Since Hr — Ho = Heys + Hor, we write:
Mt (Hp — Ho)e Mt = oy + Hor(t) (B8)

with:

Hor(t) = ™3 (O +1)p (0 + O ) o (n+1]) Pt =37 (Ofn+1) 50 F(n] e + 0T n) o (n+ 1 e7").

n n

(B9)



U(t) is easily solved to be:

t
Ui)="r {exp [z/ dt (Heys + ’Hop(t))” (B10)
0
And therefore, the identity (B5), which we are trying to prove, becomes

Ut) =r (0IUE) ) g - (B11)

Now that we have essentially eliminated H,, from the expression for U(t), the only operators relating to the F-states
remaining are the hopping operators ) |n+ 1), p(n| and > |n)p z (n+ 1. These operators are simple to handle
n n

since [1)) » is an eigenstate of both, with eigenvalue 1:
Do+ e plnld)e =) In)p pn+ 1Y) = 1)y (B12)

Thus we can write:
Hor(t) [1) ;= [9) p (O™! + OTe™) = ), Hol?) (B13)

and also:
U 1) = P [exp [—z' / (Mg + HOFu))H 6} ¢

= P oo [ [t B+ Ho)]| = 0000 (B14)

which confirms Eq. (B11), and therefore completes the proof of the mapping.
To conclude this section, we note on the correspondence between the formalism presented above and the Floquet
theorem

U(t) = W(t) exp [—iHpt] (B15)

where W(t+ T) = W (t) and Hp is an operator acting on the system Hilbert space only, see main text, Eq. (4). The
correspondence is given by noting that choosing W (t = 0) = I gives

exp [—iHpt] = (| p exp [=iHrt] [{) (B16)

1. Elimination of single photon processes

The auxiliery F-states formalism allows accounting for a sequence of virtual photon absorptions, by systematically
eliminating the F-states associated with intermediate parts of the process. In the case we considered, for instance,
there is no resonant single photon process. Therefore, if we start the system and F-state wave function with only an
even number of photons, odd-photon F states will only appear with a suppressed amplitude since they have a large
energy mismatch with the initial states of the wave function - they must be about an w away.

Accounting for two-photon processes in our system is thus possible along the lines of ordinary second-order
perturbation theory. We start by consdiering the propagator applied to the low-energy subspace, and read-off the
effective hamiltonian that emerges after resumming connected diagrams. In our case, the low-energy subspace of the
F-states is the superposition of all even states:

1
|weven>F = ﬁ Z |2n>F . (B17)

The effective two-photon propagator is then given by:

U(t) ~ U2 (t) =F <weven‘ Z/l(t) |1/)even>F . (BIS)

Next, we need to expand the interaction Hamiltonian in powers of Hor(t).
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Before carrying out the expansion, let us move to the interaction picture of Hy, as well:

MU (1) i (Ween| EH U Wiwen) p =1 el U(E) Wven) - (B19)
with

Uty =P {exp (—i /0 t dtI:IOF(t)>] : (B20)
We denote

Hor(t) = ' PlovetH)iqyf pemi (o tH)E N (O(t) In+ 1) p (et + 0T t) In)p o (n+ 1] e*iwt) . (B21)

n

with O(t) = ¢iHayst Qe iHayat
Now we are ready to expand the interaction Hamiltonian in powers of Hor(t). Up to second order we encounter
the terms:

U(t) —1 == [y dtz [y dty (Oltz) |n + 1) €012 4 O (1) [n = 1) p €012 ) (o (] ) e in(t2=1)

R , (B22)
(O‘L( 1)F <n + 1| e—Hn+1wt + O(tl)F <n _ 1| e*l(n“rl)wtl) )

Note that we split the compound: |n) , (m|e™ @M=t = |n) _eint .o (m|e~™m The operators O, 0" could at
this point be construed as first quantized operators, which change the state of a particle interacting with the radiation
field.

Further progress is made by projecting on the initial, intermediate, and final states of the system described by
Hsys. Let us denote P, to be a projector of the system’s state on the subspace of energy €,. For now, we maintain the
generality of the discussion, although eventually, we will restrict ourselves to H,,s = H (k) which is a 4 x4 Hamiltonian
describing two 2d subspaces with energies +e(k); at that point it will be simple to use o = %1 to indicate the valence
vs. conduction subspaces. Armed with this notation we can write:

Uty —1=— S [1dts [;? dti Py, (O(tg) I+ 1) p et 4 OF (1) | — 1), ei(nfl)wtz) P, e-inw(ta=t)
01,02,03
(OT(tl)F (n+1] e~w(ntl)t 4 O(tl)F (n—1| e_iw("—l)tl) P,
(B23)
This allows us to resolve the time dependence of the operators:
Uty —1=- f(f dto Otz dt, Py, e~ i(€rz—cay)te ((j In+ 1) p el Det 4 Of | — 1), 6i(n71)wt2> P,
ol (B24)

<OA;7 <Tl + 1‘ efi(njtl)wtl + OF <7L o 1| e*i(nfl)wh) Pal efi(e,jl 7502)t167inw(t27t1)

The expressions compactify by defining two indices p1 o = #1, and denoting O*1) = Ot and OC-1 = O, and dropping
the subscript F,

AU —1=— 3 > [fdta [ dti P, O #2)
) 01,032,083 p1,pu2==1 (B25)
‘n + M2> PJ2O(H1) <n+ /~L1| -Pglefi(eg1 7602)1517i(n+p1)wt167i(602 7603)t2+i(n+p,2)wt2efinw(tzftl)

By moving to average time, t = % and time difference, t_ = ty — t1, as well as integrating over ¢_ (while assuming
that ¢ is large and ignoring boundary terms for ¢t_, we get:

,L-e—if(e,,l —653)671?0.)(#17#2)

) -1=- Y Y [ a0 ot a) PO (4 ] P

01,02,03 p1,pu2==%1

(B26)

€0, tEog pitpe
7 tw P

The time dependence on ¢ is simply the interaction-representation time dependence. Therefore, by going back to the
Schrdmger representation, we are able to get rid of the remaining time dependence in the expression, and we readily
extract the effective second-order contributions to the effective Hp:

e Pg OA(*#Z)PU O(Ml)Pal
QfJ;)h: Z Z Z|”+#2FF (n+pml 2 5 ’ (B27)

€0, F€oq p1+pe
7 tw=5— —¢6o

01,02,03 fi1,p2=%1 n
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whereby now

Ml = oy 4 Wl + e (B25)

Again we note that |[1epen)  is an eigenstate with eigenvalue 1 of > [n + p2) p g (n + p1| for 1o = £1, which allows

n
the mapping back to the original system. As before, the way to go back to the language of the original time dependent
problem is to evaluate Eq. (B18), which yields

Us(t) = P [exp {z /0 gt (Hy +HY f;h(t))H : (B29)

with

, P, Ok p O p,
D DD S S e (B30)

€o1t€og patpe
7 TWo

01,02,03 p1,pe=+1 n — €or

The form of Eq. (B30) is clearly in accord with degenerate perturbation theory. The reason for the putative
degeneracy is the fact that we consider the energy of the F states representing the photons together with the energy
of the system. A resonance, therefore, translates to a degeneracy in this language. It is interesting to note that Eq.
(B27) generalizes degenerate perturbation theory to the case of near degeneracy. The energy denominator is actually
the difference between the average of the initial and final energies, and the intermediate energy.

2. Application to the 3d FTI construction

Applying the formalism above to the 3d FTT construction is quite straightforward. We let O0=0t= %V = %‘7 -9,
and P, = 3 (1 —|—O'H(k)> with H(k) = D - 4. We separate to two cases: (1) oy = 03, i1 = po, and (2)o; = —o3,

€x
H1 = —H2 = —071.
a. Case 1 - diagonal elements. The case of diagonal elements can be treated for both the valence and conduction
band simultaneously, since terms that do not excite between the bands are time independent, and therefore the f terms
factor out. Therefore:

Helloy =Imp pinl D Por g Por g Py (B31)
o1=03 F F 1109t T pmt] (0'1 — 0'2)€k — hw
Clearly o9 = —0o1, otherwise the denominator makes the sum vanish. Thus:
. P, VP_, VP,
Hajfias =[n)p p (0l Z w 1 O1€K (B32)

g1 =41
Elementary algebra of the Dirac matrices reduces this expression to:
. L N\2
(V- 4D-VD)
€
k

2 _ 2
deg —w

ML, =n)p p(nl

01=03

D7 (B33)

DN | =

where we also recognize ‘7J_ﬁ =V - %D - VD. Note that a term corresponding to Eq. (B33) also arises in the
k

treatment involving the two rotating wave transformations. Consider the Hamiltonian Hs(t), Eq. (A10), evaluated at

values of k for which 2w = e(k), in the rotating wave approximation. For these k values, the terms E(j)(k)PJ(rl)(k) +

(5(,1)(k) + w)PSl)(k) do not vanish, but give, to order |V4|? a term corresponding to Eq.(B33).
b. Case 2 - interband elements. The interband elements are to some extent more complicated, since we need to

consider excitation and relaxation separately. We consider a term connecting the initial state o1 with o3 = —oy. For
this process to be viable, we must have p; = —pus = —o1. Therefore, the specific term is:
P, YP,YP,
/Hf;{fefal =In+p2)p p(n+ | Z — iaeiz - (B34)

O’Q::l:l



12

Using the form of P,, we can carry out the sum, and obtain:

P_, VH(K)VP,,

Hell o = It padp bl =2 (535)
Once again, elementary manipulations of the Dirac matrices yields:
. 1 V-D, . oaV-Di- _ o _
Ho{i—al_4|n+ﬂ2>FF<n+N1|<_ 2 VJ_f)"y_i 3 {D77V’Y}> (B?’G)
€3 2 e

This term seems indeed complicated. A simplification occurs, however, when we consider the RWA directly applied
with a 2w energy. The effective Hamiltonian connecting the two bands (that arises from V) is (the RWA eliminates
the time dependence, and hence the F’s):

DL
Hfr{tferband = Hfif—l + He—flf—n = o Vip-9 (B37)

<

This term joins the direct two-photon process that arises from the A? term appearing in D5 due to the mass curvature.
This term also coincides to second order in V, with the corresponding effect on the radiation-induced gap within the
two consecutive rotating wave transformations. Note that at resonance e = 2Aey, and thus Eq. (B37) agrees with
Eq. (A19).
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