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ABSTRACT

We develop a local coupling theory to simultaneously treat the weak and strong
interaction between a quantum emitter and photons in arbitrary nanostructures. The
local coupling strength proportional to the projected local density of states (PLDOS)
for photons is determined by a flexible and efficient method. The recent experimental
observation for the photonic crystal slabs is very well interpreted by our ab-initio
PLDOS, while the scaling invariant law is found to be inapplicable for these PC slabs.
More importantly, a bridge linking the PLDOS and cavity quantum electrodynamics is
established by the local coupling strength to account for quality factor, g factor and
vacuum Rabi splitting. Our work enriches the knowledge about the light-matter

interaction in nanostructures.

PACS numbers: 42.50.Ct, 42.70.Qs, 42.50.Pq , 78.67.Pt



I. INTRODUCTION

Controlling the interaction between a quantum emitter and photons at the nanoscale
has been central subject of nano-optics with intense activities including modification
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of spontaneous emission (SE) rates''’, vacuum Rabi splitting'' ", lasing under strong

coupling”, single-photon source' and Anderson localization'®. The interaction may

be characterized by the local coupling strength (LCS)'" '®

proportional to the
projected local density of states (PLDOS)" . Hence tailoring the PLDOS plays a
key role in controlling the interaction at the nanoscale.

Due to its pivotal role, probing the PLDOS via the SE rate in various
nanostructures has recently received special attention, such as photonic crystal (PC)',
random photonic media®!, disordered metal film**>, metal nanowires and PC slab**.
However, the quantitative theoretical explanations for the results have been still
lacking due to the challenge of simulating the PLDOS in arbitrary nanostructures.
Furthermore, this probe approach is valid only in the weak coupling between a
quantum emitter and photons. In this case, the SE rate is just equal to the LCS at the
transition frequency of the quantum emitter'’, and then the PLDOS can be obtained
from the SE rate by the proportional relation between them.

On the other hand, the solid-state cavity quantum electrodynamics (CQED) systems
with strong coupling between a quantum emitter and cavity mode have been a
research focus, because they not only provide test beds for fundamental quantum
physics but also have important applications in quantum information processing'"*'*
2327 n strong coupling regime, the SE rate cannot describe this dynamic process, and
the above-mentioned probe approach of the PLDOS is hence invalid. Certainly, it is a
vital demand to establish a linking bridge between the PLDOS and the CQED both for
the probe of the PLDOS and for the manipulation of the quantum nature of solid-state
CQED in the strong coupling regime. Up to now, the linking bridge is still an open

question.

Motivated by the above-mentioned vital challenge and demand, we develop a local
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coupling theory to simultaneously treat the weak and strong interaction between a
quantum emitter and photons in arbitrary nanostructures. The LCS is determined by
the ab-initio mapping of the PLDOS based upon a flexible and efficient method. Our
ab-initio PLDOS for the PC slab samples recently investigated by Wang et al.**
agrees well with the probed PLDOS, while the scaling invariant law is not applicable
to explain the experimental observation. We also demonstrate that the PC slabs have
no gap inhibition effect when the transition dipole moment is normal to the slab. More
importantly, we establish a linking bridge between the PLDOS and the CQED by the
LCS to directly determine the quality factor, g factor and vacuum Rabi splitting which
characterize the CQED. The measured results in the pioneering experiment on the
solid-state strong-coupling system between a quantum dot and the PC L3 cavity " are
reproduced from the ab-initio PLDOS.

The paper is organized as follows: In Sec. II, the theory and method for the local
coupling interaction in arbitrary nanostructures are presented. The ab-initio simulated
results for the PC slab and cavity are given in Sec. IIl. Finally, a brief conclusion

remains in Sec. IV.

I1. THEORY AND METHOD

A. The relation between the LCS and PLDOS

The interaction between photons and a two-level quantum emitter in nanostructures

is characterized by LCS as'”'*:

P 0)=27% g, (1) (- @) (1)
where g, (r,)=io, (26,hw,) " d-E,(r,) is the coupling coefficient; r,, @, and
d=dd are the location, transition frequency and transition dipole moment of the
quantum emitter; @, and E,(r) are the frequency and electric field of the A-th

eigenmode in the nanostructure. Noticing the PLDOS defined as '**°



p(ro,a),&):;‘&-Eﬂ(ro)rﬁ(w—wl), (2)

and the property of & function, it is straightforward to rewrite the LCS as:

r(ro,a))zrowﬂM(ro,a;,d). (3)
0

Here M(ro,a),&) = p(ro,a),&)/po(ro,a)) is multiplication factor of the PLDOS, i.e.
the normalized PLDOS to the density of states p,(r,,®) =@ /37°c’ in vacuum;

[, =wd’[3nhe,c’ is the SE rate of quantum emitter in vacuum.

B. The nonlocal and local effect of the interaction in frequency

domain

As soon as the LCS is determined, the time evolution of the excited state of the

quantum emitter can be obtained by'” '*:
C.n,0)=[" C.(r,0)e dw (4)

where C,(r,,w) is the evolution spectrum of the excited state of the quantum emitter

ag 17 18.
1 I'(r,,w)/2
C, (r,0)=— (5 2) 5 (5)
7 [ w-a,-A(r,,0) | +[T(r,,»)/2]
with the level shift of the quantum emitter due to its interaction with photons as '™ '®:
o 1
Aty 0) =L EE ) (©)
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where P denotes integral principal value.
Traditionally, the LCS in Eq.(1) and Eq.(3) is often misunderstood as the SE rate of
a quantum emitter at its excited state. In fact, the LCS characterizes the interaction of

the quantum emitter with the photon modes at any frequency, valid in weak, medium



and strong coupling regime. It implies those photon modes with different frequencies
from the transition frequency @, can make contribution to quantum optics properties,
as shown in Eq.(5). In other words, the interaction is "nonlocal" in frequency domain.
Only in the weak coupling regime, I'(r,, @) and A(r,,®) in Eq.(5) are slowly
varying functions of frequency and can be approximately replaced by T'(r,,®=a,)
and A(r,,0=a,). Hence Eq.(5) becomes a typical Lorentz line shape. In this case,
the photon modes at @w= @, dominate the contribution to the interaction and the LCS
I'(r,,0=@,) can be regarded as the SE rate. Therefore, the SE lifetime of the

. . . . 17
quantum emitter in the weak coupling regime can be expressed as " ':

I'(r,, ) M(ro,a)o,&)

7(r) (7

where 7, is the SE lifetime of the quantum emitter in vacuum. Apparently, the
multiplication factor M (ro,a)o,&) of the PLDOS at w=¢@®, in weak coupling

regime is reduced to Purcell factor'. I'(r,,®,) inEq. (7) represents that the radiative
lifetime of the quantum emitter is determined only by these photon modes at its
transition frequency @, (not including the nonradiative processes' contribution).

This implies that the interaction is "local" in frequency domain in the weak coupling
regime. Eq.(7) is the theoretical basis of experimentally probing the PLDOS in

various nanostructures.

C. The linking bridge between the PLDOS and the CQED

For the solid-state CQED systems with strong coupling interaction, there is
reversible exchange of a single photon between the quantum emitter and cavity mode.

The SE rate can no longer describe this dynamic process, and the above-mentioned



probe approach of the PLDOS is invalid. It is significant to establish a linking bridge
between the PLDOS and the CQED by the LCS.

Apparently, the LCS in an ideal single-mode cavity without loss is

I(r,0)=27g, (r,) §(0-a,), ®)

where @, is the frequency of cavity mode, |g. (r0)| is the g factor. For the realistic

cavity with the loss rate x=@,/Q (Q is the quality factor), the LCS may be

reasonably assumed with Lorentz line shape®:

xK/2

1—‘(ro’a))=2 2 2"
(0-@) +(x/2)

& (ro )|2

)

The rationality of the assumption lies in that Eq.(9) can reduce to Eq.(8) when x — 0,
and in our following numerical simulation.
For a cavity with high quality factor and at resonance with the quantum emitter,

from Eq.(3) and (9), we obtain

2’ gc (rO )|2 K/Z

I, (o-w)+(x/2)"

M(ro,w,a)z (10)
By fitting the simulated A (ro,a),&) with Lorentz function of Eq.(10), we can

directly determine the mode frequency @, , decay rate x and quality factor Q. The

g factor can be obtained by the peak value M, =M (ro,a)z wc,fl) as:

8. (r0)|:%\/FOKMpeak (11)

From dressed-atom state'®, we can further derive vacuum Rabi splitting

=2, () -5 (12)

Eqgs.(10)-(12) enable us directly to obtain the parameters characterizing the CQED

from the normalized PLDOS. It is worthy of pointing out that the linking bridge
presented here is valid for those nanostructures with the normalized PLDOS of the
Lorentz line shape. In some open structures, e.g. the two close metallic nanospheres, it

is possible to realize the strong coupling, but their PLDOS, which can be calculated
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by our following simulation method, can’t be fitted by Lorentz function. In this case,
this simple linking bridge can’t be adopted and we have to adopt Egs. (4)-(6) to

investigate the quantum optics properties.

D. Simulation method for the PLDOS

No matter in weak or strong coupling regime, the PLDOS plays a key role in
governing the nano quantum optics properties. Various methods, such as Green
function method”, Brillouin zone method®” 3! and finite difference time domain
(FDTD) method****, have been proposed to simulate the PLDOS for exploring the
enhancement and inhibition effects on the SE in PCs. But the fast and efficient
simulation of the PLDOS in arbitrary nanostructures has been still a challenge® .
The following method and technique are developed to overcome this challenge.

The PLDOS can be expressed by dyadic Green’s function as'>°

~ 20 A e ~
p(ro,a),d):Elm{d-G(ro,ro,a))-d}. (13)
From Maxwell equations, the electric field induced by an oscillating point-dipole
d=de™d at r,is E,(r,0)=u,0G(r,r,®)-dd > This implies the PLDOS

can be calculated by:

p(r,.o.d) :%Im{—dEda(’ro,a))} (14)
This can simplify the calculation of the PLDOS because the electric field of an
oscillating point-dipole can be flexibly and efficiently simulated by various numerical
methods, such as multiple scattering method, finite element method and FDTD
method. More importantly, only the electric field at the dipole location needs to be
stored and processed, which can save computer time and memory. It is noted that
Eq.(14) can easily reduce to results for 1D and 2D cases in Ref. 39.
Usually in FDTD method, a Gaussian pulse as the point-dipole source is

37-39
d

introduce to simulate the time evolution of the electric field E, (r,,¢) from the



point-dipole, then E,(r,,®) is obtained by Fourier transformation of E,(r,,7). But

this is extremely time-consuming because Fourier transformation requires very
long-time data to obtain convergent results. To accelerate the calculation, we adopt
Pade approximation with Baker’s algorithm® instead of Fourier transformation.
Especially, the Pade approximation is very efficient for the nanostructures with highly
localized field distribution, such as nano-cavities. Our test for the PC L3 cavity shows
the Pade approximation can save computation time by about 200 times than Fourier
transformation.

The mapping of the PLDOS in the present work is based on the local
electrodynamics. For much smaller structures down to a few nanometers, the nonlocal
effect has to be considered. Although we can simulate nonlocal electrodynamics by
FDTD method *"*, this is beyond the scope of this paper.

Firstly, we verify our method by calculating the PLDOS in the vacuum with a silver
nanosphere with radius 20nm. The distance between the piont-dipole and the
nanosphere centre is 25nm. The dipole orientation is along radial direction. The

frequency-dependent dielectric permittivity of silver is obtained by interpolating the

experimental data®’. FIG.1 shows M (ro,w,&) numerically calculated by Eq.(14)

agrees with that obtained by Mie scattering theory™, which validates our method. The
red line is obtained by COMSOL software with the finite element method, rather than

with FDTD method. This example also shows that our method is very flexible.

II1. RESULTS AND DISCUSSIONS

A. The PLDOS in photonic crystal slabs

Recently, many experiments were reported in probing the PLDOS via the SE

e . . 10, 21-24
lifetime in various nanostructures'”

according to Eq.(7). But the quantitative
theoretical explanations are still lacking due to the difficulty in theoretical mapping of
the PLDOS. We now apply our method to map out the ab-initio PLDOS in the
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experimental PC slab samples®®, as shown in FIG. 2.

Wang et al. ** used single self-assembled InGaAs quantum dot as internal probes to
obtain the PLDOS in GaAs PC slabs. The lattice constant a ranges from 200 to 385
nm in a step of 5 nm and the air-hole radius is 7=0.3a, while the slab thickness is fixed
at d=154nm. Only quantum dots with the emission wavelength of 970+5 nm were
selected to measure their radiative lifetime, at which wavelength the refractive index
of GaAs is n=3.5. The experiment is very ingenious to exclude the contributions from
nonradiative recombination and spin-flip processes. They also tried to interpret their
experimental results based upon the scaling invariant law from the PLDOS of a PC

slab sample, which will be shown to be invalid.

FIG. 3 shows M (ro,w,&) for four different positions r,in the PC slabs with three

different lattice constants. M (ro,a),&) in each slab change greatly for different

positions, which means the PLDOS and the SE lifetime of the quantum dot in the PC
slabs are strongly dependent on the position'”. In each slab, there is a drop within the
same normalized frequency range for different positions, which corresponds to the
photonic band gap of each PC slab where the PLDOS is strongly suppressed. For
three different PC slabs, the transition frequency of quantum dot is below, inside and
above the individual band gap, respectively. This indicates the enhancement or
inhibition of the SE can be controlled by adjusting the lattice constant.

However, the widths and positions of the band gaps for the three slabs are different.
The band gap shifts to high normalized frequency with increasing lattice constant.
This implies that the scaling invariant law does not work. According to Maxwell
equations45, only when a dielectric structure varies by similar transformation, the
scaling invariant law is valid. Therefore, for the PC slabs with different lattice
constants, the scaling invariant law requires that the normalized air-hole radius 7/a and
the normalized slab thickness d/a remain unchanged. For the PC slab samples®, since
the slab thickness is fixed at d=154nm, the normalized slab thickness d/a decreases as

the lattice constant increases. As a result, the band gap should shift to the high



normalized frequency, rather than keeping unchanged. Therefore, the experimental
results cannot be explained by the scaling invariant law from the PLDOS of a PC slab
sample. Strictly, the dispersion relation of GaAs should be considered to obtain FIG. 3.
But within the measured wavelength scope of the experiments, the refractive index
can be regarded as a constant.

In order to understand the experimental results in Ref. 24, we calculate the PLDOS
at the transition wavelength of 970nm for the PC slab samples with the lattice
constant increasing from 200nm to 385nm by a step of 10nm. The results are shown
in FIG. 4 for x- and y-orientations, respectively. In each PC slab, we find the
maximum and minimum PLDOS values denoted by the dots on the two solid-lines,
and also show other PLDOS values for four random locations denoted by the dots
between the two solid-lines. The unit of the PLDOS is taken as 4/3a’c for
comparing with the probed PLDOS in FIG. 2 of Ref.24. From FIG. 4, we observe the
drops in a wide range of normalized frequency. This width of the drop is larger than
the band gaps for individual slab in FIG. 3. Obviously, the drops in FIG. 4 reflect the
total gap effect of all slab samples, and agree well with the experimental results>*.

We further investigate the orientation-dependent character of the PLDOS and the

SE lifetime. We choose the PC slab with a=290nm where the transition wavelength of

quantum dot is inside the band gap as shown in FIG. 3(b), and calculate M (ro,m,a)

A

for d along x, y and z direction, respectively. The results are shown in FIG. 5. For x

and y orientations the band gaps exist, while for z orientation the band gap disappears.
This can be attributed to the fact that in the PC slabs with air holes, the TE-like
modes® with electric field parallel to the slab plane (x-y plane) have the band gaps,
and the TM-like modes with electric field perpendicular to the slab plane (z direction)
have no band gap. So, when the dipole is along z direction, only the TM-like modes
contribute to the PLDOS and then no gap inhibition effect appears. This indicates that
the SE lifetime of the quantum dot in the PC slab strongly depends on the orientation

of the dipole due to pseudo band gap effect.
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B. The CQED in photonic crystal L3 cavity

We now turn to investigate the CQED in the PC L3 cavity sample in Ref.11, as
shown in FIG. 6(a). In this sample, the refractive index of GaAs is n=3.4, the lattice
constant ¢=300nm, the slab thickness 0.9a and air-hole radius 0.27a. This PC L3
cavity is made by missing three air holes in a line and displacing two air holes at both
cavity edges by 0.2a. The quantum dot’s lifetime in GaAs without PC pattern is

1.82ns'!.

M (ro,a),fl) in FIG. 6(b) calculated by Pade approximation can be very well fitted

by Lorentz function of Eq.(10). We can obtain the characteristic parameters of the

coupled system: the normalized frequency of the cavity mode is @, =0.2433232, the

quality factor 0=140398, the g factor g=22.1GHz, the vacuum Rabi splitting 44.1GHz.
They are in good agreement with experimentally observed values'', except for the
calculated quality factor being about 8 times larger than the experimental Q. To
understand this disagreement, we have recalculated the quality factor of some PC L3

.. . . 47. 4
cavities in various references 7, 48

, and found excellent agreement with those
calculated by other numerical methods. The disagreement between theoretical and
experimental values of the quality factor may be attributed to the fabrication
imperfection of the PC L3 cavity®. The further investigation about the effect of the

fabrication imperfection on the CQED will be presented elsewhere. It is noticed that

as long as [x/2]|g.(r,)|] <1, the disagreement of the quality factor between

theoretical and experimental values brings about a tiny change in vacuum Rabi

splitting according to Eq.(12).
IV. CONCLUSION

In summary, the local coupling theory based upon the PLDOS has been constructed
to simultaneously treat the SE and CQED in both the weak and strong coupling

regimes. A flexible and efficient method is developed to map out the PLDOS in
11



arbitrary nanostructures. Based upon the ab-initio PLDOS, the recent experimental
results about the PC slabs are very well interpreted, while the scaling invariant law is
not applicable for the PC slabs to explain the experimental observations. The
orientation of transition dipole moment has a profound influence on the SE of a
quantum dot in the PC slabs, and no gap inhibition effect exists when the transition
dipole moment is normal to the slab (z-direction). More importantly, we have
established a linking bridge between the PLDOS and the CQED by the LCS to
directly determine the quality factor, g factor and vacuum Rabi splitting. The
measured results in the pioneering experiment about the solid-state strong-coupling
system consisting of a quantum dot and the PC L3 cavity are reproduced from the
ab-initio PLDOS. Our work enriches the knowledge about the light-matter interaction
in nanostructures, and can provide guidance to tailoring the light-matter interaction at

the nanoscale.
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FIGURES AND CAPTIONS
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FIG. 1. Multiplication factor of the PLDOS in the vacuum with a single silver nanosphere,
calculated by Mie scattering theory and our numerical method, respectively.

FIG. 2. Cross-section on central plane (z=0 plane) of the PC slabs. Gray region is dielectric
slab and white regions are air holes.
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FIG. 3. M (ro,a),&) for x-direction d in three PC slabs with different lattice constant: (a)

a=200nm, (b) a=290nm and (c) a=385nm. The four positions are respectively r1=(0.325a, 0,
0), 12=(0.475a, 0, 0), r3=(0.5254, 0.3a, 0) and r4=(0.0254, 0.4a, 0), denoted as red dots in FIG
2. The vertical magenta dash lines denote transition wavelength (970nm) of the quantum
dot.

16



-
(=]
=

—_—
] <
1 Illllll-kl sl

PLDOS(unit:4/3a%c)
>

—
S
Illll‘u

020 025 030 035  0.40
Normalized Frequency (a/970nm)

PLDOS(unit:4/3ac)
S o 3
1 IIIIII‘NI lIIIII.‘-‘I IIlllI‘c

—
=
lllll‘w

020 025 030 035 0.40
Normalized Frequency (a/970nm)

FIG. 4. The PLDOS at transition wavelength in PC slabs with different lattice constants for (a)

x orientation and (b) y orientation.
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FIG. 5. M(ro,a),ﬁ) in the PC slab with a=290nm. r,is (0.325a4, 0, 0). d is along x, y and z

direction, respectively.
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FIG. 6. (a) Cross-section on central plane (z=0 plane) of the PC L3 cavity. Gray region is

dielectric slab and white regions are air holes. (b) M(ro,w,&) in the PC L3 cavity.

r, =(0,0,0) is the cavity center. d is along y direction.
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