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Anomalous temperature-independent behavior of the Seebeck coefficient and lattice thermal con-
ductivity of B13C2 are explained through polaron and phonon evolutions found using ab-initio molec-
ular dynamics (AIMD). Analyses of lattice dynamics show that the unique icosahedron structures
dominate the optical phonon modes and CBC inter-icosahedral bonds dominate the local acoustic
vibration. We identify that the temperature-induced Jahn-Teller distortion and electron-phonon
coupling in icosahedron structures create the small polarons (i.e., charge trapping and phonon
softening). We also verify that large-displacement chain atoms scatter heat-conducting phonons.
Using equilibrium and non-equilibrium AIMD methods (including entropy and energy analyses),
we predict the Seebeck coefficient and its components, and the lattice thermal conductivity, and
find good agreement with experiments. Softened and localized phonons make significant vibrational
contribution to the Seebeck coefficient and allow for an amorphous-like lattice thermal conductivity.

PACS numbers: 71.38.-k, 71.15.Mb, 72.20.-i, 73.50.Lw

I. INTRODUCTION

Widely used boron carbides (Bi24,Cs—.), e.g., in re-
fractories, abrasives, thermoelectrics, nuclear reactors!,
have much unexplained structural and carrier trans-
port properties. Their primitive cell (R3m space group,
rhombohedral representation) contains an icosahedron
of twelve atoms with strong covalent chains connecting
them, as shown in Fig. 1'. They are very similar to
the pure a-Bis structure, with an icosahedron and polar
linkers, however the inter-icosahedral bonds are changed
with the addition of carbon. So, boron carbides are hard
solids with the melting temperature of ~ 2600 K 3. Due
to their polymorphism, their crystal structure identifica-
tion is still evolving?®, and they have high p-type carrier
density (~ 10%! ecm=3)%5. Odd number of B atoms (e.g.,
x = 1) removes bound electrons, produces hole-like carri-
ers (one hole per primitive cell) and the high hole density,
while stoichiometric compounds B2, Cs_, have moder-
ate carrier density®®. Their hardness and carrier density
suggest large thermal conductivity (k = k. + k1, domi-
nated by lattice thermal conductivity ), high electrical
conductivity (o.), and small Seebeck coefficient (ag), but
they have small x;, and large ag, both nearly tempera-
ture independent®”?. Also, the small o, exponentially
increases with temperature (7)79.

To explain these anomalous properties, two models
have been suggested by Emin et al.2%'%and Werheit
et al.»'2. The first is the small bipolaron model for
the nonequivalent B1;C icosahedra, suggesting localized
charge (g) carriers with low mobility, i.e., phonon-assisted
polaron hopping. The second model is based on struc-
tural disorder in B15-CBC, where the high density intrin-
sic defects accompanied by strong distortion compensate
for the electron deficiency of ideal metallic behavior and
also reduce k. This structural conjecture is still evolving
with the mentioned polymorphism!12, as reported in the
phase diagram and diffraction results demonstrating the

abundances of phases'. The B1; C-CBC model is believed
to be the lowest formation energy and the most relevant
structure for x = 0, whereas the B15-CBC is the most
stable phase for = 1113 Those structural models
are verified from the formation energy calculation using
the density-functional theory (DFT)!3 715, Here we con-
sider a-B12 and B13Cs structures containing a By, icosa-
hedron and a CBC inter-icosahedral chain, since they
are the ground-state structures from the energetic (ther-
modynamic) perspective and because there is a distinct
structural evolution with added carbon.
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FIG. 1: (Color online) The crystalline structure of B13Ca:
(a) A primitive cell (B = green, C = brown) and (b) the
magnified view of a B2 icosahedron in B13C2 showing two
different borons, the polar (Bpor; yellowish green) and the
equatorial (Beqt; dark green) atoms.

Here, we present a comprehensive theoreti-
cal/computational analyses of the polaron formation and
phonon softening in B13Cs, using ab-initio methods. We
predict/explain the temperature independencies of ag
(including entropy analysis of various contributions) and
k1, and compare with available experimental results.



Our results show such anomalous behaviors are caused
by polaron and phonon evolutions due to the unique
icosahedra and inter-icosahedral chains in B13Cs.

II. CALCULATION METHODS
A. DFT calculations

We begin with the electronic structure and lattice dy-
namics using various DFT calculations implemented in
the Vienna ab-initio simulation package (VASP)!6 and
PHONON'” codes. The Perdew-Burke-Ernzerhof param-
eterization of the generalized gradient approximation for
the exchange-correlated functional'® and the projector
augmented wave method for modeling core electrons (en-
ergy cutoff = 520 eV)!92Y are used. All phonon and ther-
modynamic properties are predicted using fits of inter-
atomic force constant tensors to the calculated Hellmann-
Feynman (HF) forces. The total energy and HF forces
are found starting from the fully-relaxed configuration,
such that initial ionic forces were less than 10~° eV/A.
Tonic displacements of 0.03 A of each atom were sam-
pled along all three directions. Diagonalization of the
dynamical matrix yields the phonon dispersion curves,
density-of-states (D)), and atomic displacement tensors.
The atomic displacement parameter (ADP) is obtained
from the trace of the diagonalized atomic displacement
tensor.

The high-temperature lattice dynamics are inves-
tigated by equilibrium ab-initio molecular dynamics
(EAIMD). The temperature-dependent phonon density-
of-states are also obtained from EAIMD and the Fourier
transform of the velocity autocorrelation function over
22 ps. EAIMD simulations are performed on supercells
consisting of 180 atoms. Considering thermal expansion,
we prepare supercells with the experimental thermal ex-
pansion coefficient (CTE = 5.73x107%/K for 300 to 1970
K)?! and lattice parameter (a = 5.63 and ¢ = 12.16 A at
T = 300 K)'2! are used. The Brillouin zone is sampled
at the gamma point. After constant-temperature simu-
lations with the Nosé thermostat for 1 ps (0.5 fs time
step) reaching equilibrium, we collect atomic trajectories
for 22 ps (1 fs time step).

To predict ag and k1, we use non-equilibrium ab-initio
molecular dynamics (NEAIMD). For non-equilibrium
simulations, we use the VASP code modified to perform
NEAIMD-energy exchange??23 as reported in?4#2°. The
heat flux is imposed by dividing the simulation cell into
sections of equal width, and exchanging kinetic energy
(velocity swapping) between the hot and cold sections.
Because the exchange of kinetic energy results in non-
Newtonian dynamics in the hot and cold sections, only
the linear portion of the temperature gradient is consid-
ered in calculating the temperature gradient. For further
validation on the charge associated with each atom in
the simulation cell (hot to cold), the Bader analysis®
of charge-density grid is used with the DFT charge den-

sity. NEAIMD simulations are performed on (hexagonal
representation) supercells consisting of 180, 270, and 360
atoms. Structure preparations are same with EAIMD
simulations. We carry out constant-temperature simula-
tions using a Nosé thermostat for 1 ps (0.5 fs time step).
After reaching equilibrium, a non-equilibrium calculation
is performed for 22 ps (1 fs time step).

The electron-phonon (e-p) coupling parameter is cal-
culated from the self-consistent change in the poten-
tial of electrons interacting with a phonon mode im-
plemented in the Quantum-ESPRESS0?” package with
norm-conserving pseudopotential and a plane-wave cut-
off energy of 40 Ry. Fully-relaxed structures are simu-
lated with an electron-momentum mesh of 8x8x8 and a
4x4x4 phonon-momentum mesh grid. The e-p coupling
parameter is calculated from the self-consistent change
in the potential of electrons interacting with a phonon

mode?”. Here the e-p interaction matrix M o, 18
MY = (e, e, 1L, )
mwy?

where h is the reduced Planck constant, m is ion mass,
w is phonon frequency, 5@%17 is the phonon perturbation
for a particular mode, and v is the wavefunction, k. and
k! are electron wave vectors with band indices ¢ and j.
kp is phonon wave vectors with the mode number v. The
Eliashberg spectral function o?F is defined as!428:29

1 i,J,v i j v
= LS g oot B ool )

De(Er) ke kL Ky
(2)

where D, (Er) is the density-of-states per atom and spin
at the Fermi level, and dp is the delta function.

B. Entropy and energy analyses of Seebeck
coefficient

The overall ag can be expressed as sum of various con-
tributions,

ag = O3 mix + QS spin + Qs vib + QS trans; (3)

where the right hand side terms are: change of entropy-
of-mixing, spin entropy, vibrational entropy upon adding
a charge carrier, and the net energy transferred in mov-
ing a carrier (divided by ¢T'), respectively®’. Each carrier
mostly contributes to ag in different way and specific con-
ditions, however they are highly coupled and interacting
with phonon.

The mixing contribution to as mix is usually related
with electron and dominant in lightly-doped semiconduc-
tors. The ag mix is then related to the change of mixing
entropy Smix upon adding a carrier:

1 aSmix kB

QS.mix = — ——ln(l_feo
S,mix — ON = q feo

); (4)
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FIG. 2: (Color online) Calculated phonon characteristics of B13Ca: Total phonon (a) dispersion curves and (b) density-of-
states. (c) Projected phonon dispersion curves of Benain (upper panel) and C (lower panel) atoms. Color key shows the scaled

contribution (maximum of one) of each atom.

where kg is the Boltzmann constant and f2 = N/N, is
the ratio of electrons to sites (Fermi function)%3%3!. The
spin entropy Sspin contribution to ag is

. ASspim .
QS spin = —— =

ks 2s+1
—In
q q

28 +1

); ()

where s, and s are net spins of the magnetic site in the
absence and presence of the spin carrier®3°,

For the asg vib, reducing the local vibrational frequen-
cies (phonon softening) increases the vibrational entropy
(Svib). The full crystal Hamiltonian (H) for the vibra-
tional part of the energy is obtained by adding the poten-
tial and kinetic energy. We write the Hamiltonian (for
the quantum-harmonic oscillator) as®!

Ha = 3 heolky) (5 + ) (©
kp

where f;’ is the equilibrium occupancy of phonon. Hy;p is
used to solve analytically for thermodynamic properties,
e.g., the free energy Fyip is -kpT In[>_ exp(-Hyin/ksT)],
where the entropy is Syi, = -0Fyin/0T. The phonon
density-of-states gives the number of modes with the fre-
quency in the interval [w, w + dw], and first-order con-
tribution to the ag, vin jgb6,11.30

1 0Svib,i
vib — — ~A 4
s = 3 3 T
. kB —Awi hwl/QkBT 2
I _( w; )[sinh(hwi/%BT)]' @

2

From the high-temperature limit (kg7 > fw) and series
expansions of the hyperbolic functions, the vibrational
contribution to ag is asviv = (ks/q)>;(-Aw;/w;). To
calculate the transport Seebeck component as trans re-
lated with the phonon-assisted hopping, additionally, we
start from o trans,ep = E7/qT, where subscript ep means
polaron and Er is the net vibrational energy that accom-

panies a phonon-assisted hopping, i.e.,?%11:32

_ kBTz[aln(%z/%,l) ~0n(91,2/92,0)

E
T 2 oT, T,

|7 =Tp=T-
(8)
Here 71 2 (and 72,1) are the hopping rates between site 1
to site 2 at temperatures 77 and 7. Using the binding
energy relation with the local stiffness®%11:39 we have

—Awi hwl/ZkBT
Er =F . 9
e zi:( w; )sinh(hwi /2ksT) ©)
In this study, we approximate that ag vipb and s trans
are the dominant contribution, since ag mix and s spin
are estimated to be negligible. These are justified due to

heavy carrier density and non-ferromagnetic property for

IIT. RESULTS AND DISCUSSION

A. Lattice dynamics and polaron formation

To understand the vibrational behavior of B13Cs, we
begin with their lattice dynamics and electronic struc-
tures using various DFT methods. Figure 2 shows total
and projected phonon dispersion curves using small dis-
placement method in the harmonic approximation. As
we expected, B13Cs, a hard solid material, has high
phonon energy (up to 200 meV) showing its rigid bonds.
As shown in Fig. 2(c), most intra- and inter-icosahedral
bonds occupy acoustic and moderate optical parts, while
the CBC chain bonds cover two local vibration modes
[highest acoustic (~ 40) and optical (~ 190 meV)]. De-
spite the two-body (C-Bcpain) bond in this chain hav-
ing the shortest length (i.e. most rigid one) in B13Ca,
its three-body angle is the most flexible (due to limited
neighbor atoms). Such Janus-faced CBC chain bond is
unique in crystalline solids, and we suggest that this pro-
vides evidence of its abnormal transport properties.
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FIG. 3: (Color online) Variations of ADP with temperature
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FIG. 4: (Color online) (a) Variation of total phonon density-
of-states with temperature and (b) the Eliashberg function
spectrum for B13Cas.

Figure 3 shows the atomic displacement parameter
(ADP) for each designated element in B13Cs and a-Bis.
Due to the strong and stable covalent bonds3, for the
overall icosahedral atoms, there is no distinct ADP dif-
ference between the two structures. However, the ADP
of chain B (Bchain) is twice that of icosahedral B (Bpo
and Begt in B13Cy and a-Byz). This large ADP of Behain
atoms is one of distinct lattice behaviors of B13Cs and
we expect scattering of the heat-conducting phonon wave
as in rattlers®* 35, Such phonon dispersion and atomic
displacement features in B13C5 lattice are shown in Fig.
4(a). These show the phonon occupancy and roles con-
tributed by each structural compartment of B;3Cs. Note
that optical phonons of the icosahedral bonds and CBC
chains result in the phonon softening and local vibra-
tional frequency, respectively. In the optical frequency
domain, the D, is red-shifted as temperature increases.
This phonon softening is critical in explaining the tem-
perature independence of ag. The Bcpain atoms mostly
lead to the local phonon mode of ~ 40 meV and weak
force constant, one of reasons for low k of B13C,. This
is consistent with the local phonon dispersion and large
ADP of Bepain atoms. Next, we show that phonon soft-

ening is caused by the high-temperature Jahn-Teller dis-
tortion and polaron formation.

The e-p interaction is critical in explaining the unusual
properties of B13Cy'21437:38  The o F characterizes the
strength and spectrum of the e-p coupling in a system
and is shown in Fig. 4(b) for B13Cy and a-Bja. Be-
cause B13Cs has high carrier density, significant e-p in-
teractions are predicted, dominant in the icosahedral op-
tical region, while a-B12 has negligible couplings. So, e-p
couplings are highly related with the lattice dynamics of
icosahedral structure and the trapped charge. Although
the frozen structure of B13Cy (at 0 K) is an orthorhom-
bic R3m and high symmetry icosahedral complexes, we
expect large geometrical distortion enhancing e-p inter-
actions with increase in temperature, i.e., the Jahn-Teller
distortion effect. The distortion and localized charge dis-
tribution of B13Cs result in polaron formation at high
temperatures, and this causes bond softening. Figure
5(a) shows the low-symmetry lattice structure and the al-
tered effective charge of each atom, and contrasting them
with the frozen (ideal) structure. At T = 0 K, the By
icosahedron loses its electrons, while the intra-icosahedral
chain (CBC) is negatively charged. The effective charges
of Beqt and By are +0.92 and -0.0le., and these are
highly consistent in the overall structure. However, these
conditions are not sufficient for polaron formation at low
temperatures. Compared to that, the Jahn-Teller dis-
tortion activated by temperature makes for unique mod-
ifications in the charge distribution, as shown in Figs.
5(b) and (c). Also, the polaron formation accelerates
the lattice distortion (bond softening) and traps the lo-
cal charge within the distorted structure. The charge
density (n.) plot shown in Fig. 5(b) clearly shows the
existence of polaron with the localized charges and lat-
tice distortion. Comparing with high-symmetry position
of ions (translucent color) shown in Fig. 5(c), highly-
charged atoms (e.g., Beqt with +2.4e.) attract/repel ad-
jacent ions depending on their polarity and accelerate the
lattice distortions after producing the polarons. These
are generally self-trapped, and cannot contribute to vari-
ous transport properties at low temperatures, but several
hopping mechanisms activated by temperature®53% are
suggested. Next we show such phonon softening and po-
laron generation assisted by e-p interactions can affect
the abnormal behaviors of ag and x, in B13Cs.

B. Prediction of Seebeck coefficient

We calculate the value of ag for Bi3Cy using the
DFT-based methods, and Fig. 6(b) results show that
as becomes nearly independent of temperature above
600 K. Temperature-independent ag is commonly ob-
served in solids when high-temperature charge conduc-
tion is dominated by the hopping of constant-density
small polarons®?.

Here, available experimental results® are confirmed
with the direct method and entropy analyses using
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Seebeck coefficient and its components as a function of tem-
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and model results are shown.

DFT. Using non-equilibrium ab-tnitio molecular dynam-
ics (NEAIMD), we calculate g with this direct method,
i.e., the charge difference under the applied temperature
difference, ag = -Ag./AT?'. Here, the potential differ-
ence (Agp,.) is computed as the ratio of charge difference
(Aq) and the electric permittivity over the prescribed
temperature difference (AT') over a distance L, i.e.,

L ne AgL
A%:/ L P L (10)
0

€co €e€o A

where €, and €, are the relative and free-space permittivi-
ties, and A is the cross-section area of the simulation cell.
For the relative permittivity of B13Cs, the experimental
results®?49 are used. We note that the low-temperature
discontinuities in €, of B13Co may be ignored because of
the polarization and phase change of B13Cs. The sim-

ulations details are given in the method section. Figure
6(a) shows the predicted charge distribution along the
temperature gradient in the simulation cell. This snap-
shot shows the trapped charge and polaron generation in
high-temperature icosahedra. The ag obtained from Eq.
(10) is plotted in Fig. 6(b), showing an initial sharp in-
crease with temperature and temperature independence
at high temperatures. These NEAIMD predictions agree
well with the available experimental results®.

To explain this unusual ag(7T) behavior, two different
contributions to ag are also shown in Fig. 6(b). Us-
ing the temperature-dependent D, shown in Fig. 4(a)
and Eq. (7), the high-temperature vibrational contribu-
tions to ag are predicted. Charge carriers and their in-
teractions cause a net energy transfer and in B13Cs, the
locally-induced polarons change the net energy transfer
by employing deformation energy and hopping activation
energy (E,, ~ 0.17 eV)>79. The transport contribu-
tions to ag are calculated with ag trans,ep = E7/¢T and
Eq. (9). As shown in Fig. 6(b), the component ag vib
increases as the temperature increases, while as trans,ep
rises from zero, and reaches a peak at about 1/3 of the
Debye temperature (1p, ~ 750 K), and then falls to a
small value. Thus, we verify that the phonon softening
contributes to ag in B13Cs. The sum of these two con-
tributions is in agreement with the temperature depen-
dence of the ag of B13Cy obtained from our NEAIMD
and in experiments®. In the low-temperature regime, we
note limitations in the extrapolated structural parame-
ters and the AIMD formalism (e.g., constant-volume cal-
culation). Also we note that the EAIMD results [D,(T),
as,vib, and s rans] are more complete thus differ from
the simple approximations used by Emin®°. The only
two softening modes he used are 10 and 60 meV, i.e.,
one acoustic and one optical (albeit the lowest optical)
mode. Based on our DFT predictions (Figs. 2 and 4),
more relevant modes can be selected. Our results show
that such low energy (acoustic) mode are not affected
by the phonon softening, so approximate models should
include the higher energy phonons.



C. Prediction of lattice conductivity

The lattice conductivity results of B13Cs are also ob-
tained from the NEAIMD formulism as the the ratio of
an applied heat flux to the resulting temperature gradi-
ent, i.e.,24%

ke = —(Q(t)/A)(dT/dz) ", (11)

where the overbar indicates time average and Q(¢) is
the heat flow rate. Simulation details are given in the
method section. In order to consider the size limitation
of NEAIMD, we check the size effect with three different
simulation cells (180, 270, and 360 atoms for B13Cs).
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FIG. 7: (Color online) Variations of B13C2 and a-Bi2 lattice
conductivity as a function of temperature. The NEAIMD and
available experimental results are shown.

The k7 of the infinite structure is determined from
the linear extrapolation of their reciprocal relation (nzl
versus L~ 1)?4. The final k;, results of B13Cy shown in
Fig. 7 has a plateau behavior in overall temperature
range. In order to emphasize this unusual temperature-
independent kj; behavior of Bi3Csy, it is contrasted
with the results for a-Bja, i.e., the Slack behavior (~
T-H3L4 As discussed in the lattice dynamics and
charge analyses, we find two distinct features, (i) sig-
nificant e-p coupling, and (ii) large ADP of the chain
bond, affecting x;,. Based on the general temperature
dependence of k1, various phonon scattering mechanisms
dominate in their respective regimes3!. At low temper-
atures (T < Tp), phonons are scattered by the grain-
boundary, impurity, and electrons (most important here).
The high temperatures (7' > 0.17p) behavior is domi-
nated by inter-phonon scattering and follows the Slack
relation for long-range acoustic phonon transport. Al-
though B13Cy and a-B1s have almost the same icosahe-
dral structures, the uniqueness caused by the addition
of carbon into a-Bjs, makes for the high carrier den-
sity and the CBC chain (inter-icosahedral) bond. Sig-
nificant e-p interactions in the icosahedra suppress the
k1 at low temperatures, while the large ADP of Bepain
scatters the heat-conducting phonon waves and reduces
Kk at high temperatures. In contrast, the ky of a-Bis

is large and follows the Slack relation well. This is be-
cause there are no significant phonon scattering sources
(e.g., e-p interactions and high ADP bonds). The pre-
dicted NEAIMD results are in good agreement with the
experimental results®42.

IV. CONCLUSIONS

Boron carbides are common high-temperature materi-
als having anomalous properties not yet well explained.
Here we showed how their polarons and phonons are af-
fected by the interaction between lattice dynamics and
charge distributions. The bond softening and e-p cou-
pling caused by the high-temperature Jahn-Teller dis-
tortion and polaron formation are observed in optical
phonons of icosahedra. The unique atomic displacement
of the CBC chain bonds shows significant interphonon
scattering of the acoustic modes. These theoretical and
computational treatments predict abnormal temperature
independencies of the Seebeck coefficient and lattice con-
ductivity, showing good agreement with experimental re-
sults. Understanding of such coupled phonon and po-
laron effects of B13Cs offers insights for new thermoelec-
tric materials.
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