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We study the coherent excitations of a composite fermion operator fiσ(−1)niσ̄ , where fiσ is the
fermion operator for interacting electrons and niσ̄ is the number operator of electrons with the
opposite spin. In the two-impurity Anderson model, we show that the excitation of this composite
fermion has a finite spectral weight near the Fermi energy in the regime dominated by inter-site
spin exchange coupling where the Kondo fixed point is prevented. From scattering off this coherent
composite fermion mode, the excitation of the regular fermion fiσ develops a pseudogap and its self-
energy is singular. Conversely, when the regular fermion develops Kondo-resonance in the Kondo
regime, the excitation of the composite fermion develops a pseudogap instead. We argue that the
composite fermion could develop a Fermi surface but “hidden” from charge excitations in lattice
generalizations.

PACS numbers: 71.27.+a, 75.20.Hr, 71.10.-w

I. INTRODUCTION

In strongly correlated electron materials, the Coulomb
interaction is often larger than the kinetic energy, leading
to localization of electrons, or a Mott insulator. It has
been argued that being in the vicinity of a Mott metal-
insulator transition is responsible for many emergent phe-
nomena, such as magnetic quantum phase transitions and
superconductivity in heavy fermion systems,1 iron-based
superconductors2–4 and cuprate superconductors.5 Stud-
ies from the dynamical mean-field theory (DMFT) and its
extensions provide insights into the Mott transition from
the Kondo dynamics in the Anderson impurity (cluster)
model as mapped from the lattice model.6 A metallic
state with non-interacting electron behavior, is associ-
ated with the strong-coupling Kondo fixed point: hop-
ping processes involving double occupancy at one lattice
site is allowed through the formation of Kondo singlets.
When the Kondo fixed point is prevented at low energies
(also dubbed as “Kondo-breakdown”), the electrons are
therefore localized to form an insulator. However, in the
original single-site DMFT implementation of the Hub-
bard model, the paramagnetic insulator solution carries
an extensive entropy from unscreened local moments, and
the single-particle excitation has a sharp exciation gap
between lower and upper Hubbard bands. When inter-
site coupling is incorporated, e.g., in cluster DMFT calcu-
lations, the unscreened local moments can reduce entropy
by forming intersite spin singlets. A pseudogap-type of
spectrum, with finite single-particle excitations between
the lower and upper Hubbard bands but suppressed near
the Fermi energy, is typically identified.5 Furthermore, it
has been shown that the pseudogap is associated with sin-
gularities in self-energies of interacting electrons.7 These
singularities could form a Luttinger surface where the
Green function G changes sign by G → 0, in contrast
with the regular Fermi surface where G changes sign by
G→ ±∞.
In this paper, we study an origin of the singularity

in self-energies (and a pseudogap state) associated with
the emergent coherent fermionic excitations in terms of a
composite fermion operator f̄iσ = fiσ(−1)niσ̄ , where fiσ
is the regular fermion operator for an interacting elec-
tron at a given site i with spin σ, and niσ̄ is the num-
ber operator of electrons with the opposite spin. As we
show, to introduce this composite fermion is necessary
for interacting electrons, as the single-particle excitations
behave differently when the lattice site is already single-
occupied or vacant, which can be characterized by two
operators diσ ≡ fiσniσ̄ and eiσ ≡ fiσ(1 − niσ̄).

8 While
fiσ is the “bonding” combination of these two types of
excitations, eiσ + diσ , the “anti-bonding” counterpart,
eiσ − diσ = fiσ(1 − 2niσ̄) = fiσ(−1)niσ̄ , is f̄iσ. It can be
easily checked that f̄iσ is a canonical Fermi operator, sat-

isfying the anticommutation rule [f̄iσ, f̄
†
jσ′ ]+ = δijδσσ′ ,

and is orthogonal to fiσ in the single-occupancy limit,

〈[fiσ, f̄ †
iσ]+〉 = 〈1 − 2niσ̄〉 = 0. We examine the spectral

function of this composite fermion operator in the two-
impurity Anderson model,9 which is solved exactly by the
numerical renormalization group (NRG) method.10–12

This model can be mapped from a lattice model, such
as the Hubbard model or periodical Anderson lattice
model, with a two-site cluster DMFT approach. It cap-
tures the “Kondo-breakdown” physics of lattice systems
due to the competition between local quantum fluctua-
tions such as Kondo dynamics, and short-range spatial
fluctuations, such as the inter-site spin or change corre-
lations. With the advantages of the NRG method in its
low energy resolution and its dealing with real frequen-
cies directly, we obtain also for the first time an accu-
rate form for self-energies over the entire energy range
for a model with both local and nonlocal interactions.
We show that the self-energy for Anderson orbitals be-
comes singular (with a pole) near the Fermi energy in the
regime dominated by the inter-site spin exchange interac-
tion [Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion] where the Kondo fixed point is prevented. We fur-
ther discover that instead of exhibiting unscreened local
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moments behavior, the Anderson orbitals develop a col-
lective excitation mode in terms of the composite fermion
f̄iσ. Specifically, we find that in the Kondo regime domi-
nated by onsite Kondo coupling, with a Kondo resonance
peak in fiσ, the spectral functions of f̄iσ have a pseu-
dogap; in the regime dominated by RKKY interaction,
where there is a pseudogap in excitations of fiσ, the ex-
citations of f̄iσ have a “resonance”-type spectrum. We
argue that f̄iσ, as a canonical fermion, could develop a
Fermi surface but “hidden” from charge excitations. The
scattering off this composite fermion excitation mode
leads to a pseudogap (or singularity in self-energy) of
fiσ.
The rest of the paper is organized as follows. In Sec. II,

we introduce the two-impurity Anderson model, as an ex-
ample system showing “Kondo breakdown” effect due to
the competition between onsite Kondo dynamics and in-
tersite RKKY interaction, and describe the NRG method
we adopt to solve this model. In Sec. III, we show the
results of the self-energy of Anderson orbitals in both
the Kondo and RKKY-dominated regimes. In particu-
lar, we show that the self-energy develops a singularity
(a pole structure) near the Fermi energy in the RKKY-
dominated regime. In Sec. IV, we study the properties
of the composite fermion operator f̄iσ and show that the
singularity is associated with a coherent excitation mode
of the composite fermion. In Sec. V, we attempt to ex-
plain the physical mechanism for the composite fermion
excitations. A summary is provided in Sec. VI. More
discussions are presented in Appendixes, including the
composite fermion excitations in particle-hole asymmet-
ric cases, and the relation between composite fermion
excitations and the Cooper pair excitations.

II. MODEL AND METHODS

We consider the two-impurity Anderson model, whose
Hamiltonian can be written as

H = Hc +Hcf +Hf ,

Hc =
∑

kσ

(ǫk − µ)c†kσckσ,

Hcf =
1√
NL

∑

kσi

(Vke
ik·ric†kσfiσ + h.c.),

Hf =
∑

iσ

(ǫf − µ)f †
iσfiσ +

∑

i

Unfi↑nfi↓, (1)

where fiσ (i = 1, 2) are two Anderson obitals with on-
site Coulomb repulsion U and the energy level ǫf . They
hybridize at each site with non-interacting electrons ckσ
which form a band with dispersion ǫk. Here Vk is the hy-
bridization strength and µ is the chemical potential. In
cluster-DMFT approaches to the Anderson lattice model
or one-band Hubbard model, fiσ are chosen from neigh-
boring sites in bipartite sublattices with ckσ describ-
ing an effective fluctuating bath. In terms of the even

(e) or odd (o) parity combinations of the local orbitals,

fp=(e,o)σ = (f1σ ± f2σ)/
√
2, the bath spectral spectrum

∆e,o(ω) =
∑

k(V
2
k /2NL)|eik·r1 ±e−ik·r2 |2/(ω− ǫk+ i0+),

is to be determined by a self-consistent procedure. In this
mapping, the even and odd parity states correspond to
the momentum points Γ = (0, 0, . . .) and M = (π, π, . . .)
for a d-dimension hypercubic lattice, respectively.
In the Kondo limit, ǫf ≪ −D and ǫf +U ≫ D, where

D is the bath electron bandwidth and is set as the en-
ergy unit (D = 1), it is suggested that the zero and dou-
ble occupancy configurations of Anderson orbitals can
be projected out and the low energy excitations can be
described in terms of spin interactions,13

Hcf +Hf →
∑

i

JKSi · si + I0S1 · S2. (2)

Here, the Kondo coupling JK ∼ V 2/U couples the spins
of the Anderson orbitals (Si) and conduction electrons
(si) at each impurity site. The RKKY coupling I0 is the
intersite spin-exchange (RKKY) coupling between An-
derson orbitals, which can be perturbatively generated
I0 ∼ J2

K/D.9

We adopt the NRG method to solve the two-impurity
Anderson model. The calculation details can be found
in Ref. 9. In particular, we calculate various zero-
temperature dynamical quantities, Gab ≡ 〈〈a; b†〉〉, where
a and b are electron operators. In NRG, the imaginary
parts of dynamical quantities are directly calculated with
the Lehmann representation (see Appendix A for more
details). The real parts can be determined subsequently
from the Kramers-Kronig relation. We choose a, b to be
dpσ or epσ to examine their individual behaviors. This
not only enables us to determine the Green’s functions
of the regular and composite fermions: Gff (Gf̄ f̄ ) =
(Gee + Gdd) ± 2Gde (it is found that Ged = Gde), but
also provides a direct calculation for the self-energy of
Anderson orbitals Σpσ(ω). The latter can be obtained
from the equation of motion,

G−1
ff,pσ(ω) = ω + µ− ǫf −∆(ω)− Σpσ(ω),

Σpσ(ω) = 〈〈[fpσ, Hf,int]; f
†
pσ〉〉/Gff,pσ(ω)

=
U

2

[

1−Gf̄f,pσ(ω)/Gff,pσ(ω)
]

, (3)

where Hf,int =
∑

i Unfi↑nfi↓,
14 and Gf̄f (ω) = Gee −

Gdd.

III. SINGLULARITY IN SELF-ENERGIES

We start from a presumed form of the bath spectrum,
Γe,o(ω) = −Im∆(ω) = Γ0 for |ω| ≤ D. This case has
been studied earlier in Refs. 15 and 9. We follow the
same numerical procedure and adopt the same param-
eters Γ0 = 0.045π, U = −2ǫf = 2 and µ = 0 as in
Ref. 9 [as Case (i)]. As the generated RKKY inter-
action vanishes for this spectrum, we add an explicit
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intersite spin exchange term IS1 · S2 to simulate the
RKKY interaction effect. This model exhibits a con-
tinuous transition from a Kondo resonance state to an
inter-impurity singlet state with the tuning of the ra-
tio of I/T 0

K .9,13,15 It is found that for I < Ic ≈ 2.3T 0
K,

where T 0
K ≈ 10−3 as the single-ion Kondo temperature,

the ground state is a Kondo resonance state governed by
the Kondo strong-coupling fixed point, JK,eff → ∞. The
spectral functions for Anderson orbitals have finite spec-
tral weight Af (ω) = −ImGff (ω) = 1/Γ0 at ω = 0 but
with gradually reducing Fermi liquid (FL) temperature.
For I > Ic, while the Kondo renormalization is cut off
by the RKKY interaction,9 the Kondo fixed point is pre-
vented. The spectral functions have vanishing spectral
weight Af (ω) ∼ ω2 near the Fermi energy. At the quan-
tum critical point (QCP) I = Ic, various correlation func-
tions are found to be divergent, including the staggered
magnetic susceptibility, the inter-site singlet Cooper pair
correlation function, and the current fluctuation between
two sites.15,16
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FIG. 1: (Color online) Real (a) and imaginary (b) parts of the
self-energy for f -electrons for the case of Γe,o(ω) = Γ0 with
added IS1 · S2 term. Here Γ0 = 0.045π, U = −2ǫf = 2 and
µ = 0. Various quantities for different parity and spin chan-
nels are the same due to the symmetry. Additional particle-
hole symmetry is also preserved. In the inset of panel (a),
we show the zoom-in region near the Fermi energy in linear-
linear scale to demonstrate the behavior of ReΣ in the Kondo
regime.

In Fig. 1, we show the results of self-energies for dif-
ferent values of I [See also Fig. 3 for Af (ω)]. Here,
the symmetry between even and odd channels is pre-
served, Geσ = Goσ. Therefore, in the site basis, G(11),σ =
G(22),σ = Geσ while G(12),σ = 0. In the Kondo regime
(I < Ic), it is found that the self-energy has an analyti-
cal form ReΣpσ(ω) = U/2− ω/Z [See inset of Fig. 1(a)]
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FIG. 2: (Color online) (a) Spectral function Af (ω), (b) real
and (c) imaginary parts of the self-energy for different values
of the hybridization constant V for a realistic band model.
Here U = 2, ǫf = −0.5, and µ = −0.2. As V increases,
the relative ratio between the generated RKKY interaction
I0 and T 0

K decreases, and the system evolves from the RKKY
regime to the Kondo regime. The solid and dashed lines rep-
resent the even and odd parity channels, respectively. The
spin symmetry is preserved. The pole position in ReΣ for
V = 0.15 is illustrated as example. Correspondingly, ImΣ
has a δ-function-like peak.

and ImΣpσ(ω) ∼ −ω2 at low energies, while Z → 0 ap-
proaching the QCP. In the RKKY regime (I > Ic), where
a pseudogap form for the single-particle spectra is identi-
fied, we find ReΣpσ(ω) = Z ′/ω with Z ′ → 0 approaching
the QCP, i.e., the self energy has a pole at the Fermi
energy.17 Apparently, the development of a pseudogap is
associated with this singularity in the self-energy, as both
ReGff,pσ(ω) and ImGff,pσ(ω) vanish.

In Fig. 2, we further show the self-energies for the
case with the bath spectrum determined from a realis-
tic 3D tight-binding dispersion for conduction electrons.
Here, it is found that Γe,o(ω) have the form Γ0(1 ∓ ω)
at low energies, and a finite antiferromagnetic RKKY
interaction is perturbatively generated I0 ≈ 0.20ρ0J

2
K .9

Therefore, we turn off the explicit spin exchange term
IS1 · S2, and simply change the value of the hybridiza-
tion constant V = Vk (with U fixed) to tune the relative
strength between I0 and T 0

K . The results in Fig. 2 are
for U = 2, ǫf = −0.5, and µ = −0.2. Due to the lifting
of the symmetry between even and odd parity channels,
there is no sharp transition in this case. Instead, the
system changes smoothly from a Kondo resonance state
to an inter-impurity singlet state, with finite and almost
vanishing single-particle spectral weights near the Fermi
energy, respectively. We also identify the singularity in
the self-energy of f -electrons in a certain range of the
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RKKY-dominated regime. In this case, the singularity
(as a pole) only exists in the even-parity channel and its
position is shifted slightly away from the Fermi energy.

IV. COMPOSITE FERMION EXCITATIONS
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FIG. 3: (Color online) Imaginary and real parts of different
composite fermion Green’s functions, Gff (black), Gf̄ f̄ (red),
Gdd (orange), Gee (green), and Gde (blue). This is in corre-
sponding to the case in Fig. 1 for two values of I = 0.002 (a)
and I = 0.003 (b), as representatives of the Kondo regime
and the RKKY-dominated regime, respectively. The Green’s
functions for different parity (p) and spin (σ) channels are
the same in this specific case. −Im〈〈dpσ, e

†
pσ〉〉 is negative in

the energy range |ω| > U/2, and additionally near ω = 0 for
I = 0.003 (not shown due to the log plot).

From Eq. (3), the emergence of a pole in the self-energy
takes place when Gff,pσ(ω) vanishes while Gf̄f,pσ(ω)
is finite. A pole in self-energies implies the existence
of another coherent excitation mode which fpσ is hy-
bridized with. To seek this extra excitation mode, we
examine the individual properties of composite fermion
operators dpσ and epσ. In Fig. 3, we show the prop-
erties of these composite fermions as well as their hy-
bridizations for the case in Fig. 1. In the Kondo regime
(I = 0.002), the excitations of composite fermions dpσ
and epσ are coherently hybridized in the form of the orig-
inal fermion operator fpσ. It is found that for each parity
and spin channel, ImGde ≈ ImGdd ≈ ImGee = ImGff/4
at ω = 0. Together with both vanishing ReGde and
ReGdd, this implies that the hybridization between dpσ
and epσ is the coherent part of the single-electron exci-
tation fpσ at the Fermi energy. This is consistent with
the non-interacting nature of the strong-coupling fixed
point, where JK → ∞ is equivalent to U → 0. Inter-
estingly, their “anti-bonding” part f̄pσ = epσ − dpσ has
a pseudogap form, Af̄ (ω) = −ImGf̄ f̄ (ω) ∼ ω2. In the
RKKY regime (I = 0.003), where Gff (ω) has a pseudo-
gap, Af ∼ ω2, we find that Af̄ (ω) is finite near the Fermi
energy. The latter resembles a “Kondo resonance”. In

this case, we find that ImGde has an opposite sign than
ImGdd, in contrast to the Kondo regime. In addition,
ReGdd(0) and ReGee(0) take finite values of the order of
∓1/U .
Specifically, the relative sign between the matrix ele-

ments 〈n|e†eσ|G〉 and 〈n|d†eσ |G〉 between the ground state
(G) and an excited state (n) is different in two regimes:
they have the same sign in the Kondo regime, but have
an opposite sign in the RKKY regime. As

−ImGff (Gf̄ f̄ ) ∼ |〈n|e†eσ|G〉 ± 〈n|d†eσ |G〉|2, (4)

the constructive/destructive interference behavior be-
tween epσ and dpσ excitations leads to the resonance-
pseudogap “dual” relationship in two regimes. We show
further details and results in Appendix A.
Similar features can also be identified in a realistic

band model, as shown in Fig. 2. However, in cases where
the particle-hole symmetry is broken (away from single-
occupancy), we find that the resonance-pseudogap “dual-
ity” between fpσ and f̄pσ is captured instead by the new
operators (gpσ, ḡpσ) = αepσ ± βdpσ with α/β 6= 1 deter-
mined from the occupancy number (see Appendix B).
Here fpσ and f̄pσ, as projections from gpσ and ḡpσ, could
both have finite spectral weight. But the sign change in
ImGde is a robust feature in the transition (or crossover)
point (see Appendix B).

V. DISCUSSIONS

The above results show that the excitations of dpσ and
epσ are no longer equivalent in presence of Coulomb in-
teraction. In other words, if we try to formulate a qausi-
particle model from fpσ, it is necessary to incorporate its
orthogonal mode f̄pσ, as 〈[f̄pσ, f †

pσ]+〉 = 0 in the single-
occupancy limit. The form of Σpσ [cf. Eq. (3)] also im-
plies that an effective hybridization with f̄pσ provides a
full account of the interaction effects. Indeed, we find
the above results can be schematically explained by an
effective hybridization model:

Ĝ−1 =

(

G−1
0 −U/2

−U/2 G̃−1
0

)

(5)

in the basis (fpσ,f̄pσ), where G
−1
0 = ω + µ− ǫf − U/2−

∆(ω) ≈ ω+iΓ0. However, due to the composite-operator

nature of f̄ , it is not straightforward to determine G̃−1
0 .

We can learn instead its behavior from Σff = (U/2)2G̃0

[i.e., Σpσ−U/2 defined in Eq. (3)]. In the Kondo regime,

G̃0 ∼ Σff ∼ aω − ibω2. This is in a form of incoherent
fermion excitations devoid of any poles near the Fermi
energy. “Hybridizations” with these excitations provide
Fermi-liquid type corrections to the the regular fermion
excitations fpσ. In the RKKY regime, G̃0 ∼ 1/(cω+i0+),
which is a form of a coherent free particle. “Hybridiza-
tion” with such a mode produces the pseudogap spectra
for Gff . From Gf̄ f̄ = 1/[G̃−1

0 − (U/2)2/G−1
0 ], we can
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obtain −ImGf̄ f̄ (0) = 1/Γ′
0 = 4Γ0/U

2 ≈ 0.14, consistent

with the numerical results. The relation Γ0Γ
′
0 = (U/2)2

has been further verified by other values of V and U .
The emergence of the free particle form of the com-

posite fermion G̃0 ∼ 1/(ω + i0+), as well as the prop-
erty ReGee(0),ReGdd(0) ∼ ±1/U in the RKKY regime,
are reminiscent of those in the atomic limit, where, for
ǫf = −U/2,

Hf =
∑

iσ

U

2
(−e†iσeiσ + d†iσdiσ) =

∑

iσ

U

2
f̄ †
iσfiσ,(6)

Gff,ii =
1/2

ω + U/2
+

1/2

ω − U/2
=

1

ω − (U/2)2/ω
. (7)

The two poles in the Green’s function ∓U/2 correspond
to the “fractionalized” excitations of e and d operators,
respectively. This could also be effectively treated as
a “hybridization” effect between f and f̄ , where G0 =
G̃0 = 1/(ω + i0+). We argue in the following that, the
coupling between f electrons with a conduction electron
band can lead to a finite spectral weight for f̄ while f
keeps a pseudogap form if the Kondo fixed point is pre-
vented.
NRG studies show that the RKKY regime and the

Kondo regime have similar low-energy properties.9,13,15

Both of them belong to (local) Fermi liquid fixed points,
and the low energy excitations such as spin and charge
susceptibilities of Anderson orbitals show Fermi liquid
behaviors.9,15 This can also be evidenced from the same
structure of the low-energy effective Hamiltonian, from
which Landau parameters are deduced.13 They differ by a
scattering phase shift, 0 or π/2, or effective electron num-
bers (modes) in the ground state, which leads to distinct
single-particle excitations of Anderson orbitals. Specif-
ically, NRG formulates the non-interacting conduction
electron band as a semi-infinite chain of electron modes
with nearest neighbor hopping, 10–12

Hc =
∞
∑

n=0

∑

σ

(tnf
†
nσfn+1,σ + h.c.). (8)

The hybridization between an Anderson orbital fσ and
the conduction electron band can be treated as adding a
site to the chain,

Hcf = V
∑

σ

(f †
−1,σf0σ + h.c.), (9)

where f−1,σ ≡ fσ, and f0σ is the conduction electron
operator at the impurity site. The Coulomb interaction
term, as the “hybridization” between f and f̄ , from Eq.
(6), can be treated as adding another site to the chain,

Hf = (U/4)
∑

σ

(f †
−2,σf−1,σ + h.c.), (10)

where f−2,σ ≡ f̄σ. If Hc alone is diagonalized by the
NRG iterative procedure, it is found that the spectra

at even and odd iterations are distinct, corresponding
to two FL fixed points with odd and even number of
electrons (modes) in the ground state.11 When Ander-
son orbitals are added, it is found that in the Kondo
regime, the NRG spectra at a large even/odd iteration
are the same as those at an odd/even iteration for Hc.
This can be understood as that, while the Kondo strong-
coupling fixed point is reached, JK,eff → ∞ or Ueff → 0,
f−2,σ is decoupled and f−1,σ is added to the chain as a
non-interaction electron mode. Here, we obtain a reso-
nance form for f−1 as the Kondo resonance, but a pseu-
dogap form for f0. The resonance weight at the Fermi
energy takes the form 1/Γ0 ∼ (D/V )2/D, where D and

V are the hopping matrix elements for f †
0f1 and f †

−1f0,
respectively. In the RKKY regime, however, the spectra
at a large even/odd iteration remain the same as those
at an even/odd iteration for Hc. As the Kondo strong-
coupling fixed point is prevented, or Ueff remains finite,
f−2 is also effectively coupled to the chain, contributing
an extra mode to the chain. In analogy to the Kondo
regime, we expect f−2, now as the head site, to develop
a resonance form in spectral function while the excita-
tions of f−1 have a pseudogap. The resonance weight
for f−2 would follow 1/Γ′

0 ∼ (V/U)2/D, where V and U

are the hopping matrix elements for f †
−1f0 and f †

−2f−1,
respectively. This is indeed in agreement with the numer-
ical results on f̄ . Here, f−2, taking the place of f−1 as
the low-energy “single-particle” excitations, contributes
to various FL properties.
We further notice that the chain modes fnσ in Eq.(8)

are constructed in alternative “bonding” and “anti-
bonding” combinations of negative and positive energy
modes, similar to the definition f−1σ(f−2σ) = eσ ± dσ
[cf. Eq.(6)].

fnσ =

∞
∑

m=0

cΛ(m,n)(amσ − bmσ), if n is even;

=

∞
∑

m=0

c′Λ(m,n)(amσ + bmσ), if n is odd, (11)

where amσ and bmσ are the conduction electron modes
(s-wave part) in the negative and positive energy grids
[∓DΛ−(m+1), ∓DΛ−m] (Λ > 1 is a discretization param-
eter), and

Hc =
∑

σ

∫ D

−D

dǫǫc†ǫσcǫσ,

→
∞
∑

m=0

∑

σ

ǫm(−a†mσamσ + b†mσbmσ). (12)

If we treat the energy ǫ in Eq. (12) as momentum k− kF
in 1-D, we realize that different combinations amσ ± bmσ

are related to different parity combinations of two chiral
modes ψL,R(x) ∼

∫

e±i(k−kF )xckdk.
18 This may imply

that the composite fermion operator f̄iσ corresponds to
a different parity combination of certain chiral degrees
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of freedom than regular fermion operators. These two
types of excitations only couple if the effective interac-
tion is finite, or the Kondo strong coupling fixed point is
prevented.
We can also gain intuition on the physical meaning of

the composite fermion operator from the sign structure
in spin and charge (as a pseudospin) spaces. The spin op-
erator for Anderson orbitals, defined from either the reg-
ular fermion operator or the composite operator, are the

same: Si = f̄ †
iα(~ταα′/2)f̄iα′ = f †

iα(~ταα′/2)fiα′ . However,
for the pseudospin operators, which are defined as J+

i =

(−1)if †
i↑f

†
i↓, J

−
i = (J+

i )†, and Jz
i = (

∑

σ f
†
iσfiσ−1)/2, we

find that J±
i = −J̄±

i , where J̄+
i ≡ (−1)if̄ †

i↑f̄
†
i↓. (This also

implies that in a slave-fermion representation to spins in
spin Hamiltonians, it is not known a priori that which
fermion the slave fermion corresponds to, the regular
fermion or the composite fermion. This should be de-
cided by the pseudospin configurations.)
For non-interacting electrons, the ground state of two

electrons coupled by a hybridization or a hopping term,

such as Hcf = V
∑

σ(f
†
−1σf0σ + h.c), is

ψG = (|↑−1, ↓0〉 − |↓−1, ↑0〉 ) + (|↑↓−1, 00〉 + |0−1, ↑↓0〉 )
(13)

at half-filling, which is a combination of a spin-singlet
state and a pseudospin-singlet state. We notice that in
the Schrieffer-Wolff transformation to map the Anderson-
type Hamiltonians into Kondo-type Hamiltonians, in ad-
dition to the spin Kondo coupling term JKS−1 ·S0, there
is also a charge Kondo coupling term

Hck = −JK
4
nf0nf−1

+
JK
2

(f †
−1↑f

†
−1↓f0↓f0↑ + h.c)

= −JKJ−1 · J0. (14)

For repulsive interaction U > 0, the charge Kondo cou-
pling is “ferromagnetic” and favors pseudospin-triplet
configuration. The Kondo renormalization in some way
can be understood as to “overcome” the mismatch be-
tween spin and pseudospin spaces. (Similarly, for attrac-
tive interaction U < 0, the roles of spin and pseudospin
couplings exchange and the system renormalizes into a
strong coupling charge Kondo fixed point.) This term is
usually neglected when the zero and double occupancy
states have vanishing weight and are projected out in
the U → ∞ limit. However, when calculating directly
the spectral functions for Anderson orbitals, we need to
keep the zero and double occupancy configurations, and
therefore, to consider all couplings at finite U . When
the Kondo strong-coupling fixed point is prevented, or
JK remains finite, we expect that the charge Kondo cou-
pling term, as a marginal irrelevant parameter, affects
the single-particle excitations. In terms of antiferromag-
netic spin coupling and “ferromagnetic” pseudospin cou-
pling, a ground state with combinations of spin-singlet
and pseudospin triplet is favored. On the other hand, as
J̄+
−1 = −J+

−1, the pseudospin triplet between f−1 and f0
becomes a singlet between f̄−1 and f0. Therefore, this

ground state is rather described by an effective coupling

H =
∑

σ(f̄
†
−1σf0σ + h.c), and a resonance form in com-

posite fermion operator follows. This also implies that
the effective Hamiltonian in low-energy region of RKKY
regime is similar to that in the local moment fixed point.
For example, we observe the spectral weight of the com-
posite fermion at Fermi energy in the RKKY regime is
about the same as its weight at |ω| ≈ 0.3 [cf. Fig. 3],
which is controlled by the local moment fixed point.

VI. CONCLUSIONS

In summary, we have studied the single-particle excita-
tion properties of the two-impurity Anderson model, as
an example of interacting electron systems with compet-
ing local and non-local interactions. We show that in the
RKKY regime, where the Kondo strong coupling fixed
point is prevented (or “Kondo-breakdown”), the excita-
tions of regular fermion operators fiσ for Anderson or-
bitals show a pseudogap form. Correspondingly, the self-
energy is singular. As the pole in self-energies commonly
indicates another collective mode the regular fermion op-
erator couples to, we trace down the mode as excitations
of a composite fermion operator f̄iσ = fiσ(−1)niσ̄ . We
show that its spectral function develops a “resonance”
form in the RKKY regime. In the Kondo regime, where
the regular fermion operators develop a Kondo resonance,
the spectral function for composite fermion operators has
a pseudogap form.
Although the physical meaning of the composite

fermions is currently not very clear to us, we at-
tempted to provide some discussions on its nature and
the resonance-pseudogap “dual” -relationship between
the regular fermion operators and the composite fermion
operators. In interacting systems, as evidenced by our
calculations, the single particle excitations behave dif-
ferently when a lattice site is vacant or already single-
occupied, which can be characterized by the electron

operators e†iσ and d†iσ . To provide a full account of

the single-particle excitations f †
iσ = e†iσ − d†iσ , it is

necessary to introduce the composite fermion operator

f̄ †
iσ = e†iσ − d†iσ to account for their difference. We no-
tice that the “bonding” and “anti-bonding” relationship
is analogous to the different combination between nega-
tive and positive energy modes amσ ± bmσ of conduc-
tion electrons [cf. Eq.(11)]. The latter is associated
with different parity combinations of “left-moving” and
“right-moving” chiral degrees of freedom. While the res-
onance form of fiσ captures the fermionic excitations in
the Kondo regime with π/2 phase shift, the “resonance”
form of f̄iσ instead captures the fermionic excitations in 0
phase shift limit. We show that the effective Hamiltonian
in the RKKY regime, for repulsive interaction, contains
not only an anti-ferromagnetic spin Kondo coupling term
but also a “ferromangetic” pseudospin (charge) Kondo
coupling term [cf. Eq. (14)]. Such a combination is
unfavorable for the regular fermion hybridization (hop-
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ping) (f †
iσciσ + h.c.). However, the pseudospin operator

in terms of the composite fermion J̄±
iσ has an opposite

sign as J±
iσ in terms of regular fermions, i.e., the pseu-

dospin triplet state between fiσ and ciσ is a pseudospin
singlet state between f̄iσ and ciσ. An effective hybridiza-

tion (hopping) (f̄ †
iσciσ + h.c.) is favored.

We find that the emergence of a coherent mode in
composite fermions is a manifestation of the “Kondo-
breakdown” effect, or Mott physics. The composite
fermion, as an additional excitation mode, couples to reg-
ular fermion excitations and leads to a gapped behavior
for the latter. This takes place when the Kondo fixed
point is prevented, or the effective interaction U (as the
coupling term) remains finite. In the two-impurity An-
derson problem, this is due to the intersite spin-exchange
coupling, as a “cutoff” on the Kondo renormalization.9

Compared with the traditional understandings of this
problem, the introduction of the composite fermions may
bring the following technical and conceptual advantages.
The composite fermion is a canonical fermion and by def-
inition, it is a directly calculable quantity, at least in nu-
merics. Coherent modes of composite fermions provide a
direct characterization of the “Kondo-breakdown” state.
It shows that not all fermionic excitations are gapped
and naturally explains the Fermi-liquid behaviors of the
spin and charge susceptibilities in the RKKY regime
−Imχ(ω) ∼ ω. In addition, the composite fermions may
help to address the non-Fermi liquid behaviors as well
as finite Cooper pair fluctuations in the quantum critical
regime. In Appendix C, we show that both the regu-
lar fermions and composite fermions have finite spectral
weights in the quantum critical regime, but their weights
are only the half of those in the Kondo regime or the
RKKY regime, correspondingly. We also show the finite
spectral weight for pair excitations (in an intersite spin-
singlet configuration) if and only if the spectral weights
for both the regular fermions and composite fermions are
finite.

Our calculations have established that the compos-
ite fermions have coherent excitations in the “Kondo-
breakdown” state of the two-impurity Anderson model.
An important question arises whether the concept of
composite fermions can be generalized to the Mott-
insulating states in lattice systems. We notice that in
the Hubbard model or the Anderson lattice model, the
interaction effects due to the onsite Coulomb interaction
can be fully incorporated in “hybridization” between reg-
ular fermions and composite fermions, HU =

∑

i U(ni↑−
1/2)(ni↓ − 1/2) =

∑

iσ(U/2)f
†
iσf̄iσ =

∑

kσ(U/2)f
†
kσf̄kσ,

where f̄kσ =
∑

i f̄iσe
−ik·ri =

∑

q fk+qσ(δq,0−2nqσ̄), and

nqσ̄ =
∑

i e
−iq·riniσ̄. If the composite fermion operators

f̄kσ could have coherent excitations, or develop a “Fermi
surface” at ηk, this corresponds to a Luttinger surface
where the self-energies are singular and the Green’s func-
tion for regular fermions becomes vanishing, orG(k, ω) =

1/(ω − ǫk − U2

eff

ω−ηk

) = ak/(ω − ǫk1) + bk/(ω − ǫk2). In-

deed, such a Luttinger surface has been identified in clus-

ter DMFT calculations to the Hubbard model.5,7 It will
be interesting to calculate the spectral functions of the
composite fermion operator directly in these calculations
to make the connection. We notice that this form of
the single-particle Green’s function has been proposed
as a phenomenological theory for the pseudogap state in
cuprate superconductors.19 We also notice in other pro-
posals for the pseudogap state20–22, the basis is to intro-
duce extra or “hidden” electronic excitation modes for
interacting electrons.
Although the definition of the composite fermions is

theoretically straightforward, it remains a puzzle whether
these excitations are physical. Even if there are coherent
excitations or a “Fermi surface” of composite fermions,
we expect that these excitations are not detectable or
“hidden” from conventional spectra measurements. The
reason is that the composite fermion operator is orthog-
onal to regular fermion operators. For example, in the
tunneling spectra involving external source of electron c†σ,
〈c†σfiσ〉 = 〈c†σf̄iσ(−1)niσ̄ 〉. Although f̄iσ has finite excita-
tions, the average vanishes as 〈(−1)niσ̄ 〉 = 〈1− 2niσ̄〉 ≈ 0
for 〈niσ̄〉 ≈ 1/2. A similar orthogonality issue is also
raised in Ref. 20. As (−1)niσ̄ acts as a Z2 Ising spin, the
charge carried by fiσ from U(1) gauge transformation
must be carried by f̄iσ as well. As the system is com-
monly an insulator, it implies that the current carried
by f̄iσ responds to external electromagnetic fields in an
anomalous way, resembling the “chiral anomaly”. The
solution may rely on the understandings of the gauge
structure associated with the Z2 Ising spin (−1)niσ̄ ,
which captures the matching of Marshall signs23–25 in
spin and pseudospin configurations. We will leave it to a
future study.
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Appendix A: The matrix element of electron

operators

The calculation of the spectral functions follows the
Lehmann representation

−ImGAB(ω ≥ 0) = π
∑

n

〈n|A†|G〉〈n|B†|G〉δ(ω − En),

(A1)
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where G is the ground state, and n sums over all excited
states with the energy En. In NRG, the Hamiltonian is
diagonalized iteratively to incorporate gradually the low-
energy sites. When the eigenspace becomes large, only
a certain number of low energy states are kept for later
iterations. In traditional spectral function calculations,
the excited states are chosen from kept states in even (or
odd) iterations. However, states from different iterations
are not necessarily orthogonal to each other and a patch-
ing scheme is commonly adopted.12 It is noticed that all
the discarded states from all iterations are orthogonal
and form a complete Fock-space (CFS) conserving the
full density matrix.26 We follow the CFS scheme in our
calculations. The δ-function in NRG is broadened in the
log-Gaussian form,12

δ(ω − En) →
e−b2/4

bEn
√
π
e− ln2(ω/En)/b

2

, (A2)

where b is a broadening parameter. For Λ = 2, we take
b = 0.6, as commonly adopted.12

In our calculations, we calculate separately the contri-

butions to spectral functions from e†iσ and d†iσ, or single-
particle excitations when the site is empty or single-
occupied. In addition, we examine each matrix element

of e†iσ and d†iσ between different configurations of the An-
derson orbitals. For two orbitals, there are 16 states, such
as |↑1, 02〉 . We further sort them according to their quan-
tum numbers in charge, spin and parity. An eigenstate
can be written in the form

|Ψ〉 =
∑

α

aα|α〉|ψcα〉, (A3)

where |α〉 is one of the sixteen configurations of two An-
derson orbitals, |ψcα〉 is the associated conduction elec-
tron configuration. The coefficient aα gives the weight
for each configuration and satisfies

∑

α a
2
α = 1. There-

fore, the matrix element of an electron operator can be
written as

〈n|A†|G〉 =
∑

α,α′

Mα′,α(A),

Mα′,α(A) = anα′aGα 〈ψn
cα′ |ψG

cα〉〈α′|A†|α〉. (A4)

We list the results for Mα′,α(A) between the ground
state and a typical low-energy NRG excitation state in
Table I, for I = 0.002 (Kondo regime) and I = 0.003
(RKKY regime). Here, the electron operators in the even
channel and spin-up case are taken as an example, with

e†e↑ ≡ 1√
2
(e†1↑ + e†2↑) and d

†
e↑ ≡ 1√

2
(d†1↑ + d†2↑).

We find that the difference between the Kondo regime
and the RKKY regime is the sign change in −ImGed.

Specifically, 〈n|e†e↑|G〉 and 〈n|d†e↑|G〉 have the same sign
in the Kondo regime while different signs in the RKKY
regime. This constructive/destructive behavior leads to
resonance-pseudogap “dual” relations to Gff and Gf̄ f̄ .

Appendix B: Resonance-pseudogap “duality” in the

particle-hole asymmetric case

In Sec. IV, we have shown that in the particle-hole
symmetric case, there exists a resonance-pseudogap “du-
ality” in the spectral functions of the regular fermion
operator fiσ and the composite fermion operator f̄iσ =
fiσ(1 − 2niσ̄), i.e., the regular fermion has a resonance-
shape spectral function while the composite fermion has
a pseudogap-type spectral function in the Kondo regime,
and vice versa in the RKKY-dominated regime. In the
particle-hole asymmetric case, e.g., when ǫf 6= −U/2,
the average occupancy number of Anderson orbitals is no
longer 1. For a paramagnetic solution, 〈ni↑〉 = 〈ni↓〉 =
〈ni〉 6= 1/2, and fiσ and f̄iσ are no longer orthogonal to

each other 〈[fiσ, f̄ †
iσ]+〉 = 〈(1 − 2niσ̄)〉 6= 0. In practice,

we find that both types of fermions have finite spectral
weights at the Fermi energy in either regimes. We show
below that the resonance-pseudogap “duality” can be re-
covered by two new orthogonal modes after a transfor-
mation.

We take as an example the two-impurity Anderson
model with U = 2 but ǫf 6= −U/2. Similar to the
first case in main text, we choose the hybridization func-
tions in the even and odd parity channels to be the same
Γe = Γo = 0.045π for |ω| ≤ 1, and use an explicit
spin-exchange term IS1 · S2 to tune from the Kondo
regime to the RKKY regime. Since no parity symme-
try breaking term is present, it is found that a quan-
tum critical point (QCP) still exists associated with the
divergence of the stagged spin susceptibility S1 − S2.
However, both the uniform charge susceptibility χu,ch =
〈〈n1+n2;n1+n2〉〉 and the staggered charge susceptibil-
ity χa,ch = 〈〈n1 − n2;n1 − n2〉〉 are found to diverge, in
contrast to the QCP in the particle-hole symmetric case
ǫf = −U/2, where only the χa,ch diverges.

In Fig. 4, we show the results of the spectral functions
(-ImG) of fpσ and f̄pσ for ǫf =-0.9, -0.7, and -0.5. For
each case, we choose I = 0 and I = 0.01 to represent the
Kond regime and the RKKY regime, respectively. It can
be found that the spectra of fpσ changes from the Kondo
resonance form (I = 0) to a pseudogap form (I = 0.01).
However, its spectral weight at ω = 0, though small, is
always finite. Conversely, the spectra of f̄pσ have a finite
spectral weight in the Kondo regime. In practice, we find
that ImGee(0)ImGdd(0) = [ImGde(0)]

2 is always satisfied
(we don’t have an exact proof of this relation yet; pre-
sumably it is due to certain sum rule associated with

[diσ, e
†
iσ]+ = 0). Here, −ImGde(0) changes sign from the

Kondo regime (positive) to the RKKY regime (negative).
Therefore −ImGff (0) or [−ImGf̄ f̄ (0)] can be expressed

as (
√

−ImGee(0)±
√

−ImGdd(0))
2 in the Kondo regime

and vice versa in the RKKY regime. In the particle-
hole asymmetric cases, due to ImGee(0) 6= ImGdd(0)
(the former has a larger spectral weight when 〈n〉 < 1),
−ImGff (0) and −ImGf̄ f̄ (0) are always finite.
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I=0.002 (En = 8.29E-8) I=0.003 (En = 8.20E-8)

α α′ M(ee↑) M(de↑) M(fe↑) M(f̄e↑) M(ee↑) M(de↑) M(fe↑) M(f̄e↑)

|0, 0〉 1√
2
(| ↑, 0〉+ |0, ↑〉) 9.05E-6 0 9.05E-6 9.05E-6 -6.96E-7 0 -6.96E-7 -6.96E-7

1√
2
(| ↓, 0〉 + |0, ↓〉) 1√

2
(| ↑, ↓〉 − | ↓, ↑〉) 7.67E-5 0 7.67E-5 7.67E-5 -6.27E-5 0 -6.27E-5 -6.27E-5

1√
2
(| ↓, 0〉 + |0, ↓〉) 1√

2
(| ↑↓, 0〉+ |0, ↑↓〉) 0 4.52E-6 4.52E-6 -4.52E-6 0 3.52E-7 3.52E-7 -3.52E-7

1√
2
(| ↑, 0〉 − |0, ↑〉) | ↑, ↑〉 1.36E-4 0 1.36E-4 1.36E-4 2.68E-5 0 2.68E-5 2.68E-5

1√
2
(| ↓, 0〉 − |0, ↓〉) 1√

2
(| ↑, ↓〉 + | ↓, ↑〉) 6.80E-5 0 6.80E-5 6.80E-5 1.34E-5 0 1.34E-5 1.34E-5

1√
2
(| ↓, 0〉 − |0, ↓〉) 1√

2
(| ↑↓, 0〉+ |0, ↑↓〉) 0 4.52E-6 4.52E-6 -4.52E-6 0 3.52E-7 3.52E-7 -3.52E-7

1√
2
(| ↑↓, 0〉 + |0, ↑↓〉) 1√

2
(| ↑↓, ↑〉 + | ↑, ↑↓〉) 4.52E-6 0 4.52E-6 4.52E-6 -3.48E-7 0 -3.48E-7 -3.48E-7

1√
2
(| ↑, ↓〉 − | ↓, ↑〉) 1√

2
(| ↑↓, ↑〉 + | ↑, ↑↓〉) 0 7.66E-5 7.66E-5 -7.66E-5 0 6.28E-5 6.28E-5 -6.28E-5

| ↓, ↓〉 1√
2
(| ↑↓, ↓〉 + | ↓, ↑↓〉) 0 1.36E-4 1.36E-4 -1.36E-4 0 -2.66E-5 -2.66E-5 2.66E-5

1√
2
(| ↑↓, 0〉 − |0, ↑↓〉) 1√

2
(| ↑↓, ↑〉 − | ↑, ↑↓〉) 4.52E-6 0 4.52E-6 4.52E-6 -3.48E-7 0 -3.48E-7 -3.48E-7

1√
2
(| ↑, ↓〉+ | ↓, ↑〉) 1√

2
(| ↑↓, ↑〉 − | ↑, ↑↓〉) 0 6.80E-5 6.80E-5 -6.80E-5 0 -1.33E-5 -1.33E-5 1.33E-5

1√
2
(| ↑↓, ↓〉+ | ↓, ↑↓〉) | ↑↓, ↑↓〉 0 9.04E-6 9.04E-6 -9.04E-6 0 7.05E-7 7.05E-7 -7.05E-7

〈n|A†|G〉 (sum) 2.99E-4 2.99E-4 5.98E-4 ∼0 -2.39E-5 2.43E-5 ∼0 -4.82E-5

TABLE I: Mα′,α(A) between the ground state and a NRG excitation state for I = 0.002 (Kondo regime) and I = 0.003(RKKY
regime).

10-3

10-2

10-1

100

101

-10-4-10-2-100

-I
m

 G
ab

 (
ω

)

ω

(a1) εf=-0.9, I=0

10-4 10-2 100

ω
-10-4-10-2-100

ω

(a2) εf=-0.9, I=0.01

10-4 10-2 100

ω

10-3

10-2

10-1

100

101

-10-4-10-2-100

-I
m

 G
ab

 (
ω

)

ω

(b1) εf=-0.7, I=0

10-4 10-2 100

ω
-10-4-10-2-100

ω

(b2) εf=-0.7, I=0.01

10-4 10-2 100

ω

10-3

10-2

10-1

100

101

-10-4-10-2-100

-I
m

 G
ab

 (
ω

)

ω

(c1) εf=-0.5, I=0

10-4 10-2 100

ω
-10-4-10-2-100

ω

(c2) εf=-0.5, I=0.01

--

- -

Gff
Gf f
Ggg
Ggg

10-4 10-2 100

ω

FIG. 4: (Color online) The spectral functions in the particle-
hole asymmetric case. Different color lines represent -ImGff

(black), -ImGf̄ f̄ (red), -ImGgg (green), and -ImGḡḡ (blue).
(a)-(c) are with different values of ǫf = −0.9,−0.7,−0.5, away
from the particle-hole symmetry ǫf = −1. Other parameters
are Γe,o(ω) = 0.045π for |ω| < 1, U = 2 and µ = 0. For each
value of ǫf , we show results of two values of I = 0, 0.01, in (1),
(2), as representative cases in the Kondo and RKKY regimes.

This motivates us to introduce a transformation

gpσ = αepσ + βdpσ,

ḡpσ = αepσ − βdpσ, (B1)

 0

 0.5

 1

 1.5

-1-0.9-0.8-0.7-0.6-0.5
εf

α
β

<npσ>

FIG. 5: (Color online) Parameters of (α, β) in the trans-
formation gpσ = αdpσ + βepσ and ḡpσ = αdpσ − βepσ for
different values of ǫf . Also shown is the particle number

〈npσ〉 = −(1/π)
∫

0

−∞ ImGff,pσ(ω).

which is a SO(2) rotation in (epσ, dpσ) space, such
that α2ImGee(0) = β2ImGdd(0). It follows that gpσ =
α+β
2 fpσ + α−β

2 f̄pσ and ḡpσ = α−β
2 fpσ + α+β

2 f̄pσ. The
spectral functions of gpσ and ḡpσ are also shown in Fig. 4.
For different values of I with the same ǫf , we use only
one set of parameters (α,β). After the transformation,
we observe that the resonance-pseudogap “duality” is es-
tablished between gpσ and ḡpσ. Besides, their spectral
functions near the Fermi surface are more particle-hole
symmetric near the Fermi energy. The results of (α,β)
for different values of ǫf are shown in Fig. 5. As ǫf → −1,
the particle-hole symmetry case, g and ḡ become f and
f̄ .

Such a transformation can also explain the divergence
of the uniform charge susceptibility. We find that in the
new basis, the charge susceptibility 〈〈ng1−ng2;ng1−ng2〉〉
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is divergent while 〈〈ng1 + ng2;ng1 + ng2〉〉 is not at the
QCP. As ng1 − ng2 has a finite projection to n1 + n2

in the particle-hole asymmetric case, as well as the fi-
nite projection to n1 − n2. Therefore, both the uniform
and staggered charge susceptibilities are expected to di-
verge. The similar phenomenon has also been observed
in the two-impurity Anderson model with a finite mag-
netic field, where both the uniform and staggered spin
susceptibilities are found to be divergent at a field-tuned
quantum critical point.27 Here, the chemical potential
µ, which couples the total particle number, acts as the
“magnetic field” in pseudospin space.

Appendix C: Cooper pair correlations
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FIG. 6: (Color online) The imaginary part of the Cooper pair
correlation function χsc (green), the single-particle Green’s
function Gff (black), and the Green’s function Gf̄ f̄ for
the composite fermion (red) for three representing values of
RKKY interaction in I < Ic, I ≈ Ic, and I > Ic.

We study the Cooper pair correlation functions χsc =

〈〈∆sc; ∆
†
sc〉〉, where ∆†

sc = f †
1↑f

†
2↓+f

†
2↑f

†
1↓ = J+

e −J+
o and

J+
p = f †

p↑f
†
p↓. Such an intersite singlet pair is favored over

the onsite one f †
1↑f

†
1↓ + f †

2↑f
†
2↓ = J+

e + J+
o due to repul-

sive interaction U , as written in parity basis,
∑

i Uni↑ni↓
contains a term UJ+

e J
−
o , which acts as an “antiferromag-

netic” coupling between the pseudospins Je and Jo.
16

In Fig. 6, we show the results of −Imχsc(ω) together
with the single particle spectra for f †

pσ and f̄ †
pσ. We notice

that the finite pair excitations are closely related to the
presence of both finite excitations of f †

pσ and f̄ †
pσ. At low

energies, this only takes place in the vicinity of quantum
critical point (Fig. 6b). Here, the spectral weights for f †

pσ

and f̄ †
pσ are half of their corresponds in the Kondo regime

(Fig. 6a) and the RKKY regime (Fig. 6c), respectively.

As f̄eσ = feσ(neσ̄ + noσ̄ − 1) + f †
eσ̄foσ̄foσ − feσ̄f

†
oσ̄foσ,

it can be argued that an enhanced “hybridization” term

f †
eσ f̄eσ also promotes the pairing term f †

eσf
†
eσ̄foσ̄foσ ∼

∆†
sc∆sc, as well as other instabilities. These interaction

parameters have also been fitted from the leading irrele-
vant parameters in the low-energy effective Hamiltonian,
which are found to be divergent (gapless) at the QCP.13
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