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We propose several topological order parameters expressedin terms of Green’s function at zero frequency
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I. INTRODUCTION

Recently topological phases have been among the central
topics in condensed matter physics1–4. These phases of mat-
ter are interesting in that their bulk is gapped but their sur-
face is robustly gapless. Among these topological phases
are topological insulators, including quantum Hall insulators5,
and the recently discovered time reversal invariant topolog-
ical insulators including the quantum spin Hall insulators6–8

and its three-dimensional(3d) generalization1–4. On the other
hand, many superconductors have gapped fermionic spectrum
in the bulk, therefore, they can also be topologically classi-
fied. For free fermion systems, the topological classification
of insulators and superconductors are well established by pre-
vious works9–11. The central tools in these topological clas-
sifications are various band topological invariants6,9,10,12–15,
starting from the classical Thouless-Kohmoto- Nightingale-
den Nijs(TKNN) invariant16. In the presence of interactions,
topological states of matter can be generally defined in terms
of the topological response functions within topological field
theory9. Recently, there are great interests in the field of in-
teracting topological insulators17–28. Among the most urgent
problems in the field of interacting topological insulatorsis to
formulate topological invariants/topological order parameters
to distinguish different topological phases. To this end, topo-
logical order parameters expressed in terms of Green’s func-
tion for interacting topological insulators were proposed29.
There are much recent interest in the Green’s function ap-
proach to interacting topological insulators30–34. More re-
cently, it was proposed that topological order parameters can
be expressed in terms Green’s functions at zero frequency
without losing any information35,36, which greatly simplifies
numerical calculations28,37,38and analytical calculation.

The theory of interacting topological superconductors are
still less investigated compared to topological insulators. In
Ref.39,40 it has been proposed that gravitational topological
field theory can be formulated to describe interacting 3d time
reversal symmetric topological superconductors10,11,41, how-
ever, there is no explicit formula for theθ angle appearing
in the θ term (even for noninteracting systems). Therefore,
it is generally a difficult task to determine the topological
class of a given interacting superconductor. Recently, there
are several studies on interacting superconductors in 2d42–44

in which some judiciously chosen symmetries are imposed

instead of the more conventional symmetries such as time re-
versal symmetry. In the present paper, we will focus only on
the more conventional cases, namely superconductors with-
out any additional symmetry and superconductors with time
reversal symmetry, since these cases are closer to real mate-
rial problems in experiments. By extending the previously
mentioned Green’s function approach to superconductors, we
will obtain several simple yet general topological order pa-
rameters for interacting superconductors. These topological
order parameters are expressed in terms of zero frequency
Green’s function, which are easy to compute by various nu-
merical methods and analytical calculations. We also present
simple examples in which interaction effect induce nontriv-
ial topological phase transitions, which are neverthelesswell
described within our approach.

The rest of this paper is organized as follows. In Sec.II we
present topological order parameter for 2d chiral supercon-
ductors expressed in terms of zero frequency Green’s func-
tion, and then in Sec.III we study a simple but nontrivial
ansatz to illustrate the application of our new formula in
strongly correlated systems. In Sec.IV we present topologi-
cal order parameter for 3d time reversal invariant topological
superconductors. Then in Sec.V we obtain the gravitationalθ

angle in terms of Green’s function, and show that it is exactly
given by the winding number of zero frequency Green’s func-
tion proposed in Sec.IV. In Sec.VI, we discuss generalization
of zero frequency Green’s function approach to gapless sys-
tems. We then make several concluding remarks in Sec.VII.
Finally, in appendices we collect various exact Green’s func-
tion identities for superconductors, which are useful in the
main text, and detailed derivations of several equations inthe
main text.

II. CORRELATED CHIRAL TOPOLOGICAL
SUPERCONDUCTORS IN TWO DIMENSIONS

In this section, we will obtain topological order parameter
for chiral superconductors. This topological order parame-
ter is expressed in terms of zero frequency Green’s function.
This is analogous to the generalized first Chern number for
quantum (anomalous) Hall insulators36, however, there are
differences between the two, among which the most promi-
nent is the breaking ofU(1) gauge symmetry for supercon-
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ductors. More precisely, the Green’s function matrix contains
four submatrices, which are nonetheless not independent with
each other. The fermion operators areckα, α = 1, 2 . . .N,
where α refers to any degree of freedom other than mo-
mentum. We can define the 2N-component Nambu opera-
tor asΨ(k) = (ck, c

†
−k)

T . The Matsubara Green’s function

is defined asGαβ(iω, k) = −
∫ β

0
eiωτ〈TτΨα(τ, k)Ψ†

β
(0, k) with

α, β = 1, 2 . . .2N. The Green’s functionG are decomposed
into four submatrices as

G(iω, k) =

(

GA(iω, k) GB(iω, k)
GC(iω, k) GD(iω, k)

)

(1)

where

(GA)αβ(iω, k) = −
∫ β

0
dτeiωτ〈Tτckα(τ, k)c†kβ(0, k)〉

(GB)αβ(iω, k) = −
∫ β

0
dτeiωτ〈Tτckα(τ, k)c−kβ(0, k)〉

(GC)αβ(iω, k) = −
∫ β

0
dτeiωτ〈Tτc†−kα(τ, k)c†kβ(0, k)〉

(GD)αβ(iω, k) = −
∫ β

0
dτeiωτ〈Tτc†−kα(τ, k)c−kβ(0, k)〉 (2)

Following Ref.35,36, we diagonalize the inverse Green’s
function as

G−1(iω, k)|α(iω, k)〉 = µα(iω, k)|α(iω, k)〉 (3)

We define those eigenvectors withµα(0, k) > 0 as “R-
zero”, while those withµα(0, k) < 0 as “L-zero”35,36. From
Eq.(A10), we know that the Green’s function is Hermitian at
zero frequency, more explicitly, we haveG†(0, k) = G(0, k),
therefore, the eigenvalues ofG(0, k) is real. The spaces
spanned by R-zeros and L-zeros are named as R-space and
L-space. From the property of Hermitian matrix we can see
that vectors within R-space are orthogonal to those within L-
space, therefore, we can define Berry connections and cur-
vature in the R-space. With these preparations, we can now
propose one of the central results of this paper, namely a gen-
eralized Chern number

C1 =
1
2π

∫

d2kFxy (4)

whereFi j = ∂iA j − ∂ jAi, andAi = −i
∑

R−space〈kα|∂ki |kα〉,
where |kα〉 are orthonormal vectors spanning the R-space.
The simplest basis choice is|kα〉 = |α(iω = 0, k)〉. Eq.(4)
strongly resembles the result for the quantum anomalous Hall
insulators36, however, the R-zeros in superconductor cases
are mixtures of particle/hole components. We also mention
in passing that since only zero frequency Green’s function is
needed in Eq.(4), we can also use real frequency Green’s func-
tion, which is the same as the Matsubara Green’s function at
zero frequency. Since we only need zero frequency Green’s
function, Eq.(4) can be evaluated efficiently by various ana-
lytical and numerical methods.

Next we will show the relation of Eq.(4) to another topolog-
ical invariant defined for chiral superconductors, namely the

winding number defined from interacting Green’s function at
all frequency, which is explicitly given as29,45

N2 =
1

24π2

∫

d3kTr[ǫµνρ(G∂µG−1)(G∂νG−1)(G∂ρG−1)] (5)

This topological quantum number measures the quantized
thermal Hall effect46. We can prove the equivalence

N2 = C1 (6)

by similar calculation to its analogue in the quantum Hall
effect36. The key idea is to introduce a smooth deformation
of G(iω, k) which does not changeN2. Due to intrinsic prop-
erties of Green’s functions, a simple deformation connecting
G(iω, k) to an “effective noninteracting” Green’s function can
be found (see Appendix B for details) , it can thus be shown
that N2 is fully determined by zero frequency Green’s func-
tion. This leads exactly toN2 = C1. The readers are referred
to Appendix B for details of calculations, which is a straight-
forward generalization of the derivations in Ref.36 .

Similar to the case36 of quantum Hall insulators, Eq.(6)
shows that it is unnecessary to do frequency integral to obtain
the topological invariant for superconductors, because zero
frequency Green’s function already contains sufficient infor-
mation to determine the topological class. This greatly sim-
plifies numerical and analytical calculations.

The topological invariant given in Eq.(4) is equivalent to
the Chern number calculated from an effective “noninteract-
ing Bogoliubov-de Gennes Hamiltonian”

h(k) = −G−1(ω = 0, k) (7)

therefore, we may be tempted to think that Eq.(4) is a gen-
eralization of the noninteracting topological invariantsto the
“renormalized energy bands”, or “Bogoliubov-de Gennes
quasiparticles”. However, this picture is incorrect. Let us
explain more about this important point following Ref.47. In
fact, in the “renomalized bands” or “quasiparticle” picture, we
should use the self-consistent equationG−1(ωα, k)|uα(k)〉 = 0,
which reveals the approximate quasiparticle poles. Takingad-
vantage of the Dyson equationG−1(ωα, k) = ωα − h0(k) −
Σ(ωα, k), we have

[h0(k) + Σ(ωα, k)]|uα(k)〉 = ωα|uα(k)〉 (8)

whereh0(k) is the free part of the Hamiltonian andΣ(ω, k)
is the self energy generated by electron-electron interaction.
This “renormalized bands” or “quasiparticle” approach would
suggest us to define topological invariant in terms of|uα(k)〉,
however, this approach is different from the zero frequency
Green’s function approach. Unlike this “renormalized band”
picture, the zero frequency Green’s function approach adopts
a different equation47

[h0(k) + Σ(0, k)]|kα〉 = ǫα|kα〉 (9)

which follows from the Dyson equation−G−1(0, k) = h0(k) +
Σ(0, k). Eq.(9) is counterintuitive because the nonzero eigen-
valueǫα suggests us to self-consistently useΣ(ǫα, k) instead of



3

Σ(0, k). As a comparison, we note that in Eq.(8),|uα(k)〉 has
the clear physical meaning as the “ quasiparticle”(or “would-
be quasiparticle”, because the concept of quasiparticle ismost
useful only when the lifetime is long), and the correspond-
ing eigenvalues can be regarded as energy spectra. In con-
trary to Eq.(8), in Eq.(9) such clear physical meaning is ab-
sent for |kα〉, and the corresponding eigenvaluesǫα cannot
be interpreted as energy spectra, because of the lack of self-
consistency in Eq.(9).

To summarize the above discussions, the “renormalized
bands” or the “(would-be) quasiparticle” approach prefersthe
self-consistent Eq.(8), while the zero frequency Green’s func-
tion approach in this paper makes use of Eq.(9). It has been
emphasized47 that the self-consistent “renormalized bands” or
“quasiparticle” approach following Eq.(8) is not suitablefor
calculating topological invariants, though it is an accurate tool
for obtaining the energy spectra. On the other hand, the seem-
ingly inconsistent zero frequency Green’s function approach
is an exact tool for topological invariants47, though it is a poor
tool for the purpose of energy spectra.

III. STRONGLY CORRELATED TOPOLOGICAL PHASES
TRANSITIONS VIA GENERALIZED CHERN NUMBER

Since our new formalism of topological order parameter
can be applied to general interacting superconductors, we will
use a simple ansatz of Green’s function to illustrate its usage.
Suppose that the Green’s function of a 2d superconductor is
given as

G−1(iω, k) =
iω + n · τ
(ω2 + n2)γ

(10)

wheren = (nx, ny, nz) = (sinkx, sinky,m+ 2− coskx − cosky),
andτ = (τx, τy, τz) are the Pauli matrices. In thek → 0 limit,
this ansatz becomesG−1(iω, k) ≈ (iω + k · τ + mτz)(ω2 + k2 +

m2)−γ. If γ = 0, this ansatz describes a mean field super-
conductor with essentially free BdG quasi-particles. Gener-
ally, this ansatz describes a strongly correlated superconduc-
tor. When we replacemτz term by akzτz term, this Green’s
function becomes the “unparticle” propagator48,49, with power
law Green’s function which is characteristic of conformal field
theories. Unlike these gapless systems, our Green’s function
ansatz Eq.(10) describes a gapped system (for fermion), and
the topological order parameter can be readily calculated us-
ing Eq.(4).

Following the formalism in the previous section, we write
down the zero frequency Green’s function as

G−1(0, k) =
n · τ
(n2)γ

(11)

The Berry curvatureFxy can be obtained as

Fxy =
1
2
ǫabcn̂a∂kx n̂b∂ky n̂c (12)

where n̂a = na/

√

n2
1 + n2

2 + n2
3. It follows from Eq.(4) and

Eq.(12) that

C1(m) =



























0, m > 0
−1, −2 < m < 0
1, −4 < m < −2
0, m < −4

. (13)

It is very interesting to note that the highly nontrivial power
γ does not enter the topological number because only the
Green’s function eigenvectors are needed, which do not de-
pend onγ. The simplest way to obtain Eq.(13) is outlined as
follows. The generalized Chern number given by Eq.(4) is un-
changed as we tunem except at the three pointsm = 0,−2,−4,
where the Green’s function encounters singularities. Near
these three singular points, we can linearly expand ˆna, and ob-
tain the changes ofC1. For instance,∆C1(m = 0) = C1(m →
0+)−C1(m→ 0−) = −1 can be obtained by linearly expansion
n ≈ (kx, ky,m) neark = 0.

The central point here is that the ansatz in Eq.(10) describes
a strongly correlated superconductor, which can nevertheless
be detected by the generalized Chern number for interacting
superconductors in Eq.(4). At the topological phase transition
point, e.g. whenm = 0, the situation becomes more interest-
ing. Green’s function becomes singular at this point, but itis
does not fit into the non-interacting picture whenγ , 0, since
the smallk behavior of Green’s function is

G(iω, k) ∼ (ω2 + k2)γ

iω − k · τ (14)

which signifies a strongly correlated topological phase transi-
tion. If γ > 1/2,G(iω, k) → 0 when (iω, k) → (0, 0), in sharp
contrast to the non-interacting transitions withG(iω, k)→ ∞.

It is worth mentioning that the same ansatz as Eq.(10)
can be proposed for the quantum Hall effect, and an analo-
gous strongly correlated topological phase transition canbe
obtained using the generalized TKNN invariant obtained in
Ref.36

IV. CORRELATED TOPOLOGICAL
SUPERCONDUCTORS IN 3D

In this section we focus on time reversal invariant super-
conductors in 3d, which in the non-interacting limit is classi-
fied by an integer10,41. In the Appendix A, we show that the
Green’s function for superconductors at (iω, k) and (−iω,−k)
is intrinsically correlated as illustrated by Eq.(A7). Time re-
versal symmetry provides an additional symmetry of Green’s
function relating (iω, k) and (iω,−k) as illustrated by Eq.(C7).
From these two equations we can obtain

ΣG(iω, k)Σ−1 = −G(−iω, k) (15)

whereΣ = −iC−1T = τx ⊗ σy, in which τ andσ are Pauli
matrices in particle-hole and spin spaces [see the appendices].
SinceΣ2 = 1, the eigenvalues ofΣ is ±1, and we can choose a
basis so thatΣ is diagonal

Σ =

(

1N×N

−1N×N

)

(16)
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Due to Eq.(15), zero frequency Green’s function in this basis
is given as

G(iω = 0, k) =

(

Q(k)
Q†(k)

)

(17)

The topological order order parameter of 3d time reversal in-
variant topological superconductors is defined as the follow-
ing winding number

W =
1

24π2

∫

d3kǫµνρTr[(Q∂µQ−1)(Q∂νQ−1)(Q∂ρQ−1)] (18)

which has similar expression as its non-interacting analog10,
however, Eq.(18) is well defined for superconductors in the
presence of electron-electron interaction. As a byproduct, this
shows that the integer classification of 3d time reversal in-
variant topological superconductors is stable with respect to
electron-electron interaction, although various possible frac-
tional states are not included in this description. Therefore,
free fermion superconductors in different integer class cannot
be smoothly connected even if we add fermion-fermion inter-
action effect.

In the non-interacting limit, it is straightforward to check
that Eq.(18) reduces to the winding number defined in terms
of non-interacting Hamiltonian10.

V. GRAVITATIONAL TOPOLOGICAL FIELD THEORY
AND GREEN’S FUNCTION AT ZERO FREQUENCY

In this section, we focus on physical responses of 3d time
reversal invariant topological superconductors and relate them
to the Green’s function. Since in superconductors theU(1)
symmetry corresponding to fermion number conservation is
spontaneously broken, we cannot get a topological field the-
ory by coupling fermion toU(1) gauge field, instead, we can
get a gravitational topological field theory since the space-
time metric couples to the energy-momentum tensor. The
gravitational topological term obtained in Ref.39,40from chiral
anomaly is given as

S θ =
1
2

1
24

∫

θ

8π2
TrR ∧ R

=
1

1536π2

∫

d3xdtǫµνρσθRα
βµνR

β
αρσ (19)

whereRα
βµν
= ∂µΓ

α
νβ
+ Γ

η

νβ
Γαµη − (µ ↔ ν), and the differential

form R = 1
2Rµνdxµ ∧ dxν. It is worth noting here that the pre-

factor 1/2 in the first line of Eq.(19) comes from the fact the
fermions are Majorana instead of complex. The form18π2 R∧R
is known as the Pontryagin class in mathematical literatures50.
For general superconductorsθ = θ(x, t) can be space-time de-
pendent, but for time reversal invariant superconductors,θ is
quantized to be 0 orπ mod 2π.

As we mentioned in Sec.I, although the above gravitational
topological field theory provides a description of interacting
superconductors in this class, there is no explicit formula

(even for noninteracting limit) for theθ angle from the pre-
vious works. Therefore, the remaining problem is to evaluate
θ in Eq.(19) explicitly. A natural guess is thatθ is proportional
to W given in Eq.(18), namelyθ = Wπ. However,θ can only
be defined mod 2π from the bulk information, because a 2π
ambiguity can always be introduced depending on the details
of interfaces between superconductors with differentW. For
instance, the simplest surface states of a topological supercon-
ductors withW = 2 can be described by two surface Majorana
cones, and the surface effective Hamiltonian reads39

H2D =
∑

α=1,2

∑

k

ηT
α,−kv

(

σzkx + σxky

)

ηα,k (20)

where ηα,k = (ηα,k↑, ηα,k↓)T is a two component Majorana
fermion operator satisfyingηk = η

†
−k. A mass term of the

form
∑

α mαη
T
ασyηα can induce a gap for the surface states.

If m1,m2 > 0, the surface thermal Hall conductance39 is

κxy = 2 × πk2
BT

24~ ; on the other hand, ifm1 > 0,m2 < 0, we

haveκxy = 0× πk2
BT

24~ . Therefore, the bulk topological invariant
cannot fully determine the surface thermal Hall conductance.
Following the relation39,40 between surface thermal Hall re-
sponses and gravitational topological field theory, namelythat

κxy =
θk2

BT
24~ (assuming that the vacuum hasθ = 0), we conclude

that θ = 2π for the casem1,m2 > 0, andθ = 0 for the case
m1 > 0,m2 < 0. To summarize the above calculations, if we
know from the bulk that the topological superconductor has
W = 2, we can at most conclude thatθ = 2π mod 2π, in other
word,θ = 0 is equally possible asθ = 2π for this topological
superconductor. Therefore, we should modify our previous
guessθ = Wπ to

θ = Wπ mod 2π (21)

We will obtain this result by explicit calculation in Appendix
E. The Eq.(21) is among the central results of this paper.

Now let us find a different approach to calculate the gravita-
tionalθ angle. By analogy with the electromagnetic responses
in topological insulators9, we propose the following expres-
sion for theθ angle

θ =
1

240π2

∫ π

−π
dk0d3k

∫ π

0
dk4Tr[ǫµνρστG∂µG−1G∂νG−1

×G∂ρG−1G∂σG−1G∂τG−1] (22)

wherek0 = iω is the continuous Matsubara frequency( in the
zero temperature limit),k1, k2, k3 are spatial momenta, andk4

is a dimensional extension parameter (Wess-Zumino-Witten
parameter). The reference functionG(k0, k1, k2, k3; k4 = π) is
chosen as a trivial “flat-band” Green’s function analogous to
that in Ref.29 [see Appendix E for explicit form of reference
function for superconductors].

A direct Feynman diagram calculation of gravitationalθ

angle is much more involved than the electromagneticθ an-
gle, therefore we will justify Eq.(22) as follows. In the non-
interacting limit, Eq.(22) reduces to the Chern-Simons term

θ

2π
=

1
16π2

∫

d3kǫi jkTr{(Fi j(k) − 1
3

i[Ai(k), A j(k)]) · Ak(k)}
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=
1

8π2

∫

d3kǫi jkTr[∂iA j +
2
3

iAiA j]Ak (23)

where Aαβ

i = −i〈ψα|∂ki |ψβ〉 are Berry connections defined
in terms of Bloch states|ψα〉. For a non-interacting Dirac
fermion with Lagrangian̄ψ(iγµ∂µ + m)ψ39,40, from Eq.(23) it
follows that

θ(m > 0)− θ(m < 0)
2π

=
1
2

(24)

which is the same as the result obtained from chiral
anomaly39,40. Since non-interacting Hamiltonian can al-
ways be deformed to Dirac type at low energy, we conclude
that Eq.(22) is exactly the gravitationalθ angle in the non-
interacting limit. For general interacting superconductors, the
quantization ofθ (due to time reversal symmetry) dictates that
Eq.(22) is the correctθ angle, which is analogous to the case
of electromagneticθ angle9,29. The θ value in Eq.(22) is of
Z2 character because of the 2π ambiguity of the dimensional
extension29. This is consistent with the fact that the bulk of
a superconductor can only determine the surface thermal Hall
coefficient mod even integer39, as we have discuss early in this
section.

Since we have justified Eq.(22) as the correct gravitational
θ angle, we can now derive Eq.(21) from Eq.(22). The details
of this calculation is left to Appendix E.

VI. GENERALIZATION TO GREEN’S FUNCTION
SINGULARITIES IN GAPLESS SYSTEMS

It is also straightforward to generalize the zero frequency
Green’s function topological invariants in this paper to gap-
less systems, e.g. systems with Weyl points in momentum
space. The zero frequency topological invariants are easier to
use than the topological invariants with frequency integral45.
For instance, a zero frequency Green’s function topological
invariant can be defined for a singular point (Fermi point, or
Weyl point) in 3d gapless systems (insulator or superconduc-
tor) as

C1 =
1
2π

∫

S
F

=
1
4π

∫

dS iǫi jkF jk (25)

where we have chosen a small 2d sphereS around this sin-
gular point, andS i is its area element. The connection and
curvature is defined asAi = −i

∑

R−space〈kα|∂ki |kα〉 andFi j =

∂iA j−∂ jAi, where|kα〉 are orthonormal vectors spanning the
R-space. Equation (25) is a direct generalization of Eq.(4)to
gapless systems. The construction of a 2d sphere around the
singular point can be found in Ref.45, in which topological
invariants for Fermi points are defined in terms of frequency
integral. Equation (25) has the advantage that no frequency
integral is needed. For the definition of Eq.(25), it is crucial to
realize that the zero frequency Green’s function is a Hermitian
matrix, so that a Chern number can be defined on thek space.

VII. CONCLUSIONS AND DISCUSSIONS

In this paper we have obtained several topological order pa-
rameters for interacting superconductors. They are expressed
in terms of zero frequency Green’s function, and their equiva-
lence to topological order parameters defined with frequency
integral is explicitly shown. These new topological order pa-
rameters are much easier to calculate in numerical and ana-
lytical calculation. They produce topological invariantsdif-
ferent from the “quasiparticle” or “renormalized band” ap-
proach, in which Green’s function (or self energy ) at nonzero
frequency should be self-consistently used. Taking advantage
of the zero frequency Green’s function approach, we analyze
a nontrivial topological quantum phase transition beyond the
non-interacting picture. The topological field theory coeffi-
cient, namely the gravitationalθ angle, has been expressed in
terms of the zero frequency Green’s function.

For numerical calculation with finite size, at first sight
the anomalous Green’s functionGB,GC would vanish be-
cause of the fermion number mismatch. One viable ap-
proach to circumvent this difficulty is to study the off-
diagonal long-range order51,52. The idea can be outlined
as follows. Since〈0|cα(r1)cβ(r2)|0〉 = 0 (where |0〉 is
the ground state) for any large but finite system, we can
calculate〈0|cα(r1)cβ(r2)c†γ(r3)c†

δ
(r4)|0〉 instead. In the limit

|r1 − r2|, |r3 − r4| << |r1 − r3|, this expectation value can
be formally decomposed as〈cα(r1)cβ(r2)〉〈c†γ(r3)c

†
δ
(r4)〉, from

which 〈cα(r1)cβ(r2)〉 can be extracted. In fact, this can be
taken as the definition of〈cα(r1)cβ(r2)〉. The only ambigu-
ity is the global phase factor of Cooper pairing, which is not
significant for our purpose.

In the above simplified analysis we omit theτ (
or ω ) variable, and this variable can be straightfor-
wardly added as〈0|cα(r1, τ1)cβ(r2, τ2)c†γ(r3, τ3)c†

δ
(r4, τ4)|0〉

(or 〈0|cα(r1, iω1)cβ(r2, iω2)c†γ(r3, iω3)c†
δ
(r4, iω4)|0〉 ), thus we

can extract〈cα(r1, τ1)cβ(r2, τ2)〉 (or 〈cα(r1, iω1)cβ(r2, iω2)〉 ),
whose Fourier transformation into the momentum space leads
to the single particle Green’s functionGB andGC needed to
define topological invariants.

This is analogous to calculating magnetization in finite sys-
tem. The naive expectation value of magnetization〈m(r)〉 =
0, but we can calculate〈ma(r1)mb(r2)〉 (a, b = x, y, z). In the
limit when |r1 − r2| is large, we have the formal decompo-
sition 〈ma(r1)mb(r2)〉 ≈ 〈ma(r1)〉〈mb(r2)〉, where〈ma(r)〉 can
be regarded as the definition of “magnetization” in large but
finite systems. This definition is natural because〈ma(r)〉 be-
comes the true magnetization in the thermodynamical limit.
The nonzero magnetization in the thermodynamics remains
visible as the long range correlations in large but finite sys-
tems, though the latter do not have magnetization in a strict
sense.

In all the calculations in this paper, we have assumed that
there is no ground state degeneracy (besides the phase of su-
perconducting order parameter). For fractional phases which
violate this condition, our formulas are not directly applica-
ble. The extensions of the present approach to such exotic
fractional phases will be left for future works.
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We conclude with the remark that the zero frequency
Green’s function approach used in this paper can be straight-
forwardly generalized to topological insulators and supercon-
ductors in other symmetry classes.

ZW would like to thank Xiao-Liang Qi and Xi Dai for dis-
cussions. ZW is supported by Tsinghua University Initiative
Scientific Research Program(No. 20121087986). SCZ is sup-
ported by the NSF under grant numbers DMR-0904264 and
the Keck Foundation.

Appendix A: Exact Green’s function identities for
superconductors

In this appendix, by straightforward calculation we will ob-
tain several useful identities of Green’s function for super-
conductors without assuming any additional symmetry such
as time reversal symmetry. Variant forms of some of these
identities can be found in Ref.32. The departure point of our
calculation is the Lehmann spectral representation of the four
submatrices inG(iω, k) given as

(GA)αβ(iω, k) =
∑

mn

Dmn

〈n|ckα|m〉〈m|c†kβ|n〉
iω − (Em − En)

(GB)αβ(iω, k) =
∑

mn

Dmn
〈n|ckα|m〉〈m|c−kβ|n〉

iω − (Em − En)

(GC)αβ(iω, k) =
∑

mn

Dmn

〈n|c†−kα|m〉〈m|c
†
kβ|n〉

iω − (Em − En)

(GD)αβ(iω, k) =
∑

mn

Dmn
〈n|c†−kα|m〉〈m|c−kβ|n〉

iω − (Em − En)
(A1)

where|m〉 are exact eigenvectors ofK = H − µN with eigen-
valuesEm (H is the many-body Hamiltonian,µ is chemical
potential,N is particle number),Dmn = eβΩ(e−βEm + e−βEn ),
andΩ is the thermodynamical potential defined bye−βΩ =
Tre−β(H−µN). We do all calculations at finite temperature and
then take the zero temperature limit, which is always implied
in this paper. There is a important point hidden in the sim-
plified notation in the above equations, namely that in the
“anomalous propagators”GB andGC, the naive expressions
such as〈n|ckα|m〉〈m|c−kβ|n〉 vanish identically due to mismatch
of fermion number, therefore, the precise meaning of the
above formal Lehmann representations forGB andGC should
be understood as follows. Let us focus on the zero temperature
limit β→ ∞, then we have the naive expression

(GB)αβ(iω, k) =
∑

m

〈0|ckα|m〉〈m|c−kβ|0〉
iω − (Em − E0)

+
∑

n

〈0|c−kβ|n〉〈n|ckα|0〉
iω + (En − E0)

(A2)

where|0〉 is the ground state. This expression ofGB vanishes
due to fermion number mismatch. The correct spectral repre-
sentation should be modified as

(GB)αβ(iω, k) =
∑

m

〈0N−2|ckα|m〉〈m|c−kβ|0N〉
iω − (Em − E0)

+
∑

n

〈0N−2|c−kβ|n〉〈n|ckα|0N〉
iω + (En − E0)

(A3)

where|0N〉 is the ground states with fermion numberN. Note
that two ground states with fermions numberN andN−2 enter
this spectral representation. The ground state energy (H−µN)
satisfiesE0(N) ≈ E0(N − 2) in the thermodynamical limit,
which is simply denoted asE0. Note that we have absorbed
the chemical potential into the definition of Hamiltonian, in
other word,En is the eigenvalue ofH − µN. (If we defineEn

as eigenvalues ofH, we would haveE0(N)−E0(N−2) ≈ 2µ53).
Eq.(A3) should always be implied wherever the formal spec-
tral representation given in Eq.(A1) forGB appears. Similarly
modification ofGC is also understood in this paper.

With these preparations of Lehmann representation, we can
obtain exact Green’s function identities. The first exact iden-
tity in this appendix is given as

GD(iω, k) = −GT
A(−iω,−k) (A4)

which can be obtained from the following calculation

(GD)αβ(iω, k) =
∑

mn

Dmn
〈n|c†−kα|m〉〈m|c−kβ|n〉

iω − Emn

=
∑

mn

Dmn
〈m|c−kβ|n〉〈n|c†−kα|m〉

iω − Emn

= −
∑

mn

Dmn
〈m|c−kβ|n〉〈n|c†−kα|m〉
−iω − Enm

= −(GA)βα(−iω,−k)

where we have definedEmn = Em − En. We mention that an
variant form of Eq.(A4) has been given in Ref.32.

The second identity is

GB(iω, k) = −GT
B(−iω,−k) (A5)

which can be calculated as follows

(GB)αβ(iω, k) =
∑

mn

Dmn
〈n|ckα|m〉〈m|c−kβ|n〉

iω − Emn

= −
∑

mn

Dmn
〈m|c−kβ|n〉〈n|ckα|m〉
−iω − Emn

= −(GB)βα(−iω,−k)

We can check that Eq.(A5) can also be obtained directly from
the more precise spectral representation given in Eq.(A3).

By analogous calculation we can also obtain

GC(iω, k) = −GT
C(−iω,−k) (A6)

Now we define a charge conjugation matrix

C =
(

1
1

)

then we can readily obtain that

CG(iω, k)C−1 = −GT (−iω,−k) (A7)
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which can be calculated as

CG(iω, k)C−1 =

(

GD(iω, k) GC(iω, k)
GB(iω, k) GA(iω, k)

)

=

(

−GT
A(−iω,−k) −GT

C(−iω,−k)
−GT

B(−iω,−k) −GT
D(−iω,−k)

)

= −GT (−iω,−k)

By similar calculations, we can also obtain that

GB(iω, k) = G†C(−iω, k) (A8)

and

GA(iω, k) = G†A(−iω, k) (A9)

from which it follows that

G(iω, k) = G†(−iω, k) (A10)

Appendix B: Derivation of N2 = C1 for superconductors

The key idea of this derivation is analogous to the one given
in Ref.36, though the calculations for superconductors is a lit-
tle more involved because of appearance of four submatrices
GA,GB,GC,GD in the Green’s functionG(iω, k), as we will
show below.

The key idea is to introduce a deformation ofG which
smoothly connectsG(iω, k) and an “effective non-interacting”
Green’s function (iω + G(0, k)−1)−1 as

G(iω, k, λ) = (1− λ)G(iω, k) + λ(iω + G−1(0, k))−1 (B1)

whereλ ∈ [0, 1]. It is not evident that this deformation is
smooth, since in principleG(iω, k, λ) can have zero eigenval-
ues. It turns out that zero eigenvalue does not appear because
of intrinsic properties of Green’s function as we show below.
It is convenient for our purpose to decomposeG = G1 + iG2,
whereG1,G2 are both Hermitian matrices. The explicit form
of G2 is given by its four submatrices

(G2A)αβ(iω, k) = −
∑

mn

dmn〈n|ckα|m〉〈m|c†kβ|n〉

(G2B)αβ(iω, k) = −
∑

mn

dmn〈n|ckα|m〉〈m|c−kβ|n〉

(G2C)αβ(iω, k) = −
∑

mn

dmn〈n|c†−kα|m〉〈m|c
†
kβ|n〉

(G2D)αβ(iω, k) = −
∑

mn

dmn〈n|c†−kα|m〉〈m|c−kβ|n〉 (B2)

wheredmn = Dmn
ω

ω2+(Em−En )2 , andDmn is defined in the Ap-
pendix A. The crucial property ofG2 is the following. Take
an arbitrary 2N component vector|ψ〉 = (|a〉, |b〉)T , in which
|a〉, |b〉 areN-component vectors, we have

〈ψ|G2|ψ〉 = −
∑

mn

dmn[|Amn|2 + A∗mnBmn + AmnB∗mn + |Bmn|2]

= −
∑

mn

dmn|Amn + Bmn|2 (B3)

Here we have definedAmn =
∑

α a∗α〈n|ckα|m〉 and Bmn =
∑

α b∗α〈n|c†−kα|m〉 (hereaα, bα are the components of|a〉, |b〉).
The following calculation is almost identical to the case of
insulators36, which we will briefly outline. From Eq.(B3) it
follows that

sign(〈ψ|G2(iω, k)|ψ〉) = −signω (B4)

for an arbitrary |ψ〉. Suppose that|ψ〉 is an eigenvector
of G(iω, k, λ) with eigenvalueµ−1

ψ , then it can be obtained
that Im[µ−1

ψ (iω, k, λ)] = 〈ψ|ψ〉−1[(1 − λ)〈ψ|G2(iω, k)|ψ〉 −
λω

∑

s |ψs|2(ω2 + ǫ2
s )−1], where we have expanded|ψ〉 =

∑

s ψs(iω, k, λ)|s(k)〉, with |s(k)〉 being the eigenvector of
−G−1(0, k) with eigenvalueǫs. From this equation and Eq.(B4)
we can see that wheniω , 0, Im[µ−1

ψ (iω, k, λ)] , 0. On the
other hand, wheniω = 0, G(0, k, λ) = G(0, k) is independent
of λ, and Re[µ−1

ψ (iω, k, λ)] , 0. Summarizing the above calcu-
lations, we haveµ−1

ψ (iω, k, λ) , 0. Therefore, the deformation
given in Eq.(B1) is smooth, and we haveN2(λ = 0) = N2(λ =
1). Now we can calculatedN2 = N2(λ = 0) by calculating
N2(λ = 1) with “effective non-interacting” Green’s function
(iω + G(0, k)−1)−1. By a straightforward calculation, we are
led to Eq.(6).

The interested readers are referred to Ref.36 for a similar to
derivation for the case of insulators.

Appendix C: Exact Green’s function identities in the presence of
time reversal symmetry

The basic calculational tool in this section is the Lehmann
representation and the following identity

〈ā|b〉 = (−1)Nb〈b̄|a〉, 〈a|b̄〉 = (−1)Na〈b|ā〉 (C1)

which follows from T̂ 2|a〉 = (−1)Na |a〉, where Na is the
fermion number of|a〉, and|ā〉 = T̂ |a〉. It is worth noting that
Eq.(C1) are identities for exact many-body eigenstates|a〉 and
|b〉, which should not be confused with the analogous identit-
ties for non-interacting Bloch states, in which (−1)N factor is
replaced by−1. Taking advantage of time reversal symmetry,
we will obtain several exact identities. The first one is

GT
A(iω, k) = TGA(iω,−k)T † (C2)

whereT = iσy is the time reversal symmetry matrix defined
by T̂ = iσyK̂ (K̂ is the complex conjugation operator). The
transformation of fermion operator iŝTckαT̂−1 =

∑

β Tαβc−kβ.
Eq.(C2) is analogous to the time reversal identity in time re-
versal invariant insulators29,32. Eq.(C2) can be derived explic-
itly as

(GA)αβ(iω, k) =
∑

mn

Dmn

〈n|ckα|m〉〈m|c†kβ|n〉
iω − Emn

=
∑

mn

Dmn

〈n̄|ckα|m〉〈m|c†kβ|n̄〉
iω − Emn
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=
∑

mn

T ∗αγTβδDmn

〈n|c−kδ|m̄〉〈m̄|c†−kγ|n〉
iω − Emn

= Tβδ(GA)δγ(iω,−k)T †γα

= (TGA(iω,−k)T †)βα

In the third line, we have used the first one in Eq.(C1)
by taking |a〉 = |n〉 and |b〉 = ckα|m〉, which leads to
|b̄〉 = T̂ ckαT̂−1T̂ |m〉 = Tαγc−kγ|m̄〉, and finally 〈n̄|ckα|m〉 =
(−1)Nm+1T ∗αγ〈m̄|c†−kγ|n〉. By a similar calculation, we can also
obtain

GT
D(iω, k) = T †GD(iω,−k)T (C3)

The third identity is

GT
B(iω, k) = −T †GC(iω,−k)T † (C4)

which can be explicitly calculated from

(GB)αβ(iω, k) =
∑

mn

Dmn
〈n|ckα|m〉〈m|c−kβ|n〉

iω − Emn

=
∑

mn

Dmn
〈n̄|ckα|m〉〈m|c−kβ|n̄〉

iω − Emn

=
∑

mn

Dmn

T ∗αγT ∗
βδ
〈m̄|c†−kγ|n〉〈n|c

†
kδ|m̄〉

iω − Emn

=
∑

mn

Dmn

T ∗αγT ∗
βδ
〈n|c†kδ|m̄〉〈m̄|c

†
−kγ|n〉

iω − Emn

= −T †
βδ

(GC)δγ(iω,−k)T †γα

= −(T †GC(iω,−k)T †)βα

in which we have used Eq.(C1) several times and the identity
T † = −T ∗, which follows fromT †T = 1 andT ∗T = −1.
Similarly we can obtain

GT
C(iω, k) = −TGB(iω,−k)T (C5)

Now we can define a time reversal matrix in the Nambu space
as

T =
(

T
−T †

)

(C6)

With this definition, we can calculate

TG(iω, k)T −1 =

(

TGA(iω, k)T † −TGB(iω, k)T
−T †GC(iω, k)T † T †GD(iω, k)T

)

=

(

GT
A(iω,−k) GT

C(iω,−k)
GT

B(iω,−k) GT
D(iω,−k)

)

= GT (iω,−k)

which is written compactly as

TG(iω, k)T −1 = GT (iω,−k) (C7)

Appendix D: Green’s function in the Majorana operator basis

Since the Majorana basis is convenient for some problems,
we will present several identities in this basis for references.
Let us start with notations. The fermion operators are referred
asckα, wherek is spatial momentum,α = 1, 2 . . .N refers to
any other degrees of freedom including spin, orbital, etc. We
also define 2N Majorana operatorsγkβ, β = 1, 2 . . .2N by

γkα = ckα + c†−kα, γk,N+α = i(ckα − c†−kα); (α = 1, 2 . . .N)(D1)

Since our results do not depend on the basis we use, we will
formulate them in the most convenient basis, namely the Ma-
jorana basis defined above. The Matsubara Green’s function
in this basis is defined as

G̃αβ(τ, k) = −〈Tτγkα(τ)γkβ(0)〉 (D2)

where Tτ is the imaginary time ordering. The fre-
quency domain Green’s function is defined asG(iωn, k) =
∫ β

0
dτexp(iωnτ)G(τ, k). The Lehmann representation of

Green’s function at finite temperature is given by

G̃αβ(iω, k) =
∑

mn

eβΩ
〈n|γkα|m〉〈m|γ−kβ|n〉

iω − (Em − En)
(e−βEm + e−βEn)(D3)

whereβ is the inverse temperature,|m〉 are exact eigenvectors
of K = H − µN (µ is the chemical potential,N =

∑

kα c†kαckα

is the fermion number operator), andΩ is the thermodynamic
potential defined bye−βΩ = Tre−β(H−µN). Taking advantage of
this spectral representation, we can obtain several exact iden-
tities. The first one is

G̃†(iω, k) = G̃(−iω, k) (D4)

which is the same as the identity in insulators. The second one
is

G̃(iω, k) = −G̃T (−iω,−k) (D5)

which has no counterpart in insulators. This identity signifies
major difference between the superconductors and insulators,
and will be crucial for construction of interacting topological
order parameters for superconductors in 3d. It can be appre-
ciated that in contrast with the case in insulator, superconduc-
tors’s Green’s function atk and−k are intrinsically related
because cooper pairing between opposite momenta.

In the zero temperature limit, the discrete Matsubara fre-
quency variableω becomes continuous, and the Lehmann rep-
resentation of the Matsubara Green’s function reads

G̃αβ(iω) =
∑

m

[
〈0|γkα|m〉〈m|γ−kβ|0〉

iω − (Em − E0)
+
〈0|γ−kβ|m〉〈γkα|0〉
iω + (Em − E0)

](D6)

where|0〉 is the ground state.
We mention in passing that the derivations in Sec.B can be

simplified if we use the Majorana basis, in which the compli-
cation of four submatrices in Eq.(B2) can be avoided.
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Appendix E: Gravitational θ coefficient and zero frequency
Green’s function

In this section we derive Eq.(21), which relates the grav-
itational θ coefficient to Eq.(18). First, we extrapolate the
Green’s functionG(k0 = iω, k1, k2, k3) to G(k0, k1, k2, k3, k4),
with the reference Green’s function atk4 = π chosen as
GA(iω, k1, k2, k3, π) = 1

iω1N×N , GD(iω, k1, k2, k3, π) = 1
iω1N×N ,

GB(iω, k1, k2, k3, π) = 1
∆

T †, GC(iω, k1, k2, k3, π) = 1
∆

T , where
∆ is a positive number with dimension of energy, andT = iσy

is the time reversal operator in the spin space. Physically this
Green’s function describes a mean field trivial s-wave super-
conductor with momentum independent pairing.

By an calculation analogous to that given in Ref.36 [see also
Appendix B], we can deformG(iω, k) to (iω + G−1(0, k))−1

without encountering singularities. This fact will be crucial
for the entire calculation, because it implies that zero fre-
quency Green’s function can fully determine the topological
invariants.

Taking advantage of the time reversal symmetry Eq.(C7),
we can also writeθ in Eq.(22) as

θ =
1
2

1
240π2

∫ π

−π
dk0d3k

∫ π

−π
dk4Tr[ǫµνρστG∂µG−1G∂νG−1

×G∂ρG−1G∂σG−1G∂τG−1] (E1)

in which G in the k4 ∈ [−π, 0] region is determined
by TG(iω, k1, k2, k3, k4)T −1 = GT (iω,−k1,−k2,−k3,−k4)
andCG(iω, k1, k2, k3, k4)C−1 = −GT (−iω,−k1,−k2,−k3,−k4).
Eq.(E1) is evidently unchanged in smooth deformations. Af-
ter deforming the Green’s function to (iω + G−1(0, k))−1 in a
similar fashion to Appendix B, by a direct calculation we can
expressθ in Eq.(22) in terms of zero frequency Green’s func-
tion explicitly as

θ/2π =
1

32π2

∫ π

0
dk4

∫ π

−π
d3kǫi jkltr[Fi jFkl]

= CS(k4 = 0)− CS(k4 = π)

= CS(k4 = 0) (E2)

in which the Chern-Simons term

CS =
1

16π2

∫

d3kǫi jkTr{(Fi j(k) − 1
3

i[Ai(k),A j(k)]) · Ak(k)}

=
1

8π2

∫

ǫi jkTr[∂iA j +
2
3

iAiA j]Ak (E3)

where

F αβ

i j = ∂iAαβ

j − ∂ jAαβ

i + i
[

Ai,A j

]αβ
,

Aαβ

i (k) = −i〈kα| ∂
∂ki
|kβ〉

in which |kα〉 is an orthonormal basis of the R-space spanned
by R-zeros [see the main text, below Eq.(3), or see Ref.35,36]
. In thek integral in CS term,k4 is fixed to be constant, and
d3k = dk1dk2dk3. We have used the fact that CS(k4 = π) = 0
becauseG(k4 = π) is a trivial reference function.

Now we can proceed to calculate the Chern-Simons term,
which is at this stage already expressed in terms of zero fre-
quency Green’s function. We will show that we are led exactly
to Eq.(21) by direct calculation. The physical Green’s func-
tion at zero frequency has the following form as obtained in
the main text

G(0, k1, k2, k3) =

(

Q(k1, k2, k3)
Q†(k1, k2, k3)

)

(E4)

or

G−1(0, k1, k2, k3) =

(

(Q†(k1, k2, k3))−1

Q−1(k1, k2, k3)

)

(E5)

in which k4 = 0 is implied. From the chiral symmetry
ΣG(0, k)Σ−1 = −G(0, k) it follows that the eigenvectors|α〉 =
(u, v)T and|β〉 = (u,−v)T of G−1(0, k) form chiral pairs as

G−1(0, k)||α〉 = µα|α〉
G−1(0, k)|β〉 = µβ|β〉

with

µα = −µβ

All R-zeros (namely eigenvectors|α(0, k)〉 with µα(0, k) > 0)
span the “R-space”36 at eachk, on which the Chern-Simons
term is defined. Due to the specific form ofG−1, we can find
all the R-zeros by finding the eigenvector ofQ†Q. Suppose
thatµ2Q†Q|v〉 = |v〉with 〈v|v〉 = 1, then|α〉 = (±µQ|v〉, |v〉)T is
an eigenvector ofG−1 with eigenvalues±µ. Therefore, a basis
of R-zeros has the following form

|α(0, k)〉 = 1
√

2

(

µαQ|vα〉
|vα〉

)

(E6)

with µα > 0, where|vα〉 is an N component column vector
satisfyingµ2

αQ†Q|vα〉 = |vα〉 and normalized by〈vα|vα〉 = 1 .
The magnitude of eigenvaluesµα is irrelevant for calculations
of topological numbers, so we deform allµα = m > 0. As a
result, the eigenvectors|α(0, k)〉 in Eq.(E6) are deformed to

|α(0, k)〉 = 1
√

2

(

R|vα〉
|vα〉

)

(E7)

whereR is a dimensionless matrix satisfyingR†R = 1 because
µ2
αQ†Q|vα〉 = |vα〉 is preserved during the deformation. To cal-

culate the Chern-Simons term over the R-space in Eq.(E3), we
can choose a trivial basis in which|vα〉 is k-independent (this
is possible because the fiber bundle spanned by|vα〉 is trivial)
, and the R-space Berry connection in this basis is given as

Ai = −
i
2
R−1∂kiR (E8)

where the crucial 1/2 factor comes from the 1/
√

2 in Eq.(E7).
It is worth noting that although Chern-Simons term is basis
dependent, a basis change (a “gauge transformation”) can at
most change the Chern-Simons term by an integer. Our central
result Eq.(21) is a mod 2π equation, which is thus not affected
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by basis choices. The Chern-Simons term in Eq.(E3) can be
calculated directly from Eq.(E8) as

CS(k4 = 0) =
1

48π2

∫

d3kǫµνρTr[(R−1∂µR)(R−1∂νR)(R−1∂ρR)]

= −1
2

W(R) (E9)

which is equal to− 1
2W(Q) because smooth deformation can-

not change the winding number. The minus sign comes from
the exchange ofR and R−1 compared to the definition in
Eq.(18). It is interesting to note that Eq.(E8) is not a pure
gauge because of the crucial 1/2 factor. Summarizing the
above calculations, we can see that

θ

2π
= CS(k4 = 0) =

1
2

W(Q) (mod integer) (E10)

which is exactly the Eq.(21).
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