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We show that for closed finite sized systems with an odd number of real fermionic modes, even
in the presence of many-body interactions, there are always at least two fermionic operators that
commute with the Hamiltonian. There is a zero mode corresponding to the total Majorana operator,
as shown by Akhmerov!, as well as additional linearly independent zero modes, one of which 1) is
continuously connected to the Majorana mode solution in the non-interacting limit, and 2) is less
prone to decoherence when the system is opened to contact with an infinite bath. We also show that
in the idealized situation where there are two or more well separated zero modes each associated
with a finite number of interacting fermions at a localized vortex, these modes have non-Abelian
Ising statistics under braiding. Furthermore the algebra of the zero mode operators makes them

useful for fermionic quantum computation?.

I. INTRODUCTION

Zero modes in non-interacting systems, i.e. eigenstates
annihilated by a single-particle Hamiltonian, have a long
history in physics and in mathematics. Zero energy states
are associated to certain types of topological defects in the
background fields in which electrons or quasiparticles propa-
gate. The first example of such modes in physics appeared in
the seminal work of Jackiw and Rebbi® in one-dimensional
and three-dimensional systems, where the topological defects
were domain walls and hedgehogs, respectively. In both these
examples the physical consequence of the zero modes is the
fractionalization of electron charge. Fractional charges can
also be bound to vortices in a Kékule dimerization pattern
in two-dimensional graphene-like systems®. The zero mode
solutions in two-dimensions were first found by Jackiw and
Rossi® in the study of Dirac fermions in the background of
scalar and vector gauge fields of the Abelian Higgs model. In
the condensed matter context this corresponds to a super-
conductor (where charge cannot be fractionalized, since it is
not conserved). The number of zero modes in such system
of Dirac fermions in two-dimensions equals the magnitude of
the net vorticity independent of the details of the profile of
the Higgs fields, a result that was shown by Weinberg® to be
tied to the index theorem.

A modern example of a physical realization of the model
in Ref. 5 was presented by Fu and Kane”, who showed that a
Dirac-type matrix equation governs surface excitations in a
topological insulator in contact with an s-wave superconduc-
tor. A vortex in the superconducting order parameter leads
to a zero mode solution. Because of the reality conditions im-
posed by the symmetries of the Bogoliubov-de Gennes (BdG)
equations describing the superconductor within the mean-
field approximation, the zero energy solutions correspond to
Majorana zero modes, which are the focus of our study. Ma-
jorana fermions are self-adjoint operators ; which can be
written as a sum of an annihilation and creation operator
for one fermion mode and which satisfy the algebra:

{vis 15} = 2045, %T = %. (1)

Because they are zero modes of some mean field Hamiltonian,

[Humr, vi] = 0, these modes are in principle protected from
decoherence as the mean field Hamiltonian, when restricted
to the subspace generated by these modes, is zero. Recently
it has been argued that quantum and classical fluctuations
in open infinite systems (for example when the system is in
contact to a bath) lead to decoherence of information stored
in such modes®. Below, instead, we shall focus on closed,
finite systems, which have markedly different properties from
those coupled to an infinite environment.

The purpose of this letter is to study zero modes of in-
teracting many-body fermionic Hamiltonians, beyond mean-
field approximations. We will assume that the relevant de-
grees of freedom may be described by an odd number of
Majorana fermions {y1,72,...,Y2n+1}. This formalism also
handles the case when complex fermions are present, as
we may change basis from complex to Majorana fermions:
Cj = % (’YQj + i72j+1) y C}L- = % (’ij — i’YQjJrl). For an interact-
ing many-body Hamiltonian, a zero mode means a Hermitian
fermionic operator

O:Zai %'-i-iZﬁi,j,k YiViVe + o (2)

4,3,k

written as a multinomial with sums and products of ~;’s,
that commutes with the Hamiltonian, [H, O] = 0. For any
such operator, O, exp (itH) Oexp (—itH) = O for all times
t. As such there is no decoherence of the information stored
in the correlators of such operators.

We will find below, for systems of interacting fermions, 2V
linearly independent solutions of the form given in Eq. (2).
We will also extend our results to the case when interac-
tions include bosonic modes (with finite dimensional Hilbert
space) coupled to the Majorana modes.

II. QUADRATIC HAMILTONIANS

Let us start, as a warm up, with the simplest case where
HGB‘HSS = iZi,j hi,j Yi7Vj with hi,j = _hj,i and hi,j real.
We note that any quadratic Hamiltonian may be written
in this manner. Generic eigenoperator solutions satisfying



[HGa“SS, (9,\} = A0, are obtained by computing the com-
mutators for operators of the form O = . a;v; using the
relations Eq. (1), and matching the coefficients multiplying
each operator 7; on both sides of the equation. One arrives
in this manner at an eigenvalue equation for the matrix

0 hio higs hian+1
ho1 0 :
Gauss __ 4. .
7‘[ = 4’L h371 .. 0
: han2N+1
hant1,1 hant1,2N8 0

(3)
The elements of the matrices H*"* and h are closely re-
lated because the theory is Gaussian — there will be modifi-
cations in the case of interacting systems. Note that F&2uss
is an odd-dimensional Hermitian antisymmetric matrix so
it has an eigenvector with zero eigenvalue and real com-
ponents (a1, qa,...,asn+1) which corresponds to the zero
mode O = El «;7;- Notice that it follows from the relations
in Eq. (1) that OT = O and O* =), a? x 1.

Let us now introduce notation so as to arrive at the same
HGauss in a way that will be similar to the calculations
for interacting systems below. Matching the coefficients
multiplying each operator ; on both sides of the equation
[HGa“SS, (9,\} = A O, can be achieved easily if we think of the
v; as basis vectors and define an inner product for operators
A and B as (A, B) = Coeffj (AT B), where

Coeffy Z]l'i‘zai’}/i'i‘ZBi,j'Yi'Yj‘f'... =z, (4)

4,J

i.e., the function Coeff (Q) returns the coefficient propor-
tional to the identity in the multinomial expansion of the
operator Q. One can check that the inner product is Hermi-
tian, (A, B) = (B, A)* and it follows from the algebra of the
~i’s that the inner product gives (v;, ;) = d; ;.

Armed with this inner product we then compute the ma-
trix

H%auss _ (’71'7 [HGauss7,yj])

— (FYja [HGauss7,_YZ_]) _ _rHJGZ_auss , (5)
where the last line follows by direct computation and the
fact that h; ; = —h;; € R. Once again ’HJGZ-a“SS is given by

Eq. (3) above. We thus arrive once more at the result that
zero modes can be determined from null vectors of a linear

eigenvector equation for a Hermitian anti-symmetric matrix
'H%auss (of odd dimension).

III. INTERACTING HAMILTONIANS
A. Quartic Hamiltonian

We will consider a Hamiltonian given by:

HO™™ =i " hi vy + > Vigwa %vws  (6)
%,7 i,5,k,l

with h;; a real and anti-symmetric matrix and V; ;1 real
and antisymmetric under odd permutations of i, 7, k,l (we
have dropped an irrelevant constant that gives a state in-
dependent energy shift). We will look for operators that
commute with HQU*  We will work with a vector space
that is spanned by all linearly independent Hermitian modes
obtained from products of individual Majorana fermions ~;:

0v: 1, (7)
Ty 71,792,735 -5 Y2N+15
279'st imye, inYs, - - 2NN A1
39's:t —im172735 - -+, —EV2N—172NV2N 41,
2N +1+'s: i(2N+1)N’yl’yg C V2N -

There are in total Y ;g ' (2N F1) = 22N+

" such operators,
which we will denote by Y, for a = 1,...,22N¥*! For each
a we define n, to be the number of 4’s in the product Y,
and we let L(a) = {i1(a),...,in,(a)} be the list of indices
appearing in the product T,. With this notation, one can
write

Yoz i 2 Y () (8)

The choice of phase factor guarantees that Y, = Y! and
T2 = 1. Using Eq. (8) one verifies that, up to a phase, the
product of two T,’s gives a third: T, Ty = (i)s(“*b) Y., where
¢ satisfies L(c) = L(a) U L(b) \ L(a) N L(b) and s (a,b) € N.
Without loss of generality, we shall reserve the labels a =
1 and a = 22V*! for the identity and the total Majorana
operators: Y1 = 1 and Toen+1 = iCNFTONy vo yonig =
TMaj-
We can now rewrite the Hamiltonian Eq. (6) as

g Quart _ Z he Yo + Z V, Yo, (9)
a|ln(a)=2 a|ln(a)=4

for some coefficients h, , V, defined when n(a) = 2 or 4,
respectively, and hq, V, € R. Below we will convert H®Quart
into an operator acting on the vector space spanned by the
T,’s with the action being given by the linear transformation
where H®?"* acts by commutation: O — [H" O], As a
first step we extend the inner product given in Eq. (4) above
to the space spanned by T, ie. (A, B) = Coeffy(ATB).
One can check that the inner product is Hermitian, (A, B) =
(B, A)* and the set T, forms an orthonormal basis. Further-
more, up to a multiplicative constant, we see that it is also
given by the usual trace inner product:

(A, B) = 2N+1

tr (A'B). (10)
Here, tr is taken over the space spanned by T,. Indeed this
can be checked by noting that Eq. (10) is linear, so it is suf-
ficient to consider only terms of the form A = T,, B = T}.
There are two possibilities: 1) T, = T, in which case
tr (To™Yp) = 22NF1 (the dimension of the vector space)
2) T, # Y4, for which case tr (TaTTb) = 0, and Eq. (10)

Quart

holds. We now compute the matrix elements # 3 . Since



[HQ“"‘”, Tb] is an anti-Hermitian operator (or ¢ times a Her-

mitian operator) all the matrix elements of H3** are imag-
inary. Now because {T;} is an orthonormal set we may com-
pute matrix elements by taking inner products:

H(?buart _ (Tav [I{Quart7 Tb]) (11)

1
= et (TaH Ty = T 00 H)

= = (0 [N = —H

SO H(?buart is antisymmetric. The equality in the last line of
Eq. (11) comes from the cyclic property of trace. Therefore
we arrive at a Hermitian anti-symmetric matrix HQU#t. So
far, this matrix has dimension 22V+1! x 22V+1 which is even.
However, one can break this matrix into four block-diagonal
pieces. First, because HQ"#'* contains only even Y., that is
with n. even, sectors with opposite parity are not mixed by
HQbuart, so necessarily n, = n, mod 2. Therefore we break
HRMart into blocks acting on the fermionic and bosonic {Y,},
each block a 22V x 22N matrix. Second, notice that both the
identity and the total Majorana operator commute trivially
with HQUa 5o they each reside in a 1 x 1 block. The iden-
tity is in the even sector (n; = 0) and the total Majorana
operator is in the odd sector (nma; = 2N + 1). Therefore
we have broken down H?"* into four odd-dimensional Her-
mitian and anti-symmetric block matrices: there are four
operators that commute with the Hamiltonian HQU#t or
zero mode solutions. They are, in the even block, the trivial
identity Y1 = 1 and the Hamiltonian HR"#'* proper, and in
the odd sector the total Majorana operator Yy,;! and an-
other non-trivial solution O = Ea a, T4, with a, solutions

of 37, HE™ oy, = 0.

B. Generic Fermionic Hamiltonians

Let wus allow for arbitrarily high order interac-
tions. That is we will consider Hamiltonians of the

form HO™ = > hi ;v + >k Vigkl Vv +

0D 0 i ktimon @ik lmon ViV VRN Ym ¥ + - .., which may also
be expressed as

Do haYat D VaTat D QuYat...,

aln(a)=2 aln(a)=4 a|n(a)=6

HGcn —

(12)
where hg, Vi, Qq,... € R. We can construct the matrix
HEe" similarly to what we did above, it is still a Hermitian
antisymmetric matrix. Nothing changes in the argument,
and the essence is that the Hamiltonian contains only Y,
with even n., and therefore one can break HS" into four
block diagonal pieces exactly the same way we did for quartic
Hamiltonians and obtain zero modes.

C. Bosonic Modes

We now partially extend our ideas to the case of an
odd number of Majorana fermions coupled to some bosonic

modes. Our main limitation is that in order to insure con-
vergence, to have finite dimensional matrices only — we will
“truncate” the Hilbert space of the bosonic modes to a finite
number of states. More precisely we will assume that the
relevant Hilbert space for the bosons is M dimensional and
labeled by the states {|1),|2) ... |[M)}°. As such we may rep-
resent all boson operators by M x M Hermitian matrices.
One can then write a Hamiltonian that generalizes Eq. (12):

HGcnfBosc — @MXM+ Z hg/[XM®Ta+
aln(a)=2

+ Y VI Mer,+ > QM MoT, + ...
a|ln(a)=4 a|n(a)=6

M2
= > > Wap Ya®hy, (13)

a|n(a) even p=1
with @MX*M = pMxM y/MxM = OMxM Hermitian matrices
and we expanded the bosonic M x M Hermitian matrices into
an orthonormal basis {hi, he,...hpr2}, with (hp, hg)Bose =
Opg- The inner product is (A4, B)Bose = ﬁ tr (ATB). It is
not too hard to see that this is a positive definite symmetric
form on the space of bosonic operators'®. Without loss of
generality, we take hy = Lprxar-

We can combine the operators in the fermionic and bosonic
spaces and define {0, , = T, ® hyp, with the usual tensor
space inner product'®. These states are orthonormal because
(Qa,q: .9) 0101 = (Tar L) X (hp, hg)Bose = da,b Op,q- We can
also check that this is expressible as a trace: (A, B), .. =
?Tlﬂﬁtr (ATB). Here the trace is over the total space
spanned by €2 ;.

Armed with these combined operators, we can show that
there is an exact zero mode in exactly the same way we have

done in the previous case. We need the matrix:

Gen—Bose __
Ha,p;b,q

(g [0, 0] (14
= — (Qbﬂ7 [HGCU*BOSC7 Qa,p]) _ _HGen—Bose ,

b,q;a,p
which is Hermitian and anti-symmetric. The last equality
in Eq. (14) can be checked similarly to Eq. (11). We then
break Hg;’;{fose into even and odd block diagonal spaces, as
before. In this way, we find two zero modes in the even sector,
Ti®hy =1 ® Lpsypsr, and HCGen—Bose proper, and two zero
modes in the odd sector, Tniaj ® Lpsx s and another non-
trivial solution O =3, ap Lo ® hp, with aq,, solutions

of 3o o HEu g = 0.

a,p;b,q

IV. MODE COUNTING AND STRUCTURE

Let us count all zero modes in the system. We first start
with the Gaussian part of the theory, including bosons, and
then later we add the interactions. Consider a Hamiltonian
given by:

M N
auss 1 .
HG = Z Em |m> <m| + 5 Zﬁj ’L’}/Qj"yngrl . (15)

m=1 7j=1
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Figure 1: The system in tunneling contact with the environment.
The system is composed of CAGM states'!, while the environment
is everything else.

(Notice that iva;v2j+1 = 2 cjci —1.) By inspection, there are
M x 2V bosonic zero modes all given by operators of the form
_ N . 0; .
Og??%j} =|m) (m| ® Hj:l (iv25v2j+1) ° withm =1,...,M
and 6; = 0,1 for j =1,..., N. There are similarly M x N
. . . . F i Bos
fermionic zero modes, simply given by Onf’fg;‘} = Onibgj} 1.
These zero modes have a nice algebraic structure: 1) they are
all Hermitian, 2) appropriate linear combinations of them

. Fermi/Bose 2 o
square to one: (> Om,{ej} = 1, and 3) all zero

modes commute: [OS&?%BOSC,OS::?%E OSC] = 0. As such
any one of the fermionic modes (which squares to one), and
only one mode at a time, can be used for fermionic quantum
computation?.

Let us now show that the number of zero modes and
their commutation relations do not change in the presence
of weak interactions. To do so, as a first step, consider
the following family of Hamiltonians H10} = HGauss 4

Zm,{ej} Om,{6,} Oﬁ‘j?cej} with &,, (9,7 € R, and we note that

{5m7{9j}} € RMx2Y 1t is not to hard to see that other

then for points of accidental degeneracy all zero modes of
Fermi/Bose

all Hamiltonians of the form H{%} are given by o, 0,}

As the next step, consider zero modes of Hamiltonians given
by HI®hU =yt H{} . All the zero modes are now given

by Ut Off)?gjéBose U, and as such also satisfy conditions 1),
2), and 3) of the previous paragraph. As before, exactly
one appropriate mode from the fermionic set can be used for
quantum computation?. To complete the discussion of the
counting and structure of the zero modes for interacting sys-
tems, it remains for us to show that any Hamiltonian with
weak interactions can be written as a H{%hU,

To show this, we consider the map F : U (M2 X 22N) @
RM 2" RM*X2 given by F (U, {0,101 }) = UTHPIU.
It is enough to show that the image of U(M2 X 22N) @

RM*2" contains a small open neighborhood of HG2uss  In-

deed, as any sufficiently weakly interacting Hamiltonian
can be found in a small neighborhood of a non-interacting
one this would show that UTH{®}U is a representation
of all sufficiently weakly interacting Hamiltonians. By
the implicit function theorem it is enough to show that

dF is a surjective mapping onto RM**2*" Now writing

U = e*iﬁ we get dF (ﬁ7{5m7{01}}) — Z[ﬁ, HGauss:| +
Zm,{ej} Om.{0;} 0510?69;}' From this we see that all the zero

modes are explicitly in the image of dF. Since the transfor-
mation *x — ¢ [*, H{Cil“}“ffh}} is an invertible linear operator
when restricted to the space of all non-zero modes, all non-
zero modes are also in the image of dF as well. As such all of
RM*>x2"Y i5 in the image of dF. This shows that up to conju-
gation by a unitary transformation the structure of the zero

modes is the same as in the non-interacting case completing
the proof.

V. COMPARISON WITH PREVIOUS WORK

In Ref.!, the fermion parity operator Ty,; was discussed.
This Majorana operator commutes with any Hamiltonian,
since it is formed by the product of all the operators ;. This
operator sits on its own 1 x 1 block of the matrix H, for all
cases studied, including in our generalization that includes
bosons interacting with the fermionic modes.

In contrast, the other zero mode solutions found in the
larger odd-dimensional block of H do depend on the form of
the Hamiltonian. There are M x 2V —1 of them. Furthermore
one of the modes has a particularly simple structure O =
e 3" a7y e which is continuously connected to the non
interacting mode (consider O = e Y~ a;v; e ). This
mode is different from the fermion parity mod~e1 and, as we
shall see below, for weak interactions (small H) it is better
protected from various forms of decoherence when the system
is coupled to a generic bath.

VI. DECOHERENCE

Consider the setup shown in Fig. (1). We consider a
simple perturbing tunneling Hamiltonian of the form: AH =
ZZZ tivini, with t; € R. Here n; refer to Hermitian fermionic
modes relevant to the environment. In previous works it was
demonstrated that (O (0) O (T)) is a good measure of the
coherence of a qubit composed of localized Majorana modes®.
Here O is an operator used to encode the qubit, and we will
assume that the qubit and environment start uncorrelated.
By Taylor expanding e’72# and keeping only leading order
terms we obtain (O (0) O (T)) =

=3T3, tity {(ning) x {{07i7;0) + (0%:07;) }
+ (i) x {{O0707i) + (O%v7i)} } -

(16)
We can understand how this expression scales for vari-
ous operators, in particular for O = Y,, n, odd, we get
that (Y, (0) Y, (T)) = 1 — 272 2icL(a) 2 (0} ) g, Since
t2 <771-2>Env > 0, operators with larger n, decohere more
quickly, at least for short times. This indicates enhanced
stability for operators that are similar to single Majorana
fermions, like the new zero modes presented here.



VII. BRAIDING
A. Quadratic Hamiltonian

As a warm up we will start with the case of quadratic
Hamiltonians. We would focus on the holomony under the
exchange of vortices labeled by 1 and 2. We would like
to consider the idealized case of several sets of fermionic

zero modes {Orie{zl;l}, of the form Oriefg:il = Imy) (mu] ®

Hj-vzl (ivéjwéjﬂ)ej -4, each set corresponding to its own in-
dividual finite environment, vortex. The sets are labeled by
£. We further assume that the individual environments do
not interact with the rest of the system. Since holomony is
given by a unitary transformation it preserves product struc-
ture: UL, A~ BUpo = U, AU - Usrot BUpo. As such it
is enough to consider the holomony of single particle modes
|my) (my| and v}. We start with |m;) (m,|. Since holomony
preserves energy ordering, assuming no degeneracies, under
braiding |m1) — €*m |my) and |ms) — € |my), so overall
|m1) (m1] — |m2) (me| and |mg) (ma| — |mq) (mq]. Simi-
larly following Ivanov'? we can work out the holomony for
the Majorana modes. We know that under a change of su-
perconducting phase by ¢ the Majorana modes transform as
o 72U, Since there is a change by 2
v = ol — emie/2gl |- ince there is a change by 27
of the superconducting phase when winding around a vortex
and given that vortex two winds around vortex one under
braiding, we see that v} — 42 and 72 — —~v}. Combining
we get that!3:

Fermdi, Fermi,

Ontoy = Oty (17)
Fermi,2 __ mFermi,1
mdo,) 7 "Omo)

We have reproduced Ising braiding statics.

B. Generic Hamiltonians

We would like to extend the derivation of Eq. (17) to
the case of interacting modes. To do so we note that the
many body holomony for interacting zero modes is the same
as the one body holomony plus the effect of an additional
Hamiltonian'# 6. This Hamiltonian has matrix elements
only between states of degenerate energy for the instante-
neous Hamiltonian of the system. For example in the ground
state manifold it is given by H{{?{, =i (Q £|€). Here Q)
and |Q)') are instantaneous zero energy eigenkets. Similarly
for other instanteneous degenerate eigenkets. This Hamil-
tonian, which we shall not explicitly compute, corresponds

within the Heisenberg picture to an effective evolution of

the operators U;Off;g?i’lUl. This evolution is given by a
V5

unitary transformation generated by the effective Hamilto-

nian U] ORI UL — Py [HHLUJOL U], where Py

is the projector onto the space of zero modes (operators in

the manifold spanned by U, lTOrieg(T?lUl). Now we claim that
Vg
for any Hamiltonian, in particular the holomony Hamilto-

nian, Py [H, U;Oiegg?lUl] = 0. We first note that: Py =

Fermd,l Fermi,l .

Em,{ej} ’UlTOm,{ej} Ul> <U;(9m7{9j} U,|, so its enough to
show that (UfO iy, [H,Uf 0L 0] ) = 0. Now:

(vionsmy o [m.Ulon )

_ t Fermi,l T AFermi,l

= {ufolmi, [H uforam Ul” (18)

o Fermi,l T Fermi,l

=t {okmt [uauf, ofm )
So its enough to prove tr {Oiefgﬁl [UZHUlT7 Oie}“;ﬁl} } =0
for any Hamiltonian UH UlT, e.g consider only
the non-interacting case. However by inspection
tr{ofjg;j?l {|m’> mqn,ojjgj?l}} — 0. So by tak-

ing linear combinations of terms of the form |m') (m/| T, we
see that any Hamiltonian is zero when acting on the space
of zero modes. As such the holomony reduces to the one
given in Eq. (17).

VIII. CONCLUSIONS

We presented a systematic treatment of closed interacting
systems with an odd number of real fermions. This formula-
tion allowed us to find the zero mode solutions of interacting
Hamiltonians, i.e., operators that commute with the many-
body Hamiltonian. In addition to the fermion parity opera-
tor that can be viewed as a constant of the motion for any
Hamiltonian, we have found the solution that connects con-
tinuously to the Majorana mode for non-interacting systems
as the interactions are switched off. These modes couple
more weakly than the fermion parity mode to an environ-
ment once the system is opened up to an outside infinite
bath®. Therefore, the solutions that are continuously con-
nected to the non-interacting Majorana modes should lead
to slower decay rates in the presence of a bath. We have also
verified that, under idealized conditions when multiple such
modes exist, they obey Ising like statistics under braiding.
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