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Edge excitations of the canted antiferromagnetic phase of the ν = 0 quantum Hall
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Maxim Kharitonov
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We perform a simplified analysis of the edge excitations of the canted antiferromagnetic (CAF)
phase of the ν = 0 quantum Hall state in both monolayer and bilayer graphene. Namely, we calcu-
late, within the framework of quantum Hall ferromagnetism, the mean-field quasiparticle spectrum
of the CAF phase neglecting the modification of the order parameter at the edge. We demon-
strate that, at a fixed perpendicular component B⊥ of the magnetic field, the gap ∆edge in the
edge excitation spectrum gradually decreases upon increasing the parallel component B‖, as the
CAF phase continuously transforms to the fully spin-polarized ferromagnetic (F) phase. The edge
gap closes completely (∆edge = 0) once the F phase, characterized by gapless counter-propagating
edge excitations, is reached at some finite B⊥-dependent value B∗‖ and remains closed upon further
increase of B‖. This results in an gradual insulator-metal transition, in which the conductance

G ∼ (e2/h) exp(−∆edge/T ) grows exponentially with B‖ in the range 0 < B‖ < B∗‖ , while in the

gapped CAF phase, and saturates to a metallic value G ∼ e2/h in the F phase at B‖ > B∗‖ . This
unique transport feature of the CAF phase provides a way to identify and distinguish it from other
competing phases of the ν = 0 quantum Hall state in a tilted-field experiment.

PACS numbers:

I. INTRODUCTION

Current transport experiments1–11 provide compelling
evidence for the interaction-induced nature of the ground
states in monolayer (MLG) and bilayer (BLG) graphene.
The most robust of them are observed in the quantum
Hall regime at integer filling factors ν corresponding to
partially filled Landau levels (LLs). Most commonly,
such states belong to the class of the so-called quantum
Hall ferromagnets (QHFMs)12–24 – bulk-incompressible
states with spontaneously broken symmetry in the valley-
spin space.

The key physical challenge related to these states is
identifying how exactly the symmetry is broken in a real
system. One of the most intriguing questions concerns
the nature the ν = 0 quantum Hall state with half-filled
zero-energy LL, realized at the charge neutrality point.
Its characteristic experimental signature in both MLG
and BLG is the highly insulating behavior1–11,25–27 of
the two-terminal or Hall-bar longitudinal conductance, a
strong indication that both bulk and edge charge excita-
tions of the state are gapped.

In Ref. 23, a specific conclusion about the nature of the
experimentally realized insulating ν = 0 state in BLG
was made, namely, that it is a canted antiferromagnetic
(CAF) phase of the ν = 0 QHFM, in which the spin po-
larizations sK and sK′ of the valleys=sublattices=layers
have equal projections on the direction of the total mag-
netic field and are antiparallel in the perpendicular plane,
see Fig. 1 and caption to it. This conclusion was based
on the argument that CAF is the only phase on the
generic phase diagram of the ν = 0 QHFM, obtained
in Refs. 22,23, consistent with the transport data of
Weitz et al.8 and Velasco et al.11 on dual-gated BLG de-
vices, specifically, with the observation of the insulator-
insulator phase transitions in the perpendicular electric

field.
Experimental verification of this conclusion requires

concrete theoretical predictions for measurable quanti-
ties, which would allow one to distinguish the CAF phase
from other potential candidates. In this regard, the CAF
phase of the ν = 0 state in both MLG and BLG is
expected to exhibit a unique transport property in the
tilted magnetic field. This property concerns the edge
charge excitations of the CAF phase and was anticipated
in Ref. 23 based on the current understanding15,28–30 of
the edge excitations of the antiferromagnetic (AF) and
fully spin-polarized ferromagnetic (F) phases of the ν = 0
state and a general “by continuity” argument.

Reiterating this argument, (i) the CAF phase contin-
uously interpolates between the AF (θs = π/2) and F
(θs = 0) phases, as the angle 2θs between the spin polar-
izations sK,K′ of the valleys=sublattices=layers is var-
ied, sKsK′ = cos 2θs, Fig. 1; (ii) according to the ex-
isting studies15,28–30, the AF and F phases have gapped
and gapless edge charge excitations, respectively (note
that, at the same time, the bulk charge excitations of
any phase of a generic QHFM are gapped); (iii) there-
fore, by continuity, upon decreasing θs, as the CAF phase
transforms to the F phase, the gap ∆edge(θs) of the edge
charge excitations of the CAF phase has to gradually de-
crease and close completely once the F phase is reached,
∆edge(θs = 0) = 0.

The optimal angle 2θs between the spin polariza-
tions is controlled22,23 by the ratio of the Zeeman en-
ergy εZ = µBB, dependent on the total magnetic field

B =
√
B2
⊥ +B2

‖ , and the valley “isospin” anisotropy en-

ergy u⊥ = u⊥(B⊥), dependent on the field component
B⊥ perpendicular to the sample:

cos θs =
εZ

2|u⊥|
.



2

sK

sK '

Θs

Θs

BB
¦

B
þ

graphene

FIG. 1: (Color online) Canted antiferromagnetic (CAF) phases of the ν = 0 quantum Hall state in monolayer (MLG)
(left) and bilayer (BLG) (right) graphene. The spin polarizations sK and sK′ of the valleys=sublattices in MLG and val-
leys=sublattices=layers in BLG have equal projections on the direction of the total magnetic field (chosen as the z axis in the
spin space) and are antiparallel in the perpendicular plane. In each valley, K and K′, the wave-functions of the zero-energy

Landau level (ε = 0 LL) reside on either one of the sublattices, A or B, in MLG, and on either one of the sublattice, B̃ or A,
and therefore in either one of the layers in BLG. Thus for the ν = 0 state, the valley, sublattice, and layer degrees of freedom
are equivalent: K ↔ A, K′ ↔ B in MLG and K ↔ B̃ ↔ (top layer), K′ ↔ A ↔ (bottom layer) in BLG. Throughout the
paper, we refer to the spin polarizations sK and sK′ by their valley indices.

The anisotropy energy u⊥, defined in Secs. IV and
VI, originates from the Coulomb or electron-phonon in-
teractions at the lattice scale, see Ref. 22 for details.
As the key properties, u⊥ is (i) linear in B⊥, u⊥ ∼
e2a/l2B ∼ 1− 10B⊥[T]K, (a is some lattice spatial scale,

lB =
√
c/(eB⊥) is the magnetic length, and we set

~ = 1 throughout the paper except for the conductance
values e2/h), if the critical renormalizations22,32–36 are
weak, or/and (ii) much greater than the Zeeman energy
εZ⊥ = µBB⊥ for perpendicular field orientation, if renor-
malizations are substantial.

Therefore, in practice, the ratio εZ/|u⊥| can be effi-
ciently changed and the transition from the CAF to F
phase realized by tilting the magnetic field relative to the
sample plane, Fig. 1. An unambiguous demonstration of
the above predicted behavior of the edge gap ∆edge of
the CAF phase requires following the evolution of the
system with varying the parallel field component B‖ at
a fixed B⊥. This way the B⊥-dependent correlation en-
ergies will not change in the process and the behavior of
the CAF phase will be contrasted to that of the com-
peting spin-singlet charge-density-wave or Kekulé phases
in MLG and fully layer-polarized or interlayer-coherent
phases in BLG, whose bulk and edge gaps should not be
sensitive (much, if at all) to the Zeeman effect.

Thus, reexpressed in practical terms, at a fixed B⊥,
the edge gap ∆edge of the CAF phase will gradually de-
crease upon increasing B‖, as the CAF phase continu-
ously transforms to the F phase. The edge gap will close
completely at CAF-F phase transition point (which is
of the second order at zero temperature) at some B⊥-
dependent finite value B∗‖ , determined from the condi-

tion

εZ = 2|u⊥| ⇔ µB
√
B2
⊥ +B∗2‖ = 2|u⊥(B⊥)|.

The edge gap will remain closed, ∆edge(B‖ ≥ B∗‖) = 0,

upon further increase of B‖ > B∗‖ , as the system stays in

the F phase.

This behavior will manifest itself in the two-terminal
or Hall-bar longitudinal conductance G as a gradual
insulator-metal transition upon applying B‖. While in
the CAF phase at 0 ≤ B‖ < B∗‖ (εZ < 2|u⊥|), the

conductance should follow the Arrhenius activation law
G ∝ (e2/h) exp(−∆edge/T ) determined by the edge gap
∆edge (provided the contribution from the bulk with a
larger gap ∆bulk > ∆edge, nearly insensitive to B‖, is neg-
ligible) and exhibit exponential sensitivity to B‖. Once
the F phase is reached and upon further increase of B‖,
at B‖ ≥ B∗‖ (εZ ≥ 2|u⊥|), the conductance will saturate

to metallic values G ∼ e2/h due to conducting channels
provided by the gapless counter-propagating edge exci-
tations15,28–30 of the F phase. Ideally, if backscattering
of the edge modes is negligible, the conductance in the
F phase should be quantized as G = 2e2/h in MLG and
G = 4e2/h in BLG, according to one and two channels
per edge, respectively; in the two-terminal conductance,
an extra factor of 2 arises from two edges, while in the
Hall-bar longitudinal conductance it is due to the mode
equilibration in the contacts. If partial backscattering
is present, G will be lower and conductance fluctuations
with varying B‖ or other parameters can be expected.

In this paper, we substantiate the above expectations
by explicitly calculating the edge charge excitations of the
CAF phase of the ν = 0 state in both MLG and BLG
within a simplified approach. The majority15,28,30,31 of
the existing works on the edge excitations of the ν = 0
state in MLG neglect the modification of the bulk order
parameter at the edge and calculate the mean-field quasi-
particle spectrum. It was realized by Fertig and Brey29,
on the other hand, who studied the edge excitations of
the F phase in MLG, that the bulk order cannot be sus-
tained at the edge due to the emergence of the finite ki-
netic energy. They showed that, in fact, a “domain wall”
is formed between the bulk and edge orders, where in
the latter electrons fully fill the hole branches of the edge
spectrum. The proper lowest-energy edge charge exci-
tations are then deformed configurations of the domain-
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wall texture in the valley-spin space that carry nonzero
topological=electric charge. These excitations are of the
same physical nature as the bulk skyrmions13,14,19, but
have a crucially different energetics.

As the comparison of the findings of Refs. 15,28,30
and Ref. 29 shows, however, both approaches predict
gapless edge excitations for the F phase. This suggests
that, even though the former approach is not rigorous,
its results would qualitatively agree with those of the
latter for other phases, as well. For this reason and
since the approach of Ref. 29 is technically consider-
ably more sophisticated, in this paper, in order to pin-
point the key physics, we follow the simplified approach
of Refs. 15,28,30,31 to study the edge excitations of the
CAF phase of the ν = 0 state. Namely, we neglect the
modification of the order parameter at the edge and cal-
culate the mean-field quasiparticle excitations, and for a
specific class of “armchair-like” boundaries. The analy-
sis of the problem based on the generalization of the ap-
proach29 of Fertig and Brey will be presented elsewhere37.

We study the problem within the framework of
QHFMism12–23. Before we proceed, we mention that an
alternative to QHFMism approach to the ν = 0 state
in MLG called “magnetic catalysis” was developed in
Refs. 38–43. While the approaches are arguably differ-
ent, certain overlap between the results based on the two
can be traced. In particular, the CAF phase of the ν = 0
state in MLG is predicted to undergo a similar evolu-
tion in the tilted magnetic field within both the magnetic
catalysis42 and QHFMism22 formalisms.

The rest of the paper is organized as follows. In
Secs. II-V, the mean-field excitations of the CAF phase
of the ν = 0 state are studied for the case of MLG. In
Secs. II and III, the model Hamiltonian is presented. In
Sec. IV, the mean-field bulk ground state is obtained. In
Sec. V, the mean-field excitations of the CAF phase are
obtained and their key properties are studied. In Sec. VI,
the findings of Secs. II-V are generalized to the case of
BLG. Concluding remarks are presented in Sec. VII.

II. HAMILTONIAN FOR THE ZERO-ENERGY
LANDAU LEVEL IN MONOLAYER GRAPHENE

Due to the formal equivalence22,23 of the phase dia-
grams for the ν = 0 QHFM in MLG and BLG, the results
for the edge excitations of the CAF phase, as we show
here, turns out physically the same as well. To keep the
analysis clear, in Secs. II-V, we study the case of MLG
in more detail and generalize the obtained results to the
case of BLG in Sec. VI.

We start the analysis by writing down the projected
Hamiltonian for the n = 0 LL in MLG, valid at energies
ε� v/lB (v is the Dirac velocity) much smaller than the
LL spacing,

Ĥ = Ĥ0 + Ĥi◦ + Ĥi� + ĤZ , (2.1)

Ĥ0 = −
∑
p

ε(p)ĉ†pTxĉp, (2.2)

Ĥi◦ =
1

2

∑
p1+p′1=p2+p

′
2

V p1p2p′1p
′
2

: [ĉ†p1 ĉp2 ][ĉ†p′1
ĉp′2 ] :, (2.3)

Ĥi� =
1

2

∑
α=x,y,z

gα
∑

p1+p′1=p2+p
′
2

V̄ p1p2p′1p
′
2

: [ĉ†p1Tαĉp2 ][ĉ†p′1
Tαĉp′2 ] :,

(2.4)

ĤZ = −εZ
∑
p

ĉ†pSz ĉp. (2.5)

We consider a half-infinite sample occupying the x < 0
half-plane and work in the basis of the bulk single-particle
eigenstates

|pλσ〉 = |pλ〉 ⊗ |σ〉, λ = K,K ′ and σ =↑, ↓, (2.6)

|pK〉 = (ψp, 0, 0, 0), |pK ′〉 = (0, 0, 0, ψp), (2.7)

ψp =
eipy√
Ly

exp
[
− (x−xp)

2

2l2B

]
4
√
πl2B

, xp = pl2B , (2.8)

of the n = 0 LL in the Landau gauge A = (0, B⊥x, 0).
The components of the wave-functions |pλ〉 are ordered
as (ψKA, ψKB , ψK′A, ψK′B) in the KK ′ ⊗ AB valley-
sublattice space. The states |pλσ〉 are characterized by a
conserved one-dimensional momentum p along the edge
and definite valley λ and spin σ quantum numbers. In
each valley, K or K ′, the wave-functions |pλσ〉 reside on
either one of the sublattices, A or B.

For compactness, in Eqs. (2.2)-(2.5), we arrange the
annihilation operators ĉpλσ of electrons in the states
|pλσ〉 into the spinors

ĉp = (ĉpK↑, ĉpK↓, ĉpK′↑, ĉpK′↓)
t

in the direct product KK ′ ⊗ s of the valley (KK ′) and

spin (s) spaces; Tα = τKK
′

α ⊗ 1̂s and Sz = 1̂KK
′ ⊗ τsz are

the valley “isospin” and real spin operators, respectively,
and : . . . : denote normal ordering of operators.

Strictly speaking, the single-particle basis of the bulk
states |pλσ〉 breaks down at the edge. As we show shortly
in Sec. III, however, an important technical convenience
is that, at energies ε � v/lB of relevance to the low-
energy theory of the ν = 0 QHFM, the effect of the edge
can be incorporated perturbatively within the basis of
the bulk eigenstates |pλσ〉, and with minimal assump-
tions about the edge properties. For a specific class of
“armchair-like” boundaries we consider in this paper, this
leads to the kinetic energy Hamiltonian Ĥ0 of the form
(2.2).
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FIG. 2: (Color online) The structure of the single-particle
spectrum pertaining to the n = 0 LL in a MLG sample with
“armchair-like” boundary, neglecting the Zeeman effect.

As for the remaining terms in Ĥ, Ĥi◦ describes the
valley-symmetric screened Coulomb interactions, Ĥi� de-
scribes the valley-asymmetric channels of the interac-
tions, and ĤZ describes the Zeeman effect. The spin
quantization axis z is chosen along the total magnetic
field, which can have arbitrary orientation relative to the
sample, see Fig. 1.

The asymmetric interactions Ĥi� arise from the ac-
tual Coulomb interactions at the lattice scale or electron-
phonon interactions with the optical phonon modes and
may be taken as point in the real space. They are gener-
ically characterized by two signed coupling constants

g⊥ ≡ gx = gy and gz, whose bare values scale as g
(0)
α ∼

e2a and can undergo critical renormalizations22,32–36.
Explicitly breaking the valley symmetry, the asymmetric
interactions play a crucial role14–17,22,23,44–46 in selecting
the favored ground state order of the ν = 0 QHFM.

The standard expressions for the interaction matrix
elements V p1p2p′1p

′
2

and V̄ p1p2p′1p
′
2

are provided in the Appendix.

III. “ARMCHAIR-LIKE” BOUNDARY

In the effective low-energy Dirac theory for the elec-
tron motion in MLG, valid at energies much smaller
than the nearest-neighbor hopping amplitude t ∼ 3eV
between the carbon atoms, an edge of the sample is de-
scribed by a boundary condition for the Dirac spinor
ψ = (ψKA, ψKB , ψK′A, ψK′B)t. As demonstrated in
Ref. 47, under general assumptions of preserved time-
reversal and particle-hole symmetries, a generic edge of
MLG is described by either an armchair or zigzag bound-
ary condition.

In this paper, we restrict ourselves to the class of
“armchair-like” boundaries, which, by definition, are de-
scribed by an armchair boundary condition. Besides the
actual armchair edge, more edge structures can belong to
this class. A property of an armchair-like boundary, key
to our consideration, is that it does not contain disper-
sionless edge states in the absence of the orbital magnetic
field. In the presence of the latter, this translates to the
fact that the number of branches in the single-particle
edge spectrum is equal to the discrete degeneracy of the

bulk states |pλσ〉, i.e., four.
Let

|p−〉 = (ψKA, ψKB , ψK′A, ψK′B)

be an exact solution of the boundary problem in a mag-
netic field28,30,48,49 for the Dirac equation per given spin
projection σ, characterized by a negative energy −ε(p) <
0 (hole branch) and pertaining to the n = 0 LL. The ki-
netic energy ε(p)→ 0 is flat in the bulk (p . 0) and grows
at the edge (p & 0); its exact functional form, although
obtained28,30,48,49, is not essential here. The eigenstate

|p+〉 = (ψKA,−ψKB , ψK′A,−ψK′B). (3.1)

with the positive energy ε(p) > 0 (particle branch) is
obtained from |p−〉 by the particle-hole transformation,

ε→ −ε : ψλB → −ψλB , λ = K,K ′ (3.2)

By the assumption of an armchair-like boundary, there
are no other single-particle states besides |p±〉 at energies
|ε| � v/lB . The second-quantized Hamiltonian for the
kinetic energy reads

Ĥ0 =
∑
p

ε(p)(c†p+σcp+σ − c
†
p−σcp−σ), (3.3)

where cp±σ are the electron annihilation operators for
the states |p±σ〉 = |p±〉 ⊗ |σ〉, with spin included. The
spectrum is shown in Fig. 2.

Deep in the bulk, where the kinetic energy ε(p) → 0
vanishes, the exact eigenstates |p±〉 must evolve into the
linear combinations of the bulk states |pK〉 and |pK ′〉
[Eqs. (2.7) and (2.8)] that are related by the particle-hole
symmetry,

|p±〉 =
1√
2

(|pK〉 ∓ |pK ′〉) at ε(p)→ 0, (3.4)

The electron operators are related accordingly,

cp±σ =
1√
2

(cpKσ ∓ cpK′σ) at ε(p)→ 0. (3.5)

Immediately at the edge, where ε(p) ∼ v/lB , the bulk
states |pλσ〉 [Eqs. (2.6)-(2.8)] are not well-defined. How-
ever, not too close to the edge, where ε(p) � v/lB , one
may treat the kinetic energy as a perturbation, neglect-
ing the modification of the wave-functions but taking into
account the energy splitting of the states |pλσ〉. In this
case, one may still use the relation (3.5). Substituting
Eq. (3.5) into Eq. (3.3), we obtain an approximate ex-
pression (2.2) for the kinetic energy in the basis of the
bulk states |pλσ〉, valid not too close to the edge, so that
ε(p)� v/lB .

Thus, at energies below the LL spacing v/lB , the ef-
fect of an armchair-like edge on the n = 0 LL states
can be taken into account perturbatively while remaining
within the basis of the bulk eigenstates |pλσ〉. The ef-
fect amounts to an effective “Zeeman” field −ε(p)(1, 0, 0)
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along the x direction in the KK ′-isospin space that hy-
bridizes the |pKσ〉 and |pK ′σ〉 states, favoring the occu-
pation of the states |p−σ〉 of the hole branch, Eqs. (3.1),
(3.4), and (3.5). Note that the direction of this “Zeeman”
field in the xy isospin plane could be chosen arbitrary
due to the freedom of choice of the phase factor in the
particle-hole transformation (3.2).

IV. BULK GROUND STATE

The strongly interacting ν = 0 state is described by
the theory of QHFMism12–23. In this Section, we briefly
recover the results of Refs. 22,23 for the bulk ground
state, pertaining to the CAF phase.

One constructs a Slater-determinant state

Ψ =
∏
p

(∑
λσ

〈λσ|χa〉c†pλσ

)(∑
λ′σ′

〈λ′σ′|χb〉c†pλ′σ′

)
|0〉,

(4.1)
in which two electrons per each orbital p of the n = 0 LL
occupy arbitrary mutually orthogonal states χa,b in the
KK ′⊗s space. It is straightforward to show that Ψ is an
exact eigenstate of the Hamiltonian (2.3) of the SU(4)-
symmetric interactions for any choice of the spinors χa,b,

Ĥi◦Ψ = E0Ψ.

For a wide class of repulsive interactions, one can ex-
pect the eigenstates Ψ to be exact ground states by the
Hund’s rule argument. This is the main assumption of
the QHFMism theory, also employed in this paper.

Thus at the level of symmetric interactions, the ground
state is known exactly, but it is highly degenerate. This
degeneracy is uniquely parameterized by the order pa-
rameter matrix

P = χaχ
†
a + χbχ

†
b, (4.2)

which satisfies the properties of a projection operator,

P † = P, P 2 = P, trP = 2. (4.3)

The favored order P is determined by the effects that
explicitly breaks the SU(4) symmetry in the KK ′ ⊗ s
space: valley-asymmetric interactions (2.4) and the Zee-
man effect (2.5). These effects are taken into account per-
turbatively by calculating their energy expectation val-
ues,

E(P ) = E�(P ) + EZ(P ), (4.4)

E�(P ) = 〈Ψ|Ĥi�|Ψ〉/N =

=
1

2

∑
α
uα{tr2[TαP ]− tr[TαPTαP ]}, (4.5)

EZ(P ) = 〈Ψ|ĤZ |Ψ〉/N = −εZ tr[SzP ]. (4.6)

Here N =
∑
p 1 is the number of orbital states, equal to

the number of flux quanta threading the sample. The

asymmetric interactions result in the isospin anisotropy
energy E�(P ), characterized by two signed energies

u⊥ ≡ ux = uy =
g⊥

2πl2B
, uz =

gz
2πl2B

. (4.7)

Minimization of the energy E(P ) of the SU(4)-
symmetry-breaking effects for arbitrary values of u⊥,z
and εZ , resulting in the generic phase diagram for the
ν = 0 QHFM in MLG and BLG, was carried out in
Refs. 22,23. In this paper, we will be interested in the
canted antiferromagnetic (CAF) phase, argued in Ref. 23
to be realized in the insulating ν = 0 state of the real
BLG.

The CAF phase is realized when the isospin anisotropy
E�(P ) alone favors the AF phase. This occurs for uz >
−u⊥ > 0, the condition assumed to be satisfied in the
rest of paper. In this case, in the presence of the Zeeman
effect, the energy E(P ) is minimized by either the CAF
or F phases22,23, with χa = |K〉⊗ |sK〉 χb = |K ′〉⊗ |sK′〉,
in which the spin polarizations

sK,K′ = (± sin θs cosϕs,± sin θs sinϕs, cos θs) (4.8)

of the valleys=sublattices in MLG and val-
leys=sublattices=layers in BLG have equals projections
on the direction of the total magnetic field and are
antiparallel in the perpendicular plane, Fig. 1.

The energy

E(P ) = −uz − u⊥ − u⊥ cos 2θs − 2εZ cos θs

of this family of states is minimized at

cos θs =

{ εZ
2|u⊥| , εZ < 2|u⊥| (CAF),

1, εZ > 2|u⊥| (F).
(4.9)

I.e., for εZ < 2|u⊥| the ground state is a CAF phase with
the optimal angle 2θs between the spins and energy

ECAF = −uz −
ε2Z

2|u⊥|
,

while for εZ > 2|u⊥| it is a fully spin-polarized F phase
with the energy

EF = 2|u⊥| − uz.
The CAF phase has a U(1)-degeneracy according to

the choice of the spin orientation ϕs in the plane per-
pendicular to the total magnetic field. For the calcula-
tions below, we will assume a specific orientation ϕs = 0,
in which case the order parameter (4.2) of the CAF/F
phases takes the form

P =
1

2
1̂⊗ (1̂ + cos θsτz) +

1

2
τz ⊗ sin θsτx (4.10)

As discussed in the Introduction, the obtained bulk
order parameter (4.10) cannot be sustained at the edge
due to the emergence of the finite kinetic energy and will
be necessarily modified at p, such that ε(p) & E(P ). For
the reason mentioned there, however, in this paper, we
will neglect this fact and use the bulk order parameter P
at all momenta p, even where the kinetic energy is not
negligible anymore.



6

V. MEAN-FIELD EXCITATIONS OF THE
CANTED ANTIFERROMAGNETIC PHASE IN

MONOLAYER GRAPHENE

Mean-field excitations are obtained by performing de-
coupling of the interactions in Eqs. (2.3) and (2.4),

Ĥi◦ + Ĥi� → Ĥi,mf = −
∑
p

ĉ†p∆̂ĉp, (5.1)

∆̂ = u0P −
∑

α=x,y,z

uα(Tαtr[PTα]− TαPTα), (5.2)

where u0 =
∑
p′ V

p′p
pp′ is the exchange energy of the sym-

metric interactions (2.3) (we discard the P -independent
Hartree energy of the symmetric interactions) and the
isospin anisotropy energies u⊥,z of the asymmetric inter-
actions (2.4) were defined in Eq. (4.7).

Inserting Eq. (4.10) into Eq. (5.2) and discarding the

trivial terms ∝ 1̂⊗ 1̂, we obtain for the mean-field poten-
tial of the AF/CAF/F phases

∆̂ = ∆0z 1̂⊗ τz + ∆zxτz ⊗ τx, (5.3)

∆0z =
1

2
(u0 + uz − 2|u⊥|) cos θs, (5.4)

∆zx =
1

2
(u0 + uz + 2|u⊥|) sin θs. (5.5)

The full mean-field Hamiltonian takes the form

Ĥmf ≡ Ĥ0 + Ĥi,mf + ĤZ =
∑
p

ĉ†pĥĉp,

ĥ = −ε(p)τx ⊗ 1̂− (εZ + ∆0z)1̂⊗ τz −∆zxτz ⊗ τx. (5.6)

The single-particle Hamiltonian ĥ is straightforwardly
diagonalized. This yields the four branches

E±±(p) = ±
√

[ε(p)± (εZ + ∆0z)]2 + ∆2
zx (5.7)

of the mean-field spectrum of the AF/CAF/F phases of
the ν = 0 state in MLG, plotted in Fig. 3.

At the edge, the branches E+−(p) and E−+(p) =
−E+−(p) come closest to each other and the gap ∆edge in
the edge excitation spectrum is determined by the branch
minimum, ∆edge = 2E+−(p0), where dE+−(p)/dp|p0 =
0. We obtain

∆edge = 2∆zx =

=

{
∆AF

√
1− ( εZ

2|u⊥| )
2, εZ < 2|u⊥| (CAF),

0, εZ ≥ 2|u⊥| (F),
(5.8)

where

∆AF = u0 + uz + 2|u⊥| (5.9)

is the edge and bulk gap of the AF phase at εZ = 0.

The bulk gap ∆bulk = 2E+±(p→ −∞) is obtained by
setting ε(p) = 0 in Eq. (5.7) and equals

∆bulk = 2
√

(∆0z + εZ)2 + ∆2
zx =

=

{
∆AF, εZ < 2|u⊥| (CAF),
∆AF + 2(εZ − 2|u⊥|), εZ ≥ 2|u⊥|(F).

(5.10)

Equations (5.7), (5.8), and (5.10) for the spectrum of
the mean-field excitations of the AF/CAF/F phases in
MLG constitute the main result of the work. Below we
discuss their key properties and demonstrate that they
do lead to behavior anticipated in the Introduction.

The mean-field potential (5.3) of the CAF phase is
a mixture of the ferromagnetic (∆0z) and antiferromag-
netic (∆zx) components; their relative value is fully con-
trolled by the ratio εZ/|u⊥|, which determines the angle
2θs between the spins polarizations sK,K′ [Eq. (4.9)].

As discussed in the Introduction, efficiently changing
the ratio εZ/|u⊥| in the experiment requires tilting the
magnetic field, Fig. 1. Let us discuss the evolution, plot-
ted in Figs. 3 and 4, of the edge ∆edge [Eq. (5.8)] and bulk
∆bulk [Eq. (5.10)] gaps upon changing the Zeeman en-
ergy εZ at fixed values of the interaction energies u0,⊥,z.
Practically, this corresponds to fixing B⊥ and applying
B‖.

According to Eq. (5.8), the edge gap ∆edge is equal
to twice the AF component ∆zx of the mean-field po-
tential. In the theoretical limit of vanishing Zeeman en-
ergy εZ = 0, the phase is purely AF; the F component
∆0z = 0 is absent and the edge and bulk gaps are equal,
∆edge = ∆bulk = ∆AF, Fig. 3(a). Upon increasing εZ ,
the edge gap ∆edge = 2∆zx of the CAF phase gradu-

ally decreases as sin θs =
√

1− ( εZ
2|u⊥| )

2, as the angle 2θs

between the spins decreases and the CAF phase continu-
ously transforms to the F phase, Fig. 3(b). The F phase
is reached at εZ = 2|u⊥| and persists upon further in-
crease of εZ > 2|u⊥|; the AF component turns zero and
the edge gap closes, ∆edge = ∆zx = 0, Fig. 3(c). The F
phase is characterized by the gapless counter-propagating
edge excitations with opposite spin projections and spec-
tra ±[ε(p)− εZ ], in accord with earlier findings28–30.

At the same time, according to Eq. (5.10), the mean-
field bulk gap ∆bulk = ∆AF of the CAF phase, εZ ≤
2|u⊥|, does not depend on the Zeeman energy εZ and is
equal to the gap (5.9) of the AF phase. In the F phase,
εZ > 2|u⊥|, ∆bulk grows with εZ due to the Zeeman
effect.

These findings explicitly confirm the expectation of
Ref. 23 for the properties of the edge excitations of the
CAF phase of the ν = 0 quantum Hall state50. The re-
sulting physical behavior and experimental implications
were discussed in the Introduction.
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FIG. 3: (Color online) The mean-field spectrum of the (a) antiferromagnetic (AF), (b) canted antiferromagnetic (CAF), and
(c) ferromagnetic (F) phases of the ν = 0 state of a monolayer graphene (MLG) sample with armchair-like boundary (see
Sec. III for a definition). The spectrum consists of four branches E±±(p) [Eq. (5.7)]. The edge gap ∆edge is determined by the
shortest distance between the E+−(p) and E−+(p) = −E+−(p) branches. The edge gap ∆edge is maximal in the AF phase (a),
has a smaller value in the CAF phase (b), and vanishes in the F phase (c), where gapless counter-propagating edge excitations
with opposite spin projections emerge. The evolution of the edge ∆edge [Eq. (5.8)] and bulk ∆bulk [Eq. (5.10)] gaps with the
Zeeman energy εZ at fixed interaction energies u0,⊥,z is presented in Fig. 4.

Dbulk

Dedge

D
AF

ΕZ2Èu
¦
È

sK:

sK ':
B

ΕZ2Èu
¦
È0

AF CAF F

cosΘs sin Θs

1

FIG. 4: (Color online) (Top) The evolution of the edge ∆edge

[Eq. (5.8)] and bulk ∆bulk [Eq. (5.10)] gaps in the mean-field
excitation spectrum [Eqs. (5.7) and (6.14) and Figs. 3 and 6]
of the AF/CAF/F phases of the ν = 0 state in both MLG
and BLG upon changing the Zeeman energy εZ at fixed val-
ues of the interaction energies u0,⊥,z. In practice, such evo-
lution is realized by varying a parallel field component B‖ of
the magnetic field at a fixed perpendicular component B⊥,
Fig. 1. The edge gap ∆edge, determined by the AF com-
ponent ∆zx of the mean-field potential (5.3), is maximal in
the AF phase at εZ = 0 [Figs. 3(a) and 6(a)], gradually de-
creases upon increasing εZ in the range 0 < εZ < 2|u⊥|, while
in the CAF phase [Figs. 3(b) and 6(b)], and vanishes at the
CAF-F phase transition at εZ = 2|u⊥| and upon further in-
crease of εZ ≥ 2|u⊥|, as the system stays in the F phase
[Fig. 3(c) and Fig. 6(c)]. The bulk gap ∆bulk is constant in
the AF/CAF phases at εZ < 2|u⊥| and grow in the F phase
due to the Zeeman effect. (Bottom) The corresponding evo-
lution of the spin polarizations sK,K′ [Eqs. (4.8) and (4.9)] of
the valleys=sublattices=layers in the AF/CAF/F phases.

VI. MEAN-FIELD EXCITATIONS OF THE
CANTED ANTIFERROMAGNETIC PHASE IN

BILAYER GRAPHENE

The findings of Secs. II-V for MLG are straightfor-
wardly generalized to the case of BLG. The key extra
feature in BLG is that both n = 0 and n = 1 mag-
netic oscillator states belong the ε = 0 LL51, resulting
in its additional two-fold degeneracy. The bulk eigen-
states |pnλσ〉 of the ε = 0 LL in the Landau gauge are
characterized by momentum p, valley λ = K,K ′, spin
σ =↑, ↓, and n = 0, 1 quantum numbers. Each orbital p
is therefore eightfold-degenerate.

The projected Hamiltonian for the ε = 0 LL in BLG,
valid at energies ε � 1/(ml2B) below the LL spacing (m
is the effective mass of the quadratic spectrum), has the
form

Ĥ = Ĥ0 + Ĥi◦ + Ĥi� + ĤZ , (6.1)

Ĥ0 = −
∑
pn

εn(p)ĉ†pnTxĉpn, (6.2)

Ĥi◦ =
1

2

∑
p1+p′1=p2+p

′
2

g0V̄
n1p1,n2p2
n′
1p

′
1,n

′
2p

′
2

: [ĉ†p1n1
ĉp2n2

][ĉ†p′1n′
1
ĉp′2n′

2
] :,

(6.3)

Ĥi� =
1

2

∑
α=x,y,z

gα
∑

p1+p′1=p2+p
′
2

V̄ n1p1,n2p2
n′
1p

′
1,n

′
2p

′
2
×

× : [ĉ†p1n1
Tαĉp2n2

][ĉ†p′1n′
1
Tαĉp′2n′

2
] :,

ĤZ = −εZ
∑
pn

ĉ†pnSz ĉpn, (6.4)

ĉpn = (ĉpnK↑, ĉpnK↓, ĉpnK′↑, ĉpnK′↓)
t.
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FIG. 5: (Color online) The structure of the single-particle
spectrum pertaining to the ε = 0 LL in a BLG sample with
“armchair-like” boundary, neglecting the Zeeman effect.

Similarly to the considerations of Sec. III, at energies
ε � 1/(ml2B), the effect of the edge of a BLG sample
can be incorporated perturbatively within the basis of
the bulk eigenstates |pnλσ〉 of the ε = 0 LL. For BLG,
we also restrict ourselves to the case of “armchair-like”
boundaries, which, by definition, are described by an
armchair boundary condition in the two-band model of
BLG51 and, consequently, do not contain dispersionless
edge states in the absence of the magnetic field. In this
case, the LL spectrum has 8 branches pertaining to the
ε = 0 LL. Deep in the bulk, where the kinetic energy
vanishes, the eight eigenstates |pn±σ〉 of the boundary
problem must evolve into the linear combinations of the
bulk states |pnλσ〉 that are related by the particle-hole
symmetry,

|pn±σ〉 =
1√
2

(|pnKσ〉 ∓ |pnK ′σ〉) at εn(p)→ 0, (6.5)

cpn±σ =
1√
2

(cpnKσ ∓ cpnK′σ) at εn(p)→ 0. (6.6)

This consideration simultaneously proves that only the
different valley states |pnKσ〉 and |pnK ′σ〉 with the same
n and σ quantum numbers get hybridized by the edge.
Thus, the groups |p0λσ〉 and |p1λσ〉 of the bulk states
evolve into two uncoupled sets of branches with kinetic
energies ±ε0(p) and ±ε1(p), as shown in Fig. 5, which
also justifies labeling the exact eigenstates |pn±σ〉 by the
n = 0, 1 quantum numbers. Since the n = 1 states have
a larger spatial extent than the n = 0 states, the energies
(arising from hybridization) are related as ε1(p) < ε0(p).
The exact kinetic energy Hamiltonian for the states per-
taining to the ε = 0 LL reads

Ĥ0 =
∑
pn

εn(p)(c†pn+σcpn+σ − c
†
pn−σcpn−σ). (6.7)

As in MLG, not too close to the edge, where εn(p) �
1/(ml2B), one may treat the kinetic energy (6.7) as a
perturbation and still use the relations (6.5) and (6.6).
Substituting Eq. (6.5) into Eq. (6.7), we arrive at the
approximate expression (6.2) for kinetic energy Hamilto-
nian within the basis of the bulk eigenstates |pnλσ〉.

The terms (6.3) and (6.4) describe the valley-
symmetric and asymmetric interactions, respectively.
Due to the difference in the orbital wave-functions of the
n = 0 and n = 1 states, both interactions are necessarily
anisotropic in the 01-subspace. The valley-asymmetric
interactions (6.4) are point to a good approximation.
To keep the analysis simpler, we consider the valley-
symmetric interactions (6.3) as point, as well, in which
case u0 = g0/(πl

2
B) in the equations of Sec. V. Consider-

ing finite-range symmetric interactions would somewhat
modify the spectrum quantitatively, but not qualita-
tively. The expression for the matrix element V̄ n1p1,n2p2

n′
1p

′
1,n

′
2p

′
2

is provided in the Appendix.
The technical steps leading to the edge excitations are

analogous to the case of MLG. One first obtains the bulk
ground state of the ν = 0 state within the framework of
QHFMism. As demonstrated in Refs. 18,19, the asymme-
try of the interactions in the 01-subspace favors electrons
to arrange into 01-singlet pairs with identical content in
the KK ′ ⊗ s space within a pair. Precisely, the states

Ψ =
∏
pn

(∑
λσ

〈λσ|χa〉c†pnλσ

)(∑
λ′σ′

〈λ′σ′|χb〉c†pnλ′σ′

)
|0〉,

(6.8)
deliver the variational minimum among the QHFM states
in the full 01 ⊗KK ′ ⊗ s space for the valley-symmetric
interactions Ĥi◦. It is also possible to show that (6.8) is,
in fact, an eigenstate,

Ĥi◦Ψ = E0Ψ.

However, the mutually orthogonal spinors χa,b in the
KK ′ ⊗ s space can still be arbitrary. Thus, at the level
of the valley-symmetric interactions (6.3), the (assumed)
ground state Ψ is degenerate.

To find the preferable order P = χaχ
†
a + χbχ

†
b in

the KK ′ ⊗ s space, one calculates the energy of the
symmetry-breaking terms, the asymmetric interactions
(6.4) and Zeeman effect (6.4),

E(P ) = E�(P ) + EZ(P ), (6.9)

E�(P ) = 〈Ψ|Ĥi�|Ψ〉/(2N), (6.10)

EZ(P ) = 〈Ψ|ĤZ |Ψ〉/(2N). (6.11)

With the definitions

u⊥ ≡ ux = uy =
g⊥
πl2B

, uz =
gz
πl2B

,

the functional dependencies of the isospin anisotropy
E�(P ) and Zeeman EZ(P ) energies on P appear to be
identical to those in MLG23, as given by Eqs. (4.5) and
(4.6). Consequently, the phase diagram for the ν = 0
state in BLG, obtained by minimizing the energy E(P ),
turns out formally identical22,23 to that in MLG.

Owing to this correspondence, the results for the exci-
tations of the AF/CAF/F phases are basically the same,
as well. The mean-field Hamiltonian equals

Ĥmf ≡ Ĥ0 + Ĥi,mf + ĤZ =
∑
pn

ĉ†pnĥnĉpn, (6.12)
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FIG. 6: (Color online) The mean-field spectrum of the (a) antiferromagnetic (AF), (b) canted antiferromagnetic (CAF), and
(c) ferromagnetic (F) phases of the ν = 0 state of a bilayer graphene (BLG) sample with armchair-like boundary. The spectrum
(6.14) consists of eight branches En±±(p) [Eq. (6.14)] – two uncoupled sets of four branches pertaining to the n = 0 (blue) and
n = 1 (green) states. The edge ∆edge [Eq. (5.8)] and bulk ∆bulk [Eq. (5.10)] gaps are the same for n = 0 and n = 1 sets and
the same as in MLG; their evolution with the Zeeman energy εZ at a fixed anisotropy energy u⊥ is presented in Fig. 4.

ĥn = −εn(p)τx⊗1̂−(εZ+∆0z)1̂⊗τz−∆zxτz⊗τx. (6.13)

Diagonalizing ĥn for each n = 0, 1, we obtain the eight
branches

En±±(p) = ±
√

[εn(p)± (εZ + ∆0z)]2 + ∆2
zx, (6.14)

of the mean-field spectrum of the AF/CAF/F phases of
the ν = 0 state in BLG, shown in Fig. 6. The condi-
tion (4.9) for the optimal angle θs of the AF/CAF/F
phases, the expressions for the bulk order parameter
P [Eq. (4.10)], components ∆0z [Eq. (5.4)] and ∆zx

[Eq. 5.5)] of the mean-field potential ∆̂ are the same as
in MLG.

The only essential difference of BLG from MLG is that
due to the extra two-fold degeneracy of the ε = 0 LL in
BLG, the number of branches is doubled: there are two
uncoupled sets, n = 0 and n = 1, of four branches and
for each set the spectrum (6.14) is the same as in MLG,
compare with Eq. (5.7). The n = 0 and n = 1 sets are not
coupled by the interactions because the order parameter
1̂01 ⊗ P of the state (6.8) is singlet in the 01-subspace.

The edge ∆edge [Eq. (5.8)] and bulk ∆bulk [Eq. (5.10)]
gaps of the AF/CAF/F phases in BLG are the same as in
MLG and the same for n = 0 and n = 1 sets, Fig. 6. Also
identical is the evolution of the ∆edge and bulk ∆bulk gaps
with varying εZ/|u⊥| by tilting the magnetic field, Fig. 4.
Since in the F phase (εZ > 2|u⊥|), there are two gapless
edge channels for each direction, n = 0 and n = 1, for
negligible backscattering, the two-terminal or Hall-bar
longitudinal conductance GBLG = 4e2/h of the F phase
is quantized at twice the MLG values. The resulting
physical behavior and experimental implications are thus
essentially identical to those in MLG and were discussed
in the Introduction.

VII. CONCLUSIONS

In conclusion, we studied the charge excitations of
the canted antiferromagnetic phase of the ν = 0 quan-
tum Hall state in monolayer and bilayer graphene within

a simplified approach, namely, neglecting the modifica-
tion of the order parameter at the edge and calculat-
ing the mean-field spectrum for a class of “armchair-
like” boundaries. We explicitly demonstrated that the
gap in the edge spectrum of the canted antiferromag-
netic phase monotonically decreases upon decreasing
the angle between the spin polarizations of the val-
leys=sublattices=layers, as the canted antiferromagnetic
phase continuously transforms to the fully spin-polarized
phase, Figs. 1, 3, 4, and 6. In practice such evolution
is realized by tilting the magnetic field and, in order
to contrast this behavior to that of the competing spin-
singlet phases, the evolution with varying B‖ and fixed
B⊥ should be traced. The edge gap closes completely
as the fully spin-polarized phase is reached and gapless
counter-propagating modes15,28–30 emerge. This results
in an gradual insulator-metal transition, where the con-
ductance grows exponentially in the insulating canted an-
tiferromagnetic phase and saturates to metallic values in
the fully spin-polarized phase.

These unique edge transport properties of the canted
antiferromagnetic phase, earlier anticipated in Ref. 23,
provide a straightforward way to identify and distinguish
it from other competing phases of the ν = 0 state in the
experiment. The data of the recent tilted-field experi-
ment on bilayer graphene by Maher et al.52 – exponen-
tial growth of the longitudinal Hall-bar conductance Gxx
over a finite range of applied B‖ at fixed B⊥, followed by

the saturation to metallic values Gxx ∼ e2/h – are fully
consistent with this predicted behavior, lending crucial
support to the conclusion of Ref. 23 that the insulat-
ing ν = 0 quantum Hall state realized in real bilayer
graphene8,11 is canted antiferromagnetic.
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Appendix: Interaction matrix elements

The interaction matrix elements in Eqs. (2.3), (2.4),
(6.3), and (6.4) are given by the standard expressions

V
n1,k+qy/2,n2,k−qy/2
n′
1,k

′−qy/2,n′
2,k

′+qy/2
=

=
1

Ly

∫
dqx
2π

eiqx(k−k
′)l2BKn1n2(q)Kn′

1n
′
2
(−q)V (q),

(7.1)
for the conventional quadratic electron spectrum (since
only the ε = 0 LL states are involved). Here,

n1, n2, n
′
1, n
′
2 are the LL indices, V (q) is the interaction

potential in the momentum space, q = |q|, and

Knn′(q) =

∫ +∞

−∞
dx eiqxxφn

(
x− qy

2
l2B

)
φn′

(
x+

qy
2
l2B

)
(7.2)

are the form-factors, with φn(x) the magnetic oscillator
eigenstates.

In Eq. (2.3), V p1p2p′1p
′
2

= V 0p10p2
0p′10p

′
2

and

V (q) =
V0(q)

1 + Π(q)V0(q)

is the screened Coulomb potential, with V0(q) =
2πe2/(κq) and Π(q) the static polarization operator.

In Eqs. (2.4), (6.3), and (6.4), V̄ p1p2p′1p
′
2

= V̄ 0p1,0p2
0p′1,0p

′
2

and

V (q) = 1 is the point interaction potential of unit
strength.

1 Xu Du, I. Skachko, F. Duerr, A. Luican, and E. Y. Andrei,
Nature 462, 192 (2009).

2 K. I. Bolotin, F. Ghahari, M. D. Shulman, H. L. Stormer,
and P. Kim, Nature 462, 196 (2009).

3 C.R. Dean, A.F. Young, P. Cadden-Zimansky, L. Wang,
H. Ren, K. Watanabe, T. Taniguchi, P. Kim, J. Hone, and
K.L. Shepard, arXiv:1010.1179 (2010).

4 F. Ghahari, Yue Zhao, P. Cadden-Zimansky, K. Bolotin,
and P. Kim, Phys. Rev. Lett. 106, 046801 (2011).

5 B. E. Feldman, J. Martin, and A. Yacoby, Nature Phys. 5,
889 (2009).

6 Y. Zhao et al., Phys. Rev. Lett. 104, 066801 (2010).
7 J. Martin et al.. Phys. Rev. Lett. 105, 256806 (2010).
8 R. T. Weitz et al., Science 330, 812 (2010).
9 A. S. Mayorov et al., Science 333, 860 (2011).

10 F. Freitag, J. Trbovic, M. Weiss, and C. Schönenberger,
Phys. Rev. Lett. 108, 076602 (2012).

11 J. Velasco Jr et al., Nature Nanotechnology, 7, 156 (2012).
12 K. Nomura and A. H. MacDonald, Phys. Rev. Lett. 96,

256602 (2006).
13 Kun Yang, S. Das Sarma, A. H. MacDonald, Phys. Rev. B

74, 075423 (2006).
14 J. Alicea and M. P. A. Fisher, Phys. Rev. B 74, 075422

(2006); Solid State Commun. 143, 504 (2007).
15 J. Jung and A.H. MacDonald, Phys. Rev. B 80, 235417

(2009).
16 M.O. Goerbig, R. Moessner, and B. Doucot, Phys. Rev. B

74, 161407 (2006).
17 K. Nomura, S. Ryu, and D.-H. Lee, Phys. Rev. Lett. 103,

216801 (2009).
18 Y. Barlas et al., Phys. Rev. Lett. 101, 097601 (2008).
19 D. A. Abanin, S. A. Parameswaran, and S. L. Sondhi,

Phys. Rev. Lett. 103, 076802 (2009).
20 R. Nandkishore and L. Levitov, arXiv:1002.1966 (2010).
21 E. V. Gorbar, V. P. Gusynin, and V. A. Miransky, Phys.

Rev. B 81, 155451 (2010).
22 M. Kharitonov, Phys. Rev. B 85, 155439 (2012).

23 M. Kharitonov, arXiv:1105.5386 (2011).
24 Here, “ferromagnetism” is understood in the generalized

sense, as ordering of whatever discrete degrees of freedom
present in the system, and not necessarily just spin.

25 Y. Zhang, Z. Jiang, J. P. Small, M. S. Purewal, Y.-W.
Tan, M. Fazlollahi, J. D. Chudow, J. A. Jaszczak, H. L.
Stormer, and P. Kim, Phys. Rev. Lett. 96, 136806 (2006).

26 J. G. Checkelsky, Lu Li, and N. P. Ong, Phys. Rev. Lett.
100, 206801 (2008); Phys. Rev. B 79, 115434 (2009).

27 L. Zhang, J. Camacho, H. Cao, Y. P. Chen, M. Khodas, D.
Kharzeev, A. Tsvelik, T. Valla, and I. A. Zaliznyak Phys.
Rev. B 80, 241412 (2009).

28 D. A. Abanin, P. A. Lee, and L. S. Levitov, Phys. Rev.
Lett. 96, 176803 (2006).

29 H.A. Fertig and L. Brey, Phys. Rev. Lett. 97, 116805
(2006).

30 V. P. Gusynin, V. A. Miransky, S. G. Sharapov, I. A.
Shovkovy, and C.M. Wyenberg, Phys. Rev. B 79, 115431
(2009).

31 M. O. Goerbig, C. R. Physique 12, 369 (2011).
32 I.L. Aleiner, D.E. Kharzeev, A.M. Tsvelik, Phys. Rev. B

76, 195415 (2007).
33 Y. Lemonik et al., Phys. Rev. B 82, 201408(R) (2010).
34 O. Vafek, Phys. Rev. B 82, 205106 (2010).
35 Y. Lemonik, I. L. Aleiner, V. I. Fal’ko, arXiv:1203.4608v1

(2012).
36 V. Cvetkovic, R. E. Throckmorton, and O. Vafek,

arXiv:1206.0288v1 (2012).
37 M. Kharitonov, in preparation.
38 D. V. Khveshchenko, Phys. Rev. Lett. 87, 206401 (2001).
39 E. V. Gorbar, V. P. Gusynin, V. A. Miransky, and I. A.

Shovkovy, Phys. Rev. B 66, 045108 (2002).
40 V. P. Gusynin, V. A. Miransky, S. G. Sharapov, and I. A.

Shovkovy, Phys. Rev. B 74, 195429 (2006).
41 I. F. Herbut, Phys. Rev. Lett. 97, 146401 (2006); Phys.

Rev. B, 75, 165411 (2007);
42 I. F. Herbut, Phys. Rev. B 76, 085432 (2007).



11

43 E.V. Gorbar, V. P. Gusynin, V. A. Miransky, I. A.
Shovkovy, Phys. Rev. B 78, 085437 (2008).

44 R. L. Doretto and C. Morais Smith, Phys. Rev. B 76,
195431 (2007).

45 J.-N. Fuchs and P. Lederer, Phys. Rev. Lett. 98, 016803
(2007).

46 C.-Yu Hou, C. Chamon, and C. Mudry, Phys. Rev. B 81,
075427 (2010).

47 A. R. Akhmerov and C. W. J. Beenakker, Phys. Rev. B
77, 085423 (2008).

48 L. Brey and H.A. Fertig, Phys. Rev. B 73, 195408 (2006).
49 V. Mazo, E. Shimshoni, and H. A. Fertig, Phys. Rev. B

84, 045405 (2011).
50 While we believe the qualitative behavior of the edge and

bulk gaps [Eqs. (5.8) and (5.10) and Fig. 4] is correctly
captured by the present approach, we do not expect these
dependencies to be necessarily quantitatively accurate, due
to the rather crude approximations involved. A more re-
liable quantitative behavior can be anticipated from the
generalization of the approach of Ref. 29.

51 E. McCann and V. Falko, Phys. Rev. Lett. 96, 086805
(2006).

52 P. Maher, C. R. Dean, A. F. Young, P. Kim et al., unpub-
lished.


