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Recent experiments have demonstrated a viable bottom-up strategy to produce narrow and highly
ordered nanoribbons, including complex segmented structures called graphitic nanowiggles (GNWs).
These defect-free systems are made of successive repetitions of finite-sized graphitic nanoribbons
(GNRs) regularly connected at a given angle. Theoretical calculations have shown that these systems
exhibit emergent and versatile properties at a level even higher than that found in their basic
GNR constituents. Their main structural characteristic is the presence of multiple edge-dependent
domains. This atomic structure has a marked influence on their physical properties since GNWs
with at least one zigzag sector were shown to accommodate multiple magnetic states. The present
detailed study shows how these properties vary with the details of the geometry. We also provide a
quantum mechanics based explanation for the origin of GNW’s multiple magnetic states. We find
that the electronic structure of a GNW is sensitively dependent on the specific way its basic sectors
are assembled, as well as on the details of the spin alignment along its edges. As a result, GNWs
provide a new means to tune and design systems with desired electronic structure.



I. INTRODUCTION

sp? carbon based materials are often regarded as potential candidates to replace silicon in the further scaling down
of the size of operational devices. This is due both to the possibility of a broad set of different structural forms and
to their unique physical and chemical properties. For instance, graphene-like systems have attracted much attention
since the experimental isolation and characterization of a single graphene sheet in 2004'. However, the atomically
precised synthesis of such nanostructures is a key challenge for experimentalists®>3 and, in this quest, the efforts of
several groups® !¢ have provided significant improvement in the controlled synthesis of flat, one-dimensional carbon
nanostructures with size and atomic structure gradually closer to “ideal” systems, as studied theoretically'” 2%, As
graphene and related systems have been extensively studied using a variety of theoretical methods, the problem of
experimentally assembling basic small-scale components into hierarchical and useful structures has been addressed
by both top-down®!! and bottom-up'?>'6 approaches. The former has been demonstrated for small systems using
etching methods on larger-scale graphene substrate®26. The latter is based on self-assembly and preprogrammed
chemistry on surfaces involving small molecular building blocks assembled into high-quality samples?.

Bottom-up synthesis approaches are evolving at a rapid pace and state-of-the-art characterization techniques have
highlighted the quality of the samples obtained by chemical routes. In addition, theoretical predictions, aided by
ever growing computational capabilities, are successfully predicting a rich array of physical properties that in turn
have guided and inspired experimentalists for designing new systems and validating those predictions. This includes
electronic structure and thermoelectric transport properties?”?® and magnetic behaviors!'”-19:25:29-32 " More impor-
tantly, computational modeling has demonstrated that most of the properties of defect free systems can be fine
tuned by well-targeted modifications of the atomic structure, either by introducing local lattice reconstructions or
by chemical doping!7~19:21:22:33-38  Gych modifications are particularly effective when they are operated at the edges
of the structure?%23-25:32:39  where the atoms have higher energies. These are just a few examples of the power of
theoretical modeling as a fundamental tool for the development of nanotechnology. Of course, hypothetical nanos-
tructures proposed theoretically are often deemed unrealistic, but the recent achievements in the synthesis of exotic
low-dimensional systems indicate that actual samples can be built with increasing complexity, thereby improving
further the close integration of experiment and theory. A fascinating example is provided by the work of R. Fasel’s
group'®, who developed an elegant route for the synthesis of narrow and pristine graphitic ribbons. In addition to
the well studied straight carbon nanoribbons (GNRs), this type of sample preparation also produces a new type of
graphitic ribbons with segmented edge geometry, as well as more complex multi-terminal junctions, depending on the
molecular precursor used for the surface-assisted chemical reaction. Different from other methods used for producing
nanoribbons, Fasel’s method is scalable and produces crystalline edges.

In a recent letter?> we employed large-scale atomistic modeling to reveal the emergence of unusually attractive
properties of the chevrons synthesized in Ref. 16. Because the structures have, in general, a wiggly form rather than
a chevron, the name “graphitic nanowiggles” (GNWs) was introduced to refer to them. Due to their rich geometry,
GNWs present a broader set of electronic and magnetic properties compared with those of GNRs. This behavior is a
result of the intricate GNW structure and edge geometry which define a set of multiple domains along the GNW edge,
allowing the formation of a larger number of dissimilar spin distributions compared to GNRs?°. Similar to a GNR,
the ground state of a GNW with at least one zigzag edge presents an anti-ferromagnetic (AFM) spin distribution with
local ferromagnetic ordering along the zigzag edges and compatible with the bipartition of the graphene lattice. A
systematic study (supported by previous density functional theory calculations®®) based on a tight-binding+Hubbard
(TBU)*® approach established a general trend for the variation of the GNW’s electronic band-gap as a function of the
structural parameters in the AFM state. Here we expand the study to other possible (metastable) magnetic states,
highlighting specific aspects of the GNW’s electronic structure and providing details for shedding light on the origin
of the unusual properties.

The rest of this paper is organized as follows. In the next section we describe the theoretical methods used in this
study. Section III includes the general framework to determine the atomic structure of GNWs from a reduced set of
parameters. The following sections are devoted to discussing the multiple magnetic states in GNWs as well as the
systematic studies of the electronic properties for each of the three classes of GNWs containing at least one zigzag
edged sector. We then wrap up the paper with our conclusions.

II. METHODS

Tight-binding calculations are known to provide a good description of the electronic properties of carbon based
materials*42, especially for geometries with moderate to low curvature. Given the size and the number of systems
studied in this work, we employed such description to model the GNW’s Hamiltonian. Here we restrict the (orthogonal)
basis to the m—orbital and the interactions are accounted up to 3" neighbors. This 7—orbital description implicitly



considers that carbon atoms on the edges are saturated with hydrogens. We used the parametrization proposed
in Ref. 43, so that 73 = 3.2 eV, 79 = 0 eV and 3 = 0.3 eV for the first-, second-, and third-nearest neighbor
hopping integrals, respectively, as illustrated in Fig. 1. The different chemical environment at the edges is accounted
for by including a Avy; = 0.2 eV correction to the y; parameter for the frontier atoms*®*. The accuracy of this
model was previously demonstrated to yield a quantitative agreement with more computationally demanding DFT

calculations?5:43.

FIG. 1. Schematic representation of the first-, second-, and third-nearest neighbor hopping integrals (71, 72 and s, respectively)
on an armchair edged graphitic structure. The different chemical environment at the edges is accounted for by a modified first
neighbor interaction for these frontier atoms.

While spin-orbit and hyperfine couplings are weak in light elements such as carbon?®444% it is known that non-

spin-polarized zigzag edges in graphene present an unstable high charge density which can be resolved by electronic
charge polarization'”. It turns out that the description and understanding of the physics of edge states is fundamental
to the successful development of nanodevices based on carbon nanoribbons as they can play a dominant role not only
in infinite crystalline systems'”'?, but also in small finite sized structures®"*6:47. Despite having a lower extent, such
border effects persist in long one-dimensional systems even for lengths longer than 70nm?6. Because of this, a correct
description of zigzag edges in graphene should take spin interactions into account.

Adding a Hubbard-like term to the Hamiltonian has been successfully applied to describe the most relevant physical
aspects of magnetic states in a number of graphitic carbon nanostructures, including finite nanoislands?®, where the
results are shown to be consistent with Lieb’s theorem?®. Fundamental aspects of defect-induced magnetism in
graphene and GNRs?* as well as the magnetic states of zigzag edged GNRs'73%40 are also captured by such a simple
approach.

The Hubbard Hamiltonian Hy is written in terms of the number operators fzj and ﬁli for the spin-orbitals from
atom ¢ as

Hy =UY alnf, (1)

where the single parameter U corresponds to the on-site repulsion. Due to the complexity of the 2 body problem,
this Hamiltonian is here written as a mean-field interaction:

iy =U Y ((al)a +al (7)) (2)

where the densities (ﬁj) and <ﬁf> are determined self-consistently. Here we use U = 0.92; as determined from DFT
calculations reported in Ref. 25.



Once using a description based solely on the 7-orbitals, the TB and Hubbard Hamiltonians can be written, respec-
tively, as

Hy =33 lio)eliol + 303D linohisliol (3)

UZZ Vi, &) (i, a| (4)

where the ket |i, o) represents an orbital centered on the i-th orbital from the structure and having spin ¢ (which can
be either 1 or |) and & is the spin orientation opposite to o. In addition, ¢; is the site energy and ~;; is the hopping
parameter between orbitals ¢ and j (which is zero unless the orbitals correspond to first-, second- or third-neighbor
atoms). Writing these Hamiltonians in terms of Bloch functions based on the w-orbitals results in:

H(k) = {Hoo(k) Ho(zk)] [}g }EH

where Hy(k) is the usual TB matrix having elements:

(5)

[Ho(X)]ij = eidij + ) vigre™ ™ (6)
j/

with ¢ and j being in a given unit cell, the sum in j’ being over all the sites equivalent to j through a Bravais lattice
translation R and k a vector within the first Brillouin zone (BZ). On the other hand, the Hubbard matrices elements
are written as:

[H]i; = U(n{)i; (7)
The eigenvectors ¢(a, k) (where « labels the bands) and eigenvalues E,, (k) are then obtained from the secular equation:
[Ea(k) - I — H] - c(a, k) =0 (8)

where I and 0 are, respectively, the identity and zero matrices and the elements of the column vectors ¢(a, k) are
Cio (k,«). Numerically diagonalizing the Hamiltonian is straightforward with well-know routines*”. The densities
7) can be obtained from the eigenvectors by:

(ng

o 2
n?) =0, .- (Zf )Icio(k; @) )dk 9)

where f(E,) is the Fermi distribution and vgz the volume of the BZ. Such densities are obtained within a self-
consistency cycle where we used a Pulay mixing to accelerate convergence®.

III. ATOMIC STRUCTURE OF GNWS

GNWs are one-dimensional crystals made up of successive repetitions of parallel and oblique GNR domains (Fig. 2).
Experimentally, GNWs are built from smaller molecules, but geometrically, it may be simpler to use individual GNRs
as a basis to describe them. Their GNR building blocks are seamlessly stitched together without the need of structural
defects, such as pentagons, heptagons, or higher order cycles. If we restrict possible geometries to achiral GNWs,
we can denote the parallel and oblique sectors by P, and Og, respectively, with o, 3 = A, Z depending on the type
of sector (armchair (A) or zigzag (Z)). The possible combinations are therefore: armchair-armchair (AA-GNW),
armchair-zigzag (AZ-GNW), zigzag-armchair (ZA-GNW) and zigzag-zigzag (ZZ-GNW) geometries, named after the
parallel and oblique edges, respectively, as shown in Fig. 2.

Alternatively, GNWs can be conceptualized as armchair or zigzag GNRs from which trapezoidal wedges are carved
out on alternating edges as depicted by shaded areas for the four achiral GNW types in Fig. 2. We observe that the
non-parallel sides of the trapezoidal wedges make an angle of 60° (30°) with the GNW’s periodic direction if « =
(o # B). Here we do not consider the limiting case in which the trapezoid becomes a rectangle (90°). In addition, we
consider only systems with a vertical symmetry mirror o, perpendicular to the wiggle’s plane.



LO U o O X L G S L S o S |
f‘ It « e F /01/\ s
latlPaPa - I atPaly. [ atPalPa
< < »< j b S S L S
L U G S o G o S o e e pd pd peg pd pd pg 3
e L S L g I < < L O = pd\ e <

Y S DaaBala

ol < -~ < <,
UalPal ( s I aty
[t atsa » X e (U Ul
e e ) oot PatPa alalalPal
[ e Wl e e e e e . g

] L T . G S v < LU T U
‘atata ety s .. U U o W
< fvc‘ b ot f& < fﬂ |t < f"
e e —e < - e

o
¥

TXXXTS 190000
. ‘l‘/ﬂ v /I "'wl A l‘
)”fJ;Jf?ff‘fag“

o

vty Aty
= g 7 ;zj Y ) e 7 L
I

FIG. 2. (color online) The four achiral GNW types and schematic construction of the structures: initial GNR and the trapezoidal
wedges needed to be removed to transform it into a GNW. The four structures are Armchair-Armchair (AA-GNW), Armchair-
Zigzag (AZ-GNW), Zigzag-Armchair (ZA-GNW) and Zigzag-Zigzag (ZZ-GNW), depending on the edge geometry for the parallel
and oblique sectors, respectively.

A. Geometrical parameters

An arbitrary GNW is characterized by four parameters, introduced in Fig. 3. Two parameters, W, and W,, are
the number of C-C bonds (for armchair sectors) or zigzag strips (for zigzag sectors) along the width of the parallel
and oblique sectors, respectively. These two parameters are illustrated for an AZ-GNW in Fig. 3a. The other two
parameters, L, and L, provide the length of the parallel and oblique sectors. L, is the number of C' — C lines or
zigzag strips along the width of the wedge-healed GNW (similarly to the definition of W), and W,). L, is expressed in
units of the C' — C' distance in graphene acc for AA- and AZ-GNWs (as illustrated in Fig. 3b). L,, is the number of
zigzag tips (carbon atoms having only two carbon atoms as first neighbors) expanding along the smallest basis of the
trapezoid formed by the edge atoms for ZA- and ZZ-GNWs (as shown in Fig. 3c). With the set of four parameters
(Wp, Wo) — (Lp, L,) the GNW structure is uniquely defined. In this work, we will restrict the values of L, and L, so
that L, is the smallest possible and L, is such that at least one C' — C' line or zigzag strip (along the GNW’s length)
is not interrupted by the wedges. Imposing this condition leads to a general notation (P,,Og) = (W,, W,) for any
achiral GNW (where a and /5 can be either A for armchair or Z for zigzag sectors) while the other two parameters
are constants implicitly given by L, = 2 (for AA- and AZ-GNWs) or L, = 1 (for ZZ- and ZA-GNWs) and L, being



the greatest allowed integer (see restrictions in Section IIIB) such that L, < 2W, — 1.

FIG. 3. (color online) (a) Definition of the W, and W, parameters as the number of C' — C lines or zigzag strips along the
width of each sector and the length y of the outer edge of the parallel sector. Here the example of an AZ-GNW with W, =7
(red lines) and W, = 5 (green lines). (b-c) Definition of the parameter L, as the number of acc lengths (AA- and AZ-GNWs)
or zigzag tips (ZA- and ZZ-GNWs, where a tip is a carbon atom having only two carbons as neighbors) along the smallest basis
of the trapezoid formed by the GNW’s edge atoms. Here the example of an AZ-GNW with L, =5 (b) and a ZZ-GNW with
L, =3 (c¢). (d) AA-GNW structure not allowed by the L, # 3i condition.

All the important GNW structural properties are uniquely determined by these four parameters. For example, the
lattice parameter L is given by the following equations (see Appendix A):

Laa= 2W,+ L, + 2L, — 2W, — acc; (
Laz = (6W,+ 3L, + 2L, — 6W, — 1)acc; (
Lza=(2W,+ 3L, + 2L, — 6W, — 2)accV3; (
Lzz = (2W,+ L, + 2L, — 2W,)acc V3. (13
The number of atoms (N) contained within a unit cell is also a function of L,, W,, W, and L, (see Appendix B):
Nzz = AW,Lo + AL,W,, — 2W]; (
Nza = 4WoLo + AL, W, — 6W, — 4W); (



Naz = (12WoLo + 4L,W,, — 6W, — 2W,,)/3; (16)
Naa = (4WoLo +AL,W,, — 2W7 — 2W, +7)/3 — 7, (17)
where the value of 7 and 7’ for AA-GNWs is given by:
0 if [pyq] = [1;0],[1;2], [2; 0] o 19.9] 1.
r=q caitlng =l = { RSB0 (18)
4 if [prg] = [1;1]

with p = mod(L,,3) and ¢ = mod(L, — Wp,3). As we will show below, the cases where mod(L,,3) = 0 are not
possible, due to the unstable chemical environment that this choice would create at the edges.

B. Geometrical restrictions

We should stress that although any GNW is uniquely defined by a set of four parameters W, W,, L, and L,, it
is not true that any set of four numbers corresponds to a valid GNW. We will now discuss the corresponding formal
restrictions to apply to these parameters.

First, for all the four groups of achiral GNWs we must have:

Wo,Wp > W™ L,>W, and L, > LM (19)

The first restriction represents the lower limit where either the parallel or oblique sector becomes a polyacetylene
chain (W™m = 2 (1) for A (Z) sectors) and the second one ensures that the oblique length is not smaller than the
width from the GNR making up the wiggle. The L;,’”" parameter is the minimum length for the inner edge of the
parallel sector such that edges from successive oblique sectors do not touch one-another (with Lg”" =2 for AA- and
AZ-GNWs and L;”i" =1 for ZZ- and ZA-GNWs). Additional specific restrictions apply for each case.

For AA-GNWs, the L, parameter has to obey L, # 3j (j an integer) in order to avoid rings with only one missing
atom, as shown in Fig. 3d. In addition, we are restricted to L, = 35 4+ 2 for AZ-GNWs, since L, = 3j denotes the
same structure as that given by L, = 3j + 2, while the 2 < L, = 3j + 1 case would produce a large number of
single-bonded carbon atoms.

The specific structure of AA-GNWSs imposes an additional condition on £44 which must be a multiple of 3acc.
Using the lattice parameter relation from Eq. 10, this restriction takes the form:

W, + Lo + 2L, —2W, — 1 =31 (AA-GNW) (20)

where [ is an integer. A similar restriction should also be applied to AZ-GNWs, but the corresponding equation is
automatically satisfied since L, = 35 + 2 in this case.

Finally, the length y corresponding to the outer edge of the parallel sector (Fig. 3a) has a specific lower bound
value for each GNW type. For AA-GNWs, this value is ymin X acc With Ymin = 3, Ymin = 1 OF Ymin = 5 for
mod(y/acc,3) = 0,1,2, respectively, as illustrated in Fig. 4a-c. For AZ-, ZA- and ZZ-GNWs, the minimum value is
acc, 0 and 2accV/3/3, respectively, as exemplified in Fig. 4d-f.

After using the expression for y in Appendix A for each GNW class we end up with:

AA = 2Wo+Ly— Wy =12 yin: (21)
AZ = O6Wo+L,—3W,>2 (22)
ZA = 2W,+ L, —3W, > 1; (23)
Z7Z — 2W,o+L,—W,>1. (24)

IV. ELECTRONIC STRUCTURE AND MULTIPLE MAGNETIC STATES

The general framework presented in Section III to classify and obtain the atomic details of any nanowiggle can
be used for the systematic study of their electronic structure. As highlighted in Ref. 25, GNWs are known to
present multiple magnetic states (see Fig. 5), with the notable exception of AA-GNWs. The spin polarization in such
structures is essentially concentrated along the zigzag edges, where the local ordering is ferromagnetic. The magnetic
moment is maximal at the center of the zigzag edges, decaying towards the edge corners??:31:47:51,

We observe that in all cases, the ground state corresponds to an anti-ferromagnetic (AFM) distribution obeying the
bipartition of the graphene lattice (so that each sub-lattice presents a given spin orientation as its majority spin). In



FIG. 4. Examples for the minimum value of the length y of the outer parallel edge (full green lines) in AA- (a-c), AZ- (d), ZA-
(e) and ZZ-GNWs (f).

addition to AFM and the trivial paramagnetic distribution (PM, for which there is no spin polarization, in analogy
to Z-GNRs"?), there is also a set of other metastable states for each GNW class. This number of different magnetic
states is reduced for ZA-GNWs (when considering the spin distribution along a single unit cell) since we find only
a ferromagnetic (FM) state in addition to the AFM and PM cases, similar to Z-GNRs!7. However, AZ-GNWs also
develop two additional states that we called trans-anti-ferromagnetic (TAFM) and longitudinal-anti-ferromagnetic
(LAFM) states (depending on the directions along which the edge-to-edge flipping for the majority spin takes place).
With the notable exception of the FM distribution, the symmetry of all the spin configurations ensures a zero
total magnetization integrated over an entire unit cell. In addition, ZZ-GNWs present AFM, FM, TAFM and PM
distributions as well as a longitudinal-ferrimagnetic (LFiM) state. The symmetry of this last distribution does not
impose a zero total magnetization for a ZZ-GNW unit cell, similar to the FM state. These spin distributions (except
the PM case for which there is no spin polarization) are schematically represented in Fig. 5.

As a consequence of the fact that zigzag edges have to be longer than a threshold value to promote spin polar-
ization3'®! some pair of magnetic states can be indistinguishable from each other when either a parallel or oblique
zigzag sector is short enough to preclude such polarization. These cases will be highlighted in the following sections.

In this work we performed a similar systematic study as in Ref. 25 to determine how the energy gap around the
Fermi energy behaves as a function of the GNW’s geometry. However, here we do not limit our study to the AFM
state, rather we extend it to all the possible spin distributions on AZ-, ZA- and ZZ-GNWs.

(a) (b) (c)

AFM LAFM AFM AFM
® ® ®

FIG. 5. (color online) Schematic representation of the possible spin distributions in (a) AZ-GNWs, (b) ZA-GNWs and (c)
77Z-GNWs. Circles with a dot or a cross represent majority spin-up or -down, respectively.

In the extended set of systems studied here, the length of both P and O sectors is restricted according to the
conditions presented in Section III, while the corresponding widths are varied over a broad range. These calculations
are based on the TBU model described in Section II.

In the following we discuss the electronic and magnetic properties of all the three GNW classes containing at least



one zigzag edge.

V. ELECTRONIC STRUCTURE AND MAGNETIC STATES OF AZ-GNWS
A. Electronic band-gap

An AZ-GNW is composed of armchair-edged parallel sectors, while its oblique sectors are zigzag edged. In Fig. 6
we plot the electronic band-gap as a function of P4 and Oy for the five possible spin distributions in AZ-GNWs. We
varied the parallel and oblique widths so that both P4 and Oz span the range from 5 to 17. The minimum (A#A% )

min
and maximum (A2Z ) values for the gap in each spin-configuration are shown in Table I.
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FIG. 6. (color online) Energy band-gap as a function of P and O widths for the multi-magnetic states in AZ-GNWs. Systems
that do not possess a stable AFM, TAFM, LAFM or FM distribution of spins are marked by a cross, while points marked with
a cross inside a square correspond to geometries not allowed by the particular choice for the lengths of the P and O sectors.
The minimum and maximum values for the gap in each plot are shown in Table I.

Data shown in Table I confirm that the AFM state is always semiconducting, while the PM and FM states can
assume either a metallic or semiconducting behavior. The other LAFM and TAFM states are never truly metallic at
zero temperature, but some structures present very small gaps of only a few meV. We observe from Fig. 6 that with
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TABLE I. Minimum (Af}fn) and maximum (Af}fz) values for the electronic band-gaps in each spin-configuration for AZ-GNWs.

AFM TAFM LAFM FM PM
ALZ (meV) 183 22 7 0 0
ALZ, (meV) 446 396 428 347 393

the exception of the systems with narrow parallel sectors, the PM state is always metallic. We note that wide parallel
sectors produce long Oz sectors for a given oblique width. It follows that for larger P4, the AZ-GNWs properties are
dominated by the Oz sector (which, when isolated, are metallic in their PM state), except for the 120° turn made by
the Z-GNR sector as it meets the short A-GNR sector. However, the calculations also indicate that the small parallel
sector does not affect sufficiently the structure to make it semiconducting in the PM state.

In contrast, the small parallel sector has a much more dramatic effect on the FM and LAFM states. We notice that
the P4 sector affects sufficiently the electronic structure to open a gap even for longer oblique sectors (corresponding
to wider parallel sectors), which are composed by Z-GNRs in their FM metallic state (see the LAFM and FM spin
distributions for AZ-GNWs in Fig. 5a). These aspects related to the non-PM states show that the P4 sector has
a critical influence on the AZ-GNWSs’ electronic properties, even for short parallel sectors. For the LAFM state we
have an additional factor to consider, namely the presence of successive FM Oy sectors, which have alternating spin
orientations. This effectively separates the atoms with identical spin orientation to portions far from each other. This
arrangement contributes to form localized states that also affect the opening of a band-gap. These findings show that
the interplay between A- and Z-GNRs in GNWs is not only restricted to the simple sum of their individual properties,
but is in fact sensitively dependent on the specific way these pieces are assembled into the GNW.

The dependence of the electronic band-gap with the atomic structure for non-PM states presents three distinct
behaviors corresponding to sector widths P4 such that mod(Pa, 3) =0, 1, or 2. Moving horizontally across the chart,
the electronic band-gap oscillates for small Oz values and gradually converges to a P4-dependent constant that can
be associated with the gap of a pristine A-GNR originating at the wedge-healed GNW (because the GNW structures
approach an A-GNR with a sparse distribution of defects as Oz — oo for a fixed Pjy).

B. Electronic structure of the FM state

The FM spin distribution is the only one to present a net magnetization integrated over a single AZ-GNW unit cell.
As aresult of this broken spin-up and -down symmetry, the FM state shows non-spin-degenerate bands. This additional
dependence of the electronic structure with the spin allows to use this property to tune the physical properties of
AZ-GNWs in this particular spin distribution. Analyzing the electronic structure of this series of structures in their
FM state, we classified the general features of the bands close to the Fermi energy into 4 different classes: M, S]7,
St} and S|1. Class M corresponds to metallic structures. The (104, 7z) GNW whose electronic bands are shown in
Fig. 7 (where a spin-up and a spin-down branch cross at F) is an example of a M system. The S class corresponds
to the semiconducting structures where we have a crossings between spin-up and -down bands right below and above
the Fermi energy (see, for instance, the bands for the FM state of the (84,6%) structure in Fig. 7). The ST, (S|1)
symbol denotes semiconducting structures where the highest band below Er corresponds to spin-up (-down) and the
lowest band above Er corresponds to spin-down (-up). This is illustrated for the (74,52) and (74,8%) ((84,9%) and
(84,8z) structures in Fig. 7.

Figure 8a shows AZ-GNW structures along with the FM class they belong to. One observes that the metallic
systems are mostly those with mod(P4,3) = 1. This contrasts with the properties of the isolated parallel sectors since
A-GNRs with (3i + 1) C' — C lines (i an integer) along their width possess larger gaps than the corresponding (37)
and (3i 4+ 2) cases. On the other hand, we observe that all the metallic structures are on the P4 > Oz part of the
plot. This observation can be explained by the fact that the outer armchair edge from the GNW becomes shorter for
narrow Oz sectors and the electronic properties correspond mainly to the zigzag sectors (which have a tendency to
be metallic in the FM state). In addition, the shorter parallel edges favor electronic tunneling between zigzag sectors
through the semiconducting armchair sector. Moving to the semiconducting systems, we observe that, for sectors
wider than 8, the S|1 character is favored for parallel sectors where the corresponding A-GNRs have the smallest
gaps mod(Pa,3) = 2. For mod(Pa,3) = 0,1 there is a clear preference for the ST| bands.
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FIG. 7. (color online) Electronic band-structure of some AZ-GNWs in their FM state (spin-up and -down levels are shown in
black and red, respectively) and their classification as M, S{{, ST} or S|t according to the nature of the bands close to the
Fermi energy.

C. Band-structure energy

The TBU band-structure energy method provides a useful qualitative tool to estimate the relative stability of
different magnetic states from the same atomic structure?®. This quantity is numerically computed as:

ETBU = /EF ETL(E)dE (25)

— 00

where n(E) = nq(E) + ny(E) is the total density of states. We computed the difference in the band-structure energy
among the different magnetic states for all the structures considered in the gap study. In Fig. 9 we show these energy
differences for different pairs of magnetic states as a function of the sector widths.

Among all the pairs of states involving the PM case, we show only the Epy — Eapps difference since the other
plots present the same features. From this specific plot in Fig. 9 we see that the energy of the PM state is in general
much larger than that of the AFM state (as well as for all the other states). This is remarkable for GNWs with larger
parallel width, while narrower P4 sectors give a PM state closer in energy to the other states. As the long zigzag
edged sectors correspond to wider P4 sectors, the energy necessary to develop a non-polarized zigzag edge increases.
Conversely, as P4 narrows, the edges of the oblique sector shortens and the parallel sector becomes longer, so that
the GNW edge structure is predominantly armchair, favoring a paramagnetic distribution for the spin. The |AE| a0z
values for each pair of states are listed in Table 1T

TABLE II. Maximum values of the band-structure energy difference (|JAE|maz) for the different pairs of magnetic states in
AZ-GNWs.

|AE|maz (eV) AFM TAFM LAFM FM
PM 4995 4.914 4.875 4.799
FM 0830 0.504 0478 -
LAFM 0559 0476 - -
TAFM 0479 - -

All the other magnetic states are closer in energy to each other. As a general trend, we observe that the states
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FIG. 8. Determination of the M (%), S (O), ST (o) or S|t (o) character for AZ- (a) and ZA-GNWs (b) in their FM
state and for ZZ-GNWs in their FM (c) and LFiM (d) states.

obey the following order for increasing TBU energy: AFM < TAFM < LAFM < FM < PM. We do observe some
exceptional cases, such as the (94,7z) GNW for the LAFM-FM pair and some set of horizontal lines (corresponding
to mod(Pa,3) = 1) in the LAFM-TAFM plot. We also observe other set of points in discordance with the energy
order above, but these are among the points for which the absolute value of the energy difference is very low (small
triangles) and lie within the method’s error bar.

Turning to other magnetic states, we note that the energy differences between TAFM and AFM and between FM
and LAFM are notably higher for the mod(P4,3) = 1 family. We can understand this behavior in terms of the
spin distributions along the zigzag edges (from the oblique sector) and the properties of the parallel sector. As the
occupied (unoccupied) energy bands are pushed down (up) for a semiconducting system, a larger gap is a factor which,
in principle, lowers the value of Ergy. Note that in the AFM state, the edges with similar majority spin (edges 1 and
4 or 2 and 3 in Fig. 10a) are more likely to be farther away from each other than in the TAFM distribution (edges
1 and 3 or 2 and 4 in Fig. 10a), as seen in Fig. 10b. In the TAFM state, this contributes to form more extended
states (favoring the reduction of the gap). This effect is similar but opposite in the AFM case, thus contributing to
a band-gap increase, and in turn to a band-structure energy reduction. Thus, since A-GNRs with a number N of
C — C lines along their width have the largest gaps for mod(N, 3) = 1, parallel sectors with mod(P4,3) = 1 are likely
to correspond to more stable structures. Our results show that this trend is more pronounced for the AFM state than
for the TAFM distribution, leading to a larger TAFM-AFM energy difference. A similar argument can be made for
the FM-LAFM difference (see Fig. 10b).

We observe a similar behavior in the LAFM-AFM and FM-TAFM energy differences for systems with mod(Pa,3) =
2. Let us consider edge 1 in Fig. 10a, for instance. Since it is close to edges 2 and 3, we will call 1 and 2 or 1 and
3 as “neighbors”. While a zigzag edge with a given spin polarization has one “neighboring” zigzag edge with the
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FIG. 9. (color online) Band-structure energy difference among the different magnetic states as a function of P4 and Oz in
AZ-GNWs. Systems that do not possess a stable AFM, TAFM, LAFM or FM distribution of spins are marked by a cross,
while points marked with a cross inside a square correspond to geometries not allowed by the particular choice for the lengths
of the P and O sectors. The |AE|nqe values for the different plots are shown in Table II.

same polarization in LAFM, the corresponding edge on the AFM state has no “neighbor” with the same majority
spin (see Fig. 10c). Thus, LAFM has a more pronounced tendency to present a smaller gap than AFM. At the same
time, A-GNRs with a number N of C — C lines along their width will present the smallest gaps for mod(N,3) = 2.
Consequently, parallel sectors with mod(P4,3) = 2 are likely to produce less stable structures, at least on the basis
of their band-structure energy. Our results show that this trend is more pronounced for the LAFM state than for the
AFM case, thereby accounting for the larger LAFM-AFM energy difference. A similar discussion can be developed
to account for the FM-TAFM difference in energy (see Fig. 10c).
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FIG. 10. (color online) Location of the zigzag edges (a) and schematic representation of the pairs of magnetic states which give
the largest energy splitting for mod(Pa,3) =1 (b) and mod(Pa,3) =2 (c) in AZ-GNWs.

VI. ELECTRONIC STRUCTURE AND MAGNETIC STATES OF ZA-GNWS
A. Electronic band-gap

Compared to the other GNW classes, we notice a reduced set of possible spin distributions on a single unit cell
of ZA-GNWs: PM, AFM and FM. These states are similar to those on zigzag edged GNRs. Our systematic study
involves structures with sector widths Pz and O4 varying between 2 and 10; and 6 and 17, respectively. As in the
AZ-GNWs case, we observe three families of behaviors for mod(O4,3) =0, 1, and 2. As the armchair edges are
located at the oblique sector, these families extend along the vertical direction of the plots. Similar to the AZ case,
the AFM state is always semiconducting, while the FM state can be metallic in some structures. Most ZA-GNWs are
metallic in their PM state, but structures with large Pz present a wider band-gap. This is due to the fact that the
outer edge for zigzag sectors is short for wide parallel blocks so that the electronic properties are dominated by the
semiconducting armchair oblique sectors.

B. Electronic structure of the FM state

Similar to the AZ case, the FM state is the only one to present non-degenerate spin-up and -down bands. We can
classify the general features of the bands close to Fr in a similar fashion as we did for AZ-GNWs. This classification
is shown in Fig. 8b. In most of the semiconducting cases, the valence band (majority spins) pushes the conductor
band (minority spins) to higher energies.
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FIG. 11. (color online) Energy band-gap as a function of P and O widths for the multi-magnetic states in ZA-GNWs. Systems
that do not possess a stable AFM or FM distribution of spins are marked by a cross, while points marked with a cross inside
a square correspond to geometries not allowed by the particular choice for the lengths of the P and O sectors. The minimum
and maximum values for the gap in each plot are 107 meV and 477 meV for the AFM state, 0 and 360 meV for FM and 0 and
1527 meV for PM.

C. Band-structure energy

Moving to the systematic study on the band-structure energy, we observe, in general, the following order
AFM<FM<PM regarding band-structure energy stability. The values for |AFE|,,., are listed in Table III. The
PM state energy is remarkably higher than the other two states for an intermediate parallel width between the
minimum and maximum values of Py, especially for wider oblique sectors. This is the result of two different factors.
First, for narrow parallel sectors, the zigzag edges at opposite sides of the GNW are close to each other, which lowers
the magnetic instability of the paramagnetic state!”. On the other hand, wide P sectors present shorter zigzag edges
for a given O 4, thus lowering the instability associated with the PM state. These two opposite trends balance exactly
for some value of Pz where the PM instability reaches its maximum value for a given oblique width (with O4 = 3 or
4). When comparing FM and AFM, we see that narrower Pz blocks produce a higher AFM-FM splitting similar to
7Z-GNRs'7 since the zigzag edges from opposite GNW’s sides are closer to each other.

TABLE III. Maximum values of the band-structure energy difference (|JAE|mqz) for the different pairs of magnetic states in
ZA-GNWs.

|AE|maz (eV) PM-AFM PM-FM FM-AFM
PM 3.357 2.860 0.993

VII. ELECTRONIC STRUCTURE AND MAGNETIC STATES OF ZZ-GNWS
A. Electronic band-gap

We carried out the systematic study for ZZ-GNWs by varying Pz and Oz from 4 to 17. While the particular
(77,7z) structure studied in Ref. 25 presented only the PM, AFM and the PM-looking LFiM states, we found out
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that other ZZ-GNWs can present the PM state and up to four other spin configurations: AFM, LFiM, FM and
TAFM. These distributions are schematically represented in Fig. 5. In Fig. 13 we show the electronic band-gap for
all these magnetic states as a function of both Pz and Oz. Note that, as it was the case for the (77,7z) system,
some structures do not accommodate all these distributions, especially the narrowest structures in the bottom-left
part of each plot. Here we choose not to consider the magnetic states where the maximum magnitude of the difference
(n{?) — (ndown) (considering all the atoms 7 in the structure) is less than 0.01. In these plots we used the same values
for the AZZ and AZZ pair for all the magnetic states, namely AZZ =0 and AZZ = 0.45 eV. To analyze the data,
we found convenient to define four different regions on the Pz—Oz—gap plot as shown in Fig. 13: (I) bottom-left, (II)
upper-left, (IIT) bottom and (IV) diagonal regions. The narrowest structures are in (I), where we find most of the
structures with missing magnetic states since narrow structures have a reduced paramagnetic instability'”. Region (IT)
is characterized by structures whose outer parallel edge is short enough so that this edge does not present significant
spin polarization. In this case we observe that the AFM and TAFM states are similar to each other, while we note the
same for the FM and LFiM states. A similar picture can be drawn in region (III) as the structures over this region
present short oblique edges where the spin polarization does not reach significant values. One observes that the plots
over regions (I) and (III) are practically the same for the AFM-TAFM and FM-LFiM pairs. The main differences
reside on region (IV) where the wide structures present a high value for the paramagnetic instability, allowing spin
polarization along all the edges on the ZZ-GNW.

For all magnetic states, we observe that the combined variations along the horizontal and vertical directions explain
why the gap tends to get smaller along the chart’s diagonal (to eventually vanish as the 2D graphene character is
progressively recovered).

B. Electronic structure of the FM and LFiM states

For ZZ-GNWs, both the FM and LFiM states break the spin up-down symmetry and present non zero total
magnetization so that we observe different bands for spin-up and -down states. Classifying the electronic bands
features around the Fermi energy as in the case of AZ- and ZA-GNWs, we obtain the schemes plotted in Figs. 8c-d.
We note that, contrary to the AZ-GNWs case, the systems with metallic behavior are spread along the entire Pz — Oy
plane, even though they are more concentrated on the P, > Oz part of the plot for the FM state. In addition, we
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FIG. 13. (color online) Energy band-gap as a function of Pz and Oz widths for the multi-magnetic states in ZZ-GNWs.
Systems that do not possess a stable AFM, TAFM, LFiM or FM distribution of spins are marked by a cross, while points
marked with a cross inside a square correspond to geometries not allowed by the particular choice for the lengths of the P and
O sectors. The minimum and maximum gap values are AZZ =0 and AZZ_ = 0.45 eV, respectively.

observe that the LFiM state has a more pronounced tendency to behave as a metal as can be seen by the dominant
number of stars in Fig. 8d (or by the large number of small blue circles on the LFiM-gap-plot from Fig. 13). We also
note that most semiconducting structures in the FM state have their highest band below Er corresponding to the
majority spin. However, in the LFiM case, there is no dominant tendency to present S 1| or S |1 bands as we have
zigzag edges with different majority spin within the same unit cell.

C. Band-structure energy

In Fig. 14, we plot the TBU band-structure energy difference for different pairs of states (the values for |AE| a0z
in each case are shown in Table IV). The PM-AFM energy difference is plotted in the lower right plot of Fig. 14.
We observe that the energy separation for these two states is always positive (in other words, AFM is always more
stable) and increases as we move away from region (I) in the plot. This is a clear manifestation of the increasing
(lowering) of the paramagnetic instability as the system gets wider (narrower) in either parallel or oblique sectors or
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in both. We observe the same features for the PM-X (X=FM, LFiM, TAFM) energy difference. Moving to the other
cases, regions (II) and (III) in the plots for the TAFM-AFM and FM-LFiM differences are predominantly dark blue
dots (corresponding to AE — 0), as expected from the early discussion on the band-gap. Finally, now focusing on
region (IV), we note an overall PM>FM>TAFM>LFiM>AFM energetic order for the magnetic states (except for
some points in the FM-TAFM plot).

TABLE IV. Maximum values of the band-structure energy difference (JAE|mae) for the different pairs of magnetic states in
77Z-GNWs.

|AE|max (V) AFM LFiM TAFM FM

PM 6.014 5.872 5.373 5.364
FM 0.851 0.658 0.623 —
TAFM  0.872 0.638 - -
LFiM 0474 - - -

VIII. CONCLUSIONS

We presented a systematic study of the electronic properties of all three achiral classes of GNWs containing at
least one zigzag edged sector. We described a detailed framework to determine the GNW’s structure using a reduced
set of parameters and studied the details of the electronic structure of each GNW class. While non-spin-polarized
Z-GNRs present a high electron density along the edges'” which can be further stabilized through the formation of
AFM and FM states, GNWs allow the formation of a larger variety of magnetic states due to the segmented edge
configuration from these wiggles. Most important, we show that even though we can describe GNWs in terms of
their A- and Z-GNRs building blocks, their properties cannot be simply reduced to a simple juxtaposition of the
properties of their GNR components. In fact, the details of the parallel and oblique sectors assembly, as well as the
corresponding spin distributions, can result in completely different behaviors for the GNWs electronic structure which
have no counterparts in GNRs. As a result, these structures present a broader and richer set of physical properties
compared with their constituent GNRs.

Once experimental control over these magnetic states is achieved, GNWs have the potential to constitute prototype
materials for a series of nanoelectronic and spintronic applications as they allow the manipulation of the system’s
electronic properties by means of the electronic spin. Hence, we expect that optical and electronic transport properties
to be fine tuned not only by changes in the atomic structure, but also by selecting the magnetic state, allowing a
single structure to present multiple physical behaviors by changing its spin distribution and increasing the number of
available mechanisms to control the flow of charges.
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Appendix A: Lattice parameter

Here we provide details on how to determine geometrical properties of the various types of GNWs from their defining
parameters. We start with the lattice parameter, followed by the number of atoms in a GNW’s unit cell.
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FIG. 14. (color online) Band-structure energy difference among the different magnetic states as a function of Pz and Oz in
77Z-GNWs. Systems that do not possess a stable AFM, TAFM, LFiM or FM distribution of spins are marked by a cross, while
points marked with a cross inside a square correspond to geometries not allowed by the particular choice for the lengths of the
P and O sectors. The |AE|mqs values for the different plots are shown in Table IV.

1. General approach

In order to determine the unit cell length £ of a GNW as a function of W,,, L,, W, and L,, we define the set
(b,c,d, e, h,l,w,z,y) of characteristic lengths for a general GNW unit cell as in Fig. 15. The angle 0 is either 60° (for
AA- and ZZ-GNWs) or 30° (for AZ- and ZA-GNWs). In this figure we define the limits of the blue shaded area as
being the lines containing the frontier carbon atoms from the wiggle.

From Fig. 15, we see that the lattice constant £ for the GNW unit cell is given by:

L=x+y. (A1)
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FIG. 15. Auxiliary lengths to determine the lattice parameter of a general GNW unit cell.

We can also write:

x=1+2c and c="b/tand (A2)
as well as:
y=2d+ x — 2e; d=w/sind e=h/tan@ (A3)
so that:
2w 4b 2h
= 2 — . A4
£ sin 6 tanf  tané (A4)
Depending on the values for w, I, b, h and 8, we have different equations for each type of GNW.
2. The !l length
By definition, [ is trivially determined for AA- and AZ-GNWs by:
I = Lyacc. (A5)

A careful observation of the ZA-GNW structures (see, e. g., Fig. 16a) allows us to write [ for the ZA case as the
distance between the two ending zigzag tips on the wedge’s parallel edge:

l=(L,—1)a (A6)

while we have to add a length 2f (defined in Fig. 16b) to this last result to obtain the corresponding length for the
77 case. The value of f is easily obtained with the help of Fig. 16b as:

acc/Q 2a
= -_— = — A
f=a cos 30° 3 (A7)

so that

I=(L,+ %)a. (A8)
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FIG. 16. Auxiliary length [ for ZA-GNWs (a) and increment f for ZZ-GNWs (b).

3. The w, h and b lengths

As a set of n C' — C parallel lines in graphene is (n — 1)a/2 wide (where a = accV/3) and the width for a set of n
zigzag strips is (3n — 2)acc/2, w is expressed as:

w= u for AA- and ZA-GNWs (A9)
w = w for AZ- and ZZ-GNWs. (A10)
For the same reason we can write h as:
h = w for AA- and AZ-GNWs (A11)
h= w for ZA- and ZZ-GNWs (A12)

and finally b is obtained by:

-1 L. —
pn— W . Ja _ (Lo QWP)“ for AA- and AZ-GNWs (A13)

pop— B _22)“00 _ 3o~ ;’VP)“CC for ZA- and ZZ-GNW. (A14)

4. Lattice parameter relations

With the previous results it is trivial to write:

Las = (2W,+ Lo+ 2L, — 2W, — )acc (A15)
Laz = (6W, + 3L, + 2L, — 6W, — 1)acc (A16)
Lza= (2W, + 3Ly + 2L, — 6W, — 2)accV3 (A17)
Lz7 = (2W,+ Lo + 2L, — 2W,)acc V3. (A18)
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Appendix B: Number of atoms

In order to determine how many atoms (N) are contained within a GNW’s unit cell we first calculate the area
corresponding to the wedge-healed GNW. We then carve out the area from the trapezoidal wedges and divide the
result by the area of half hexagon. Observe that the non-parallel sides and the smallest basis from these trapezoids
are positioned half way between the corresponding sides on the trapezoids composed by the GNW’s edge atoms and
the edge atoms from the removed graphene flakes (as depicted in Fig. 17). An analogous definition is made for the
lines determining the limits of the healed ribbon. The important quantities to determine are shown in Fig. 17. With

FIG. 17. Auxiliary lengths used to determine the number N of atoms in a GNW’s unit cell.

these definitions we can write:

N = (cw —(B+ B’)H) /(Bacca/d) (B1)

where £ is the length of the GNW’s unit cell (determined in the last section), W is the healed GNW’s width, # is
the height of the deleted trapezoids and B and B’ are, respectively the largest and smallest basis from the trapezoids.
Again, we have specific results for each GNW kind.

1. Healed GNW’s width W and wedge’s height H

Based on the considerations from Section A 3 we can write W as:

W= L,a/2 for AA- and AZ-GNWs (B2)
W = 3Lyacc/2 for ZA- and ZZ-GNWs, (B3)

where we added a/2 in the first case and ace in the second since the lines defining the limits of the healed GNW’s
area are located half way between the GNR frontier atoms and those from the carved graphene structure. In a similar
way, we derive the following expressions for H:

H = (Lo — Wp)a/2 for AA- and AZ-GNWs (B4)
H =3(L, — Wy)acc/2 for ZA- and ZZ-GNWs. (B5)

2. Wedge’s basis B and 5’

Consider the trapezoid formed by the lines passing through the frontier atoms from the deleted trapezoidal flakes.
Let I’ and I” be the smallest and largest basis from this trapezoid. For AA- and AZ-GNWs this value is I’ =1 — acc-
So B’ is given by:

E

/
B 2

= Lpacc — acc/2. (BG)
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For the ZA-GNWs case we have I’ = [ and:

B = (L, — 1)a. (B7)
In ZZ-GNWs we have I’ = — f and:
I+7
= 2 = pa_

In order to obtain B we also consider the trapezoid defined by the frontier atoms from 2D graphene after carving
out the trapezoidal flakes. Let I’ be the largest basis from this trapezoid. For AA-GNWs we have I = [+ 2c—2acc
and " =1+ 2c + acc so that:

B,

(B8)

l// _|_ l/// 1
= 5 = (Lp + L, — Wp — 5)&00 (Bg)
For AZ-GNWs we have I = [ + 2¢ — 4acc and I =1 + 2¢ + 3acc so that:
l// l/// 1
B— ; = (L, +3L, —3W, - S)acc (B10)
Moving to ZA-GNWs, we have I’ =1+ 2¢ — 2a and "' = [ + 2¢ + 2a and:
l// + l///
2
Finally, ZZ-GNWs are such that I =1+ 2c — 2f and " = | + 2¢ + a, resulting in:

l// _|_l///
B=—f—=(Ly+ Lo~ Wya (B12)

B

B= = (L, + 3L, — 3W, — 1)a. (B11)

3. Formulas for N

The previous results allow us to write

Nzz = AW,Lo + AL,W,, — 2W (
Nza =4WoLo + AL, W), — 6W; — 4W, (
Naz = (12WoL, 4 4L, W, — 6W, — 2W,,)/3 (B15
Naa = (AW,oLo + AL,W,, — 2W7 — 2W,) /3. (

4. Corrections on the AA-GNW case

Note that Eq. B16 does not provide the correct result in all the cases. The reason is that when calculating the area
from the two trapezoids, we are actually calculating the area of a parallelogram composed by the two trapezoids in a
construction similar to that shown in Fig. 18a,b. However, the simple superposition of the two trapezoids may not be
compatible with the bonds made by the carbon atoms depending on the defining parameters of the GNW. By simple
observation, the superposition of the two trapezoids is correct when:

e mod(Ly,3) =2 and mod(L, — W), 3) = 0 (see example in Fig. 18a);
e mod(Ly,3) =1 and mod(L, — W), 3) = 2 (see example in Fig. 18b).

The method has to be adapted for the other cases. Let us consider first the case mod(L,,3) = 2. When L, — W, =
3i + 2, we should shift each trapezoid in Fig. 18a by a/2 (perpendicular to their basis, one up and the other down),
in such a way that the smallest line of C' — C bonds get out of the parallelogram (see example in Fig. 18¢c). So, the
deleted atoms are composed by those inside the new parallelogram plus the atoms in the two C' — C' lines outside the
the parallelogram (2(L, +1)/3 in each). The part of each trapezoid included in the parallelogram has a smallest basis
acc larger and a height a/2 shorter. Thus, the number of atoms will be given by:

Naa = (AWoLo + 4L, W, — 2W7 — 2W,, — 4)/3. (B17)



24

FIG. 18. Auxiliary scheme to calculate the number of deleted atoms in a GNW’s wedge.

When L, — W, = 3i + 1, we should shift each trapezoid in Fig. 18a by a (perpendicular to their basis, one up and
the other down), in such a way that the two smallest lines of C' — C bonds get out of the parallelogram (see example
in Fig. 18e). It follows that the removed atoms are composed by those inside the new parallelogram plus the atoms
in the four C' — C lines outside the parallelogram (2(L, + 1)/3 in each). The part of each trapezoid included in the
parallelogram has a smallest basis 2acc bigger and a height a shorter. So, the number of atoms will be given by:

Naa = (AW,oLo + AL, W, — 2W) — 2W,, — 4)/3. (B18)

Let us now consider the case mod(L,,3) = 1. When L, — W, = 3i + 1, we should shift each trapezoid in Fig. 18b by
a/2 (perpendicular to their basis, one up and the other down), in such a way that the smallest line of C'— C bonds
get out of the parallelogram (see example in Fig. 18d). Therefore, the deleted atoms are composed by those inside
the new parallelogram plus the atoms in the two C' — C lines outside the parallelogram (2(L, — 1)/3 in each). The
part of each trapezoid included in the parallelogram has a longer smallest basis (acc longer) and a shorter height
(a/2 shorter). So, the number of atoms will be given by:

Naa = (4W,Lo + AL, W, — 2W7 — 2W, + 4) /3. (B19)

When L, — W, = 3i, we should shift each trapezoid in Fig. 18b by a (perpendicular to their basis, one up and the
other down), in such a way that the two smallest lines of C' — C bonds get out of the parallelogram (see example in
Fig. 18f). The deleted atoms are therefore defined by those inside the new parallelogram plus the atoms in the four
C — C lines outside the parallelogram (2(L, — 1)/3 in each of the smallest two and 2 + 2(L, — 1)/3 in each of the
others). The part of each trapezoid included in the parallelogram has a smallest basis which is 2ac¢ larger and a
height being a shorter. Therefore, the number of atoms will be given by:

Naa = (AWoLo + 4L, W, — 2W2 — 2W,)/3 (B20)

so that the downsizing on the trapezoids area and the addition of the two lines of atoms compensate each other so
that we end up with the same formula as for the cases exemplified in Fig. 18a-b.

In addition, examination of Fig. 18c,f reveals that we have to subtract 4 atoms when mod(L,, 3) = mod(L,—W,) = 2
or mod(Ly,3) =1 and mod(L, — W,) = 0 to eliminate four single bonded atoms at the corners of the outer parallel
edges.
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