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We study an Anderson impurity embedded in a d-wave superconductor carrying a supercurrent.
The low-energy impurity behavior is investigated by using the numerical renormalization group
method developed for arbitrary electronic bath spectra. The results explicitly show that the local
impurity state is completely screened upon the non-zero current intensity. The impurity quantum
criticality is in accordance with the well-known Kosterlitz-Thouless transition.

PACS numbers: 71.10.Hf, 71.27.+a, 75.20.Hr, 71.28.+d

I. INTRODUCTION

The behavior of a single magnetic impurity in corre-
lated electron systems has attracted intensive interest in
condensed matter physics.1 While the problem is well
studied when the host is a simple metal,2 the correlations
among the host electrons may lead to much complicated
impurity behavior deviating from the Fermi liquid prop-
erties.1 Specifically, the Kondo screened state, i.e., an
entanglement state between the impurity spin and a con-
duction electron, may become unstable at zero temper-
ature upon the depletion of the density of states (DOS)
at the Fermi levels, or the change of certain nonthermal
parameters. Such kind of impurity quantum phase tran-
sition (IQPT) may take place in metallic systems with
a pseudo gap.3 The response of a known impurity be-
havior upon the change of effective couplings could pro-
vide important information of the host itself, and thus
can be used to probe the ground state and low-energy
physics of the host electrons.4 On the other hand, within
a known host, the different response of a quantum im-
purity with internal dynamical degrees of freedom versus
a static impurity, to an external control parameter, may
shed insight on the role played by a doped impurity in a
correlated electron medium,5,6 which is a relatively rarely
explored area. In this Article, we study the property of
an Anderson impurity embedded in a d-wave supercon-
ductor. Our analysis, based on the numerical renormal-
ization group (NRG) method, unambiguously shows that
an IQPT of the Kosterlitz-Thouless type can be induced
in a d-wave superconductor carrying non-zero persist cur-
rents. This means that the Kondo temperature increases
with the current q exponentially, TK ∝ e−α/q, with α be-
ing a parameter linearly depend on the Coulomb interac-
tion of the impurity orbital. The obtained results can be
tested by scanning tunneling microscopy (STM), which
has been used to measure the local electronic structure
around a doped impurity in conventional7 and unconven-
tional superconductors8 in the absence of a current flow.
The outline of this paper is as follows. In Sec. II, we

introduce a model system to describe an Anderson im-
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FIG. 1: (Color online) An Anderson impurity embedded in a
two-dimensional d-wave superconductor. A supercurrent J is
fed into the superconductor from a current sourse. The local
electron structure around the impurity can be measured by
scanning tunneling microscopy.

purity in a current carrying d-wave superconductor. We
present the formulation for calculating the quasiparticle
spectrum of the superconducting bath in the presence of
the supercurrent. The NRG approach is then introduced
to solve the quantum impurity problem. In Sec. III, we
present numerical results and identify the nature of the
IQPT. Finally, concluding remarks are given in Sec. IV.

II. MODEL AND METHOD

It is now well accepted that high-temperature cuprate
superconductors exhibit a d-wave pairing symmetry.9

These materials have a two-dimensional layered struc-
ture. In their thin film form, a supercurrent can be in-
jected by a current source, as shown schematically in
Fig. 1. We notice that a persistent current can also
be generated by piercing a magnetic flux through the
axial of a mesoscopic hollow superconducting cylinder,
due to the Aharonov-Bohm effect.10 The flux driven cur-
rent is negligibly small in the thermodynamic limit. As
such, the setup proposed here is more suitable for the
study of quantum impurity problem in an unconventional
fermionic bath, and should be experimentally accessible.
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We model the problem by the following Hamiltonian

H = HBCS +Himp +Hhybrid, (1)

where HBCS =
∑

k,σ ξk+qc
†
kσckσ +

∑

k[∆kc
†
k↑c

†
−k↓ +

h.c.], Himp =
∑

σ ǫdd
†
σdσ + Und↑nd↓, and Hhybrid =

1√
NL

∑

k,σ[Vkc
†
kσdσ+h.c.]. Here ckσ annihilates one con-

duction electron of momentum k and spin projection
σ, while dσ annihilates one localized d-electron of spin
projection σ. In the tight-binding approximation, the
conduction electrons have the normal and d-wave super-
conducting gap dispersions, ξk = −2t(cos kx + cos ky) −
4t′ cos kx cos ky − µ and ∆k = (∆0/2)(cos kx − cos ky),
respectively. The center-of-mass momentum, 2q, of a
Cooper pair determines the current flow.11 Note that the
BCS superconducting part of the Hamiltonian is written
in an unconventional way. We have transferred the mo-
mentum 2q shift on the Cooper pair wavefunction onto
the momentum q shift on the single-particle kinetic en-
ergy via a local gauge transformation in real space. A
detailed derivation is given in Appendix A. Other pa-
rameters ǫd, U , and Vk are the localized level, the on-site
Coulomb interaction, and the impurity coupling, respec-
tively. NL is the number of lattice sites.
The quasiparticle density of states of the 2D current-

carrying d-wave superconductor can be found by diago-
nalizing HBCS via the formula

ρ(ω) =
1

NL

∑

k

[|uk,q|2δ(ω −E+
k,q) + |vk,q|2δ(ω −E−

k,q)] ,

(2)
where E±

k,q = Zk,q± [Q2
k,q+∆2

k]
1/2, with Zk,q = (ξk+q−

ξk−q)/2 and Qk,q = (ξk+q + ξk−q)/2. The electron- and
hole components of the Bogoliubov-de Gennes eigenfunc-
tion are given by |u(v)k,q|2 = [1 ± Qk,q/E

0
k,q]/2 with

E0
k,q = [Q2

k,q +∆2
k]

1/2.
In order to solve the whole problem, we generalize the

NRG method2,18 to study the impurity properties with
an arbitrary form of the DOS. It is sufficient for our pur-
pose to take into account the coupling between the im-
purity spin and the particle-excitations. The latter is the
only necessary ingredient in d-wave superconductors.19,20

We therefore ignore the anomalous part and just study a
modified Anderson model with the impurity coupled to
the electron-like excitation spectrum. As such, we use
the following Hamiltonian to the derivation of the NRG
equations:16,21

H = Himp +D
∑

σ

∫ 1

−1

dεg(ε)a†εσaεσ

+D
∑

σ

∫ 1

−1

dεh(ε)(d†σaεσ + a†εσdσ) , (3)

where we introduced a one-dimensional energy represen-
tation for the particle-like excitations a†εσ with the scaled
energy ε and the band-cutoffs at ±D. g(ε) and h(ε) are
the energy dispersion and hybridization self-consistently
defined by ρ(ε) and Vk respectively as in Ref. 21.
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FIG. 2: (Color online) Density of states as a function of energy
for various values of drift momentum qx.

III. NUMERICAL RESULTS

In the numerical calculations, we take t = 1, t′ = −0.2,
µ = −0.78, ∆0 = 0.2. The energy is measured in units
of t = 1 unless specified otherwise. Without loss of gen-
erality, we take q = (qx, qy) = (qx, 0). In Fig. 2, we show
the DOS as a function of energy for various values of qx.
A small intrinsic lifetime broadening Γ = 10−3, and the
lattice sites of 5000 × 5000 are chosen. In the absence
of the current, the calculated DOS vanishes linearly as
expected, and the finite size effect on the DOS is negligi-
ble as shown in the Appendix B. It increases around the
Fermi energy as a response to the non-zero current.
To handle the arbitrary ρ(ω), we follow the generic

scheme of Ref. 21 to discretize the Hamiltonian given
by Eq. (3), and then solve it by the NRG for different
values of U and q at the symmetric point ǫd = −U/2,
with the RG parameter Λ = 2. At each iteration step
we keep about 1500 states, depending on the quantities
calculated, and the total number of iterations is Nmax =
100. Throughout the work, a value of the band cut-off
D = 1 is chosen.
Distinct from the case of either a wide-band normal

metal with a constant DOS, where the impurity spin be-
ing in a strong coupling (SC) limit, or a conventional
s-wave superconductor with a hard-gap everywhere on
the Fermi surface, where the impurity spin being in the
local moment (LM) limit, the existence of nodal zero-
energy quasiparticles in a d-wave superconductor4,9 has
a non-trivial implication to the fate of quantum impurity
states. Earlier studies by taking the DOS with a soft-
gap, ρ(ω) ∼ |ω|r (r = 1 for the d-wave superconductor),
have shown the existence of a critical coupling, separat-
ing the LM and SC phases.3,12–16 The present model is
more intriguing, as the low-energy excitations in a d-wave
superconductor can readily be proliferated by pumping
in a supercurrent, which should have a significant control
of the impurity state.17 The purpose of the present work
is to demonstrate that a Kosterlitz-Thouless-like IQPT
can be realized by tuning the (super-)current.
In the absence of the current, the impurity in the

present symmetric Anderson model should be in the LM
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FIG. 3: (Color online) The NRG energy flows for the low-
energy levels for Coulomb U = 0.1 with various drift mo-
mentum qx. Solid lines: (Q,S) = (1, 0), dashed lines:
(Q,S) = (0, 1/2).

state for non-zero repulsive U due to the marginal na-
ture (r = 1) of the d-wave superconduting host. Here
we calculate the energy flows as well as other physical
quantities for fixed U = 0.1 and V = 0.05, with qy = 0
and various qx. As shown in Fig. 3, the NRG flows start
and remain close to the free orbital (FO) regime at the
high temperature or high energy. When lowing the tem-
perature, two types of fixed points are identified. For
the case with qx = 0, the many-particle levels rapidly
crossover to the LM fixed point from the FO regime. For
the case with finite qx 6= 0, the SC fixed point develops
at sufficiently low temperatures. The evolution of energy
flows from the LM lineshape to the SC one is similar to
the soft-gap Anderson impurity model, implying that the
impurity state is driven into the SC state by the current.

The IQPT is clearly manifested in some other physical
quantities as illustrated in Fig. 4. The impurity spec-
tral function develops a central peak at zero energy upon
increasing qx. This feature is similar to the soft-gap An-
derson model where the impurity spectral function di-
verges at the zero energy for the SC and quantum critical
phases.22 Remarkably, the sum rule is within 98% accu-
racy in our case. The IQPT is also indicated in the tem-
perature dependence of the effective impurity moment
and entropy, plotted in the inset of Fig. 4. It shows that
the effective moment and entropy deviate from the free
moment values (0.25µB and ln 2 respectively) for qx = 0
and approaches to zero for qx = 0.1 and 0.2. The later
two cases indicate a SC phase where the impurity spin
is completely screened at the low energy scale. We also
calculated the finite temperature spectral function and
found that in the SC phase the Kondo peak broadens
with increasing temperatures and ultimately disappears
at sufficiently higher temperatures due to thermal fluc-
tuations.

The finite size effect, as detailed in Appendix B, pre-
vents us from directly determining the precise location
of the critical point qcx, below which the impurity is al-
ways in the localized state. To overcome this difficulty,
we perform a scaling analysis on the critical behavior at
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FIG. 4: (Color online) The impurity spectral function at
T = 0 (main panel) and the temperature dependence of the
effective impurity moment (right inset) and entropy (left) for
Coulomb U = 0.1 with various qx.
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FIG. 5: (Color online) The Kondo temperature as a function
of 1/(qx−qcx) with various Coulomb interaction U . The fitting
shows that the critical point qcx → 0.

the zero temperature limit based on extensive calcula-
tions. We define an energy scale TK , the Kondo temper-
ature, around which the NRG flows crossover from the
LM fixed point to SC fixed point. Specifically, for each
value of qx > qcx, the first excited many-particle energy
level drops by 50% at TK

22. TK then follows a power-law
or exponential behavior from the criticality, depending on
whether it is a conventional continuous phase transition
or a Kosterlitz-Thouless transition22. As shown in Fig. 5,
the Kosterlitz-Thouless type nature of the transition is
clearly exhibited. The Kondo temperature TK follows a
exponential decay with the distance from the criticality,
lnTK = lnT0−α/(qx−qcx), where T0 and α are functions
of U , independent on the current qx. Also inferred from
this fitting is that qcx < 5.0 × 10−3, much smaller than
the scale of qx (∼ 0.1) used in our calculation. Hence
the true location of qcx is vanishingly small as expected,
implying qcx → 0. The scaling analysis is free from the
finite size effect since the residual DOS vanishes in the
thermodynamic limit. The result therefore shows that
TK = T0e

−α/qx , where, as fitted in Fig. 6 for the small
U-regime, α increases linearly with U , and T0 decreases
exponentially with increasing U .
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IV. CONCLUDING REMARKS

The results reported here explicitly show that the lo-
cal impurity state is completely screened upon the non-
zero (super-)current intensity while the impurity quan-
tum criticality is in accordance with the well-known
Kosterlitz-Thouless transition. Our findings have sev-
eral implications: (i) In a d-wave superconductor, quasi-
particle resonance can be induced around a doped static
impurity in the strong scattering limit. Upon the flow-
ing of a supercurrent, the resonance peak is suppressed
in amplitude and broadened in width.23 In contrast, for
the quantum impurity as discussed here, a Kondo res-
onance emerges when it is driven into the SC phase by
the supercurrent. This distinction of the response to the
supercurrent can help us to decipher whether a doped
atom plays the role of a static or quantum impurity in
a d-wave superconductor. (ii) In high-Tc cuprates like
Bi2Sr2CaCu2O8+δ, the nanoscale inhomogeneity with
the existence of small- and large-gap domains24,25 has
been ubiquitously observed by the STM. When a mag-
netic impurity is doped into the system, it is in the LM
phase in the absence of a supercurrent. In this case, the
impurity plays the role of a weak potential scatter,26 and
the resonance as due to the quasiparticle scattering is lo-
cated far away from the Fermi energy. This resonance
should be observed in both types of domains. When a
supercurrent flows in the sample, the impurities in the
small-gap domains should be first driven into the SC
phase and a Kondo resonance will emerge very close to
the Fermi energy while those in the large-gap domains
are still in the LM with no Kondo resonance. These in-
teresting phenomena, which can be observed by STM,
should serve as a direct test of our prediction.
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Appendix A: Local gauge transformation

A general BCS Hamiltonian can be written as

HBCS = −
∑

ij,σ

tij c̃
†
iσ c̃jσ − µ

∑

iσ

c̃†iσ c̃iσ

+
∑

ij

[

∆̃ij c̃
†
i↑c̃

†
j↓ + h.c.

]

. (A1)

In the presence of a supercurrent as carried by paired
electrons, the superconducting pair potential has the
form

∆̃ij = ∆ij exp[iq · (ri + rj)], (A2)

where q determines the center-of-mass motion of Cooper
pairs11.
Now we perform the local gauge transformation

ciσ = c̃iσ exp[−iq · ri], (A3)

the BCS Hamiltonian is given by

HBCS = −
∑

ij,σ

tijc
†
iσcjσe

−iq·(ri−rj) − µ
∑

iσ

c†iσciσ

+
∑

ij

[

∆ijc
†
i↑c

†
j↓ + h.c.

]

. (A4)

We then introduce the Fourier transform to cast the BCS
Hamiltonian into the momentum representation,

ciσ =
1√
NL

∑

k

ckσ exp[ik · ri], (A5)

where NL is the number of lattice sites. A straightfor-
ward algebra yields

HBCS =
∑

k,σ

ξk+qc
†
kσckσ +

∑

k

[∆kc
†
k↑c

†
−k↓ + h.c.]. (A6)

This is equivalent to Eq.(1) of the main text in the ab-
sence of the magnetic impurity. In the tight-binding
approximation, the conduction electrons have the nor-
mal and d-wave superconducting gap dispersions, ξk =
−2t(coskx + cos ky) − 4t′ cos kx cos ky − µ and ∆k =
(∆0/2)(cos kx − cos ky), respectively. Thus we demon-
strated that the single particle energy picks up a mo-
mentum q-shift from the order parameter. It reflects
a fundamental fact that the superconducting Cooper is
formed by two electrons in the presence of an effective
pairing interaction. The quasiparticle spectrum

E±
k,q =

ξk+q − ξk−q

2
±

√

(

ξk+q + ξk−q

2

)2

+∆2
k (A7)

is easily obtained by diagonalizing the BCS Hamiltonian
through a canonical transformation. It fully agrees with
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the expression given in the de Gennes’s book.11 The same
quasiparticle energy dispersion E±

k,q, together with ξk
and ∆k, are also given in the main text.
We emphasize that in the presence of the supercon-

ducting order parameter, the current q introduced in the
expression of the single particle spectrum is the super-
current, while it is a normal state current in the absence
of the superconducting order parameter. This natural
recovery merely shows the correctness of the formalism.
Therefore, the supercurrent can tune the quasiparticle
spectrum and density of states in a non-trivial way, which
in turn result in significant consequences on the quan-
tum impurity state in an unconventional superconduct-
ing medium as studied in the main text of this paper.

Appendix B: The finite size analysis

The conduction electron DOS of the bulk system is ob-
tained by numerical calculation for a relatively large but
still finite lattice system. There is unavoidably a resid-
ual DOS in the absence of tranport current due to the
finite size effect. Since the NRG can resolve exponen-
tially small energies and temperatures, the residual DOS
at the Fermi level for the qx = 0 case remains a chal-
lenging problem in the finite lattice size calculation and
should be treated with caution. The situation is in con-
trast to the conventional Anderson impurity model with

a known soft-gap where the analytical expression of the
DOS is available.
Therefore, we shall clarify how the residual DOS for

the qx = 0 case varies with the system size. We first
performed a scaling analysis on the size dependent DOS.
To ensure a sufficiently smooth density of states, we set
the broadening parameter Γ ∝ 2−L in numerical calcula-
tions. In the thermodynamic limit, the intrinsic lifetime
parameter Γ → 0+ is recovered. As shown in Fig. 7, the
residual DOS in the absence of the current becomes very
smaller and approaches zero if we increase the system
size up to 216 × 216, while the DOS at the Fermi level
for qx = 0.1 and 0.2 is almost size independent. This
feature makes our results based on finite current reliable
and robust.
We then proceed to differentiate the low energy behav-

ior, which may suffer from the finite size effect for a very
small qx. For this purpose we compare the NRG energy
flows for the cases with qx = 0 and 0.01, respectively. As
shown in Fig. 8, the LM fixed point is stable up to the
maximal iteration Nmax = 100 for qx = 0, while it re-
veals unstable signals (though being tiny) for very small
current qx = 0.01. This provides strong evidence that
the residual DOS at the Fermi level is negligible when
the current is turned on. Hence the scaling behavior of
the Kondo temperature TK with the finite current inves-
tigated in the main text reveals the correct physics for
qx → 0.
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FIG. 7: (Color online) The DOS at the Fermi level as a func-
tion of L with the system size NL = 2L × 2L.
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