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A layered superconductor with a full pairing energy gap can be driven into a nodal superconducting
(SC) state by inter-layer pairing when the SC state becomes more quasi-3D. We propose that this
mechanism is responsible for the observed nodal behavior in a class of iron-based SCs. We show
that the intra- and inter-layer pairings generally compete and the gap nodes develop on one of the
hole Fermi surface pockets as they become larger in the iron-pnictides. Our results provide a natural
explanation of the c-axis gap modulations and gap nodes observed by angle resolved photoemission
spectroscopy. Moreover, we predict that an anti-correlated c-axis gap modulations on the hole and
electron pockets should be observable in the S±-wave pairing state.

I. INTRODUCTION

For the iron-based superconductors1,2 with a compli-
cated band structure, the symmetry of the order pa-
rameter in the superconducting (SC) state3 remains elu-
sive. The S±-wave pairing symmetry, predicted by both
strong4–7 and weak coupling theories8–10 based on the
magnetic origin, is a promising candidate and has been
supported by many experimental results6,11–13. How-
ever, it has also been seriously challenged by the exis-
tence of gapless excitations or nodal behavior observed
in some iron-based superconductors14–19, in particular,
BaFe2As2−xPx

20–23 where some of the As atoms are re-
placed by the P atoms. A possible explanation of the
nodal behavior has been suggested by the weak coupling
approaches, such as the functional renormalization group
(FRG) technique24,25 and random phase approximations
(RPA)26. These calculations suggest that gap nodes can
develop on the electron pockets when the detailed nest-
ing properties vary among the hole pockets located at
the Γ and M points, and the electron pockets located at
the X point of the unfolded Brillouin zone. When the
size of the hole pocket at M point decreases, the SC gap
on the electron pockets becomes increasingly anisotropic
and eventually gap nodes emerge. The reduction of the
M hole pocket can be achieved by either increasing elec-
tron doping or by tuning the pnictogen height through
replacing As by P22,27.

Recently, nodes in the gap function dispersion along
in the c-axis (c-axis nodal lines) have been observed di-
rectly by ARPES in BaFe2As1.4P0.6

28. However, the
weak coupling theories cannot explain the observed nodal
behavior for the following reasons. First, the observed
nodes are on the hole pockets, not on the electron pock-
ets. Second, in contrast to LDA calculations26, the P
substitution in these materials does not push the hole-
like band near M to sink below the Fermi surface21,23.
Instead, as the substitution increases, the M hole pocket
and the X electron pockets barely change while the hole
pockets near the Γ point at the zone center (kz = 0),

which have large c-axis dispersions, accommodate the
additional holes. As a result, with increasing P sub-
stitution, one of the two Γ hole pockets grows increas-
ingly larger. The size of this hole pocket at the Z point
(kz = π) can even be larger than the size of the largest
hole pocket in KFe2As2, the most hole-doped iron-based
superconductors known today. These properties point
to a non-rigid band picture under the“iso-valent” dop-
ing and completely violate the assumption of the band
structure taken in the above weak coupling theories.

In this Letter, we suggest that the observed nodal be-
havior originates from the inter-layer pairing and the re-
duction of the intra-layer SC pairing gap due to the in-
crease of the size of the hole pockets. This proposal con-
sistently explains the c-axis modulation of the SC gaps
observed in optimally hole-doped Ba1−xKxFe2As2

29,30

and the nodal behaviors in BaFe2As2−xPx
28. It suggests

that the gap modulations along the c-axis are directly re-
lated to the c-axis band dispersion. Our calculation also
reveals that the inter-layer SC pairing, in general, com-
petes with the intra-layer SC pairing in these quasi-two
dimensional materials, a possible reason why the highest
Tc is not achieved in the 122-family (AFe2As2) but in
the 1111-family (AOFeAs) of the iron pnictides31,32 since
the former is more three dimensional2,33,34. Moreover, we
predict that the S±-wave pairing symmetry should result
in an anti-correlation of the SC gap values between the
hole and electron pockets along the c-axis as a function of
c-axis momentum. This property, if observed, can serve
as a direct experimental evidence for the S±-wave pairing
symmetry.

The paper is organized as follows. In Section II, we
show our scenario for the c-axis nodal lines induced by
interlayer pairing within a simple proposed three-orbital
model. It is then proven in Section III that our scenario
is very weakly dependent on the detailed band structure,
where two extended five-orbital models are studied in
details. Discussion and conclusion are made in Section
IV.
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II. THREE-ORBITAL MODEL

For clarity and simplicity, we firtly construct a three-
orbital model which includes the dxz, dyz and dz2 orbitals
to study the physics. It is important to note that the
physics proposed here is rather generic and is indepen-
dent of the detailed band structures. As shown in the
next section, the qualitative results in this paper are
held for five-orbital models. The advantage of the three-
orbital model is that the results can be explained within
a clear physical picture and can be tracked analytically.
Experimentally, the large c-axis dispersion is only ob-

served in one of the hole pockets near the Γ point which
is mainly composed of dxz,yz orbitals35. The increase
of the c-axis dispersion upon P doping is mainly due to
the increase of the mixture of the dz2 orbital into this
hole pocket23. This has been shown by both polarized
ARPES experiments23 and numerical calculations27,36.
The ARPES experiments23,28 show that the hole pocket
with the large c-axis dispersion has even symmetry with
respect to the reflection of the Γ−M mirror plane and,
with increasing P doping, the band mainly attributed
to the dz2 orbital moves closer and closer to the Fermi
energy so that the weight of dz2 on the Fermi surface
increases. This picture is consistent with the symmetry
analysis since the dz2 orbital is also symmetric with re-
spect to the reflection of the Γ − M mirror plane. The
model we construct captures all the above essential ex-
perimental results and can still achieve high analytical
tractability.

-1.0 -0.5 0.0 0.5 1.0
-1.0

-0.5

0.0

0.5

1.0

 

 

k y

kx

FIG. 1: (Color online) 3-D Fermi surfaces and contour plot
of Fermi surfaces in the extended three-band model Eq. (1)
(kz = 0 for the red (inner) line and kz = π for the green
(outer) line).

The Hamiltonian of our three-orbital model includes
two parts H = Ht +HI , where Ht is the kinetic energy
and HI is the pairing interaction. Ht is given by

Ht =
∑

k,αβσ

εkαβd
†
kασdkβσ, (1)

where α, β = 1, 2, 3 label the 3d electrons in the dxz, dyz
and dz2 orbital respectively. The form of the kinetic en-
ergy and the hopping parameters are constructed by ex-
tending the two-orbital model37 to achieve the c-axis dis-

persion that matches well the experimental results. Their
explicit forms are

εk,11 = −2t1 cos kx − 2t2 cos ky − 4t3 cos kx cos ky − µ,

εk,22 = −2t2 cos kx − 2t1 cos ky − 4t3 cos kx cos ky − µ,

εk,33 = 2tz (cos kx + cos ky)− µ3,

εk,12 = −4t4 sinkx sin ky,

εk,13 = −txz (1− cos kz) (cos kx + cos ky) sinkx,

εk,23 = txz (1− cos kz) (cos kx + cos ky) sin ky.

The c-axis dispersion is induced by the coupling between
the dxz,yz and dz2 orbitals. The later is taken to be be-
low the Fermi level. In the explicit form of the cou-
pling between these orbitals, εk,13, we have taken into
account both the lattice symmetry requirements and the
experimental observations. By taking the following pa-
rameters t1 = −1, t2 = 1.55, t3 = t4 = −0.85, tz =
1, txz = 0.8, µ = 1.77, µ3 = 5, we find that the model de-
scribes well the 3-dimensional Fermi surfaces measured
experimentally23,28 as shown in Fig. 1.
HI , the SC pairing interaction, generally includes the

following terms,

Hintra,1 = −V1

∑

kk′,α=1,2

φ
(1)
k

φ
(1)
k′ d

†
kα↑d

†
−kα↓d−k′α↓dk′α↑

Hinter,2 = −V2

∑

kk′,α=1,2

φ
(2)
k

φ
(2)
k′ d

†
kα↑d

†
−kα↓d−k′α↓dk′α↑

Hinter,3 = −V3

∑

kk′

φ
(3)
k

φ
(3)
k′ d

†
k,3↑d

†
−k,3↓d−k′,3↓dk′,3↑

Hinter,4 = −V4

∑

kk′

φ
(4)
k

φ
(4)
k′ (d

†
k,1↑d

†
−k,1↓d−k′,3↓dk′,3↑

+d
†
k,2↑d

†
−k,2↓d−k′,3↓dk′,3↑ + h.c.).

The first term Hintra,1 describes the intra-layer pairing
while the rest three terms describe the different inter-
layer pairing interactions. Hinter,2 accounts for the inter-
layer pairing interaction between the dxz and dyz or-
bitals, as does Hinter,3 for the dz2 orbital. The last
term describes the inter-layer interaction between the

dz2 and dxz,yz pairs. We take φ
(1)
k

to be the intra-

layer S±-wave paring function φ
(1)
k

= cos kx cos ky and

φ
(2)
k

= (cos kx + cos ky) cos kz, and φ
(3,4)
k

= cos kz . These
choices rely on the assumption that the SC pairing in
iron-based superconductors is rather short-ranged. The
form of φ(1) has been proposed in the models based on
local magnetic exchange couplings4–7 and it has been
shown that the form factor is consistent with current ex-
perimental results12. The form of φ(2) has been proposed
in Ref. 30, which can be obtained from the existence of
AFM exchange couplings between the layers38,39. The
form of φ(3,4) and the corresponding V3,4 pairing inter-
actions can be understood as the inter-layer pairing is
between two adjacent layers and the pairing symmetry is
S-wave. V3 describes the inter-layer pairing for the dz2

orbital. The V4 term, which describes the coupling be-
tween two inter-layer pairings of two different orbitals,
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can be understood in the following way. Since the c-axis
hopping term in Ht describes the hopping between two
adjacent layers and the dz2 is below the Fermi level, the
second order perturbation through such hopping would

generically produce V4 ∝
t2
xz

µ3

.

In the self-consistent mean-field theory for the SC
state, HI becomes

HBCS = −
∑

kα

∆α(k)d
†
kα↑d

†
−kα↓ + h.c., (2)

where ∆1(k) = ∆
(1)
1 φ

(1)
k

+∆
(2)
1 φ

(2)
k

+∆
(4)
3 φ

(4)
k

, ∆2(k) =

∆
(1)
2 φ

(1)
k

+ ∆
(2)
2 φ

(2)
k

+ ∆
(4)
3 φ

(4)
k

and ∆3(k) = ∆
(3)
3 φ

(3)
k

+

(∆
(4)
1 +∆

(4)
2 )φ

(4)
k

. Here ∆
(n)
α is defined by

∆(n)
α = Vn

∑

k

φ
(n)
k

〈d−kα↓dkα↑〉. (3)
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FIG. 2: (Color online) (a) A cartoon plot for the gap nodal
picture in the momentum space (kx, 0, kz). The blue lines
(curved outside) are the contour lines for zero gap value of
Eq. (4) with δz = 0.4 and λ = 0. FS1 (FS2) denotes the
Fermi surface in our proposed three-band model which lo-
cates around k = (0, 0, kz) (k = (±π, 0, kz)) in the Brillouin
zone. The intercept between the blue (curved out) and the
red lines(curved in) produces the nodes in the hole pocket. (b)
The radius (in unit of π) of the FS1 versus interlayer coupling
constant txz. It increases with txz.

Before we present a full numerical solution for the
above Hamiltonian, we first discuss the simple physi-
cal picture for the generation of the nodal points in the
gap function on the hole pocket. In the above model, if
we consider the general intra-orbital pairing form of the
dxz,yz orbitals, the kz-dependent SC gap can be written
as

∆(k) = ∆0 [cos kx cos ky + δz (λ+ cos kx + cos ky) cos kz] ,
(4)

where the first term represents the S± pairing and the
second term represents the inter-layer pairing with the
S-wave pairing symmetry. In the first order approxima-
tion, this intra-orbital pairing roughly determines the SC
gap since it dominates as we will show later. This form
indicates that the inter-layer pairing is between the two
neighboring layers. The gap zero points develop as δz

increases. As shown in Fig. 2 (a), when δz reaches a
certain value, the contour of the gap zeroes will cross the
Fermi surface at the points near kz = ±π, which leads to
the nodal behavior. Since the radius of the FS1 increases
with the interlayer coupling constant txz, then the zero
lines of the gap function Eq. (4) with a smaller δz can
intercept with the FS1 when txz becomes larger.
Second, we discuss two important, general results ob-

tained from our model, which are independent of the
detailed pairing interaction parameters Vi in HI . One
of these is that the inter-layer pairing always competes
with the intra-layer pairing. The SC pairing gaps as a
function of the interacting parameters are shown in Fig.3
(a). It is very clear that while the inter-layer pairings

∆
(3)
3 and ∆

(4)
3 in dz2 orbital are negative small, the intra-

layer pairing can always decrease as the other inter-layer
ones increase. This result qualitatively suggests that a
more quasi two-dimensional SC state is likely better for
achieving a higher Tc since the intra-layer pairing would
dominate. So far the highest Tc in the iron-based super-
conductors is achieved in the 1111-family. The highest
Tc in the 122 family is about 8 degrees lower than the
one in the 1111-family2. Comparing to the 122 family,
the 1111 family is much more two-dimensional with much
less dispersion along the c-axis.
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FIG. 3: (Color online) (a) Gaps versus pairing interaction
V2 with V1 = 3, V3 = V4 = 1. (b) The energy dispersion
of the Bogoliubov quasiparticles at the Fermi surfaces shown
in Fig. 2 on the two Fermi Surfaces. Here V1 = 3, V2 =

3.25, V3 = V4 = 1 with ∆
(1)
1,2 = 0.078,∆

(2)
1,2 = 0.040,∆

(3)
3 =

0.00043,∆
(4)
1,2 = 0.00296,∆

(4)
3 = 0.00043.

In a multi-orbital model, the relation between the SC
pairing parameters and the energy gap in the low energy
single particle excitations can be complicated. In order to
show that the SC state truly develops nodes, we have to
calculate the energy dispersion of the Bogoliubov quasi-
particles at the Fermi surfaces. In Fig.3 (b), we plot the
dispersion of Bogoliubov quasiparticles along the c-axis
with the parameters given by V1 = 3, V2 = 3.25, V3 =
V4 = 1. There are two important results. One is that
the true nodes can easily develop on the hole pocket.
The other is that the gap values of the quasiparticles on
the hole pocket and electron pocket are anti-correlated
along the c-axis: the gap value on the hole pocket is
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larger at kz = 0 than at kz = π while on the electron
pocket, it is smaller at kz = 0 than at kz = π. This anti-
correlation is a combined result of the inter-layer pairing
and the S±-wave symmetry for the intra-layer SC pairing
order parameter which is proportional to coskxcosky and
changes sign between the hole and the electron pocket.
This result holds for most of the parameter regions we
have investigated. Therefore, this inter-layer pairing in-
duced anti-correlation suggests that ARPES can provide
a direct test of the possible S±-wave pairing gap func-
tions in the iron-pnicitide superconductors. Of course,
to detect it, a high energy-resolution in the ARPES ex-
periments has to be achieved since the c-axis dispersion
and the gap modulation on the electron pockets are not
large.

III. FIVE-ORBITAL MODELS

In this section, we present a similar study on two five-
orbital models to confirm that our new scenario for the
development of the c-axis gap nodes is generic and de-
pendent weakly upon the detailed electronic band struc-
ture. Since by now there are not well-accepted electronic
band structures for the Iron-based superconductors, the
3-dimensional five-orbital models we used here are ob-
tained by extending two ones from Kuroki et al9 and
Graser et al40, respectively.
In 2008, Kuroki et al present a 2-dimensional five-

band model by fitting the LDA band structure. In or-
der to study the 3-dimensional superconducting state,
we introduce an extended 3-dimensional five-band model
based on Kuroki et al.9 The inter-orbital kinetic terms
of Kuroki’s model, ε

(0)
1,2(k) and ε

(0)
1,3(k) are modified by

including a kz-dependent factor as following:

ε1,2(k) = txz(2− cos kz)ε
(0)
1,2(k),

ε1,3(k) = txz(2− cos kz)ε
(0)
1,3(k).

In our calculation, we choose txz = 1.2. The other band
parameters are defined same to Kuroki et al with same
orbital denotation as 1 : d3Z2−R2 , 2 : dXZ , 3 : dY Z , 4 :
dX2−Y 2 , 5 : dXY (here X and Y are along As-As bond).
The chemical potential is set as µ = 11.0.
The pairing interaction Hamiltonian is defined, similar

to the three-orbital model, as HI = Hintra,1 + Hinter,2

with

Hintra,1 = −V1

∑

kk′,α

φ
(1)
k

φ
(1)
k′ d

†
kα↑d

†
−kα↓d−k′α↓dk′α↑

Hinter,2 = −V2

∑

kk′,α=2,3

φ
(2)
k

φ
(2)
k′ d

†
kα↑d

†
−kα↓d−k′α↓dk′α↑

Hintra,1 is the in-plane intra-orbital pairing interac-
tion defined on all five orbitals and Hinter,2 is the kz-
dependent intra-orbital pairing interaction defined on
dXZ and dY Z orbitals. The interlayer pairing inter-
actions from V3 and V4 defined in three-orbital model
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FIG. 4: (Color online) Numerical calculation with an ex-
tended kz-dependent five-band model from Kuroki et al.9 (a)
Contour plot of topology Fermi surfaces with kz = 0 (red, in-
ner circles) and π (green, outer flower-like). (b) Fermi surface
in (kx, kz) plane with ky = 0. (c) Superconducting paring
gaps versus interaction V2. Here V1 = 1.8. (d) The energy
dispersion of the Bogoliubov quasiparticles at the Fermi sur-
faces shown in (b). Here V1 = 1.8, V2 = 1.638 with pair-

ing gaps ∆
(1)
1 = 0.003,∆

(1)
2,3 = 0.0196,∆

(1)
4 = 0.0349,∆

(1)
5 =

0.0042,∆
(2)
2,3 = 0.0102. The arrows show the locations of the

gap nodes.

are ignored since they contribute very weakly to pair-
ing gaps as we have shown in Section II. The pair-

ing symmetry functions φ
(1)
k

and φ
(2)
k

are same defined

to our three-band model, i.e., φ
(1)
k

= cos kx cos ky and

φ
(2)
k

= (cos kx + cos ky) cos kz. In our calculation, we set
V1 = 1.8.

Numerical calculations on the extended Kuroki’s five-
orbital model are summarized in Fig. 4. It clearly shows
that the gap nodes along c-axis can also occur. Moreover,
the competing of the intra- and inter-layer pairing gaps
follows similar behavior (shown in Fig. 4 (c)) to that
in the simple three-band model. The anti-correlation of
the kz variation of the excitation gaps on the hole and
electron Fermi surfaces also exists. Here the gap value on
the electron pocket has a little kz variation than that on
the hole pockets as compared to the three-orbital model.

We now move to another five-orbital model. Recently,
a 3-dimensional five-orbital model has been proposed
by Graser et al for the doped BaFe2As2 compounds.40

Because the two hole Fermi surfaces in Graser’s orig-
inal model have a little kz dependence and their ra-
dius in kz = π plane is smaller than that in ARPES
measurement,28 we study a modified five-band model
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based on Graser et al with redefined parameters t11xz =
−0.03, t11xxz = 0, and t15xyz = 0. The other parameters are

same to Graser et al40 as well as the orbital denotation.
(The orbitals denoted as 1 : dxz , 2 : dyz, 3 : dx2−y2 , 4 :
dxy, 5 : dz2 , where x and y are along Fe-Fe bond.) The
chemical potential is set as µ = −0.15.
Similar to the extended Kuroki’s five-orbital model,

we define the pairing interaction Hamiltonian as HI =
Hintra,1 + Hinter,2, where Hintra,1 is defined on all five
orbitals and Hinter,2 defined only on dxz and dyz orbitals.

The pairing symmetry functions φ
(1)
k

and φ
(2)
k

are same
defined to the extended Kuroki’s model.
The numerical studies on the modified Graser’s five-

orbital model are summarized in Fig. 5. In our calcu-
lation, we set V1 = 1.6. With the redefined band struc-
ture parameters, the two hole Fermi surfaces have a rela-
tive comparable kz dependence to the ARPES data28 and
they are nearly degenerate. The development of the gaps
has similar behaviors to that in the simple three-orbital
and the extended Kuroki’s five-orbital model.
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FIG. 5: (Color online) Numerical calculation with a five-band
model proposed by Graser et al.40 (a) Contour plots of topol-
ogy Fermi surfaces with kz = 0 (red,inner hole and outer
electron pocket) and π (green, outer hole and inner electron
pocket ). (b) Fermi surface modification with ky = 0. (c)
Superconducting paring gaps versus interaction V2. Here
V1 = 1.6. (d) The energy dispersion of the Bogoliubov
quasiparticles at the Fermi surfaces shown in (b). Here

V1 = 1.6, V2 = 1.31 with pairing gaps ∆
(1)
1,2 = 0.034,∆

(1)
3 =

0.0059,∆
(1)
4 = 0.075,∆

(1)
5 = 0.0024,∆

(2)
2,3 = 0.017. The ar-

rows shows the locations of the gap nodes. The complex
structure near the gap nodes comes from the interchange of
FS1 and FS2.

IV. DISCUSSION AND CONCLUSION

Recently, several previous thermal conductivity mea-
surements have suggested that the gap nodes should be
on the electron pockets15. A key argument given in15

is that the quaisparticles on the hole pockets have much
lower velocity and heavier mass than those on the elec-
tron pockets so that the in-plane Fermi velocity VF of
the hole pockets is too small to explain the observed
residual thermal conductivity. However, this statement
is only partially true. There are three hole pockets cen-
tered around the folded Brillouin zone center. The Fermi
velocity on one of the hole pockets is in fact comparable
to that on the electron pockets. ARPES results41 show
that the former is even slightly larger than the later. This
hole pocket, whose orbital character is even with respect
to the Γ − M mirror plane, is exactly the pocket that
carries the large c-axis dispersion. Therefore, the pre-
vious thermal conductivity measurements are consistent
with our results for the existence of gap nodes on the hole
pocket.

In summary, we have constructed three- and five-
orbital models to show how nodes in the single-particle
excitations can emerge in iron-based superconductors.
The development of the nodes are due to the combined ef-
fects of the increase in the hole pocket size which reduces
the SC gap from intra-layer pairing and the presence of
the inter-layer SC pairing. This study consistently ex-
plains the experimental observations of the c-axis gap
variation in optimally hole-doped Ba1−xKxFe2As2

29,30

and the nodal behaviors in BaFe2As2−xPx
28. We also

demonstrated that the inter-layer and intra-layer pair-
ing generally competes with each other, and suggested a
direct experimental test of the S±-wave pairing symme-
try through the anti-correlation of the gap modulations
on the hole and electron pockets that can be measured
by ARPES. We believe that our results can also explain
the observed nodal behaviors in other materials such as
KFe2As2 and AFe2−xRuxAs2. A concrete test of our
model will be whether the gap functions observed in these
materials obey Eq. (4) as the leading contribution to the
quasi-3D SC pairing gap function.
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