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We realize a gapless Majorana Orbital Liquid (MOL) using orbital degrees of freedom and also an SU(2)-
invariant Majorana Spin Liquid (MSL) using both spin and orbital degrees of freedom in Kitaev-type models
on a 2-leg ladder. The models are exactly solvable by Kitaev’s parton approach, and we obtain long-wavelength
descriptions for both Majorana liquids. The MOL has one gapless mode and power law correlations in energy
at incommensuare wavevectors, while the SU(2) MSL has threegapless modes and power law correlations in
spin, spin-nematic, and local energy observables. We studythe stability of such states to perturbations away
from the exactly solvable points. We find that both MOL and MSLcan be stable against allowed short-range
parton interactions. We also argue that both states persistupon allowingZ2 gauge field fluctuations, in that the
number of gapless modes is retained, although with an expanded set of contributions to observables compared
to the free parton mean field.

I. INTRODUCTION

Since the experimental realization of gapless quantum spin
liquids (QSL)1–16 in two-dimensional (2D) organic com-
pounds κ-(ET)2Cu2(CN)3 and EtMe3Sb[Pd(dmit)2]2,17–28

there have been many theoretical proposals29–34 for such in-
triguing phases. Among them, the proposal of an SU(2)-
invariant Majorana spin liquid (MSL) by Biswaset al.34 is
fascinating and in need of more careful consideration.

In an earlier work, we constructed an exactly solvable mi-
croscopic model35 in Kitaev’s spirit36 to study the properties
of such SU(2)-invariant MSL with Fermi surfaces of partons.
However, we allowed very low symmetries—lack of parity,
inversion, and time reversal symmetry (TRS)—to sidestep
discussing possible perturbations such as Cooper pairing in-
stability, which can destabilize the gapless QSL phases away
from the exactly solvable limit. In order to study the sta-
bility of such new class of gapless QSL and further explore
their properties, we realize such states on a 2-leg square lad-
der and show that they represent new quasi-one-dimensional
(1D) phases.

We first consider a gapless Majorana Orbital Liquid (MOL)
realized in a Kitaev-type model on the 2-leg ladder using
orbital degrees of freedom. The system can be reduced to
one species of Majorana fermions coupled to backgroundZ2

gauge fields such that it is exactly solvable and has gapless
partons with incommensurate Fermi wave vectors. We formu-
late a long-wavelength description in terms of right-moving
and left-moving complex fermionsfR/L and show that local
energy observable has power law correlations at incommen-
surate “2kF ” wavevectors. Going away from the exactly solv-
able point, we first consider allowed residual parton interac-
tions and find that there is only one valid four-fermion term
and it is strictly marginal; hence, the MOL is stable to such
perturbations.

An important question is the stability of the MOL to allow-
ing Z2 gauge field fluctuations, as these lead to confinement
of partons in gapped phases in so-called evenZ2 gauge the-
ories in (1+1)D.11,37 We argue that because of the nontrivial
momenta caried by the gapless partons, there is a destruc-
tive interference forZ2 vortices (instantons) in space-time,
and hence these are suppressed and do not affect the count

of gapless modes. The local energy observables obtain new
contributions beyond the mean field, and in this sense the par-
tons become “less free”, but their bosonized fields still remain
very convenient for characterizing the MOL phase.

We next realize an SU(2)-invariant Majorana Spin Liquid
(MSL) using both spin-1/2 and orbital degrees of freedom38,39

at each site of the 2-leg ladder.40 The system can be reduced
to three species of Majorana fermions coupled to background
Z2 gauge fields such that it is exactly solvable and has gapless
partons with incommensurate wave vectors. We formulate
long-wavelength description in terms of three right-moving
and left-moving complex fermions (fx

R/L, f
y
R/L, f

z
R/L) that

transform as a vector under spin rotation. Because there
is no global U(1) symmetry, in addition to familiar four-
fermion residual interactions expressed asfα†

R fβ†
L fγ

Rf
δ
L, there

are other allowed terms such asfα†
R fβ†

L fγ†
R f δ†

L . Despite of
having more allowed interactions, a weak coupling renormal-
ization group (RG) analysis gives a large regime of a stable
phase. Similarly to the MOL case, we argue that such MSL
with gapless matter can be also stable againstZ2 gauge field
fluctuations even in (1+1)D.37,41,42

The paper is organized as follows. In Sec. II, we realize
the MOL with one fermion species in a Kitaev-type model36

on the 2-leg ladder and consider its long-wavelength proper-
ties and stability against perturbations. In Sec. III, we real-
ize the SU(2) MSL and use weak coupling RG analysis to
study the stability of such phase against residual parton in-
teractions and also discuss the stability against gauge field
fluctuations. We conclude in Sec. IV with some discussions.
In Appendix A, we consider more abstractly the stability of
gapless U(1) matter againstZ2 gauge field fluctuations in
(1+1)D. In Appendix B, we give long-wavelength description
of the SU(2) MSL and discuss observable properties. In Ap-
pendix C, we consider Zeeman magnetic fields on the SU(2)
MSL. In Appendix D, we realize the SU(2) MSL in a model
with explicitly broken time reversal symmetry and show that
this case has a larger window of stability to weak perturba-
tions.
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II. GAPLESS MAJORANA ORBITAL LIQUID (MOL) ON A
TWO-LEG LADDER

We begin with a “spinless” (one species) MOL realized in
a Kitaev-type model on a 2-leg ladder shown in Fig. 1(a). The
Hamiltonian is

H = H0 +K�xz

∑

�xz

W�xz
+K�yz

∑

�yz

W�yz
, (1)

where

H0 =
∑

λ−link,〈jk〉
Jjkτ

λ
j τ

λ
k , (2)

W�xz
= τy1 τ

y
2 τ

y
3 τ

y
4 , (3)

W�yz
= τx2 τ

x
1 τ

x
4 τ

x
3 . (4)

The~τ Pauli matrices can be thought of as acting on two-level
orbital states. TheWp terms, withp = �xz or�yz formed by
x andz or y andz links respectively, are plaquette operators
which commute among themselves and with all other terms in
the Hamiltonian and are added to stabilize particular flux sec-
tor, see Fig. 1(a). Following Kitaev’s approach, we introduce
Majorana representation as

ταj = ibαj cj, (5)

with the constraintDj ≡ bxj b
y
j b

z
jcj = 1. The Hamiltonian can

be rephrased as

H0 = i
∑

〈jk〉
ûjkJjkcjck , (6)

Wp={�xz,�yz} = −
∏

〈jk〉∈p

ûjk , (7)

whereûjk ≡ −ibλj b
λ
k for λ-link 〈jk〉 and the product in the

last line is circling the plaquette.
Following familiar analysis in Kitaev-type models, we ob-

serve that in the enlarged Hilbert space,ûjk commute among
themselves and with the Hamiltonian, and we can proceed by
replacing them by their eigenvalues±1 and interpreting as
staticZ2 gauge fields. TheWp terms, withKp > 0 assumed
to be sufficiently large, can be used to stabilize the sector with
zero fluxes through all elementary plackets, and this can give
a gapless phase. In our work, we fix the gauge by taking
ujk = 1 for bondsj → k as shown by the arrows in Fig. 1(a).

There are four physical sites per unit cell, so there are four
Majoranas per unit cell. From now on, we replace the site
labeling j with j = {X, a}, whereX runs over the one-
dimensional lattice of unit cells of the ladder anda runs over
the four sites in the unit cell, see Fig. 1(a). The Hamiltonian
can be written as,

H =
∑

〈jk〉
cjAjkck =

∑

〈(X,a),(X′,a′)〉
cX,aAX,a;X′,a′cX′,a′ .

There is translational symmetry between different unit cells,
andAX,a;X′,a′ = Aaa′(X −X ′).

In order to give a concise long-wavelength description, it
will be convenient to use familiar complex fermion fields. To
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FIG. 1. (a) Graphical representation of the exactly solvable Kitaev-
type model on the 2-leg ladder and its solution in the zero fluxsec-
tor. Thec Majoranas propagate with pure imaginary hopping am-
plitudes specified by the couplingsJx, Jy , Jz, andJ ′

z ; the signs
in our chosen gauge are indicated by the arrows and the four-site
unit cell is also indicated. (b) Dispersion of complex fermions that
solve the Majorana problem for parameters{Jx, Jy , Jz , J ′

z} =
{1.2, 0.8, 1.0, 1.1}.

this end, we can proceed as follows. For a general Majorana
problem specified by an anti-symmetric pure imaginary ma-
trix Ajk, we diagonalizeAjk for spectra, but only half of
the bands are needed while the rest of the bands can be ob-
tained by a specific relation and are redundant. Explicitly,for
a system with2m bands, we can divide them into two groups.
The first group contains bands from1 to m with eigenvector-
eigenenergy pairs{~vb,k, ǫb,k}, whereb = 1, 2, . . . ,m are
band indices, and the second group contains bands fromm+1
to 2m related to the first group,{~vb′=m+b,k, ǫb′=m+b,k} =
{~v∗b,−k,−ǫb,−k}. Using only the bands withb = 1 to m, we
can write the original Majoranas in terms of usual complex
fermions as

c(X, a) =

√

2

Nuc

m
∑

b=1

∑

k∈B.Z.

[

eikXvb,k(a)fb(k) + H.c.
]

,

whereNuc is the number of unit cells,B.Z. stands for the
Brillouin Zone, and the complex fermion fieldf satisfies the
usual anticommutation relation,{f †

b (k), fb′(k
′)} = δbb′δkk′ .

In terms of the complex fermion fields, the Hamiltonian be-
comes

H =

m
∑

b=1

∑

k∈B.Z.

2ǫb(k)

[

f †
b (k)fb(k)−

1

2

]

. (8)

In the present case,2m = 4 and therefore two bands are suf-
ficient to give us the full solution of the Majorana problem.

The above approach can be applied to any general Majorana
problem and is needed when we consider a model lacking any
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symmetries in Appendix D. In the present case, we require the
model to respect time reversal symmetry36 and leg interchange
symmetry, which allows us to introduce convenient complex
fermion fields already on the lattice scale as follows

fI(X) =
c(X, 1) + ic(X, 4)

2
, (9)

fII(X) =
−ic(X, 2) + c(X, 3)

2
. (10)

The Hamiltonian becomes

H = 2
∑

X

{

Jzf
†
I (X)fI(X) + J ′

zf
†
II(X)fII(X)−

−
[

Jxf
†
I (X)fII(X) + Jyf

†
II(X)fI(X + 1) + H.c.

]

}

,

where we ignored constant contribution. It is easy to calculate
the band dispersions,

ǫ(k) = J+
z ±

√

(J−
z )2 + J2

x + J2
y + 2JxJy cos(k), (11)

with J±
z = (Jz ± J ′

z)/2. The spectrum is gapless for
|Jx − Jy| ≤

√

JzJ ′
z ≤ Jx + Jy, where without loss of gen-

erality we assumed all couplings to be positive. For an illus-
tration of the energy spectrum, we take{Jx, Jy, Jz, J ′

z} =
{1.2, 0.8, 1.0, 1.1} and show the two bands of the complex
fermions in Fig. 1(b) labeled from top to bottom as band-1
and band-2. We note that the gapless phase occur in a large
parameter regime and there is no fine tuning here. The specific
parameters are chosen to emphasize that we do not require any
symmetries other than time reversal and leg interchange.

The band-2 crosses zero atkFR andkFL = −kFR from
time reversal. For long wavelength physics, we can focus
on this band and introduce continuum complex fermion fields
fR/L; for the lattice Majoranas, we obtain the expansion,

c(X, a) ∼
∑

P=R/L

[

eikFPXv2,P (a)fP (X) + H.c.
]

. (12)

From the detailed band calculation, at the right Fermi point

~v2,R =

√

J ′
z

4J+
z







1
iξ
ξ
−i






, (13)

where ξ = (Jx + Jye
ikFR)/J ′

z. Using time reversal
invariance, for the left Fermi point we getv2,L(a) =
(−1)a+1v∗2,R(a). The effective low energy Hamiltonian den-
sity is

H = vF

[

f †
R(−i∂x)fR − f †

L(−i∂x)fL

]

, (14)

describing a one-dimensional Dirac particle with Fermi ve-
locity vF = JxJy sin(kFR)/J

+
z . We list the symmetry trans-

formations of the continuum fields in Table I (ignoring the
“spin” indices there). In particular, the leg interchange sym-
metry prohibits terms of the formfRfL from the continnum
Hamiltonian that would gap out the spectrum.

A. Fixed-point theory of Majorana orbital liquid and
observables

In this subsection, we first give the fixed-point theory of
the MOL and then we will consider bond energy operators
to characterize such gapless phase. We use Bosonization,
re-expressing the low-energy fermion operators with Bosonic
fields,43–45

fP = ei(ϕ+Pθ) , (15)

with canonical conjugate boson fields:

[ϕ(x), ϕ(x′)] = [θ(x), θ(x′)] = 0 , (16)

[ϕ(x), θ(x′)] = iπΘ(x− x′) , (17)

whereΘ(x) is the Heaviside step function.
The fixed-point bosonized Lagrangian of such gapless

MOL is

LMOL =
1

2πg

[

1

v
(∂τθ)

2 + v(∂xθ)
2

]

. (18)

For free fermions,g = 1 and v = vF , the bare Fermi
velocity. Later when we discuss the stability of such a
phase in Sec. II B, we will see that there is only one strictly
marginal interaction which introduces one Luttinger parame-
ter g. To detect the gaplessness of the phase using physical
(gauge-invariant) observables, here we consider bond-energy
operators,46 Bs/a(X), which we further categorize into sym-
metric or anti-symmetric with respect to the leg interchange
symmetry. The specific microscopic operators are

Bs/a(X) = τx(X, 1)τx(X, 2)± τx(X, 4)τx(X, 3)

= iu12c(X, 1)c(X, 2)± iu43c(X, 4)c(X, 3), (19)

where we used Majorana representation, Eq. (5). In our gauge,
after expansion in terms of the continuum complex fermions
using Eq. (12), the Fourier components are organized as fol-
lows

Bs
Q=0 ∼ f †

RfR + f †
LfL =

∂xθ

π
, (20)

Bs
kFR−kFL

∼ f †
LfR = iei2θ, (21)

Ba
kFR+kFL

∼ fLfR = −iei2ϕ. (22)

[Note that with TRS, the wave vectorkFR + kFL is the same
asQ = 0; to be more precise, we should write a Hermitian and
time reversal symmetric combination,Ba

Q=0 = ifLfR+H.c.]
Thus, the symmetric bond-energy correlations are expected
to decay with oscillations at incommensurate wave vectors
±2kFR, while the anti-symmetric bond-energy correlations
decay without oscillations. Such a sharp difference can be
confirmed in exact numerical calculations.

In the bosonized form, the scaling dimension of each term
is apparent,

∆[Bs
Q=0] = 1, (23)

∆[Bs
2kFR

] = g, (24)

∆[Ba
Q=0] =

1

g
. (25)
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FIG. 2. Figures (a) and (b) illustrate power law behaviors ofthe sym-
metric and anti-symmetric bond energy correlations, withBs/a de-
fined in Eq. (19), in the exactly solvable model with non-interacting
partons. The system has500 unit cells and we use the same param-
eters as in Fig. 1. We plot absolute values and indicate the sign with
filled circles (blue) for positive correlations and open square boxes
(red) for negative correlations. The log-log plots clearlyshowX−2

decay (straight lines) with incommensurate oscillations in the sym-
metric case and no oscillations in the anti-symmetric case.The char-
acteristic wavevectors can be determined from the structure factor
study shown in Fig. 3.

In the non-interacting parton limit,g → 1, we expect to see
all components of bond-energy correlations decay asX−2.

For illustration, we calculate correlations in the exactly
solvable model, taking the same parameters as in Fig. 1. Fig-
ure 2(a) shows log-log plot of symmetric bond-energy corre-
lations in a finite system with500 unit cells, while Figure 2(b)
shows anti-symmetric bond-energy correlations.47 We can see
the overallX−2 envelope in both figures and also incommen-
surate oscillations in the symmetric bond-energy correlations,
which confirm the theoretical analysis above.

Power-law correlations in real space correspond to singu-
larities in momentum space, which we can study by consider-
ing the corresponding structure factors. Figure 3(a) showsthe
symmetric bond-energy structure factor and Fig. 3(b) shows
the anti-symmetric bond-energy structure factor. It is clear
that the singularities in the symmetric case occur exactly at
Q = 0 andQ = ±(kFR − kFL) = ±2kFR ≡ ±2kF (which
we also mark using values obtained by extracting the Fermi
points of band 2), while there is onlyQ = 0 singularity for
the anti-symmetric case.

Let us now consider some other operators similar to generic

2 kF-2Π -2kF +2Π
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(a)Leg-symmetric energy structure factor
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(b)Leg-anti-symmetric energy structure factor

FIG. 3. Figures (a) and (b) illustrate the symmetric bond-energy
and anti-symmetric bond-energy structure factors corresponding to
Figs. 2(a) and 2(b) respectively. Both cases clearly show a singular-
ity at Q = 0, while the symmetric case also shows singularities at
±2kF .

XYZ energy terms but not present in the exactly solvable
model; this will be also useful for the subsequent discussion of
the MOL stability. First, operators likeτy(X, 1)τy(X, 2) and
τz(X, 1)τz(X, 2) have ultra-short-ranged correlations as they
contain unpaired localizedb-fermions. It is more interesting
to consider operators likeτx(X, 1)τx(X, 4) defined on thez-
type (vertical) links in Fig. 1. In this case, even though the
local operator contains unpairedb-Majoranas, in the physical
Hilbert space these can actually be paired at the expense of
introducing a string product of the gaplessc-Majoranas. For
example, consider calculating correlation between rungs at X
andX ′:

F̂(X,X ′) ≡ τx(X, 1)τx(X, 4) τx(X ′, 1)τx(X ′, 4) =

=
∏

X≤X′′<X′

(−1)c(X ′′, 1)c(X ′′, 4)c(X ′′, 2)c(X ′′, 3)×

×
∏

〈(X,1),(X,4)〉 < λ−link 〈ij〉 ≤ 〈(X′,1),(X′,4)〉
ûλ
ij (26)

where the last product contains all links on the ladder located
between the two vertical links excluding〈(X, 1), (X, 4)〉 and
including 〈(X ′, 1), (X ′, 4)〉 and oriented as shown in Fig. 1.
The second line is1 in our chosen gauge, and we then have a
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FIG. 4. Figure illustrates power-law behavior of the correlation
F(X−X ′) = 〈F̂(X,X ′)〉, defined in Eq. (26). The system has100
unit cells in chain length and the same parameters as in Fig. 1. We
show the absolute values of|F(X)| and indicate the sign with filled
circles (blue) for positive correlations and open square boxes (red)
for negative correlations. The log-log plot clearly showsX−1/2 en-
velope (straight line in the figure). The irregular behavioris due to
incommensurate oscillations.

factor of

(−1)c(X ′′, 1)c(X ′′, 4)c(X ′′, 2)c(X ′′, 3) =

= eiπ[f
†
I (X

′′)fI(X
′′)+f†

II(X
′′)fII(X

′′)] (27)

for each unit cell, where we used Eqs. (9)-(10). In the present
gauge, we can write schematicallyτx(X, 1)τx(X, 4) ∼
∏

X′′<X(−1)c(X ′′, 1)c(X ′′, 4)c(X ′′, 2)c(X ′′, 3), and see
that this contains non-local Jordan-Wigner-like string operator
in terms of the gapless partons. In the bosonization language,
the string operator becomes
∏

X′′<X

eiπ[f
†
I (X

′′)fI(X
′′)+f†

II(X
′′)fII(X

′′)] ∼ e±i[θ(X)+πn̄X].(28)

This has scaling dimension1/4 in the free-fermion case and
hence the above correlation decays asX−1/2 power law and
oscillates at wavevectorπn̄ = kF from Fig. 1(b). It may
seem unusual that this appears to contain the specific gauge-
dependent quantitykF ; note, however, that in the full calcula-
tion we used the specific gauge to set the last line in Eq. (26)
to unity, and the final result is independent of the gauge.

Evaluating expectation value of the string operator in the
free fermion ground state leads to a Pfaffian of a matrix
formed by the Majorana contractions and can be easily com-
puted numerically for reasonable sizes.48 The results are
shown in Fig. 4 for a system with100 unit cells.47 The cor-
responding structure factor is shown in Fig. 5. We can clearly
see the singularities at±kF and confirm our theoretical anal-
ysis.

B. Stability of Majorana orbital liquid

Let us now consider going away from the exactly solvable
point. First, we consider perturbations that are local in the
continuum fermion fields. This ignores fluctuations in theZ2

k
F-k

F
-Π -

Π

2

Π

2
Π

q

2

4

6

8
FHqL

FIG. 5. Structure factor corresponding to Fig. 4; we also mark the
expected locations of the singularities,±kF .

gauge fields, and we will address stability against confinement
shortly. In the language of usual complex fermions, there is
only one valid 4-fermion interaction,

Hint = uf †
RfRf

†
LfL . (29)

This interaction is strictly marginal, and therefore the gapless
MOL is stable also withHint and has one gapless mode. This
interaction will renormalize the Luttinger parameter and the
Fermi velocity to be

g =

√

1− u
2πvF

1 + u
2πvF

, (30)

v = vF

√

1−
(

u

2πvF

)2

, (31)

which completes our description of the fixed-point theory in
Eq. (18) and will modify the power laws of various correla-
tions as discussed above in Sec. II A.

We now want to address the issue of confinement, more
precisely, the stability of the MOL theory when we allow
fluctuations in theZ2 gauge fields. As we discuss in Ap-
pendix A, allowingZ2 gauge field fluctuations in the (1+1)D
space-time is like allowing half-vortices in the phase fieldin
the bosonized harmonic liquid description and correspondsto
allowing termsλ1/2 cos(θ + kFX + α1/2) in the dual har-
monic liquid description, Eq. (18). The key point is that this
term is oscillating for generickF and hence averages out to
zero (the underlying physics is destructive interference due to
Berry phases). Thus, our gapless MOL with incommensurate
momenta carried by the fermion fields persists also in the pres-
ence ofZ2 gauge field dynamics even in (1+1)D, in the sense
that we retain the gapless mode.

One may worry about the precise connection between the
present system and the schematicZ2 gauge theory plusU(1)
matter at incommensurate density considered in Appendix A.
Indeed, the connection is only crude, and we do not have one-
to-one correspondences. Nevertheless, we can bolster our ar-
gument by considering explicitly some allowed perturbations
to the exactly solvable model. Consider, e.g., adding small



6

general XYZ interactions
∑

〈ij〉
∑

µ=x,y,z δJ
µ
ijτ

µ
i τ

µ
j on all

bonds in a manner respecting the underlying lattice symme-
tries. As we have discussed earlier,δJy,z terms on thex-type
bonds andδJx,z terms on they-type bonds have short-range
correlations and hence constitute irrelevant perturbations (of
course, they can renormalize the Luttinger parameter). On the
other hand,δJx,y terms on thez-type bonds have power law
correlations. However, these correlations oscillate at the in-
commensurate wavevector, see Fig. 4 and Fig. 5. Hence such
terms, whose structure is similar toλ1/2 cos(θ+kFX+α1/2),
cf. Eq. (28), are washed out from the low energy Hamiltonian.
Thus, the fixed point description is the same as described ear-
lier, but with the additional remark that now generic energy
correlations that are symmetric under the leg interchange will
also obtain a contribution oscillating at wavevectorkF with
scaling dimensiong/4.

Finally, we remark that theZ2 gauge fluctuations do lead to
confinement in our 2-leg model in gapped regimes, e.g., when
the Jz terms dominate over theJx, Jy terms in the original
Hamiltonian Eq. (1). In this regime, we can start with effec-
tive (super)-spins on the rungs formed by the largeJz terms
(e.g., after conveniently making theJz coupling ferromag-
netic). We perturbatively derive effective Hamiltonian gov-
erning these effective spins, which works out to be an Ising-
like chain and has two degenerate ground states. Adding the
δJx,y perturbations on thez-type bonds gives locallongitudi-
nal fields in this Ising chain and immediately lifts the degen-
eracy. Hence, there is a unique ground state.

Furthermore, creating a single domain-wall-like excitation,
which behaves as a free particle in the exactly solvable model,
requires infinite energy in the presence of the longitudinal
field. On the other hand, a pair of domain walls, kink and anti-
kink, are allowed, but to separate one from the other requires
energy linearly proportional to the distance between them.
Therefore, suchδJx,y perturbations on thez-type bonds give
linear confinement of particles that were free at the exactly
solvable point, and this applies to all particles that carrygauge
charge with respect to theZ2 gauge field in the exactly solv-
able model.

III. GAPLESS SU(2)-INVARIANT MAJORANA SPIN
LIQUID (MSL) ON THE TWO-LEG LADDER

We now want to consider Majorana spin liquids with more
degrees of freedom, in particular with physical spin degrees
of freedom, and see what new issues and features arise in this
case. In order to construct spin SU(2)-invariant Kitaev-type
model, we follow Refs. 35, 38, and 39 to take a system with
both spin and orbital degrees of freedom on each site. The
complete Hamiltonian is

HSU(2) = H′
0 +K�xz

∑

�xz

W�xz
+K�yz

∑

�yz

W�yz
, (32)

where

H′
0 =

∑

λ−link,〈jk〉
Jjk

(

τλj τ
λ
k

)

(~σj · ~σk) . (33)

H′
0 is a Kugel-Khomskii-like Hamiltonian with~σ being the

spin-1/2 Pauli matrices and~τ being the Pauli matrices act-
ing on the orbital states, while theW�xz

andW�yz
terms are

given in Eqs. (3)-(4).
Introducing Majorana representation of spin-1/2, we write

the spin and orbital operators as

σα
j = − i

2

∑

β,γ

ǫαβγcβj c
γ
j , (34)

ταj = − i

2

∑

β,γ

ǫαβγdβj d
γ
j . (35)

On each sitej of the 2-leg ladder, we realize the physical
four-dimensional Hilbert space using six Majorana fermions
cxj , cyj , czj , dxj , dyj , and dzj , with the constraintDj ≡
−icxj c

y
j c

z
jd

x
j d

y
jd

z
j = 1 (namely, for any physical state

|Φ〉phys, we requireDj |Φ〉phys = |Φ〉phys). Therefore,
σα
j τ

β
j |Φ〉phys = icαj d

β
j |Φ〉phys. In terms of the Majoranas,

the Hamiltonian can be rephrased as

H′
0 = i

∑

〈jk〉
ûjkJjk

∑

α=x,y,z

cαj c
α
k , (36)

and theWp terms are the same as in Eq. (7) withûjk ≡
−idλj d

λ
k for λ-link 〈jk〉.

For long-wavelength description, much of the development
in Sec. II can be directly applied here with the replacement,
c → cα, f → fα, α = x, y, z. We now have three fermion
species with identical dispersion taken to be similar to that
in Fig. 1(b), and we introduce right and left moving complex
fermion fieldsfα

R/L as in the spinless case. Under SU(2) spin
rotations, the triplefx,y,z transforms in the same way as the
physical spinσx,y,z.

Just as in the MOL case in Sec II, we first establish the fixed
point structure ignoring the gauge field fluctuations. In or-
der to study the stability of such gapless SU(2)-invariant Ma-
jorana spin liquid under weak perturbations, we write down
most general four-fermion interactions and perform Renor-
malization Group (RG) studies. The allowed four-fermion in-
teractions are highly constrained by symmetry. In addition
to the SU(2) spin rotation invariance, these terms must be
preserved by Projective Symmetry Group (PSG)49 of spatial
translational symmetry, time reversal symmetry, and leg in-
terchange symmetry. We list the symmetry transformations
in Table I and write the allowed non-chiral interactions (i.e.,
connecting right and left movers) as

Hint = uρJRJL − uσ1
~JR · ~JL + uσ2I

†
RLIRL

+ w4 (IRLIRL +H.c.) , (37)

where we defined

JP =
∑

α

fα†
P fα

P , (38)

J α
P = −i

∑

β,γ

ǫαβγfβ†
P fγ

P , (39)

IRL =
∑

α

fα
Rf

α
L . (40)
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TABLE I. PSG transformation properties of the continuum fields
underTx (spatial translation symmetry),Θ (time reversal transfor-
mation plus gauge transformation),36 M (leg interchange transfor-
mation plus gauge transformation). We also note that under spin
rotation, ~fP = (fx

P , fy
P , fz

P ) and ~f†
P = (fx†

P fy†
P , fz†

P ) trans-
form as 3-dimensional vectors. Note that below,P = R/L and
P̄ = −P = L/R

Tx Θ M

fα
P → eiPkF fα

P fα
P̄ ; i → −i −ifα

P

fα†
P → e−iPkF fα†

P fα†

P̄
; i → −i ifα†

P

The general expressionHint in Eq. (37) contains familiar-
looking four-fermion terms fα†

R fβ†
L fγ

Rf
δ
L that conserve

fermion number, and also termsfα
Rf

β
Rf

γ
Lf

δ
L that do not con-

serve the fermion number but are nevertheless allowed by all
symmetries of the problem. The less familiar terms need to be
considered since the microscopic Majorana Hamiltonian does
not haveU(1) particle conservation, which is a new feature in
such Majorana liquids.

We remark that the time reversal and translation symmetries
alone would allow yet other terms expressed asfα†

R fβ
Rf

γ
Rf

δ
L

and in fact would also allow a bilinear term(iIRL + H.c.)
in the Hamiltonian that would immediately open a gap in the
spectrum. However, these terms are prohibited if we also re-
quire the leg interchange symmetry, which is hence crucial for
the time-reversal invariant SU(2) MSL.

The weak-coupling differential RG equations are

u̇ρ =
1

2πv

(

u2
σ2 + 2uσ1uσ2 − 4w2

4

)

, (41)

u̇σ1 =
1

2πv

(

−u2
σ1 + 2uσ1uσ2

)

, (42)

u̇σ2 =
1

2πv

(

−3u2
σ2 − 6uσ1uσ2 − 4w2

4

)

, (43)

ẇ4 =
1

2πv
(−2uσ1 − 4uσ2 − 4uρ)w4, (44)

wherev is the Fermi velocity of right and left movers and
Ȯ ≡ dO/dℓ with ℓ being logarithm of the length scale. The
only fixed points haveu∗

σ1 = u∗
σ2 = w∗

4 = 0. Stability to
small deviations inw4 requiresu∗

ρ > 0. If we consider small
deviations inuσ1 anduσ2 settingw∗

4 = 0, the RG equations
can be written as

ġρ ≡ 3u̇ρ + u̇σ2 = 0, (45)

u̇σ1 =
1

2πv
(−u2

σ1 + 2uσ1uσ2), (46)

u̇σ2 =
1

2πv
(−3u2

σ2 − 6uσ1uσ2), (47)

and the last two equations are essentially identical to the RG
equations in a level-one SU(3) Wess-Zumino-Witten (WZW)
model discussed by Itoi and Kato.50 Translated from their
analysis, the stability to small deviation inuσ1 anduσ2 re-
quiresuσ1 > 0, uσ1 + uσ2 > 0. In a stable flow,uρ reaches
some fixed value,u∗

ρ > 0, and is strictly marginal;uσ1 and
uσ2 approach zero from the specific region described above

and are marginally irrelevant; finally,w4 flows to zero as long
asu∗

ρ > 0 and is irrelevant. Thus, we have one Luttinger pa-
rameter in the “charge” sector. In Appendix B, we give the
fixed-point theory of the SU(2) MSL and list observables that
can be obtained as fermion bilinears. We find that spin op-
erator, Eq. (B8), spin-nematic operator, Eq. (B10), and bond-
energy operator, Eq. (B9), have correlations that decay in a
power law with oscillations at incommensurate wave vectors,
which is one of the hallmarks of such Majorana spin liquids
as we discussed in Ref. 35 in a 2d example.

The inclusion of theZ2 gauge field fluctuations in this
quasi-1d gapless MSL can be discussed as in the spinless case
(see also Appendix A). The space-time gauge field fluctu-
ations are suppressed by the destructive interference arising
from the incommensurate momenta carried by the fermion
fields. Thus, the system retains three gapless modes, but the
local energy observable obtains new oscillating contributions.

We can also consider directly allowed perturbations going
beyond the exactly solvable model. For example,τxi τ

x
j terms

on the vertical links〈ij〉 can be expressed as a product of
threec-fermion strings, one for each flavor, and will oscillate
at wavevector3kF with power lawX−3/2 in the free parton
case. This is consistent with the schematic analysis in Ap-
pendix A extended to multiple parton fields, where a vison
can be seen as introducing a half-vortex for each flavor. The
described low-energy theory is hence stable to generic per-
turbations in the sense of retaining the gapless fields, while
the local energy observable that is symmetric under the leg-
interchange obtains additional contributions oscillating at3kF
(which in turn induces new contributions to other observables
as discussed in Appendix B).

IV. DISCUSSION

Motivated by recent proposal of SU(2)-invariant Majorana
Spin Liquids by Biswaset al.34 and the realization of the
SU(2) MSL in an exactly solvable model,35,38,39 we studied
the MOL and SU(2) MSL on the 2-leg ladder. Perturbing
away from the exactly solvable points, in the MOL, there is
only a strictly marginal four-fermion interaction and hence it
is stable to residual interactions. In the SU(2) MSL, there
are several allowed four-fermion terms, but it is stable against
these in a large parameter regime. Furthermore, we also show
that such gapless Majorana liquids persist againstZ2 gauge
field fluctuations. Some time ago, Shastry and Sen51 stud-
ied an SU(2) MSL for a 1d Heisenberg chain at mean field
level. Our description of the microscopically realized quasi-
1d SU(2) MSL can be viewed as providing a theory beyond
mean field for more general such states and distinguishes them
from the Bethe phase of the 1d Heisenberg chain. The stable
MOL and SU(2) MSL phases that we find are new quasi-1d
phases, and we suggest numerical studies such as Density Ma-
trix Renormalization Group (DMRG)52 to test our theoretical
ideas of their stability. The DMRG studies can also determine
the Luttinger parameters of the fixed-point MOL and SU(2)
MSL theories.

The presence of gapless matter fields is the key against con-
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fining effects ofZ2 gauge field fluctuations in (1+1)D, see
Appendix A. Without such gapless matter, the gapped phases
realized in Kitaev-type models on 2-leg ladders in our model
are likely unstable to general generic perturbations, and this
prediction can be checked by DMRG studies. This is remi-
niscent of a picture where gapless matter fields can suppress
monopoles in a (2+1)D compact electrodynamics and thus
make gapless U(1) spin liquids with sufficiently many Dirac
points or with Fermi surfaces stable,1,9,10 while gapped U(1)
spin liquids would be unstable to confinement in (2+1)D. An
interesting finding is that allowingZ2 gauge fluctuations in
our quasi-1d Majorana liquids leads to new contributions to
various observables, with different characteristic wavevectors
and potentially slower power laws compared to the mean field,
cf. Appendix B.

Let us discuss possible extensions of this work. Through-
out, we focused on the MSL phase in which all couplings
of the residual interactions, Eq. (37), converge to finite fixed
point values in RG thinking. In principle, one can analyze
situations where some of the residual interactions are rele-
vant and explore possible nearby phases and characterize their
properties using the observables listed in Appendix B. Such
theoretical analysis combined with DMRG studies53 can give
a complete phase diagram.

As discussed in Biswaset al.34 and in our earlier work,35

the effects of Zeeman field on the SU(2) MSL are interest-
ing. The Zeeman magnetic field only couples tofx andfy

fermions, and we can definef †
± = (fx† ± ify†)/

√
2 which

carrySz = ±1, while fz† carriesSz = 0 and remains un-
altered. In the presence of the Zeeman field, the spin SU(2)
rotation symmetry is broken and onlySz is conserved. In
Appendix C we write down general four-fermion interactions
based on symmetry arguments and perform weak coupling
RG analysis. Our RG equations (C3)-(C7) interestingly show
that instabilities only occur in thef± channel but not in thefz

channel. Hence, thefz partons are always gapless no matter
how large the field is and can give metal-like contribution to
specific heat and thermal conductivity, which is qualitatively
similar to what we found previously in our 2d MSL model.35

Last but not least, it is intriguing to understand how the
ladder descendants of the MOL and SU(2) MSL relate to the
mother 2d phases. A systematic way to access these could
be via increasing the number of legs. It seems difficult to in-
crease the number of legs in our toy 2-leg square ladder model
while maintaining the spin SU(2) symmetry of the MSL, but
actually it can be achieved if we consider decorated square
ladder.35,54 One more interesting direction is to consider new
types of SU(2)-invariant spin liquid wave functions motivated
by the Kitaev-like SU(2) MSL writing of the spin operators
and search for more realistic models in 1d and 2d that may
harbor such states.

Appendix A: Stability of gapless U(1) matter againstZ2 gauge
field fluctuations in (1+1)D

We need to address the issue whether the gapless parton
field picture is stable against allowingZ2 gauge field fluctu-

ations. It is well-known that the simplest so-called evenZ2

gauge theory is confining in (1+1)D; this persists also in the
presence of gapped matter fields, and quasi-1d Kitaev-type
models with gapped partons would suffer from this instabil-
ity. We will argue, however, that gapless parton fields can
eliminate this instability, particularly when they carry incom-
mensurate momenta.

We first give a heuristic argument. Let us consider the sim-
plest model of aZ2 gauge field coupled to a U(1) matter field,
with (1+1)D action

S = −β
∑

〈jk〉
σjk cos (φj − φk)−K

∑

�

σ12σ23σ34σ41.(A1)

For K → ∞, we choose the gaugeσjk = 1 and obtain an
XY model in theφ variables. There is a Kosterlitz-Thouless
transition at some criticalβc and gapless phase forβ > βc.
Now, let us consider largeK and largeβ limit. Starting
with noZ2 fluxes and no vortices, since bothσ andφ are al-
most fixed, the insertion of aZ2 flux (“vison”) can be treated
as creating aπ-vortex in theφ. Explicitly, we can rewrite
σjk cos (φj − φk) = cos [φj − φk − π(1 − σjk)/2]. The vi-
son insertion can be carried out by changingσjk from 1 to
−1 on a cut from infinity to the vison location. This is aπ-
phase cut for theφ variables and can be best accomodated by
a gradual winding byπ as we go around the vison from one
side of the cut to the other; hence, we get a half-vortex in the
φ. We expect that for sufficiently largeβ, the half-vortex in-
sertions are irrelevant because of their high energy cost, which
means we have a phase without proliferation of half-vortices,
and then we do not need to worry about the dynamics of the
Z2 gauge field which could potentially produce confinement.

Thus, it is possible to avoid confinement of (1+1)DZ2

gauge fields if we have gapless matter field. For several gap-
less matter fields, there is a proportional increase in the en-
ergy cost of the vison insertion and hence its irrelevance. The
above argument is valid for matter fields at integer filling. It is
well-known that vortices in (1+1)D U(1) systems can be fur-
ther suppressed if the matter field is at non-integer filling due
to Berry phase effects, and such a suppression is complete for
incommensurate matter density. Heuristically, we expect the
vison insertions to obtain similar Berry phases as half-vortices
and hence to also experience complete suppression at incom-
mensurate density. We present a more formal derivation11 tai-
lored to our needs below.

We consider a generalZ2 gauge theory plusU(1) matter
field (represented by quantum rotors) on ad-dimensional cu-
bic lattice with a Hamiltonian11

H = −t
∑

〈rr′〉
σ̂z
rr′ cos (φ̂r − φ̂r′) +

U

2

∑

r

(n̂r − n̄)2

−K
∑

�

σ̂z
12σ̂

z
23σ̂

z
34σ̂

z
41 − Γ

∑

〈rr′〉
σ̂x
rr′ , (A2)

wheren̂r is the number operator conjugate to the phaseφ̂r at
site r and n̄ is the average density. The Hilbert space con-
straint is

eiπn̂r

∏

r′∈r

σ̂x
rr′ = 1 . (A3)
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We proceed to treat the system using standard Euclidean path
integral formalism in theσz-φ basis. We implement the con-
straint at each siter and temporal coordinateτ by using the
identity

δeiπnr ·
∏

r′∈r σx
rr′=1 =

1

2

∑

λ(r,τ)=±1

eiπ
1−λ
2 (nr+

∑

r′∈r

1−σx
rr′

2 ) .

After standard development of the path integral for the Ising
gauge fields, we can write the partition function as

Z =
∑

{Sz
rr′ (τ);λ(r,τ)}

∫ 2π

0

Dφr(τ)
∑

{nr(τ)}
e
∑

P KPSz
12S

z
23S

z
34S

z
41 × etδτ

∑

τ,〈rr′〉 S
z
rr′ (τ) cos [φr(τ)−φr′(τ)] ×

×e−
Uδτ
2

∑

τ,r[nr(τ)−n̄]2+i
∑

τ,r nr(τ)[φr(τ+δτ)−φr(τ)+π 1−λ(r,τ)
2 ] . (A4)

Here we usedSz
rr′ to denote eigenvalues ofσ̂z

rr′ on the spatial
links and elevated the auxiliary fieldsλ(r, τ) to become Ising
gauge fields on the temporal links,Sz

(r,τ);(r,τ+δτ) ≡ λ(r, τ)

(we use either field notation where more convenient);
∑

P is

over all spatial and temporal plackets,KP = {Kspat,Kτ},
with Kspat = Kδτ andtanhKτ = e−2Γδτ .

Now we can use a variant of XY duality transformation55–57

to go from theφ andn variables to real-valued “currents”
~jspat = {jr,r+ê1 , jr,r+ê2 , . . . , jr,r+êd} (where êk=1...d rep-
resent unit lattice vectors) andjτ appearing as follows:

etδτS
z
rr′(τ) cos[φr(τ)−φr′(τ)] ≃

+∞
∑

prr′ (τ)=−∞
e
− tδτ

2

[

φr′ (τ)−φr(τ)+π
1−Sz

rr′ (τ)

2 −2πprr′ (τ)

]2

=

+∞
∑

prr′ (τ)=−∞

∫ +∞

−∞
djrr′(τ)e

−
j2
rr′ (τ)

2tδτ +ijrr′ (τ)

[

φr′ (τ)−φr(τ)+π
1−Sz

rr′ (τ)

2 −2πprr′ (τ)

]

, (A5)

+∞
∑

nr(τ)=−∞
F [nr(τ)] =

∫ +∞

−∞
djτ (r, τ)

+∞
∑

pτ (r,τ)=−∞
e−ijτ (r,τ)·2πpτ(r,τ)F [jτ (r, τ)] . (A6)

In the first line, we approximated the left hand side by a stan-
dard Villain form; we also dropped constant numerical fac-
tors throughout. For short-hand, we write space-time points
as i = (r, τ) and define space-time vectorpi,µ=1...d+1 =
{~pspat, pτ}, with ~pspat = {pr,r+ê1 , pr,r+ê2 , . . . , pr,r+êd}.
Then we can divide configurations{piµ} into classesCp

equivalent under integer-valued gauge transformationspiµ →
piµ +∇µNi and perform the configuration summation as

+∞
∑

{piµ}=−∞
F [{piµ}] =

∑

CP

∞
∑

Ni=−∞
F [{piµ = p

(0)
iµ +∇µNi}] ,

wherep(0)iµ is one representative of a class; the results do not

depend on the specific choices ofp(0) but only on the “vortic-
ities” qµν = ∇µpν − ∇νpµ characterizing the classes. Us-
ing the Ni variables, we can extend theφi integrations to
(−∞,+∞) and obtain

Z =
∑

{Sz
rr′ (τ);λ(r,τ)}

∑

CP

∫ ∞

−∞
D~jspatDjτ δ(~∇ ·~jspat +∇τ jτ = 0)× e

∑

P KPSz
12S

z
23S

z
34S

z
41 ×

×e
−∑

τ,〈rr′〉
j
rr′ (τ)2

2tδτ +i
∑

τ,〈rr′〉 jrr′ (τ)

[

π
1−Sz

rr′ (τ)

2 −2πp
(0)

rr′ (τ)

]

×
×e−

∑

τ,r
Uδτ
2 [jτ (r,τ)−n̄]2+i

∑

τ,r jτ (r,τ)[π 1−λ(r,τ)
2 −2πp(0)

τ (r,τ)] . (A7)

The above result holds in general (d+1)D,11 and from now on we specialize to (1+1)D system. We solve the current con-
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servation condition by writingjτ = n̄+∇xθ
π = ∇x(θ+θ̄)

π , with
θ̄(x, τ) ≡ πn̄x, x being the spatial coordinate on the dual lat-

tice, andjx = −∇τθ
π = −∇τ (θ+θ̄)

π . The dual fieldθ encodes
coarse-grained fluctuations in the particle number.

We have only temporal plackets, on which we define “vor-
ticity” q = ~∇ × ~p = ∇xpτ − ∇τpx and “vison number”
nvison = ~∇× (1 − ~Sz)/2 mod 2 = 0 or 1 corresponding to
Sz
12S

z
23S

z
34S

z
41 = 1 or−1. We can absorb any modulo 2 shifts

fromnvison by redefiningq and write the partition function as

Z =
∑

~Sz

∑

q

∫ ∞

−∞
Dθe

∑

P KP (1−2nvison
P ) × e−

∑

Uδτ
2

(∇xθ)2

π2 −
∑

1
2tδτ

(∇τ θ)2

π2 +i
∑

2(θ+πn̄x)×(q− 1
2n

vison) . (A8)

This is the main result, which we can now analyze in a num-
ber of standard ways. We can integrate out the fieldθ and ob-
tain a Coulomb gas representation. In the absence of theZ2

gauge field (e.g.,K → ∞ andnvison = 0), we get famil-
iar integer-valued chargesq representing vortices of theU(1)
matter system. On the other hand, for any finiteK we get
effectively half-integer chargesm = q − 1

2n
vison ∈ 1

2 × Z

with only short-scale energetics difference between integer
and half-integer charges. We also see Berry phasesei2πn̄x

for a vortex insertion in the presence of non-zero background
density and halving of the Berry phase for a vison insertion.
Alternatively, we can consider postulating some local energet-
ics penalty for large values ofm and perfom the summation
overm to obtain terms like

λ1/2 cos(θ + πn̄x) + λ1 cos(2θ + 2πn̄x) + . . . , (A9)

where we ommitted possible phase shifts in the cosines for
brevity. Theλ1 term is the familiar term in the dual sine-
Gordon theory for a Luttinger liquid of bosons that represents
allowing vortices, while theλ1/2 term can be now interpreted
as effectively allowing half-vortices if the matter is coupled
to Z2 gauge fields. Crucially, both vortices and visons expe-
rience destructive interference effects for incommensurate n̄.
On the other hand, for commensuraten̄ the vison insertions
can still be rendered irrelevant by going deep enough into the
Luttinger phase or increasing the number of gapless fields as
discussed below.

We can generalize the above result to the case with sev-
eral matter fieldsφα coupled to the sameZ2 gauge field
by replacing the Berry phase2(θ + πn̄x) × (q − 1

2n
vison)

with
∑

α 2(θα + πn̄αx) × (qα − 1
2n

vison). Here the sum-
mation over vison numbers leads effectively to terms like
λ1/2 cos(

∑

α θα + π
∑

α n̄αx). We can see that for three
identical flavors with incommensuratēn as happens in the
SU(2)-invariant MSL, the destructive interference effects will
wash out any vison insertions (including any combinations
with non-vison terms).

Looking back at the one-component case, we could ratio-
nalize the above structure more quickly by thinking about the
theory Eq. (A2) as coming from a formal splitting of some
physical boson fieldeiφphys into two halves:11 schematically,
eiφphys = ei2φ. Then the described gapless phase can be
thought of as a (1+1)D analogue of the “Higgs phase” that is
expected11 to reproduce the conventional “superfluid” (here,

quasi-long-range ordered) phase of the physical bosons. In-
deed, in the derived harmonic liquid description in terms of
the dual fieldθ, we can change to new variableθphys = θ/2
canonically dual toφphys and note that the identified vison in-
sertion operatoreiθ = ei2θphys is the same as the conventional
vortex insertion inφphys. We still like to show the above more
formal derivation as it is not tied to the specific origin of the
parton fieldφ. For example, in Sec. II A the conjugate pair
{φ, θ} arose from bosonizing the long-wavelength fermionic
parton Hamiltonian, and we can continue using these fields in
calculations but remember to include theZ2 gauge fluctuation
effects by allowing local energy terms likeλ1/2 cos(θ+πn̄x).
The same formal treatment also holds transparently for the
multi-flavor generalization where the parton fields provide
a very convenient description of the unconventional gapless
phase, which has the same number of gapless modes as in the
parton mean-field, but with the identified new contributionsto
the local energy once we go beyond the mean field and include
Z2 gauge field fluctuations.

Appendix B: Fixed-point theory and observables in the SU(2)
Majorana spin liquid

We use Bosonization to re-express the low energy fermion
operators,

fα
P = ηαe

i(ϕα+Pθα), (B1)

with canonical conjugate boson fields:

[ϕα(x), ϕβ(x
′)] = [θα(x), θβ(x

′)] = 0, (B2)

[ϕα(x), θβ(x
′)] = iπδαβΘ(x− x′), (B3)

whereΘ(x) is the Heaviside step function and we have intro-
duced Klein factors, the Majorana fermions with{ηα, ηβ} =
2δαβ, which assure that the fermion fields with different fla-
vors anti-commute with one another.

According to the RG analysis in Sec. III, at the fixed point
of the stable SU(2) MSL phase, only the couplinguρ is strictly
marginal and will renormalize the Luttinger parameterg in the
“charge” sector. The effective bosonized Lagrangian is

LSU(2)
MSL =

1

2πg

[

1

vρ
(∂τθρ)

2 + vρ(∂xθρ)
2

]

+
∑

µ=1,2

1

2π

[

1

v
(∂τθµ)

2 + v(∂xθµ)
2

]

, (B4)
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where we defined

θρ =
1√
3
(θx + θy + θz) , (B5)

θ1 =
1√
2
(θx − θy) , (B6)

θ2 =
1√
6
(θx + θy − 2θz) , (B7)

and similarly for theϕ-s, which preserves the commutation
relations, Eqs. (B2)-(B3). Stability against thew4 term in
Eq. (37) requiresg ≤ 1.

For the observables characterizing the SU(2) MSL phase,
as discussed in Ref. 35, we can use spin operators,

~Sj =
~σj

2
, (B8)

bond energy operators,

Bjk = iujkJjk
∑

α

cαj c
α
k , (B9)

and spin-nematic operators

P+
jk = S+

j S
+
k . (B10)

The latter can be related to the usual traceless rank two
quadrupolar tensor defined as

Qαβ
jk =

1

2

(

Sα
j S

β
k + Sβ

j S
α
k

)

− 1

3
δαβ〈~Sj · ~Sk〉, (B11)

throughP+
jk = Qxx

jk −Qyy
jk + 2iQxy

jk .

We expand the observables in terms of the continuum com-
plex fermion fields and organize according to the momentum
and the leg interchange symmetry, i.e. symmetric (s) or anti-

symmetric (a) under the leg interchange:

Sα,s
Q=0 = −i

∑

β,γ

ǫαβγ(fβ†
R fγ

R + fβ†
L fγ

L), (B12)

Bs
Q=0 =

∑

β

(fβ†
R fβ

R + fβ†
L fβ

L), (B13)

Qαα,s
Q=0 =

∑

β 6=α

(fβ†
R fβ

R + fβ†
L fβ

L), (B14)

Qα6=β,s
Q=0 =

∑

P=R/L

(fα†
P fβ

P + fβ†
P fα

P ), (B15)

Sα,a
kFR+kFL

= −i
∑

β,γ

ǫαβγfβ
Rf

γ
L, (B16)

Ba
kFR+kFL

= −i
∑

β

fβ
Rf

β
L , (B17)

Qαα,a
kFR+kFL

= −i
∑

β 6=α

fβ
Rf

β
L , (B18)

Qα6=β,a
kFR+kFL

= −i
(

fα
Rf

β
L + fβ

Rf
α
L

)

, (B19)

Sα,s
kFR−kFL

= −i
∑

β,γ

ǫαβγfβ†
L fγ

R, (B20)

Bs
kFR−kFL

=
∑

β

fβ†
L fβ

R, (B21)

Qαα,s
kFR−kFL

=
∑

β 6=α

fβ†
L fβ

R, (B22)

Qα6=β,s
kFR−kFL

= fα†
L fβ

R + fβ†
L fα

R, (B23)

Sα,a
2kFP

= −i
∑

β,γ

ǫαβγfβ
P f

γ
P , (B24)

with Sα
−Q = Sα†

Q , etc., andOs/a observables mean sym-
metric or anti-symmetric under the leg interchange. If the
TRS is broken explicitly as in Appendix D, all the above
momenta are distinct. With TRS,kFL = −kFR, we have
coincident momentakFR + kFL = 0 and kFR − kFL =
2kFR = −2kFL. Strictly speaking, with TRS, we should
defineOa

Q=0 = Oa
kFR+kFL

+ H.c., instead of Eqs. (B16)-
(B19); similarly, instead of Eq. (B24), we should define
Sα,a
2kF

= Sα,a
2kFR

+Sα,a
−2kFL

. In the present case, the listed terms
with such equal momenta transform differently under leg in-
terchange, which is encoded in the above definitions.
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The bosonized forms atQ = 0 are:

Sx,s
Q=0 = 4iηzηy cos

(
√
3ϕ2 − ϕ1√

2

)

cos

(
√
3θ2 − θ1√

2

)

,(B25)

Sy,s
Q=0 = 4iηxηz cos

(
√
3ϕ2 + ϕ1√

2

)

cos

(
√
3θ2 + θ1√

2

)

,(B26)

Sz,s
Q=0 = 4iηyηx cos

(
√
2ϕ1

)

cos

(√
2θ1

)

, (B27)

Bs
Q=0 =

√
3

π
∂xθρ, (B28)

Qxx,s
Q=0 = −∂xθ1√

2π
− ∂xθ2√

6π
, (B29)

Qyy,s
Q=0 =

∂xθ1√
2π

− ∂xθ2√
6π

, (B30)

Qzz,s
Q=0 =

1

π

√

2

3
∂xθ2, (B31)

Qxy,s
Q=0 = 4iηyηx cos

(√
2θ1

)

sin
(√

2ϕ1

)

, (B32)

Qyz,s
Q=0 = 4iηzηy cos

(
√
3θ2 − θ1√

2

)

sin

(
√
3ϕ2 − ϕ1√

2

)

,(B33)

Qxz,s
Q=0 = 4iηzηx cos

(
√
3θ2 + θ1√

2

)

sin

(
√
3ϕ2 + ϕ1√

2

)

.(B34)

The corresponding scaling dimension in the fixed-point theory
Eq. (B4) is

∆[~Ss
Q=0] = ∆[Bs

Q=0] = ∆[Qαβ,s
Q=0] = 1, (B35)

which is not modified by the strictly marginal interactions.
The bosonized forms atQ+ ≡ kFR + kFL are:

Sx,a
Q+

= 2iηzηye
i( 2√

3
ϕρ− ϕ2√

6
−ϕ1√

2
)
cos

(
√
3θ2 − θ1√

2

)

, (B36)

Sy,a
Q+

= 2iηxηze
i( 2√

3
ϕρ− ϕ2√

6
+

ϕ1√
2
)
cos

(
√
3θ2 + θ1√

2

)

, (B37)

Sz,a
Q+

= 2iηyηxe
i( 2√

3
ϕρ+

√
2
3ϕ2) cos(

√
2θ1), (B38)

Ba
Q+

= e
i 2√

3
ϕρ

[

2ei
√

2
3ϕ2 cos(

√
2ϕ1) + e−i2

√
2
3ϕ2

]

, (B39)

Qxx,a
Q+

= e
i 2√

3
ϕρ

[

ei(
√

2
3ϕ2−

√
2ϕ1) + e−i2

√
2
3ϕ2

]

, (B40)

Qyy,a
Q+

= e
i 2√

3
ϕρ

[

ei(
√

2
3ϕ2−

√
2ϕ1) + e−i2

√
2
3ϕ2

]

, (B41)

Qzz,a
Q+

= 2e
i( 2√

3
ϕρ+

√
2
3ϕ2) cos(

√
2ϕ1), (B42)

Qxy,a
Q+

= 2ηxηye
i( 2√

3
ϕρ+

√
2
3ϕ2) sin(

√
2θ1), (B43)

Qyz,a
Q+

= 2ηyηze
i( 2√

3
ϕρ− ϕ2√

6
−ϕ1√

2
)
sin

(
√
3θ2 − θ1√

2

)

, (B44)

Qxz,a
Q+

= 2ηxηze
i( 2√

3
ϕρ−ϕ2√

6
+

ϕ1√
2
)
sin

(
√
3θ2 + θ1√

2

)

. (B45)

The corresponding scaling dimension is

∆[~Sa
Q+

] = ∆[Ba
Q+

] = ∆[Qαβ,a
Q+

] =
2

3
+

1

3g
. (B46)

The bosonized forms atQ− ≡ kFR − kFL are:

Sx,s
Q−

= 2iηzηye
i( 2√

3
θρ− θ2√

6
− θ1√

2
)
cos

(
√
3ϕ2 − ϕ1√

2

)

, (B47)

Sy,s
Q−

= 2iηxηze
i( 2√

3
θρ− θ2√

6
+

θ1√
2
)
cos

(
√
3ϕ2 + ϕ1√

2

)

, (B48)

Sz,s
Q−

= 2iηyηxe
i( 2√

3
θρ+

√
2
3 θ2) cos(

√
2ϕ1), (B49)

Bs
Q− = ie

i 2√
3
θρ

[

2ei
√

2
3 θ2 cos(

√
2θ1) + e−i2

√
2
3 θ2

]

, (B50)

Qxx,s
Q−

= ie
i 2√

3
θρ

[

ei(
√

2
3 θ2−

√
2θ1) + e−i2

√
2
3 θ2

]

, (B51)

Qyy,s
Q−

= ie
i 2√

3
θρ

[

ei(
√

2
3 θ2+

√
2θ1) + e−i2

√
2
3 θ2

]

, (B52)

Qzz,s
Q−

= 2ie
i( 2√

3
θρ+

√
2
3 θ2) cos(

√
2θ1), (B53)

Qxy,s
Q−

= 2iηyηxe
i( 2√

3
θρ+

√
2
3 θ2) sin(

√
2ϕ1), (B54)

Qyz,s
Q−

= 2iηzηye
i( 2√

3
θρ− θ2√

6
− θ1√

2
)
sin

(
√
3ϕ2 − ϕ1√

2

)

, (B55)

Qxz,s
Q−

= 2iηzηxe
i( 2√

3
θρ− θ2√

6
+

θ1√
2
)
sin

(
√
3ϕ2 + ϕ1√

2

)

.(B56)

The corresponding scaling dimension is

∆[~Ss
Q− ] = ∆[Bs

Q− ] = ∆[Qαβ,s
Q−

] =
2

3
+

g

3
. (B57)

The bosonized forms at the2kFP are:

Sx,a
2kFP

= 2iηzηye
i( 2√

3
ϕρ−ϕ2√

6
− ϕ1√

2
)
e
iP ( 2√

3
θρ− θ2√

6
− θ1√

2
)
, (B58)

Sy,a
2kFP

= 2iηxηze
i( 2√

3
ϕρ−ϕ2√

6
+

ϕ1√
2
)
e
iP ( 2√

3
θρ− θ2√

6
+

θ1√
2
)
, (B59)

Sz,a
2kFP

= 2iηyηxe
i( 2√

3
ϕρ+

√
2
3ϕ2)e

iP ( 2√
3
θρ+

√
2
3 θ2), (B60)

whereP = R/L = ±.

∆[~Sa
2kFP

] =
1

3
+

g

3
+

1

3g
. (B61)

We can see that wheng = 1, each scaling dimension is 1,
the value in the exactly solvable models with non-interacting
partons. In the stable SU(2) MSL, we requireg ≤ 1 and hence

∆[OQ− ] ≤ ∆[OQ=0] ≤ ∆[O2kFP
] ≤ ∆[OQ+ ] (B62)

Besides the observables constructed out of local fermion fields
discussed above, there are local physical observables thatre-
quire non-local expressions in terms of fermion fields similar
to the string operator defined in Eq. (28). In this SU(2) case,
we can consider the “rung energy” operator which is symmet-
ric under leg interchange,

ǫ(X) ≡ τx(X, 1)τx(X, 4). (B63)

Considering correlation function of such an operator similar
to Eq. (26) in the spinless case, we can write schematically in
our gauge

τx(X, 1)τx(X, 4) ∼
∼

∏

X′<X

∏

α

(−1)cα(X ′, 1)cα(X ′, 4)cα(X ′, 2)cα(X ′, 3).(B64)
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Such non-local operator in fermionic language seems very in-
tractable but the expression can be greatly simplified under
Bosonization,

∏

X′<X

∏

α

cα(X ′, 1)cα(X ′, 4)cα(X ′, 2)cα(X ′, 3)

∼ e±i
∑

α[θ(X)+πn̄αX] = e±i[
√
3θρ+3kFX], (B65)

where we used the definition ofθρ in Eq. (B5),kFR ≡ kF
andn̄α = kF /π is the average density ofα-species fermion.
Thus, we can write a contribution to the leg-symmetric energy
observable as

ǫ3kFR
∼ ei

√
3θρ , (B66)

with scaling dimension∆[ǫ3kFR
] = 3g

4 and ǫ3kFL
=

ǫ†3kFR
. We can also consider other rung energy operator

such asτy(X, 1)τy(X, 4), but the long-wavelength descrip-
tion of such an operator is qualitatively the same as the
aboveτx(X, 1)τx(X, 4). Finally, these local energy observ-
ables can be combined with any observables listed earlier to
produce further critical operators with potentially enhanced
scaling dimension, e.g.Os

kFR+2kFL
∼ ǫ3kFL

Os
Q− with

∆[Os
kFR+2kFL

] = 2
3 + g

12 and ~Sa
2kFR+3kFL

∼ ǫ3kFL
~Sa
2kFR

with ∆[~Sa
2kFR+3kFL

] = 1
3 + g

12 + 1
3g .

Appendix C: Zeeman magnetic field effects on the SU(2)
Majorana spin liquid

In the SU(2) MSL phase, Zeeman magnetic field only
couples tofx and fy fermions, and we can definef †

± =

(fx† ± ify†)/
√
2 which carrySz = ±1 and get Zeeman-

shifted, whilefz† carriesSz = 0 that remains unaltered.
The spin SU(2) rotation symmetry is broken and onlySz is
conserved. Using symmetry arguments, we can write general
four-fermion perturbations in terms of long-wavelength right-
moving and left-moving complex fermions as

Hint =
1

2

∑

µ,ν

λµν (ρµ,Rρν,L + ρµ,Lρν,R) (C1)

+w+−(f+,Rf+,Lf−,Rf−,L +H.c.) , (C2)

with ρµ,P ≡ fµ†
P fµ

P , µ = +, −, z, andP = R/L. The
differential RG equations are

λ̇++ = − (w+−)2

2πv−
, (C3)

λ̇−− = − (w+−)2

2πv+
, (C4)

λ̇+− = − (w+−)2

π(v+ + v−)
, (C5)

ẇ+− = −w+−

2π

[

λ++

v+
+

λ−−

v−
+

4λ+−

v+ + v−

]

, (C6)

λ̇zz = λ̇+z = λ̇−z = 0. (C7)

x

x

z

1 2

34 y

y

y

y

x

x

z

1 2

34
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y

h h hh
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Band-2
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Π

2
Π

2
Π

k

-1

1

2
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FIG. 6. (a) Graphical representation of the exactly solvable Kitaev-
type model with time reversal breaking (TRB) introduced by hand
and its solution in the zero flux sector. (b) Complex fermion
spectrum, Eq. (8), for the Majorana spin liquid with TRB with
{Jx, Jy , Jz, J

′
z, h} = {1.2, 0.8, 1.0, 1.1, 0.5}.

Here Ȯ ≡ dO/dℓ, whereℓ is logarithm of the length scale
andv± represent Fermi velocities of thef± bands. We see
that the MSL is stable if

λ++

v+
+

λ−−

v−
+

4λ+−

v+ + v−
> 0. (C8)

Comparing the RG equations (C3)-(C7) in the presence of the
Zeeman magnetic field with those Eqs. (41)-(44) without the
Zeeman field, we see that the instabilities in the “spin” sec-
tor, uσ1 anduσ2, are removed by the magnetic field, and the
couplings that contain bothf± andfz do not flow (the reason
is that interactions that could cause these to flow do not con-
serveSz and thus are not allowed). An interesting fact about
these RG equations is that the instabilities only occur in the
f± fermion but not in thefz channel. Hence, the gaplessfz

partons are always gapless no matter how large the Zeeman
magnetic field is and always give metal-like contribution to
specific heat and thermal conductivity.

Appendix D: SU(2) Majorana spin liquid with Time Reversal
Breaking (TRB)

In this Appendix, we will break the time reversal symmetry
explicitly by including a term,

HTRB =
h

2

∑

�xz

[

(τx1 τ
y
2 τ

z
3 − τx3 τ

y
4 τ

z
1 ) (~σ3 · ~σ1) (D1)

+(τz2 τ
y
3 τ

x
4 − τz4 τ

y
1 τ

x
2 ) (~σ4 · ~σ2)

]

.(D2)
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Later we will see that such terms reduce the number of four-
fermion interactions due to momentum conservation. Using
the Majorana representation, this term can be rephrased as

HTRB = i
h

2

∑

�xz

[

(û34û41 + û12û23)
∑

α=x,y,z

cα3 c
α
1 (D3)

− (û41û12 + û23û34)
∑

α=x,y,z

cα4 c
α
2

]

. (D4)

The graphical representation is shown in Fig. 6(a). Before
we proceed, we remark that in this case with TRB, we do
not need any symmetry to protect the gaplessness, unlike the
time reversal invariant case. The bilinear termIRL that could
open a gap is not allowed in the Hamiltonian due to momen-
tum conservation, see below. For illustration and simplicity,
we proceed to take the same parameters as in Sec. III and in-
cludeh, {Jx, Jy, Jz, J ′

z, h} = {1.2, 0.8, 1.0, 1.1, 0.5}.
The complex fermion spectrum is shown in Fig. 6(b), and we
can clearly see that due to the presence of the Time-Reversal
Breaking term, there is no Right-Left symmetry anymore (i.e.
kFL 6= −kFR). In the weak-coupling regime, the general
four-fermion interactions can be written as

HTRB
int = ũρJRJL − ũσ1

~JR · ~JL + ũσ2I
†
RLIRL, (D5)

whereJP , ~JP , andIRL are defined in Eqs. (38)-(40). We
can see that the number of allowed interactions is reduced be-
cause there is no special relation betweenkFR andkFL and
additional terms are forbidden by momentum conservation.

The weak-coupling differential RG equations in this case

are

˙̃uρ =
1

π(vR + vL)

[

ũ2
σ2 + 2ũσ1ũσ2

]

, (D6)

˙̃uσ1 =
1

π(vR + vL)

[

−ũ2
σ1 + 2ũσ1ũσ2

]

, (D7)

˙̃uσ2 =
1

π(vR + vL)

[

−3ũ2
σ2 − 6ũσ1ũσ2

]

. (D8)

We can give a qualitative description of the stable flows.50

If ũσ1 > 0 and ũσ1 + ũσ2 > 0, the couplings̃uσ1,2 are
marginally irrelevant and flow to zero,u∗

σ1 = u∗
σ2 = 0.

The couplingũρ approaches a fixed value,ũ∗
ρ, and is strictly

marginal; unlike the time reversal symmetric case in Sec. III,
there is no condition on the sign of̃u∗

ρ. We conclude that
the SU(2) MSL with explicit time reversal breaking is sta-
ble in a wide regime of parameters. We also note that, even
though initially there is no conservation of thef -fermions in
this model, breaking TRS leads tokFL 6= −kFR and prohibits
four-fermion interactions such asfαfβfγf δ andfα†fβfγf δ,
so the fermion conservation emerges at low energy. We note
that if we rewrite the couplings as

ũσ1 = −π(vR + vL)

2
√
2

g1, (D9)

ũσ2 =
π(vR + vL)

2
√
2

(g1 + g2), (D10)

the RG equations can be rephrased as

˙̃gρ = 3 ˙̃uρ + ˙̃uσ2 = 0, (D11)

ġ1 =
1

2
√
2

(

3g21 + 2g1g2
)

, (D12)

ġ2 =
1

2
√
2

(

−3g22 − 2g1g2
)

. (D13)

The last two equation are exactly the same as one-loop RG
equations in an SU(3) WZW model in Ref. 50. Note that in
the SU(2) MSL the “charge” (ρ) sector also remains gapless,
cf. Appendix B.
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