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Abstract

We study the nonlinear response of the current of a two-dimensional electron
gas with a periodically modulated potential in one direction in a strong DC
electric field at low temperatures. The dependence of the current on the
field, the electron density and the temperature is investigated by using a
relaxation-time approximation for inelastic scattering. Elastic scattering is
treated microscopically including interband scattering. The roles of elastic
and inelastic scattering on the nonlinear current are examined. The result
is applied to the Kronig-Penney model. It is found that, for a fixed total
scattering rate, the field dependence of the current is insensitive to the ratio
of the elastic and inelastic scattering rates in contrast with the recent results of
the nonlinear current of similar models of a single mini-band in one dimension
and three dimensions. The result from the Kronig-Penney model is compared
with the recent data from a modulated two-dimensional GaAs quantum well

which show evidence of the negative differential conductance.
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I. INTRODUCTION

An electron undergoes a periodic motion in a strong electric field F', sweeping the Bril-
louin zone of a periodic lattice with a frequency f = peF/2wh = wp/27, where wp is the
angular speed and p is the lattice period. These so-called Bloch oscillations' are typically
damped before the electrons sweep through the band because of scattering, reaching a steady
state and yielding the negative differential conductance. In a superlattice with a large period,
the Bloch frequency f can fall in a terahertz region under a moderate field. This fascinating
phenomenon has received much attention in the past for its potential to yield terahertz gen-
eration, detection, and also for applications to negative differential conductance.? '8 Inves-

19—22

tigations of Bloch oscillations have been carried out in terahertz emission , electro-optic

2322 and four-wave mixing experiment.?* Past studies have mainly been focused

detection,
on one-dimensional superlattices and three-dimensional vertical quantum-well superlattice
structures for theoretical simplicity and technical feasibility, while very few studies have
been carried out in two dimensional (2D) systems. Recently, 2D systems with patterned
surface structures have been studied for various advantages.®

In this paper, we study theoretically the nonlinear DC current of a degenerate electron
gas in a 2D structure, which is modulated through surface patterning in the direction of the
field. The dependences of the current on the field, the electron density and the temperature
are investigated. Our model is introduced with a goal toward understanding recent data from
a 2D quantum well (QW) with a periodically modulated potential to be introduced later.'

116 is employed for inelastic scattering, while impurity

A relaxation-time approximation
scattering is considered microscopically. The role of elastic and inelastic scattering on the
nonlinear current is studied. The result is applied to the Kronig-Penney model and is
compared with our recent data from a modulated 2D GaAs QW. It is found theoretically
that, for a given total scattering rate, the field dependence of the current is insensitive to

the ratio of the elastic and inelastic scattering rates in contrast with the recent results of

the nonlinear current of similar models of a single mini-band in one dimension and three
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dimensions, where the current depends sensitively on the ratio of the two scattering rates
for a fixed total scattering rate.

The organization of the paper is as follows. A basic formalism is presented in the next
Section. In Sec. III, the model is evaluated exactly for a single parabolic band. A numerical
evaluation of the results for the Kronig-Penney model as well as a comparison with recent

data is given in Sec. IV. A brief summary of the results is presented in Sec. V.

II. BASIC FORMALISM

The steady-state Boltzmann equation is given, in a relaxation-time approximation,!!:!6
by
el'0fu(k) 0)
_? 81{390 - _Vm[fn(k> - f (gn,k>]
21
5 2 |Untenier| 20 (Enxc — nne ) { frr (&) = fu(K)}, (1)
k'

where v;, is the inelastic scattering rate assumed to be a constant, U denotes elastic scat-
tering, n is the band index, k is the wave vector, f((g) is the Fermi function, and f, (k) is

the nonequilibrium distribution function. The energy is given by

enk = Enlke, ky) = e1(ky) +enlks); en(x) = = D tymcosma, (2)

m=0

where ¢, (k,) = h2k§/2m*,m* is the effective mass and —7 < x = pk, < m. The band
energy ¢,(k;) is generated by the potential-energy modulation in the x direction which is
also the direction of the field F'. The quantity ¢, ,, is a Fourier coefficient. Equation (1)
includes interband scattering and ignores interband tunneling.

In order to simplify the problem at this point, we assume that D = BT Uniene | 1 a

constant, relevant to a short-range potential and rewrite Eq. (1) as

eF 0. (k 2
SO (100~ 1) — 2 S0 — £ 0 — i) (3)
h ak:x D n/7k/
We mention here that a different assumption D = D(gnx)/Ve, namely |[Upenie|? =

hve/mD(e,x) with a constant elastic scattering rate v, was introduced in an earlier treat-

ment by Gerhardts for a three dimensional system with a single tight-binding band in the
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direction of the potential modulation to make the problem more tractable.!! Here, D(g) is

the density of states (DOS).
We define

v(e) = Vip + vu(€), vale) = D(e)/D

an 8_En’,k’)

n’ k’
and recast Eq. (3) into!!

_peF Ofn (k)
R or

—v(Enic) fu(K) + Vin fO(en) + h(Eni).

Note that Eq. (6) conserves the number of particles. Following Gerhardts'!

quantity ¢, (k) by
h T
Fulk) = bu() expl s [ (e (K, )

Defining v;, = peF'/hv;,, and inserting in Eq. (6), we find

!

6009 = [ Glenth b)) expl= 1 [ (e (e k)i’

(6)

, we introduce a

(7)

pe
where 2/ = pk!, etc, and

~ h

— A1 £(0) -

G(e) =in [ () + pth(E)- (9)

The quantity f, (k) is then given by
= / h @ " " /
Full) = [ Gilenlhe + K, ) expl— /0 v(en(ks + K, k,))da")da’. (10)

Inserting Eq. (10) in Eq. (9), we find in view of Eq. (5)

- B f(O)( )
cle) = Yin %HD(M ;;5 ™ En)

!

0o h T
X / Genlks + K, k) expl——— / v(en(ks + K, k,))da")de,
0 0

pe

(11)

where D = D(u)/va(p) from Eq.(4), p is the chemical potential, ., = peF/hve,, and

Ve = Ver(t). The current density is given by

26p

Jop = 3 Z tnmmsin(x) f,,(k),

n,m,k

where S is the area of the sample.
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III. SINGLE PARABOLIC BAND

Here, we show that the present model can be evaluated exactly for a single parabolic band
in the x direction ,(k,) = h%k2/2m* in Eq. (2) and yields the result of the linear response
theory for a general field. In this case, the length p in Eq. (6) is an arbitrary constant and
will be chosen to be the inverse Fermi wave number p = 1/kp. Also, the scattering rate

V = Uiy + Ve in Eq. (4) is a constant due to the flat DOS, yielding for Eq. (10)

700 = [ exp(=a'/1)Gler (4 + (o + 1)) da', (13)

where ep is the Fermi energy, « = k,/kp,y = ky/kp,y = eF/kphv, vy, = eF/kphvin, Yo =
eF/kphve. 1t follows from Egs. (5) and (9) that
> GE) =" fe (14)
K K

The current density is given by

oo =~ S = i Y [ e )G (1 + (e 4 2, (1)

K M
which yields, in view of Eq. (14), a well-known expression of the linear response theory:

Nype’F
Jop = %7 T=1/v. (16)

IV. NUMERICAL EVALUATION AND DISCUSSIONS

In this section, we evaluate the current and study possibly different effects of elastic
and inelastic scattering. The result will be compared with the recent exact result of a
one-dimensional model'® and with the result of a three dimensional model.!* Also, a com-
parison will be made with the data from a 2D GaAs QW with a patterned potential-energy

structure.'®
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A. Tterative Solution

The quantity G(¢) in Eq. (11) can be solved by iteration starting from the zeroth-order

solution
G(e) = [V€)/Yin.
We rewrite Eq. (11) as

~ _ f(o)(g) 2 * A /
Gl ="+ —ilr %5(5—5,@ /0 Gl + enlhs + K.) — en(ka))

x 1

[T M+ en(by + k) — en(ky))da”)da’

’

X exp|—

where A(e) is related to the DOS through the relationship

D(e) = %A( / \/%

Here, 6(¢) is a unit step function.

The electric field is represented as a dimensionless quantity F = F/F*, where

hv
F* _ H _
- ep 9 Vu = Vin Ve;u

yielding

Yin=F (1 + R, 7. = F(1+ R),

(17)

(18)

(19)

(20)

where R = v, /v.,. The quantities v, and R will be employed as variables which determine

F*, %, and 7, for a given field. Note that F' = F™* corresponds to a special field where

Wp[Vey = wpTe, = 1 and is therefore roughly the threshold field where the Bloch oscillation

completes 1/27 of a cycle before the electrons are scattered. It can rigorously be shown

from Eqs. Eq. (10) - (12) that the current density vanishes asymptotically as jop o< 1/F in

the limit F > 1 as also will be demonstrated numerically later.

It is convenient to split the sum over the band index in Eq.(13) into the sum 3>, _p;.n

over the extended states with large energy-dispersion and the sum >-,,_;,,, over the low-lying-

energy states (e.g., bound states below the barrier) with negligible dispersion. For the latter
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contribution, the 2/, 2" integrations in Eq. (13) can immediately be carried out yielding

~ (0)
Gle) = Fe)” [f%i ) Q%FA Z / t 5 —&n / -

/

xG(e + en(z + 2') — en(x)) exp <_[ﬁ + S /Om, di" Ae +e,(x+2") — 6n(x))]>] :

(21)

where

Yeu/ Vin + [A(€) = Aiow(€)]/Ap)
’Veu/%'n + A(E)/A(:u)

Fe) = (22)

and
O0(c —e,(x
Aow(e) =7 > ble —en(@) (23)
n=low g — En(l')
It is seen that 0 < F'(¢) < 1. Also, we rewrite Eq. (10) as

/ /

T 1

fulk) = /0 T Glen(ha + KL, k) exp (—[% i /0 " Alen (ks + K", ky))dx"]> di'. (24)

B. Numerical Results and Comparison with Data

In the following, we apply our result to a 2D GaAs QW which has a modulated potential
along the direction of the field according to the Kronig-Penney model with a valley width
a = 150 nm, a barrier width b = 200 nm, a superlattice period p = a + b, a barrier height
Vo = 1 meV, and an effective mass m* = 0.067mg. Here, mg is the free-electron mass. In this
case, we find F* ~ 1.88v, x 107" Vsec/cm from Eq. (15). The role of the total scattering
rate v, is to set the scale of the field through F™*. For the low-lying energy states n = low
in Eq. (23), we include the two bound states at € = 0.1418 meV, £ = 0.54268 meV below
the barrier. The coefficients ¢, ,, in Eqgs. (12) are obtained by a Fourier expansion for each
band. It was found that only a few cosine components are necessary to fit the numerical

data for energy dispersion.
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Figure 1 displays the current density as a function of the reduced field F for several values
of R = 0.1 (thick black solid curve), R = 1 (red dashed curve), and R = 100 (thin green
solid curve) at 4 K for Nop = 2.2 x 10" /em 2 (upper curves) and Nop = 10! /em? (lower
curves). For v, = 10" /sec at 4 K relevant, for example, corresponding to the sample mobility
~ 0.3 x 10° cm?/Vsec, we estimate Fj ~ 1.88 V/cm. This field is much smaller than that
in the previously studied regular superlattices mainly due to the large superlattice period in
Eq. (19) in our structure. In superlattices with a short period, conduction occurs in the mini-
bands below the barrier, while electrons flow in the bands above the barrier in our structure
with a wide barrier. The magnitude of the field at the peak current remained approximately
at ' ~ F* when the energy gaps between the above-barrier bands are increased by changing
the well depth from V5 = 1 meV to Vy = 3 meV. The blue dashed-doted curves show the
asymptotic behavior of the current o< 1/F. The peak current occurs near F' ~ F* i.e.,
wpT, =~ 1 in all cases. As expected, the current rises slowly in Fig.1 with increasing R
because inelastic scattering is not as efficient as elastic scattering for momentum relaxation.
However, the field dependence of the current is not very sensitive to the ratio R in a striking

16,26 and three-

contrast to the results of single-band models of one dimensional superlattice
dimensional system!! based on the similar relaxation-time approximation, where it is very
sensitive to R.

In order to see how the current evolves with the temperature T starting from a low
temperature Ty, = 4 K, we assume that the low-temperature elastic scattering rate v, is
insensitive to the temperature, while the electron-phonon scattering rate v;,(7) o T is
proportional to the temperature. The latter is due to the fact that momentum relaxation
through acoustic-phonon scattering arises from scattering in the thermal layer of the Fermi
surface by phonons with a maximum energy kgTp_¢ corresponding to the wave length ~
2kp. In the current system with Nop = 2.2 x 10" /em?, the Fermi wave numbers kp is small,
yielding a small Bloch-Griineisen temperature Ts_g ~ 5 K.2” The scattering rate becomes

linear above this temperature, while showing rapid Bloch-Griineisen decrease (increase) of

the scattering rate (mobility) below this temperature as observed by Stormer et al.?” We
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therefore estimate Ry ~ (T/Ty)Ry,, Ff = Ff[(T/Tr,) Ry, + 1]/(Ry, + 1), yielding, for
example, Roox =~ BRur, Foye = Fix(BRax + 1)/(Rax + 1). Here, Ry is the ratio of the
inelastic and elastic scattering rates at 4 K employed in Fig.1. Another contribution to
the temperature-dependence of the current enters through chemical potential and Fermi
function in Eq. (17). In Fig. 2, we compare the current vs. F' shown in Fig. 1 at 4 K with the
field dependence of the current at 20 K. The thick black solid (dashed) curve represents the
current at 4 K (20 K) for the case Ryx = 0.1 (Roox = 5Rax = 0.5), while the thin red solid
(dashed) curve displays the current at 4 K (20 K) for the case Ry = 1 (Raox = bRy = 5).
The field is in units of Fj; ~ 0.188 V/cm. It is seen that while the peak current decreases
very slowly with 7', the peak shifts to a higher field at 7" = 20 K and the width of the
peak broadens significantly. It should be pointed out here that the field dependence of the
current at T" = 20 K looks very different for R = 0.5 and R = 5 because the total scattering
rates are different for these two cases. For a fixed total scattering rate, the two concomitant
curves will look similar to those shown for 7" = 4 K in Fig. 2 with somewhat reduced peaks.
The asymptotic behavior of the current density jop o< 1/F obtains at higher fields.

The present numerical study based on the Kronig-Penney model was initiated with a
goal toward understanding our recent high-field data from a 2D GaAs QW structure with
a periodically modulated surface potential.!® In this system, a 2D periodic metal grid was
fabricated on a surface above a high-mobility (> 10° cm?/Vsec) GaAs QW with a regular
square array of holes of diameter a = 150 nm with a period a + b = 350 nm in z and y
directions. The depression of the potential energy under the holes is about Vj = 1 meV.
The sample mobility is reduced after patterning. We apply the Kronig-Penney model to
this structure with the applied field in the x direction, ignoring the potential modulation in
the perpendicular direction. This periodic modulation of the potential opens small gaps of
a fraction of an meV. The above parameters as well as the total scattering rate at 4 K and
the density Nop = 2.2 x 10! cm™2 to be used for the numerical fit below are the same as
those employed for the studies presented in Figs. 1 and 2 above. The plot of the current I

vs. the source-drain voltage V.4 for the field F' is obtained according to
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Ia =1 jop(F), Vea = Relog + () FF”, (25)

where ¢, = 0.2 mm is the cross section of the sample (smaller than ¢, = 0.7 mm estimated
for Sample B in Ref.'®), R. = 1.16 k(2 is the contact resistance and ¢ = 1.5 mm is the length
of the sample along the current direction'® for 7 = 0.029x 107 sec [or, alternatively, ¢, = 5.2
mm for 7 = 107! sec|]. In Fig.3, we compare the data (thick black dashed curve) for the
current as a function of the source-drain voltage with the curves generated for R = 100 (thick
black solid curve) and R = 0.2 (thin red dashed-dotted curve). The thin blue solid curve
shows the effect of including the field-induced electron-phonon scattering rate for R = 1 to
be discussed below.

The field-free v;, = V,-(g) arises from electron-phonon scattering inside the thermal layer of
the Fermi surface. Additional contribution to v;, arises when the field-induced displacement
of the Fermi surface creates empty phase space into which electrons can fall through electron-
phonon interaction, increasing vy, with F' and thereby the scaling factor F*. According to
the results presented in Figs.1 and 2, the net effect is to increase the scale of F' on the
horizontal axis through F* and stretch the curves to the right and flatten them when the
current density is plotted against F.2® This effect is clearly seen by the thin blue dotted
curve in Fig. 3 which brings the theoretical curve closer to the data. It may be possible that
higher-order effects of F' to v;, above the threshold field of the negative conductance regime
can make the current flatter as shown by the data beyond 4 Volt and the thin blue solid
curve to be discussed below.

In order to quantify the above discussion, we estimate the total scattering rate v =
1/T = iy + Ve, that includes the effect of the field-induced relaxation rate for v;, in the
following. As mentioned above, the additional field-induced contribution to v, arises from

the field-induced displacement o F'7 of the Fermi surface and is given by

0
0 Tin Fr

Ui = 42 =14+ A(F)——, 26
v = 2 = 14 A(F) L (26)

(

where vy, = 1/72-”,%?) =1/ v = 1/ = v 4 Ve, and Fp is a field constant to be

determined microscopically from electron-phonon scattering. The indeces “0” signify field-
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free quantities. The second term in Eq. (26) is proportional to the total displacement of the
Fermi surface during the effective scattering time 7. The quantity A(F) = 1 for a small
field F' in the linear regime but can become larger A(F') > 1 at large fields due to higher-
order effects, whereby all electrons inside the original Fermi surface can relax through rapid

phonon emission. Equation (26) yields

11 (1+ 1+4A(F)F)7 @7

T 27’0 OéRFQ

where ap = (1+ R)/R and R =1/ Vey, as defined earlier.

The constant Fj is determined from the low-field numerical estimate:
Vin = V9, + sF x 10" sec™, (28)

where F is in units of Volt/cm and s ~ 0.32 for appropriate phonon parameters for GaAs.?
Comparing Egs. (27) and (28) for small F', we find Fy = 1/[sagTy x 10'%] Vsec/cm. The
field-dependent v = 1/7 in Eq. (27) with A = 1 is then employed for the field scale factor
F* for the thin blue dotted curve in Fig. 3 using R = 1. The thin blue solid curve therein is

obtained by employing a simple function
A(F) =1+ 150(F — 1.7F™). (29)

The fit to the data can be made smoother by using a more gradual transition for the step

function in the second term in in Eq. (29).

V. CONCLUSIONS

We studied the nonlinear response of the current of a 2D electron gas with a periodically
modulated potential in the direction of a strong DC electric field at low temperatures em-
ploying the Kronig-Penney model. The dependence of the current on the field, the electron
density and the temperature was investigated by using a relaxation-time approximation for
inelastic scattering, while considering impurity scattering microscopically. The roles of elas-

tic and inelastic scattering on the nonlinear current were examined. It is found that the
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current depends roughly only on the total scattering rate in contrast with the recent results
of the nonlinear current of single-band models based on similar relaxation-time approxi-
mation in one dimension!'® and three dimensions.!! We believe this behavior is due to the
two dimensionality of the present system with multiple bands arising from uni-directional
modulation of the potential energy in the field direction combined with free motion in the
transverse direction. A similar relaxation-time model with a single tight-binding band in
the field direction and free motion in the transverse direction is under study. A preliminary
result indicates that the reduced field at the peak current depends sensitively on the ratio
of the inelastic and elastic scattering rates in contrast with the behavior shown in Fig. 1.
The theoretical result of this paper is favorably compared with our recent data. We demon-
strated that agreement with the data improves when the effect of the field on the relaxation
rate is included.

We have studied transport in a two-dimensional gas, while past studies deal with an
electron gas in one or three dimensions. A more important distinction is that previously
studied structures have a short lattice period and deep quantum wells, where conduction
occurs in the mini-bands below the barrier. In contrast, our sample has a large period with
wide barriers and shallow wells. The electrons flow in the bands above the barrier. As
a result, the peak current and thus the negative differential conductance occur at a much
smaller field in our sample compared to the regular superlattices due to a larger lattice
period. In our sample, the levels below the barrier are localized and do not carry current.
However, they can still affect the current owing to the fact that electrons are scattered into
and out of these states in our model in the transverse direction, where free electron motion
is assumed.

A key approximation employed for our model is the relaxation-time approximation for
inelastic scattering. This approximation is known to yield qualitative agreement with the

16,17 and three dimensions.'? A second

results from microscopic theories in one dimension
important assumption made in our model is the neglect of interband (i.e., Zener) tunneling.

This assumption is valid only when the tunneling probability is small at the band edges. A
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rough estimate of this probability is given by* P = exp(—A), where Q ~ &2, /(4e,epF), e, =
h?/2m*p?, and Egap 15 the gap energy. Assuming that €4, = & yields Q = 1, interband
tunneling will be negligible in the limit ¢) > 1, namely €4,, > €9. We estimate ¢, = 0.077
meV for our sample parameters for /¥ = 1 V/ecm. The numerical gaps generated for our
sample for the small modulation amplitude V, = 1 meV are of the order of this magnitude
or somewhat larger and do not satisfy P < 1. The gap sizes increase by a factor of 2 ~ 3
for Vo = 3 meV. In a stringent sense, the current model will be applicable to a system

with a larger modulation amplitude V5 > 1 meV. However, the data in Fig. 3 clearly show

high-field negative conductance behavior indicative of Bloch oscillations.
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FIGURES
FIG. 1. Current density vs. reduced field F = F/F* for several values of R = v;,/vq = 0.1

(thick black solid curve), R = 1 (red dashed curve), and R = 100 (thin green solid curve) for a
fixed total scattering rate at 4 K for Nop = 2.2 x 10! /em ? (upper curves) and Nop = 10'! /cm?
(lower curves). The scale factor F; can be different for the two densities. The blue dashed-dotted
curves show the asymptotic behavior of the current o< 1/F. Other parameters are given in the

text.

FIG. 2. Field dependence of the current at two temperatures: T'= 4 K for Ry = v /v = 0.1
(thick black solid curve), Ry = 1 (thick black dotted curve) with a fixed total scattering rate and
at T'= 20 K for Roox = 0.5 (thin red dashed curve) and Roox = 5 (thin red dashed-dotted curve),
assuming that v is insensitive to 7" and vy, is linear in T (e.g., Roox = 5R4x ). The current decays

as o« 1/F asymptotically. Other parameters are given in the text.

FIG. 3. The total current I vs. source-drain voltage V4 for R = 0.2 (thick red dashed-dotted
curve), and R = 100 (thick black solid curve), and the data (thick black dashed curve) at 4 K for
Nop = 2.2x 101 /cm 2. The thin blue dotted and solid curves are plotted for R = 1 and include the
effect of field-induced v;;, for A(F) = 1 and A(F) given in Eq. (29), respectively. Other parameters

are given in the text.
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