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The pseudogap state of high temperature superconductansrefound mystery. It has tantalizing evidence
of a number of broken symmetry states, not necessarily coioveal charge and spin density waves. Here we
explore a class of more exotic density wave states chaizetielby topological properties observed in recently
discovered topological insulators. We suggest that thiebetopological density wave states deserve closer
attention in not only high temperature superconductorsrbother correlated electron states.

I. INTRODUCTION haps originates from a nearby insulating state. In no way is
this different from the original suggestion of DDW.

In a paper in 2000 Nayakorovided an elegant classifica- I
tion of density wave states of non-zero angular momentum, It has been known that triplatrd,._,. order parameter

The surprise is that given the roster of multitude of suctesta goLr:rsepolr;l dié?tﬁfjv?gegiirﬁ?hgZ:Ukil)tls?tgelsgl? ﬁggesngisagﬁléz?
so few are experimentally observed. Of these, the angular m d paq bp yalg P

P S S Tate in opposite directions, as shown in Hi§y. 1. This reminds
mentum? = 2, spin-singlet has taken on a special significance . : . .
in the context of pseudogaps in cuprate high temperature sue of topological band insulators where oppositely aligned

perconductors, It breaks translational symmetry, giving rise edgei\-sr_nn? rravel n optE)osne d'ricugnﬁ(' .However, tmfj"g .
to a momentum dependent: - (DDW) gap, without mod- topological protection because the bulk is not gapped,$ut i

. . . ; . a semimetal instead. A more interesting case is the order pa-
ulating charge or spin, but alternating circulating chazge )
X . rameter(iod,>_,2» + d,), wheresc = %1 for up and down
rents from a plaquette to plaquette much like an antiferiggma spins. with they uantization axis alorig Such a state not
net. In its pristine form, in the half filled limit, that is, fo pInS, q

one electron per site, the Fermi surface of DDW consists oPnly satisfies time reversal invariance but is also fullyjgzg

. ; . . : analogous to time reversal invariant band insulators disco
four Dirac points and is therefore a semimetal. This broken 9

symmetry state has inspired much effort in characterizieg t ered recently. Smg_let_chwazldmz_f +dgy) density wave that
) - breaks macroscopic time reversal symmetry was employed to
pseudogap as a phase with an order parameter distinct fro

) . deduce possible polar Kerr effect and anomalous Nernst ef-
fluctuating superconducting order parameter.

fect! in the pseudogap phase of the cuprates. Another topo-

Presently, it appears from many experiments that the pseygica] state with a different symmetry of the order paramet
dogap may be susceptible to a host of possible competing o{;45 discussed in Réf. 8

ders. Thus it is important and interesting to explore aniorde

parameter closely related to the singlet DDW, which retains ag to topological properties of superfluids, we refer the
many of its primary signatures such as the broken transiakio reader to the book by Volovik Superconductors are particle-
symmetry or a particle-hole condensate of higher angular moyarticle condensates, and, as such, the orbital wave amcti
mentum. In particular we consider a density wave of nongnstrains the spin wave function because of the exchange
zero angular momentum of mixed singlet and triplet varietysymmetry_ What we are discussing here are particle-hole con
such that in the half-filled limit, it is a gapped insulatomU  gensates, and there is no exchange requirement between a par
like the semimetallic DDW, it has a non-vanishing quantizedicie and a hole. Thus, orbital wave functicannot constrain

spin Hall effect for a range of values of the chemical potenne spin wave function. Thus an orbital singlet can come in
tial. This is in fact a topological Mott insulatbbecause it  poth spin singlet and triplet varieties.

is the electron-electron interaction that is necessaryt ftor

be realized. Further addition of charge carriers, dopead$  The plan of the paper is as follows: Section Il is divided
to Lifshitz transitions destroying the quantization but tie  into three parts. Part A discusses the topological aspacts i
very existence of the spin Hall effect. the absence of magnetic field, while Part B contains results

It is remarkable that such an unconventional broken symfor a perpendicular magnetic field. The Part C consists of a
metry, possibly relevant to high temperature supercomasict thorough discussion of the bulk-edge correspondencedhat f
belongs to the same class of currently discussed novel statews from topological considerations. In section Ill we-dis
of matter known as topological insulators; in fact, our wisrk cuss Fermi surface reconstruction via a Lifshitz transits
to some extent motivated by these recent developmams. the system is doped. In section IV possible experimental de-
wish to emphasize that the undoped parent compounds of highction schemes are suggested. The symmetry of the order
temperature superconductors are proven to be antiferromagarameter that we have introduced is such that the necessary
nets with sizeable moments and the spin density wave trangxperimental techniques are more subtle than the deteattion
forms according td = 0.2 The proposed topological density more common broken symmetries, such as spin or charge den-
wave should therefore be relevant at larger doping that pesity waves.



with a generic set of band parameters,

€r = €1) + €25 (6)
€1 = —2t(cosky, + cosky), e, = 4t' cos ky cosky. (7)

We may choose = 0.15 ¢V, renormalized by about a fac-
tor of 2 from band calculations and = 0.3¢, and Wy ~
—Ag ~ t ~ J, whereJ is the antiferromagnetic exchange
constantin high temperature superconductors, for thegsarp
of illustration. Each of the tw@ x 2 blocks can be written
in terms of two component spinorg;, , = (¢k,o, ck+ng)T,

o ==+1=(1,]); for example, for the up spin block we have

FIG. 1. (Color online) Tripletod,=_,» density wave in the absence
of an external magnetic field. The current pattern of eaahsgpécies

on an elementary plaquette is shown. The state is a semint@tal He = Z wk T
the other handod,2_,2 + d., can be fully gapped for a range of

ez — ) + €1k + Ap7" — Wir?] iy

; . ; . 8)
chemical potential. An example is shown in Hi§. 2. . (
P P i The eigenvaluesH{ refers to the upper and the lower bands
respectively)
Il. ORDER PARAMETER TOPOLOGY Moyt = €op — pt By, By =/e3, + W2+ AL (9)
A. Zero external magnetic field are plotted in Figl2. Since up and down spin components

are decoupled, the Chern number for each component can be
computed separately. After diagonalizing the Hamiltonian

The order parameter that we consider is we can obtain the eigenvectors

(cLJrngck’U,) = (" (K)T")por 1) Byt (k) = (uyel0/2 py emio0/2)T (10)

WherecjC (cr,) is the Fermion creation(annihilation) opera- where

tor with momentunk and spin componest, i =0, - - - 3, 71, , 1 €1k
72, andry are the standard Pauli matrices amnd= 1. The uy = 5(1 + E_)’ (11)
nesting vecto) = (r/a,w/a). We choose the components 1 . F
of the order parameter to be v = 5(1 F Eic), (12)
3
W . Wi
3 (k) o 270((305 ky — cosky) = iWy, (2) 0y = arctan(— A ) + TO(—Ay). (13)
k
<I>O(k) x Agsink,sink, = Ay. 3)

To compute the Berry phase of the eigenstates, we define

and the remaining components are set to zero. The right hariie Berry curvature(, ;. as
side is written in terms of the gap parameters and the con- . . .
version involves suitable coupling constants, which weaip n Oy x = i), x (D] L (K)[V |00, (K)) (14)
need to specify in a non-selfconsistent Hartree-Fock theor
The lattice spacing is set to unity.

In the absence of an external magnetic field, the tripteil
Hamiltonian is

Substituting the eigenstates into the above equation, the
Berry curvature can be written as

~ = - 0
Qos =iy x (] —o])V4liog)]l.  (15)

Sinceu, v+, anddy, only depend ork, andk,, only the z
component(2, 1, is non-zero, which is given by
where the summation is over the reduced Br|IIO|n Zone (RBZ)
o. 0 e, 00y 0 ek, 00y

Hatia — pN = Z ALy, (4)
%

bounded byk, + k, = +m, and the spmor}I/k, is defined Oy oy = ¢_[_(_)_ — (=) =]
oot oot ’ Oky " Ey " 0ky  Oky Ej " Ok,
as(cy, 1, Chyo 1 Ch,p» Chig,,)- The chemical potential is sub- Y
tracted for convenienc&y being the number of particles.The A Wi e
matrix Ay, is 1 | 88 Wk Bewn
' =t0-—5| Ok Ok Ok |. (16)
ek — i Ap +iWy 0 0 S TN
A, — Ap —iWy €y — 1 0 0 Ok, Ok, Oky
k= 0 0 € —p A —iWi |
0 0 Ap+iWy ey — From the above determinant, we can see that the Berry cur-

(5)  vature will be zero if one of\;, andWW}, is zero, so we need



a mixing ofd,-_,» andd,, to have a non-trivial topological So, the quantized spin Hall conductance will be
invariant. B
If we define the unit vectof,, = h./|h,|, whereh, =

2
(Ag, —0Wy, €1), the Berry curvature can be written as oSPin _ & h Nepin = £ (22)
Y h 2e 2T
1. 0On, 0On,
Qo = F5ho - (5= X 777)- 17) . ,
2 Ok, Oky The eigenstate$¥,, . (k)), are also the eigenstates$¥ and
- S, with eigenvaluess? = % andS, = —3. Since the spin
Mare explicitly, the Chern numbers are SU(2) is broken by the triplet DDW, one might wonder if
2k the Goldstone modes not contained in the Hartree-Fock pic-
Nys = / — Qs ture may not ruin the quantization. $U (2) is broken down
RBZ 27 to U(1), then there is still a quantum number corresponding

dk tWolo , . o . 9 2 to, sayS., which is transported by the edge currents in the
me /RBZ 2 E} (sin” ky +sin” ko cos"hy)  gostem ” More succinctly, as long as time-reversal symme-
try is preserved, we will still have Kramers degeneracy in ou
Hartree-Fock state, and therefore the edge modes will remai

(18) protected.

We can focus on the lower band as long as there is a gap be-
tween the upper and the lower bands. Then,

N =Ny -+ N, =0 (19) B. Non-zero magnetic field
Nspin=N3 - =N, _=(-1)—1=-2 (20)

irrespective of the dimensionful parameters. Note, howeve In an infinitesimal external magnetic field/, there will

that the Chern numbers vanish unless bathand W, are  be a spin flop transition in the absence of explicit spin-torbi

non-vanishing. The quantization holds for a range of chamic coupling, as shown in Fifl 3. We can assufie= H 2 and

potentialu, as can be seen from Hig 2. the spins quantized along thedirection without any loss of
generality. Then the Hamiltonian now becomes

Hatia = Z \IJLAk\IJk (23)
%

As before, the summation is over the RBZ, and the spinor is
the same. The matrid;, is now

Ek.,']‘ O O Ak + iWk
A, — 0 €Lt+Q,t — Ay —1W, 0
k= 0 —Ag +iWy €k, | 0 ’
Ay — Wy, 0 0 €tQ,l

FIG. 2. (Color online) Energy spectrd;, + + p, corresponding to

(iod,2_,2 +d.y) density wave. Here, for illustration, we have cho- = )

senW, = t andAo, = —t and the band parameters, as describedwhereey, , = €x 4+ 0 2= = ¢, + oy. Although the spin up

in the text. The chemical potentigt, anywhere within the spectral and down components are coupled, particles with momentum

gap, the lower band is exactly a half-filled and the systemN®# k& and spin up only couple to holes with momentém-

insulator, unlike the semimetallic DDW at half-filling. and spin down, and vice versa. Therefore, by redefining the
spinor, ¥, = (cLT,c,THQ uCchwCchJrQ +), the Hamiltonian
can still be expressed as a biock diagonal mattr;q =

For the fully gapped case, there will be a quantized spi ol
Hall conductance associated with the eigenstates. Theafti rlzé“ \Iégr’:l ggéélll?litcezgzg bneL;(r?rgerﬁhfgrre(fegrceh 3252:%0{:&1

the dlmensmns of the quantized spin Hall conductance to_thSF “1fori = 1 0r2, we obtainEy,; = [(e1 + )% + W2 +
quantized Hall conductance should be the same as the ratio Q21172 and the B ture.

the spin to the charge carried by a particle, since in two dime ¢]'/*, and the Berry curvature
sions for both quantities the scale dependehte’ cancels,

that is,

[ospi h
Wo— 2, (21) Qi+
e

[02y]

_ 1 (a_ﬁix Ohi
~ToEg, " ok, " ok,

); (24)



FIG. 3. (Color online) Spins are flopped perpendicular tcaghelied
magnetic field H. Contrast with Fig] 1.

Whereﬁi = (n:Ag, —Wyg, €1 + n;7v). Performing a surface
integration of the Berry curvature we get

A2k
N; + =/ — Q4
RBZ 2T

= j2771‘151/VOA0/
RBZ QWEg,i

2
-2 -2 2
[sm ky + sin“ k; cos” k,

- % (cos k sin? k,, + sin? k, cos ky)]

(25)

The+ refers to the upper and the lower band respectively. The
integral does not depend on the external field, nor on magni-

tude of the parameters Wy, andAy. The Chern numbers
are
Ni+ = £0i, Niotat = N1,— + N =0,

(26)
Nspin = Nl,f - N2,7 = _23

—p— 2tcosk, —t—+ 2t cosk, 0
—t+ 2t' cosk, —p—2tcosk, —t+ 2t cosky,
Ty (ky) = 0 —t+2t'cosk, —p—2tcosk,

—2cosk, —1 0
1 2 cos ky 1
Wo 0 -1 —2cosk, —1

(—1')N (—=1)N2cosk,

The corresponding one dimensional system whtfsites de-

4

Once again the spin Hall conductance is quantized, but the
charge quantum Hall effect vanishes. The flopped spins carry
the same current as before. The corresponding spin Hall con-
ductance, as long as the gap survives, is

spin _ €
Ty T

-~ 27)

ag

The eigenstates,®; . (k)), are the eigenstates & with
eigenvaluess? = %, but not eigenstates &, because of the
mixing of up and down spins.

C. Bulk-edge correspondence

For the(iod,2_,> + d,,) order the bulk-edge correspon-
dence can be studied by open boundary condition inzthe
direction but periodic boundary condition in thyedirection,
that is, by cutting open the torus. The edge modes if they exis
will reside on the ends of the cylinders. The cut then leads to
a Hamiltonian

H=> Wl Ak, (28)

ky,i,J

where the spinori; ., = (¢ k,1Ci k, +x1, ci,kywi,kﬁm)T,
andA;;(ky,) is a4N x 4N matrix parametrized by the wave
vectork,, which is given by

j;ij(ky) Sijir(ky) 0 0
Aij(ky) = Sijr(ky) Tij(ky +m) 0 0
i (Fy 0 0 Tij(ky)  Sij(ky)
0 0 Sl (ky) Tig(ky + )

whereT;;(k,) andS;; - (k,) areN x N matrices:

—t + 2t cos k,

—t + 2t cosky

—t+2t' cosk, —p—2tcosk,

(1

The eigenvalue spectra are shown in Eig 4. The spectra,

pends on the band structure and the order parameters defindegenerate for up and down spins, are plotted in the range

above.

0 <k, <m(k, <0 canbe obtained by reflection). To find
the edge states we choose the chemical potential in the gap.



In Fig.[4, we putu = —0.075eV for the purpose of illustra- E, (eV)
tion. There are two edge states with positive group velocity Y

one with up spin and the other with down spin. Let them be 0.8— ==
s + andys |, respectively. There are also two edge modes 0.6

with negative group velocity denoted as + and . ; for up
spin and down spin, respectively. By explicitly computihg t 0-4
support of each of these wave functions, we have verified that 0_2
electrons in stateg.. | and« . ; are localized near the left = ,
edge of the system whereas those in stdtes andi-. 1 are 0.0==—— —

localized near the right edge. The localization length eSth ~0.2
states is essentially a lattice spacing; an example is slmown )

Fig[A. -0.4 S ———
‘ y
02 04 06 08 1.0
E,{\(eV)
08 —~_ = FIG. 5. The bulk spectra for fixed values/of with the same param-
060 eters, as in Fid.]4.
0.4F

0.2F

Ill.  FERMI POCKETS AND LIFSHITZ TRANSITION

It is interesting to track the evolution of successive Liish
transitions as we change the parameters. At first, when we
lower the chemical potential, four hole pockets will open up
in the full Brillouin zone, as shown in Fi@] 6 and the corre-
sponding spin Hall effect will lose its quantization but o

P(X) effect itself. But in mean field theory this cannot continue
: indefinitely with the nodal or the antinodal gaps fixed. So
0.7 l the parameter®l;, and Ay will also decrease and will lead

to a further opening of two electron pockets in the full Bril-

0.6 louin zone, as shown in Fiff] 6. Ultimately, when the doping
0.5 is increased further, the large Fermi surface will emerge as
04 T further Lifshitz transition. There is good evidence thatisu
: Lifshitz transitions indeed occur in high temperature supe
03 | ¥, A
HYL conductors.
] R
0.2 ¢
0.1 ¢
ak, aky
- — X 3T 3 @]
20 40 60 80 100 5 5
. 2 v AN
0 aky 0' l ak,
FIG. 4. (a) Spectrum of the tripled {-id)-density wave on a cylinder.
Parameters are= 0.15¢V,t' = 0.3t, u = —0.075¢V, Wy = t, and = L p i = ]
Ao = —t. The subscript€ and R to the spins correspond to leftand -2} i -2t 1
right modes. (b) The probability density for positive grotglocity | ot 1 | ot & 1
for L and R spins for a lattice ofV = 100 sites. e S B [ B R B

FIG. 6. (Color online) (Left) Region ployy = —0.16 ¢V. Here for

o . ) ) illustration, we have choseW, = t and Ay = —t as before. The
Itis interesting to see how this spectra compare with the ongg|e pockets open up. (Rightyo = 0.05¢ andAg = —0.5¢ illus-

where periodic boundary conditions are applied in bo#nd  trating the opening of the electron pockets(at0) and symmetry
y directions. After diagonalizing the Hamiltonian, we ploét  related points with enlarged hole pockets.

spectra for a fixed value df, for all values of the energies.

The results are shown in Fg. 5, which are essentially idahti

to Fig.[4, except that the edge states are missing.



IV. EXPERIMENTAL DETECTION T*. The detection of the unique features of the proposed or-
der parameter, the spin Hall effect and edge currents waald b

While there are many speculations about the nature of thV€n more challenging. . L , .
pseudogap, they largely fall into two categories: 1) it is a The effects of non-magneticimpurities on the mixed triplet

crossover between a Mott insulator and a Fermi liquid, with-Singlét phase studied here are rather subtle. We expect such
out any sharp, coherent excitations, and 2) it reflects adirok disorder to couple only weakly to spin currents. Genernyeall

symmetry, with quasiparticles due to reconstructed Feami s disorder will couple differently to thesd,.- > andd,, com-
face that, despite strong correlations in the system, chause ponents since each breaks a different symmetry. However, by

in many ways as weakly interacting particles. The resatutio Préaking both the point group and lattice translation symme
of this dichotomy will ultimately be settled by experiments €S, disorder can enable mixing with (generally incommen
which, to date, have shown some support for both. In the apsurate) density wave states in other angular momentum chan-
sence of a definitive evidence one way or the other, we havBe!S- For example, at the level of Landau theory, we expect
adopted the second perspective (to some extent motivated B§ms in the free energy proportional to product of quadrati
recent quantum oscillation experiments) to see what consd0Wers of the component order parameters, which would be
quences there may be of having a broken symmetry phaégopomonal to the impurity concentration, thus inducépin

with sufficiently hidden order, in particular one that hatkst ~ OF charge density waves. So long as spin rotational symmetry
ing similarities to topological insulators. is preserved in the normal state, the phase transition ivgo t

A prime characteristic of a broken symmetry is that deepwdwz—y2 state can remain sharp.

in the broken symmetry phase, an effective mean-field, or a Frorr]n th]ff’ stan(:pomtk(:jf. top((j)loglcal order ﬁt Zero tlemgsgra-
Hartree-Fock Hamiltonian, suffices in discussing the prope [Ure. the effects ofweak disorder are somewhat simplecesin

ties of matter, and the symmetries alone determine the e he den_snywave phas_e considered he_re is a gapped phase with
topological order that is protected by time-reversal sytnyne

citation spectra and the collective modes. It is only in the 4 b . K ic disorder. Th
proximity of quantum critical points that such a descriptio It remains robust against weak non-magnetic disorder. ,Thus
éhe phase can still be described in terms of its topologyrat ze

breaks down but that is not the subject of discussion hert A foat hich it sh ith tonologicath
Moreover, those properties that are determined by symesetri Eg?e;g:re' a feature which it shares with topologicatiban

alone should be robust and can be understood in the weak co . .
Lastly, we remark that in the presence of magnetic impu-

ling limit, simplifyi task of explori latedee- . i , )
pling limit, simplitying our task of exploring correlate rities, the phase is not sharply defined - either as a broken

tron system. ; ot ¢ its underlving topol
The mixed triplet-singlet order parameters considered her>YMMELTY OF In terms ot its underlying topology.
In terms of microscopic models beyond the phenemenol-

is even more hidden than the corresponding singlet DDW. NO(t) discussed here, it is almost certain that correlatedin
only do they not modulate charge or spin, but so long as spin—gy ' P

orbit coupling is absent, they are aswisibleto dastic neu-  PrOCeSSes will play @ key rofé Finally, sinced,:, anddy,

tron scattering because there is no associated staggered ma§- two distinct irreducible representations on a squtieda
netic field, as in a singlet DDW, %enencally they will each have their own transition tengper

Inelasti ( teri detect its sianatureng tures, as dictated by Landau theory. The development of the
nelastic neutron scattering can detect Its signaturermse d., order parameter would be at a higher temperature com-
of a spin gap at low energies in the longitudinal susceptibil _

) . . s : pared to the triplet component which bre&iks(2) and there-

ity and signatures in the transverse susge_ptlblllty of quas fore requires interlayer coupling. Thus it follows that whe
Goldstone r(TOd?_j’ arllldtr?vtentonse;cc OI[ atflnlte frei%ggcy re%1'pp|ied to cuprates there must be two transitions in the-pseu
onance mode. Recall that at any finite tempera ¢ ) dogap regime. Since the topological phase studied hemsaris
symmetry cannot be spontaneously broken in two dimen

’ . L S from spontaneous symmetry breaking, it can support charged
sions; interlayer coupling is necessary to stabilize it.ugh b y y g bp g

the scale of symmetry breaking must be considerably small srkyrm|on textures in analogy with. The properties of such

thant ~ J, and the signature must be sought at higher er]ef]ttextures and the|_r transport signatures shall be the tdpéc o
. X > orthcoming publication.

gies. It could be a challenge to disentangle the signal from

inelastic spin density wave excitations. On the other hand

since the quasiparticle excitations are essentially idehto ACKNOWLEDGMENTS

the singlet DDW, the quantum oscillation properties will be

similar? except perhaps those in a tilted fiéfdwhich is cur-

rently being explored. The essence of this order paramisters

modulation of spin current and kinetic energy. So, it will re

quire probes that can detect higher order correlation fanst

such as the two-magnon Raman scattering. In the presence of

modest spin-orbit coupling, it may be possible to find small

shifts of nuclear quadrupolar frequency (NQR). The modula-

tion of the kinetic energy arising from thg,, component, in

particular staggered modulation 8f may lead to anomalies

in the propagation of ultrasouttht a temperature where such

an order is formed, presumably at the pseudogap temperature
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