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We revise the long studied problem of fluctuation conductivity (FC) in disordered two-dimensional
superconductors placed in a perpendicular magnetic field by finally deriving the complete solution
in the temperature-magnetic field phase diagram. The obtained expressions allow both to perform

straightforward (numerical) calculation of the FC surface (5«79(ct,cot)(T7 H) and to get asymptotic ex-
pressions in all its qualitatively different domains. This surface becomes in particular non-trivial

at low temperatures, where it is trough-shaped with 60,(ctft)(T, H) < 0. In this region, close to the

quantum phase transition, (5«79(ct,?t)(T7 H = const) is non-monotonic, in agreement with experimental
findings. We reanalyzed and present comparisons to several experimental measurements. Based
on our results we derive a qualitative picture of superconducting fluctuations close to Hc2 (0) and
T = 0 where fluctuation Cooper pairs rotate with cyclotron frequency w. ~ Agés and Larmor
radius ~ £gcs, forming some kind of quantum liquid with long coherence length £qr > &pcs and

slow relaxation (Tqr > hARSg)-

I. INTRODUCTION

The understanding of the mechanisms of supercon-
ducting fluctuations (SF), achieved during the past
decades® provided a unique tool obtaining information
about the microscopic parameters of superconductors
(SC). SFs are comprised of Cooper pairs with finite life-
time which appear already above the transition but do
not form a stable condensate yet. They affect thermody-
namic and transport properties of the normal state both
directly and through the changes which they cause in the
normal quasi-particle subsystem'.

SFs are commonly described in terms of three princi-
pal contributions: the Aslamazov-Larkin (AL) process,
corresponding to the opening of a new channel for the
charge transfer?, anomalous Maki-Thompson (MT) pro-
cess, which describes single-particle quantum interference
at impurities in the presence of SFs>*, and the change
of the single-particle density of states (DOS) due to their
involvement in fluctuation pairings®%. The first two pro-
cesses (AL and MT) result in the appearance of positive
and singular contributions to conductivity (diagrams 1
and 2 in Fig. 1) close to the superconducting critical
temperature Ty , while the third one (DOS) results in
a decrease of the Drude conductivity due to the lack of
single-particle excitations at the Fermi level (diagrams
3-6 in Fig. 1). The latter contribution is less singular
in temperature than the first two and can compete with
them only if the AL and MT processes are suppressed
for some reasons (for example, c-axis transport in lay-
ered superconductors) or far away from Ty.

The classical results obtained first in the vicinity of T¢q
were later generalized to temperatures far from the tran-
sition, e.g. in Refs. [7-9], and to relatively high fields,
see Ref. [10]. More recently, quantum fluctuations (QF)
came into the focus of investigations. In Ref. [11 and 12]
it was found, that in granular SCs at very low tempera-
tures and close to Hco (0), the positive AL contribution to

FIG. 1. (Color online) Feynman diagrams for the leading-
order contributions to the electromagnetic response operator.
Wavy lines stand for fluctuation propagators, solid lines with
arrows are impurity-averaged normal state Green’s functions,
crossed circles are electric field vertices, dashed lines with a
circle represent additional impurity renormalizations, and tri-
angles and dotted rectangles are impurity ladders accounting
for the electron scattering at impurities (Cooperons).

magneto-conductivity decays as 72 while the fluctuation
suppression of the DOS results in a temperature inde-
pendent negative contribution, logaritmically growing in
magnitude for H — H¢z (0). The authors of Ref. [13]
came to the same conclusion while studying the effect
of QFs on the Nernst-Ettingshausen coefficient in two-
dimensional (2D) SCs. For the first time they attracted
the attention!® to the special role of diagrams 9 & 10 in
Fig. 1.

In Ref. [16] the effects of QFs on magneto-conductivity
and magnetization of 2D superconductors were studied.
The authors of this work analyzed all ten diagrams shown
in Fig. 1 in the lowest Landau level (LLL) approximation,
valid at fields close to the critical line Heo (T). They
found a nontrivial non-monotonic temperature behavior
of the fluctuation magneto-conductivity at fields close to



FIG. 2. (Color online) Fluctuation correction to conductiv-
ity (FC) do = So it (t,h) as function of the reduced tem-
perature ¢ = T /Tco and magnetic field h = 0.69H/Hc2 (0)
plotted as surface. The FC changes its sign along the thick
red line (00 = 0). The boundary of the superconducting re-
gion is shown by a dashed line. Here o is plotted for constant
7T.0 = 1072 and T Teo = 10.

H:5 (0) and demonstrated that, analogously to the sit-
uation in granular SCs, close to zero temperature, the
fluctuation contribution is negative, i.e. QFs increase
resistivity, and not conductivity (in contrast to the situ-
ation close to T¢o).

Yet, the confidence in the exotic nature of negative
fluctuation corrections and the common believe of fluc-
tuation contributions to conductivity being positive be-
yond the narrow domain of the quantum phase transition,
has been persistent and is based on available asymptotic
expressions only. The region near 7' = 0 and magnetic
fields near H.s (0) remains poorly understood and in ad-
dition, an universal picture combining QFs at high mag-
netic fields and conventional finite temperature quantum
corrections is still lacking.

This is why we revisit the problem of fluctuation con-
ductivity of a disordered 2D superconductor placed in a
perpendicular magnetic field in this paper'*. We present
an exact calculation (without the use of the LLL approz-
imation) of all ten diagrams of the first order of fluctu-
ation theory (see Fig. 1) valid in the whole H-T phase
diagram beyond the superconducting region, i.e. for ar-
bitrary fields H > Ho (T) and temperatures T, (H) < T.
The obtained expressions allow both to perform straight-
forward (numerical) calculation of the fluctuation con-
ductivity ”surface” 509(;;0(T, H) and to get asymptotic
expressions in all its qualitatively different domains.

A typical example of the surface (509(;;0(T, H) is pre-
sented in Fig. 2 and demonstrates that our revision and
completion of the commonly believed understanding of
fluctuation corrections is urgently called for: Its strik-
ing feature consists of the fact, that the FC is positive
only in the domain bound by the separatrices H.o(T)
and 50&00(T, H) = 0 and is negative throughout all
other parts of the phase diagram (see Fig. 3, in which
the domains of different overall signs of 503(52500(T, H)
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FIG. 3. (Color online) Contours of constant fluctuation con-
ductivity [0 = soltet) (t, h) shown in units of €*]. The domi-
nant FC contributions are indicated by bold-italic labels. The
dashed line separates the domain of quantum fluctuations
(QF) [dark area of do < 0] and thermal fluctuations (TF).
The contour lines are obtained from Eq. (5) with TcoT = 0.01
and Tc()7'¢ = 10.

and contours of constant 50:%0 in the whole phase di-

agram are shown). Contrary to the common assump-
tion, the FC is only positive in the domain of weak
fields and temperatures above Ty, the region of posi-
tive corrections depends on the magnitude of the posi-
tive anomalous MT contribution (i.e. on the value of the
phase-breaking time 7,). With increasing magnetic field,

the interval of temperatures where 50;2“)(T, H) >0
shrinks and becomes zero close to H.2(0). In particu-
lar at low temperatures, the behavior of the FC turns
out to be highly non-trivial. In this case, the surface

50%’”(1“, H) has a trough-shaped character and the de-

pendence 50;;0”(1“,}[ = const) is non-monotonic. We

will see below that this feature is observed in available
experimental results as well.

Our analysis also elucidates the understanding of the
hierarchy of the various contributions to the fluctuation
corrections in different domains of the phase diagram (see
Fig. 3 in which the dominating fluctuation contributions
to magneto-conductivity are indicated for different re-
gions of the phase diagram). We demonstrate that the
main fluctuation contributions close to 1o, paraconduc-
tivity (AL), anomalous MT and DOS, in the region of QF
become zero as ~ T? (compare to Refs. [11, 12, and 17]).
It is the fourth, usually ignored, fluctuation contribution,
formally determined by the sum of diagrams 7-10 and
the regular part of the MT diagram, which governs the
quantum phase transition (QPT). It can be identified by
the renormalization of the single-particle diffusion coeffi-
cient in the presence of fluctuations (DCR) and it turns
out that this contribution dominates in the periphery
of the phase diagram including the vicinity of the QPT



FIG. 4. (Color online) Ilustration of the cluster structure of
a FCP (2e) liquid above the upper critical field. This picture
represents a snapshot at a certain time and would stay that
way for time 7qr. The typical size of a coherent FCP cluster

is £gF.

[t =TT < h = (H — He(0)) /Heo(0); H > HCQ(O)}.

Finally, based on our results, we propose a qualita-
tive picture for QPT, which drastically differs from the
Ginzburg-Landau one, valid close to Tyg. The latter
can be described in terms of a set of long-wavelength
fluctuation modes [with A 2 &ar (T) > &pcs] of the
order parameter, with characteristic lifetime 7q, =
wh/8kp (T — T). Near the QPT, the order parame-
ter oscillates on much smaller scales - the fluctuation
modes with wave-lengths up &pcs are excited. Due to
the magnetic field, one can imagine that FCPs in this
region rotate with the Larmor radius ~ &pcs and cy-
clotron frequency w, ~ Agés. We show that close to
Hc2 (0) these FCPs form some kind of quantum liquid
with long coherence length éqp ~ &pcs/h/2 and slow
relaxation 7qp ~ hAgéS/ﬁ (see Fig. 4).

In the following sections and in the appendices, we
will show the details of our derivations and calculation
and present the general expression for the fluctuation
magneto-conductivity of disordered 2D SCs throughout
the whole phase diagram. For the calculation of the com-
plete and various fluctuation corrections (by numerical
integration and summation), we developed an optimized
program which is available at [18]. It can be used as the
theoretical basis for the fluctuation spectroscopy of su-
perconductors (in the following we use the term “fluctu-
oscopy”): the study of their behavior in ultra-high mag-
netic fields and precise extraction for their physical pa-
rameters like the critical temperature and magnetic field,
and the temperature dependence of the phase-breaking
time, and/or e.g. for the separation of the quantum
corrections in studies of the “superconductor—insulator”
transition.

II. MODEL

We consider a disordered 2D superconductor charac-
terized by the diffusion coefficient D placed in a perpen-
dicular magnetic field H at temperatures T > T, (H).
Temperatures should not be too close to the critical tem-

perature and remain beyond the region of critical fluctu-
ations, i.e. T/T. (H) — 1> /Gi(g) (H). The Ginzburg-
Levanyuk number Gigy) for conductivity (see Ref. [1])
in both extremes of the line H.2(T) (at temperatures
close to T¢p and at zero temperature) is on the order of

(p%ld)_l, where d is the SC film thickness, and it can
reach values of up to 1072. We assume the temperature
T < min {T’l,wD} in order to remain in the diffusive
regime of electron scattering and in the frameworks of
the BCS model (7 is the electron elastic scattering time
on impurities, wp is the Debye frequency). The restric-
tions on magnetic field are dictated by the requirements
to be below the regime of Shubnikov-de Haas oscillations
[wer <1 <= H < (Toor) ™" Hea (0), where w, = 4DeH
is the fluctuation Cooper pair cyclotron frequency] and
to be below the Clogston limit: H < (ep7) Heo (0), ie.

H/He (0) < min{(TCm)*l ,EFT}.

Under these rather non-restrictive assumptions the DC
fluctuation conductivity

@)
50 (T H) = — T 0@ (@ T H)

w—0 w

(1)

is determined by the imaginary part of the fluctuation
contribution QW (w, T, H) to the electromagnetic re-
sponse operator!. The latter is described graphically by
the ten standard diagrams shown in Fig. 1. The solid
lines denote the one-electron Green function

, ek (= Gypy) @5 (2 = 1ipy)
G(I,x,py,pz,al)—; Za—f(k,pz) ’

wavy lines correspond to the fluctuation propagator
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and shaded three- and four-leg blocks indicate the results

of the average over elastic impurity scattering of electrons
(Cooperons):
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Here vy is the one-electron density of states, n,m are
the quantum numbers of the Cooper pair Landau states,
O, = 27kT , g = 20T (I +1/2) are the bosonic and
fermionic Matsubara frequencies. An important charac-
teristic of these expressions is that they are valid even
far from the critical temperature [for temperatures T' <
min{r ", wp}] and for || < wp and n < (Teo7) "
In the Appendices we present the details of the calcula-
tion of all ten diagrams performed under the above gen-
eral assumptions. In the following sections of the main



text, we restrict ourselves to the discussion and analysis
of the main result: the complete expression of the fluctu-
ations corrections and the individual contributions from

AL, MT, DOS, and DCR processes.

III. RESULTS
The complete expression for the total fluctuation cor-

rection to conductivity sole™ (T (T, H) of a disordered 2D

SC in a perpendicular magnetic field that holds in the
complete T-H phase diagram above the line H.o(T) is
given by the sum of Egs. (A15), (B7), (C7), and (D10):

[Re2 (Em — Emy1) — Im? (Em — m+1)] Imé&,, Im &t

6o ltot) (¢, h) =

{

|‘c/‘m|2 |‘c;m+1|2

ol +

Re (Em — Emy1) Im (&,

—Emt1) Im &, Re &y + Im &1 Re &)

|gm|2 |gm+1|2

}

+ SoAL
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50’“1;/{;1'(5111) +5U§/;T(reg2) 50}\/IT(reg1)
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Here t =T /T, written contribution o(PR) (diagrams 7-10), which was
5 usually ignored in view of the lack of its divergence close
_ T H — 0.69 to T¢o. Nevertheless, one can see that its constant con-
8vg Hea (0) " He (0) tribution ~ Inln (Tcm')_1 is necessary for matching the
. GL results with the neighboring domains VIII & IX. The
vE = €7¢ (7. is the Euler constant), M = (tT.o7)  ,7¢ =  domains II & III are still described by the GL theory in
7/ (8TcoTy), T is the phase-breaking time, weak magnetic fields and Eq. (5) reproduces all available
) asymptotic expressions found in literature.

Em = Em (1, hyiz) = Int41) 1+iax % (2m + 1)} ) (1) The most surprising result in table I is the domain IV,
2 t w2 2/ the region of quantum fluctuations (see Fig. 3): one sees
- that the positive AL (the anomalous MT contribution is
and its derivatives &y’ (t,h,z) = P& (t,h,z). Apart  equal to the AL one in that domain) decays with decreas-
from the detailed derivation of the result, Eq. (5), one  ing temperature as T2. Moreover, it is exactly canceled

can also do a careful study of the asymptotic expressions
for different fluctuation contributions throughout the h-
t phase diagram, presented in the Appendices. All of
them, side by side with the asymptotic expressions for
50%’0 are summarized in table I.

We start the discussion of table I for domains I -IIT,
corresponding to the Ginzburg-Landau region of fluctu-
ations close to T¢p and in zero magnetic field (domain
I). One can see, that our general expression Eq. (5)
naturally reproduces the well known AL, MT and DOS
contributions. The only new result here is the explicitly

by the negative contribution of the four DOS-like dia-
grams 3-6:

462’}/2t2
= 290EY ()

50’AL _ 50,£/IzT(an) _
3m2h?

xrx

—So DOS __

Cl)il)

The total fluctuation contribution to conductivity doas (tot)

in this important region (t < h) is completely deter-
mined by the renormalization of the diffusion coefficient
(the regular part of the MT contribution and diagrams
7-10). It turns out to be negative and at zero temper-



AL MT DOS 7—10 tot
Soln So v So - Sat Salot
2 2 2 2 1 % + (62 )1 e
16 o2 e 14¢(3)e 1 14¢(3)e 1 3.7 ol € s(e—n RS
I 1 1 — In & 3w 07T b
7¢(3)e? |1 8(e—r ) "3 = n s ne < |
. 1 ( ® +0 (e) +gig Inln b
s
2 /o2 1. e eZ 1 {,p(lth_e),w(Lth'*_)] 14¢(3)e2 + €2 | in L -
- | 5 <2h) [w (5 + 2—) T =, g 2 T 25 3T 2R R [m (ﬁ) o Inln o
111 (L) - b _14¢3)e ) 1, te o (L1 4 te 2
d’(Zh) e] ) 1“(2)1) w(2+2h)] w(2+2 } +O(max[s,h])
v sy pt? 262 1 _ 2vpel (1 ey pt ae? 1, 1 4 tvpe? ¢ |_2e2 (11 4+ 2Bt
3w2h2 w2 w2 h 3m2h2 372 h 372 h(t) | 3n2 h h
2 2 2 2
2vpe t 2¢2 2vpe t dvpe” ¢ dvpe” 4
v - - 1 - - = =
= (h) 372 " Avpt = h 372 1 372 1
VI— | &2 t 2¢2 |, 2h e2 t &2 t e2 t
vir | % h—he2(® w2t 4 h—hea () G h—hca(t) 6 h—hca(t)
3
2 oy 2 It 2,2 M35, 2.2 4 2 g 202 In e
e e ) x2e _x2e e <0 _ 2¢ )
VIIL | 3 187 Zh—my -t o 92 21 3.2 " TTnt 322 M TTme
b2 I
e )
In L In 1 - In s
x| =2e2 (£)2 Co o2, M Tor | 7¢(3)n2e? (£)2 _7¢(3)n2e? (L)2 1 e2 M TepT 372 In 2%
192 \h) 1.3 % ) n % 768 W) a2 2k 384 W) 2 2k % 372 n % re@ym2e? (1)2 .
768 7)) a2 2k
)

TABLE I. Asymptotic expressions in different domains, shown
figure and is determined by the ¢ & h regions given in table II.
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FIG. 5. (Color online) Schematic representation of the regions
of different behavior of fluctuation conductivity in the h-t
diagram. See table II for more explanations on the domains.

ature diverges logarithmically when the magnetic field
approaches H.s (0). The non-trivial fact following from
Eq. (5) is that an increase of temperature at a fixed value
of the magnetic field in this domain mainly results in a
further decrease of conductivity
2
) ] .M

and only at the boundary with domain V, when ¢ ~ h,
the total fluctuation contribution soie? passes through
a minimum and starts to grow. Such non-monotonic be-
havior of the conductivity close to H.s (0) was multiple
times observed in experiments!'?2°,

The domain V describes the transition regime between
quantum and classical fluctuations, while in the domains
VI-VII, extended along the line H. (T'), superconducting
fluctuations have already classical (but non-Ginzburg-
Landau) character. In all these three regions one ob-
serves exactly the same cancelation of the AL and DOS

1

h

t

O[(z

2¢?
372

2")/E62 t
3r2

503(;;0 =

in Fig. 5. The first column gives the domain according to that

domain |t and h range description
I h=0,ek1 zero field, near Teo
II h—heo~ek1 near T.o-reflected heo-line
III |h— he2(t) € 1, e <1 |near hep-line
I-III|hkKlex1 GL region
IV [t < h— he(t) region of quantum fluctuations
v he~t <1 quantum-to-classical
vi |k <tk 1 classical, near hea(t < 1)
VII |h— hea(t) St < hea(t)|classical, strong fields
VIII |Int21,h<t high temperatures
IX |h> max{l,t} high magnetic fields

TABLE II. Explanation of the different domains with ¢ & h
ranges. Here € = Int.

t) is determined

contributions as in domain IV and (50;;0
by the negative DCR contribution.
Finally, in the peripheral domains VIII-IX, the di-
rect positive contribution of fluctuation Cooper pairs
(AL) to conductivity decays faster than all the other:
~ In"3(T/T.0). We stress, that this exact result dif-
fers from the evaluation of the AL paraconductivity
far from the transition of Ref. [7], but is in complete
agreement with the high temperature asymptotic ex-
pression for the paraconductivity of a clean 2D super-
conductor, see Ref. [21]. This agreement seems natu-
ral: fluctuation Cooper pair transport is insensitive to
impurity scattering. The anomalous MT contribution,
in complete accordance with Refs. [7 and 8], decays as
~1In~y,"/In"? (T /Te). The contribution of diagrams 3-

6 also decays as In~2 (T'/Tvy), but without the large fac-
tor In ’y(;l. Finally, the regular MT contribution together
with the ones from diagrams 7-10 decay extremely slow,
in fact double logarithmically:

)

TCO

2¢?

T2

6U;BCR) =—

(111 In LI Inln (8)

TCQT
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FIG. 6. (Color online) Total fluctuation conductivity for different T.o7s for several constant temperatures ¢ and magnetic
fields h. a) to e) show do(t) for different magnetic fields below (h = 0.01, 0.35, superconducting region marked by ”SC”), at
(h = 0.69), and above (h = 0.75,1.0) the zero temperature critical field H.2(0). The legend key of a) applies to all panels. Note,
that the value of Tco7s near the transition at ¢ = 0 can determine the sign of the fluctuation conductivity - however at very
low temperatures the FC becomes independent of the phase-breaking time and all lines coalesce which is not resolved in that
plot. f) to j) show do(h) for constant temperatures, below (¢ = 0.01,0.1,0.5), at (¢ = 1.0), and above (¢ = 1.5) the transition
temperature Tno. All plots are calculated for T.o7 = 1072, If §o = 0 is within plot range, it is marked by a horizontal dashed
line, and the critical magnetic fields H.2(T') are shown as (red) vertical dashed lines. See detailed discussion in the text.
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FIG. 7. (Color online) Fluctuation conductivity contribu-

tions: AL, MT, DOS, DCR, and total (tot) for T.or = 107*
and TeoTe = 5. a) shows the temperature dependence at low
field h = 0.01, and b) the field dependence at low temperature
t =0.01.

Up to the numerical prefactor this expression coincides
with the results of Ref. [7 and 9].

Eq. (5) provides the basis for a “fluctuoscope”for
superconductors, i.e. the extraction of its microscopic
parameters from the analysis of fluctuation corrections.
Indeed one can see that 609(;;” depends on two super-
conducting parameters: Teo, Heo (0), the elastic scatter-
ing time 7, and (temperature dependent) phase-breaking
time 74 (T'). The elastic scattering time can be obtained
from the normal state properties of the superconductor,
while the Eq. (5) can become the instrument for the
precise determination of the critical temperature Ty (in-
stead of the often used rule “half width of transition”)
and Ho (0). Moreover, it can be an invaluable tool for
the study of the temperature dependence of the phase-
breaking time 74 (T').

The exemplary surface of 503(522”) (T, H) presented in
Fig. 2 for T.or = 1072 and Tcoty = 10 shows that
the value of 74 determines the behavior of fluctuation
corrections only in the region of low fields. It is con-
venient to analyze Fig. 2 side-by-side with Fig. 3 where
lines 509(;;”(T, H) = const through the phase diagram
are shown. It is interesting to note that the numerical
analysis of Eq. (5) shows that the logarithmic asymp-

totic Eq. (7) is valid only within an extremely narrow
field range h < 1076,

In order to get a broader overview of the richness of our
main result, we complied several magneto-conductivity
single-parameter dependencies (cuts through the ”sur-
face” at constant ¢ or h) in Fig. 6. Each individual panel
a) through j) of this figure shows the total FC for six
different values of T¢o74 between 0.1 and 50 and fixed
T.or = 1073, If o = 0 is within plot range, it is
marked by a horizontal dashed line, and the critical mag-
netic fields Heo(T) are shown as (red) vertical dashed
lines. a) to e) show do(t) for different magnetic fields
below (h = 0.01,0.35, superconducting region marked
by 7SC”), at (h = 0.69), and above (h = 0.75,1.0) the
zero temperature critical field H.5(0). The legend key
of a) applies to all panels. The behavior is as expected
from the above discussion, but it is very educative to
take a closer look at the behavior near the QPT [panel
¢)]: As mentioned above, the asymptotic expression for
the quantum regime is only valid at extremely small tem-
peratures, which cannot be resolved in this plot. There-
fore one sees in particular for the smallest T,g7e-value
a sharp dip in the FC at low temperatures, which will
eventually coalesce with all other curves at even lower
temperature (not visible) and become independent of the
phase-breaking time, as can be seen at larger h in panel
d) and e).

f) to j) show do(h) for constant temperatures, below
(t = 0.01,0.1,0.5), at (¢t = 1.0), and above (¢t = 1.5)
the transition temperature T.9. Here again, it is seen
in panel f) that in the quantum regime the FC is mostly
independent of the phase-breaking time and only close to
the QPT a separation of the curves becomes visible since
even the small temperature ¢ = 0.01 becomes of order
h or even larger and the asymptotic expression does not
hold anymore.

In Fig. 7 we plotted two particular curves of Fig. 6 in
more detail, showing the different contributions from the
diagram groups a)-d) of Fig. 1. These are the curves for
TeoTy = b at lowest magnetic field h = 0.01 [in a)] and
temperature ¢ = 0.01 [in b)]. Comparing these curves
to the asymptotics of table I, one sees, that the behav-
ior near Ty is as expected [see a)], and in particular the
contribution from diagrams 7-10 is negligible. However,
in the quantum regime it becomes the dominating con-
tribution, rendering the total FC negative and only close
to the QPT is canceled by the MT contribution.

Despite Eq. (5) being a closed expression, its spe-
cific evaluation in the most general case requires sophisti-
cated numerical summation and integration. While being
straight-forward, one might encounter technical difficul-
ties in the evaluation of the complex Poly-Gamma func-
tions (™ (z). Moreover, the summation cut-off param-
eter M can reach extremely large values at low temper-
atures [ experimental values (TcoT)C_le for materials near
the superconductor-insulator transition can be on the or-
der 10°], which slows down the numerical procedure sig-
nificantly. The latter difficulty can be partially overcome



by evaluation of the slowly divergent tails of the m-sums
in Eq. (5) as integrals. Here, we should also note that
for fitting purposes one does not need to choose the real,
often extremely small, experimental values (TCQT)CXP. To
save CPU time, one can assume the value (Te07), ., Of
this parameter to be much larger than (To7),,,, (but still

much less than T.o7y) and only at the very end to shift

T Nevertheless, the

numerics of the problem remains challenging: for the sur-
face plot in Fig. 2 we evaluated 10° values for do with
the modest assumption (Teo7),,,,,, = 0.01, yet it still took
three month of single CPU time for its calculation. Our
optimized tool for the evaluation of Eq. (5) can be found
at [18].

the final expression by Inln

IV. COMPARISON WITH EXPERIMENTAL
RESULTS

A main aspect of this work is, that the complete ex-
pression, Eq. (5), can be used to extract experimental
parameters of thin superconducting films from measured
data (fluctuoscopy). In particular the critical temper-
ature T, the critical magnetic field H.(0), and the
phase-breaking time 7.
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FIG. 8. (Color online) Comparison to resistivity measure-

ments in thin indium oxide films, published in Ref. [22]. Here
we present the data taken from Fig. 4a of [22] for the ” Weak”
sample with thickness 30nm, Teo = 3.35K, and Be2(0) = 13T.
We fitted the resistivity R for temperatures 0.2, 0.3, 0.4, and
0.5K using our full expression for §o with the experimentally
found Two. For Be2(0) we fitted a slightly larger value of 13.7T
and T.oTy =5+ 1.

As an example of the practical use for our results, we
fitted a set of experimental data by comparing our gen-
eral Eq. (5) to resistivity measurements in thin disor-
dered indium oxide films, presented in Ref. [22]. Figure 8
shows the low temperature data for one sample (referred
to as ”Weak”in Ref. [22]) of a film with thickness 30nm,
transition temperature T, = 3.35K and critical mag-

netic field B.2(0) = 13T. The resistivity was measured,
depending on magnetic field, for low temperature val-
ues T = 200, 300, 400, 500mK. We plotted the theoretical

expression for 503(522”) using the fitting parameter values
Beo(0) = 13.7T, Tty = 5 £ 1, and the experimentally
found value of T.q = 3.35K. Overall the fitted FC curves
show good agreement with the results of the measure-
ments.

At this point it is important to remark, that 74 de-
pends on temperature in general, such that for a better
fit one needs first to analyze FC data at constant temper-
atures to extract 7,(7") and then fit temperature depen-
dent data. This way one can obtain precise values for the
otherwise difficult to determine experimental parameters
TCQ, HCQ(O), and T¢(T).

V. QUANTUM LIQUID OF FCP IN THE
VICINITY OF Hc,(0).

An analysis of the obtained results allows us to of-
fer a qualitative picture of the quantum phase transition
(QPT) occurring in the vicinity of Hc2(0) at very low
temperatures. Above we presented the complete micro-
scopic calculation. However, it is instructive to start our
discussion of the QFs by describing and refreshing the
qualitative picture of SFs in the vicinity of T¢g, in the
Ginzburg-Landau region®, for further comparison. In do-
mains I - III, the lifetime of fluctuation-induced Cooper
pairs 7qr, can be obtained in the simplest way by using
the uncertainty principle. Indeed, 7gr, ~ h/AFE, where
AFE is the energy difference k(T — Tc) ensuring that
7L should become infinite at the transition point. This
yields the standard Ginzburg-Landau time

TGL ~~ h/kB(T — TCQ) ~ h/ (kBTC()E) ) (9)

where € = (T — Tyo) /Teo < 1 is the reduced tempera-
ture. In its turn the coherence length &qr, (T) can be es-
timated as the distance, which two electrons move apart
during the GL time:

L (€) = (DTGL)1/2 ~ chs/\/E.

Here {pcs ~ /D/Teo is the BCS coherence length, D
is the diffusion coefficient. The fluctuating order pa-
rameter A (r,t) varies close to Teg on a larger scale
éaL (€) > &pes. The ratio of the FCP concentration to
the corresponding effective mass with logarithmic accu-
racy can be estimated as ncp./Mec.p. ~ 5%1[) (¢) and in
the 2D case assume as constant (which is the case we will
discuss in the following)®.

The two principal fluctuation contributions to conduc-
tivity close to T, are positive and originate from a direct
FCP charge transfer (AL contribution)

50;2“ ~ (Ne.p./Me.p.) e2rar ~ 82/h6 (10)

and from the specific quantum process of one-electron
charge transfer related to coherent scattering of electrons



on elastic impurities, which leads to the formation of
FCPs (anomalous MT contribution)

2
SoMT(En) % In (e/74) -

However, these two contributions do not capture the
complete effect of fluctuations on conductivity. The in-
volvement of quasi-particles in the fluctuation pairing re-
sults in their absence at the Fermi level, i.e., in the open-
ing of a pseudo-gap in the one-electron spectrum and
consequently decrease the one-particle Drude-like con-
ductivity. Such an indirect effect of the FCP forma-
tion is usually referred as the DOS contribution. Be-
ing proportional to the concentration of the FCPs nc .,
the DOS contribution formally appears by integration

of the Fourier-component <‘A(ﬂ) (q,w)‘2> of the order

parameter over all long-wave-length fluctuation modes
(¢ S €gdsy/€); in the static approximation (w — 0) given
by:

2 qd? |
_e2 §Besd™q - In=

5DOS _2nc,p,e27' N s '
Me €+ {Eesd? h e
(11)
One sees that the DOS contribution has the opposite sign
with respect to the AL and MT contributions, but close
to Teo does not compete with those, since it turns out to
be less singular as a function of temperature.

Finally, the one-electron diffusion coefficient is renor-
malized in the presence of fluctuation pairing (DCR).
Close to T this contribution is not singular in € (see
table T) and was usually ignored in literature, but as was
mentioned before, it becomes of primary importance rel-
atively far from 7.y, and at very low temperatures. It
is due to 6oPCR that the sign of the total contribution

T
of fluctuations to conductivity 609(;;” changes in a wide
domain of the phase diagram and in particular close to
T =0, in the region of quantum fluctuations (see Fig. 3,
where the regions with dominating fluctuation contribu-
tions to magneto-conductivity are shown).

At zero temperature and fields above Heo (0), the sys-
tematics of the fluctuation contributions to the conduc-
tivity changes considerably with respect to that close to
Teo. Due to the collision-less rotation of FCPs (they do
not ”feel” the presence of elastic impurities, all informa-
tion concerning electron scattering is already included
in the effective mass of the Cooper pairs) they do not
contribute directly to the longitudinal (along the applied
electric field) electric transport (analogously to the sup-
pression of the one-electron conductivity in strong mag-
netic fields (wer > 1): 5 ~ (wer) 2, see Ref. [23])
and the AL contribution to 5ag(ctft) becomes zero. The
anomalous MT and DOS contributions tend to zero as
well but because of different reasons. Namely, the former
vanishes since magnetic fields as large as Hes (0) com-
pletely destroy the phase coherence, whereas the latter
disappears since magnetic field suppresses the fluctuation
gap in the one-electron spectrum. Therefore the effect of

fluctuations on the conductivity at zero temperature is
reduced to the renormalization of the one-electron dif-
fusion coefficient. FCPs in the quantum region occupy
the lowest Landau level, but all dynamic fluctuations in
the frequency interval from 0 to Agcs have to be taken
into account. The corresponding fluctuation propagator
at zero temperature close to Hco (0) has the form (see
Eq. (A22))

1
Lo(w) = —vj 't =
0 h +w/ABCS
and
2 Apcs d 2 1
BCS Jo h+ yiysvem h

The parameter h = [H — Hes (0)] /Hea (0) plays the same
role as the reduced temperature € in the case of the clas-
sical transition; Apgcg is the BCS value of the gap at zero
temperature in zero field.

While the denominator of the integrand in Eq. (11)
defines the characteristic wavelength &gy, (T) of the fluc-
tuation modes close to Tro, the one in Eq. (12) defines

the characteristic coherence time Tqp (ﬁ) of QFs near

Hey (0) (where ¢ < h). The value of the integral is de-

termined by its lower cut-off wqr ~ ABCSE and the
corresponding time scale is

ror ~ h (ABCJL) o (13)

One sees that the functional form of Tqr is completely
analogous to that of 7ar: Apcs £ T.o and the reduced
field h plays the role of reduced temperature e. Eq.
(13) can also be obtained from the uncertainty princi-
ple. Indeed, the energy, characterizing the proximity
to the quantum phase transition is AE = hw.(H) —
hwe (He2 (0)) ~ Apcsh and namely this value should be
used in the Heisenberg relation instead of kp(T — T¢o),
as was done in the vicinity of T.o. The spatial coher-

ence scale £qr (71) can be estimated from the value of

TqF analogously to the consideration near T¢o. Namely,
two electrons with coherent phase starting from the same
point get separated by the distance

&qr (ﬁ) ~ (DTQF)1/2 ~ EBCS/\/E,

after time 7qr.

To clarify the physical meaning of Tqr and {qr, note
that near the quantum phase transition at zero temper-
ature, where H — Hco (0), the fluctuations of the order
parameter A (r,t) become highly inhomogeneous, con-
trary to the situation near T,o. Indeed, below Hcs (0), the
spatial distribution of the order parameter at finite mag-
netic field reflects the appearance of Abrikosov vortices



with average spacing [close to Hco (0) but in the region
where the notion of vortices is still adequate] equal to

a(H) = &pes/vV H/Hez (0) — &pes.

Therefore, one expects that close to and above Hs (0)
the fluctuation order parameter A (r t) also has a
7vortex-like” spatial structure and varies over the scale
&scs and being preserved over time Tqr. In the lan-
guage of FCPs, one describes this situation in the follow-
ing way: A FCP at zero temperature and in magnetic
field close to Hco (0) rotates with Larmor radius ry ~
vp/we (Hez (0)) ~ vrp/Apcs ~ Epcs, which represents
its effective size. During time 7qr two initially selected
electrons participate in multiple fluctuating Cooper pair-
ings maintaining their coherence. The coherence length

&qF (ﬁ) > &pes is thus a characteristic size of a cluster

of such coherently rotating FCP, and 7qr estimates the
lifetime of such a flickering cluster. One can view the
whole system as an ensemble of flickering domains of co-
herently rotating FCP, precursors of vortices (see Fig. 4).

In view of the qualitative picture of SF's in the regime of
the QPT, let us continue with the scenario of Abrikosov
lattice defragmentation: Approaching Hcs (0) from be-
low, puddles of fluctuating vortices are formed, which
are nothing else as FCPs rotating in a magnetic field.

Their characteristic size is £qr (|E|) , and they flicker

in the characteristic time 7qr (|7L|) In this situation,

the super-current can still flow through the sample until
these puddles do not break the last percolating super-
conductive channel. The corresponding field determines
the value of the by QF's renormalized second critical field:

5 (0) = Hea (0) [1 — 2Giln (1/Gi)] (see Ref. [1]). Above
this field no super-current can flow through the sample
anymore, i.e., the system is in the normal state. Nev-
ertheless, as demonstrated by the above estimates, its
properties are strongly affected by the QF. Fragments
of the Abrikosov lattice can be still observed in this re-
gion by the following Gedanken experiment: The clusters
of rotating FCPs (”ex-vortices”) of size {qr with some
kind of the superconducting order should be found in
the background of the normal state, if one takes a pic-
ture with exposure time shorter than rqp. For exposure
times longer than 7qr, the picture is smeared out and no
traces of the Abrikosov vortex state can be found. How-
ever, the detailed nature of the order which exists there
is still unclear. It would be attractive to identify these
clusters with fragments of the Abrikosov lattice, but most
probable this is some kind of quantum FCP liquid. In-
deed, the presence of structural disorder can result in
the formation of a hexatic phase close to HY (0), where
the translational invariance no longer exists, while at the
same time conserving the orientational order or the vor-
tices.
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VI. DISCUSSION

In terms of the introduced QF characteristics 7qr and
&qr, one can understand the meaning of already found
microscopic QF contributions to different physical values
in the vicinity of Hcs (0) and derive others which are
related.

A. In-plane conductivity

For example, the physical meaning of Eq. (6) can be
understood as follows: one could estimate the FCP con-
ductivity by merely replacing 7ar, — 7qr in the classical
AL expression (10), which would give d64L ~ e%rqp.
Nevertheless, as we already noticed, a FCP at zero tem-
perature cannot drift along the electric field but only ro-
tates around a fixed center. As temperature deviates
from zero, FCPs can change their state due to the in-
teraction with the thermal bath, i.e. their hopping to
an adjacent rotation trajectory along the applied electric
field becomes possible. This means that FCP can partic-
ipate in longitudinal charge transfer now. This process
can be mapped onto the paraconductivity of a granular
superconductor?* at temperatures above Ty, where the
FCP tunneling between grains occurs in two steps: first
one electron jumps, then the second follows. The proba-
bility of each hopping event is proportional to the inter-
grain tunneling rate I'. To conserve the superconducting
coherence between both events, the latter should occur
during the FCP lifetime 7gr,. The probability of FCPs
tunneling between two grains is determined by the con-
ditional probability of two one-electron hopping events
and is proportional to Wr = I'? 7qr,. Coming back to
the situation of FCPs above Hcs (0), one can identify
the tunneling rate with temperature T° while 7q, cor-
responds to T7qp. Therefore, in order to obtain a final
expression, 65" should be multiplied by the probability
factor Wqr = t*rqr of the FCP hopping to the neigh-
boring trajectory:

5oL ~ 65 Wap ~ €22 /h2,

which corresponds to the asymptotic Eq. (6).

B. Magnetic susceptibility

In order to estimate the contribution of QF's to the fluc-
tuation induced magnetic susceptibility of the SC in the
vicinity of Hes (0), one can apply the Langevin formula
to a coherent cluster of FCPs and identify its average size
by the rotator radius. One finds

XAL = m <§(2QF (}Nl)> ~ 5%05/0%

Me.p.C

in complete agreement with the result of Ref. [16].



C. Nernst coefficient

One further reproduces the contribution of QFs to
the Nernst coefficient. Close to Hco (0) the chemi-
cal potential of FCPs can be identified as ppcp =
hwe (He2 (0)) — Awe (H) [as in Ref. [13], close to Tto,
urcp = kg (Tco — T)]. The corresponding derivative is
dprcp/dT ~ dHes (T) /dT ~ =T /Apcs. Using the rela-
tion between the latter and the Nernst coefficient, it is
possible to reproduce one of the results of Ref. [13]:

VAV ~ [rqr/me.p ] durcp [dT ~ 30t /.

D. Transversal magneto-resistance above Hc; (0)

The proposed qualitative approach can also explain
the non-monotonic behavior of the transversal magneto-
resistance observed in the layered organic superconduc-
tor k — (BEDT — TTF)3Cu(NCS)y above Heo (0) at
low temperatures?®. Indeed, the motion of FCPs along
the z-axis in such a system has hopping character and the
quasi-particle spectrum can be assumed to have the form
of a corrugated cylinder. Close to T¢o the fluctuation
magneto-conductivity tensor in this model was already
studied in details in Ref. [6]. There it was demonstrated
that the transverse paraconductivity in that case is sup-
pressed by the square of the small anisotropy parameter
(£./€2)%, while the dependence on the reduced tempera-
ture € is even more singular than in plane. In terms of the
Ginzburg-Landau FCP life-time (9), it can be written as

46253 2 2

St (6) = m c0TGL (6)7
Yy

pe (14)
where s is the interlayer distance. In principle this result
could be obtained, even from the Drude formula applied
to the FCP charge transfer [see above, how Eq. (10) for
5o AL (€) was obtained] combined with the above specula-
tions regarding the hopping of FCPs along z-axis?*. This
general approach, which does not involve the GL scheme,
allows us to map Eq. (14) on the case of the QPT by just

replacing a1, (€) — TQrF (h)
~ 46254 - 46254 veN2 1
AL _ zm2 2 _ z E
004 (h) = s LTar (h) T e (w) Eh

The negative contribution appearing from the diffu-
sion coefficient renormalization competes with the posi-

tive 6ol (ﬁ) The only difference between the in-plane

[see Egs. (7) & (12)] and z-axis components of this
one-particle contribution consists in the anisotropy factor
(v2) Jv2 = ¢€2/€2. As a result one gets:

L2 61
322 I

5 (DCR)
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and the total fluctuation correction to the z-axis magne-
toconductivity at zero temperature above Heo (0) can be
written as

2622 2 § 2 1 1
5 tot z 94 z n—
gz : 37T2§%S ll' <S> EQ : h . (15)

We used Eq. (15) for the analysis of unpublished
data by M. Kartzovnik?®> on the magneto-resistance
of the layered organic superconductor x — (BEDT —
TTF);Cu(NCS)2 at low temperatures and magnetic
fields above Hco (0). The measurement was taken at
T = 1.7K with a T,p ~ 9.5K and B.2(0) ~ 1.57T and

this curve was fitted by 0.23 (0.18/%2 + In ﬁ), see Fig. 9.

For the material parameters of this compound, the au-
thor reports 7 = 1.7ps, &, = 0.3 — 0.4 nm, and s = 1
nm. The fitting shown in Fig. 9 corresponds to the ratio
¢./s = 0.32 and looks rather convincing.

sl T measurement, T=1.7K
) ——fit, t=0 with B ,(0)=1.57T
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FIG. 9. (Color online) Comparison to resistivity measure-

ments of the layered organic superconductor k — (BEDT —
TTF);Cu(NCS)2 [ 25]. The material has a transition tem-
perature of T.o ~ 9.5K, B.2(0) ~ 1.57T, and 7 = 1.7ps. This
experimental curve is taken at 7" = 1.7K and fitted by ex-
pression in Eq. (15), which is in perfect agreement with the
experiment. Specifics are given in the text.

The discrepancy appearing between the theoretical
and experimental curves in the high field region, M.
Kartsovnik attributes to the large normal-state magneto
resistance, reflecting the specifics of the cyclotron orbits
on the multi-connected Fermi surface of the compound
(due to the low crystal symmetry it is quite difficult to
fit).
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Appendix A: Aslamazov-Larkin contribution
1. General expression

Let us start with the discussion of the AL contribu-
tion (diagram 1 in Fig. 1). The corresponding analytic
expression is

pr(we) =—4TY > B (Y W) Lin ()
Q. {n,m}=0
(A1)

x Br(rfv)z(ﬂka Qk-i—y)Ln (Qk-i-u)-

The block of three Green functions B,,,, with velocity
operator (originating from the current vertex) and two

Emn(Qk7 QO + wl,) =27T

1
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Cooperons is given by

B (v, Q) =T D Tr{G () VG (gi11) X
N(Eitr Qi) G (i) M (Vi) |
(A2)

The trace operator Tr denotes the integration over all
electron quantum numbers. The corresponding block was
calculated in [16] exactly for fields with w.T < 1, i.e. for
the case of our interest. Under this condition the Landau
quantization affects the motion of Cooper pairs, while
the Green functions in the block Eq. (A2) can be used in
T—approximation. As the result, using the properties of
the velocity operator in Landau representation, one finds

B (i, ) = —200D [\/eH(n F 1) dmms
+ €Hn5m7n71:| Enm (QkJru; Qk); (A3)
with
_ O (—itr i)
Zrm (e, Qpay) = 27T
(0, Qi) = 2m Z 26; + Wy — Q| + we(n + 1/2)
@ (_EiQk—i)
225 — Q| + we(m + 1/2)°

(A4)

Substituting Eq. (A3) in Eq. (A1) and further summa-
tion over Landau levels in Eq. (A1), results in the cance-
lation of the terms containing the products 6, n416n,m+1
and 0y, n—10,,m—1. The analysis of the theta-functions
in Eq. (A4) results in the possibility of separation of
different domains of analyticity in the plane of bosonic
frequencies y, :

(%) (%) k—1 v—1
O (%) 40 (=)D +O0 (- U —w,) > 4O (U tw,) Y ]
i=k =0

Summation over fermionic frequency in this expression can already be performed in terms of 1»—functions:

Emn(Qk7 Qk + wu)

T 2w, (;—m) [d) <% i

1
. Ab
[2e; + wy — Q| + we(n +1/2) |28; — Qi| + we(m + 1/2) (45)
47T 2 47T
wy + (kv | + we(m +1/2)
2 AnT ' (A6)

J”/’(TL AnT

Being interested in the d.c. fluctuation conductivity, i.e.
taking into account the limit w, — —iw — 0 after analyt-
ical continuation, in Eq. (A6) we neglected the frequency

1 Q%40 +wc(n+1/2)> _y <1 N

wy, in comparison with we (n —m) in denominator since
the diagonal term (m = n) disappears in the process of
summation over Landau levels in Eq. (A1) as follows
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FIG. 10. The integration contour in the plane of complex
frequencies.

from Eq. (A3). One notices the useful fact that the per-
mutation Q < Qp + w, simultaneously with m < n in
Eq. (A6) does not change the function Z,,,, (Qk, Qr+w, ) :

Emn (Qku Qk + WV) = Enm(Qk + Wy, Qk) (A7)

Let us return to the general expression for paracon-
ductivity Eq. (Al). One can transform the sum over the
bosonic frequencies Q. to the contour integral T4 in the
plane of complex frequency Q — —iz:

M(wy) = —16*5D?eH > Conn I (wy),  (A8)

n,m

1
IAL (W) = - %coth (%) dzZnm(—iz + wy, —iz)X
i
(A9)

S (=12, =12 + wy ) Ly (—i2) Lp(—iz + w,),

o0

— 0o

4milAt (w,) = /

+/ V coth( )dz{[ RA_ zz+wy,—zz)]2L§(—iz+wu)— [HAA( iz + wy, —

—00—1tWwy

coth (%) dz { [EER(—iz + w,, —iz)]2 LE(—iz) -
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where the contour integral encloses all frequencies . [in
the plane of frequency z these are poles of coth (z/2T),
see Fig. 10]. The coefficients

Cmn = ((Sm,n-l-lén,m—l + 5n,m+16m,n—1) \/ﬁ (n + 1)
(A10)

control the summation over Landau levels.

Let us stress that both functions Z in Eq. (A9) have
breaks of their analyticity along the lines Imz = 0 and
Imz = —w,, the same as the product of the propagators.
As a result, one gets three domains where the integrand
function is analytical: above the line Imz = 0, between
the lines Imz = 0 and Imz = —w, and below Imz =
—wy. For the analytical continuation of function (A6)
to the whole complex plane from Matsubara frequencies,
three different functions: =ZiE :7}}”’3, and Z44 should be
introduced, which are analytical in their corresponding
domains. They differ by the combinations of the signs of
the explicit absolute values appearing in Eq. (A6). Due
to observation (A7) one can write the useful identities

Eg{;(—iz +wy,,—iz) = :mz(—zz —iz 4+ w,)
=00~z —iz —wy) = 200 (—iz — wy, —i2)
—RA —RA

E(—iz 4wy, —iz) = 20 (—iz, —iz + wy)

and get for the contour integral in Eq. (A9) :

[ERA(=iz +wy, —i2)]” Lib(=i2) } LR =iz + w,)

i2)]? LA(—iz + wy)} LA (—i2).

The last integration can be reduced to that along the real axis by means of shifting the variable —iz + w, — —iz’.
The resulting expression (A9) for the electromagnetic response operator — still defined on Matsubara frequencies w,

— takes the form:

AL(w,,) = 4zezugD2 cH Z Con /OO coth (QT)

n,m

n(z,w,)dz, (A11)
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where
D (2, w,) = { [_RR(—ZZ + wy, —i2)] 2 LE(—iz) - [ERA(—Z'Z + wy, —iz)] : Lfl(—iz)} LE(—iz+w,)

n { [ERA(—iz — w,, — (A12)

nm

zz)} LE(—iz) — [EAA(—iz, —iz— wl,)]2 Lf(—iz)} LA (—iz —w,).

The rules for performing the analytical continuations of the function Z,,,,(Qx, Qx + w,) in Eq. (A12) are simple: the
sign of the explicitly written absolute values of the corresponding frequency in Eq. (A6) is chosen as "+ in the case

of retarded continuation (superscript R) and it is chosen as 7 —

instance

” in the case of the advanced one (superscript A). For

_rA 1 1
R (Qk,Qk —I—w,j) m |:'¢ (5 +

wy — Qp +we(n+1/2) 1
AnT >_¢(_+

—Q, + we(m +1/2)
2 4T

47T

+w(%+

and analogously for ZEf and =44,

Now one can perform the last analytical continuation
w, — —iw in Eq. (Al2) and obtain S (z,w) as an
analytic function of the real external frequency w. Since
we are interested in the d.c. limit of the FC, i.e. w — 0,

the function q)ﬁf,i (z,w) can be presented in the form of
its Taylor expansion:
oLF) (z,w) = @5,12 (2,0) — d

mn

F—myp

The first term is not of interest here: all frequency inde-
pendent contributions which form Q™ (0,7, H) are can-
celed out: this is a necessary requirement of the absence
of the diamagnetic response in the normal phase of super-
conductors. Actually, in order to find the FC we need to
know only ImQ® (w, T, H), i.e. we are interested only
the imaginary part of F ,(—iz). It can be obtained by
expansion of all functions 2% (a, 8 = R, A) and propa-

—nm
gators in o) (z,w) over w. Introducing the function

2 AT

1
o}
one can find the analytically continued expressions for
the products of Eq. (A12):

(Wi (=12) = 2 W (=12) W,y (—i2)]

Vam(iz) = v (5 + EH 2 12)

n iz + we(m+1/2)
47T

228 =

w2 (n—m)

mn

ReW,,m (—iz) ,
= —— |ReVU,,n(—i2) £ —\I/
w2 (n —m)? (~iz) AT

[2E4 (—iz + iw, —iz)]?
m(Eiz)]|

[ ——— (R OO

wy + Qg +wc(n+1/2)> —1/1<1+

2w, + Q. + we(m+1/2)
2 AT

which leads to

ImF pm(—iz) = ——{2Re\112 ImLEImLE

+ImV¥?2  [ImLfReLf +ImLZReL]}.

One can see that this function is symmetric with
respect to subscripts permutation: Imf ., (—iz) =
ImF ;n(—iz). Let us stress that we have could present

the linear in w part of the function @5,?,2 (z,w) in the form
of full derivative with respect to z. The same situation
was found in the original paper of Aslamazov and Larkin?
for the simple case when the Green functions block could
be assumed to be constant. As a consequence of this im-
portant property of @5712 (z,w), the integration over z in
Eq. (A11) can be performed by parts. After summation
over m, the Egs. (1) and (A8) read as

dz
Z (n+1) /Oo sinh? (2/27T)

X {2Re\117211n+1(—zz)Ing(—zz)IanJrl(—iz)
+ImW? ., (—iz) [ImL(—iz)ReL], (—iz)
+ ImLE, | (—iz)ReL[(—iz)] } .

ST, H)

(A13)

Let us attract the attention to the fact that due to the
integration by parts coth z/2T disappeared from the in-
tegral Eq. (A1l) being replaced in Eq. (A13) by its
derivative sinh ™2 (z/27T") . This fact makes our answer dif-
ferent from the one of Ref. [16] and physically means, as
we will see below, that at low temperatures the paracon-
ducting contribution tends to zero: fluctuation Cooper
pairs above Hco (0) exist, but do not move and do not
participate directly in the charge transfer'!!.

It is convenient to introduce the dimensionless variable:
x = z/(2xT), parameters t = T/T.o and h = 2e£?H,
where 2 = mD/ (8T, and the function
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o (bhyiz) =t +v |22 0 2 (B gy — g (L), (A14)
2 w2\ t 2
In this representation, Eq. (A13) takes the form (& (¢, h,ix) = &)
2 3 Re? (Em — Emy1) —Im® (€ — Emyr)| Im &y, IM &y
) oy [ =) ]
™ = o sinh? 7z IEm | |Emt1]
Re(Em — Emi1)Im (& — Emy1) I E ReEppy1 + Im Epp1 Re &) (A15)
|5m|2|gm+1|2

This is the general expression for fluctuation paracon-
ductivity valid in all domains of temperatures and fields
under consideration.

We will see that all diagrams presented in Fig. 1 are
relevant in different regions of the phase diagram, de-
picted in Fig. 5. Nine regions of different asymptotic
behavior can be distinguished and below we will analyze
all contributions in each domain.

2. Asymptotic behavior

a. Vicinity of Teo, fields h < 1(H < Hez (0))

In this case Int e < 1 and the w¥-function in
Eq. (A14) can be expanded. In first approximation:

(

The integral in Eq. (A15) can be easily carried our: only
the first fraction in the parenthesis should be taken into
account. Further summation over Landau levels can be
performed exactly in terms of the ¢-function:
€ € h
%)‘w(%)_z

(A17)
which coincides with the known expression for the
Cooper pairs contribution to the magneto-conductivity
in the Ginzburg-Landau region’.

The general Eq. (A15) allows to obtain the next order
correction in e with respect to the AL result. In order
to do this, one should take into account both terms and
expand up to the second order:

inlx

4

2h

_) (m

1

EW (t,h,iz) = - 5) . (A16)

t

2

SoBl (e h < 1) = & ( !

) 1z

€

2h 7t

ED (¢, hyix) = EDY (¢, h,iz) — W (?) <m+ %)
22 28¢(3) [2h\° 1\2
+CG) T~ (7) (m - 5) (A18)

After some simple but cumbersome calculation in the
limit of small fields, one finds

EOLN

8t

e2

o 1
16¢ '

sorle<1) = (A19)

|\

In the first term one immediately recognizes the well
known 2D AL result. Nevertheless, our Eq. (A15) is
obtained in a more general approach then the AL one?,
since the former was derived accounting for the Green’s
functions blocks =, (Qk 4wy, Q) dependence on bosonic
frequencies, which allows to get the next order corrections
in e. The second, logarithmic term in Eq. (A19) repre-
sents the next order correction with respect to the AL
result in the vicinity of T¢g. One can see that it is of the
same kind as the DOS® and the regular MT! contribu-
tions (see below and Table I) but is 32 times smaller.

b. High temperatures T >> Tco, weak fields h < t

Let us move to the discussion of the high-temperature
asymptotic. We will assume In¢ > 1 in Eq. (Al4) and
get:

, x 1 4 /h
Imé’m (t,h,ll‘) = 5’(/1/ |:§ + ﬁ (;) (m + 1/2):| .
(A20)
The sum in Eq. (A15) converges at nmax ~ t/h > 1

and can be replaced by an integral. The integration over
2 involves only the region z ~ 1 and can be performed
first. As a result one gets

62 Cl

Sohl(t>1,h<t) = AT
with C1 = £ [;° [v' (1/2+ 2)]* dz = 6.97. Let us stress
that this asymptotic expression coincides with the high
temperature behavior of the AL contribution obtained in
clean case?! which emphasizes the statement that the 2D
paraconductivity is an universal function of In¢ through-
out the complete temperature range.

c. Fields close to the line Hea (T)

The line separating normal and superconducting
phases Hco (T) (in our dimensionless units the line of
critical fields heo (¢)) is determined by the requirement
that the propagator (2) has a pole when 2} = 0 and



1 2 he(t) 1
1nt+w(2+7r2 p ) ¢(2) = 0.

At low temperatures T' < Ty, close to the point
T = 0 and H = Hc(0), the critical field is hea (1) =
2¢2H2(0)/e ~ 1. Then one can substitute the ¥-function
by its asymptotic expression ¢ (z) = Inxz — 1/(2z) and
take into account that ¢ (1/2) = —Indyg (yg = 1.781..
is the Euler’s constant) which results in

2
hcg(t—>0)= T

—. A21
S (A21)

In order to find the paraconducting contribution to
FC above the curve Hey (T') in Fig. 5, let us rewrite Eq.
(A14) in terms of the reduced field

b =1

Below we will see that the Cooper pair contribution to
FC, which is singular in h~!, originates in Eq. (A15) only
from the term with m = 0, i.e. we can restrict ourselves
to the Lowest Landau Level (LLL) approximation. Hence

<1

we will need the explicit expression for &,, (t, 7L, m) only

for m = 0,1 and h < t < hea (). In order to get this,
one can use in Eq (Al4) a parametrization in terms of

h and expand it h < 1 and h — hea (£) = h - hea (1) < L.
This gives

~ im2xt

& (t,%,m) =t

The substitution of Eq. (A22) to Eq. (A15) results in

2 4hey (D) B
Sohl(t,h) = %JGL <A> .
w T

(A22)

(A23)

with

hdﬂ:/m A VY S

o sinh? z 2% 4+ 7212 r
(A24)
first calculated in Ref. [16]. This formula is valid along
all the line hes (t) until ¢ ~ heo (t). Taking into account
the asymptotic expressions

1 1 1

w’(r—>oo):;+ 3;w'(r—>0)=1/r2. (A25)

22 T

one finds that in this domain

48272 t2 ~
71'2%2 7t <<~h7

th (t) h < 1.

Sohl(t, h) = { 23 (A26)
dhes ()R’

The first line of Eq. (A26) corresponds to the quan-

tum fluctuations which are realized in the limit of lowest
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temperatures ¢t < h close to Heo (0) . One sees that the
paraconductivity decays here as T2.

Let us underline the important difference between the
first line of Eq. (A26) and the expression for the AL
contribution obtained in Ref. [16] for the domain of
quantum fluctuations, where ¢ < h. The latter can be
found in explicit form from Egs. (9)-(11) of Ref. [16] in

the limit r = h/ (2ygt) > 1:

4?1
solL (t < h) =

16e2y%t?
32, '

9r2h? (A27)

The presence of the first, temperature independent, term
in Eq. (A27) obviously contradicts not only our re-
sult Eq. (A26), but also to the conclusions concerning
the low temperature behavior of the AL contribution of

Refs. [11, 12, and 17]: in all these works doar (t < iNL)

decays with decreasing of temperature as T2, while Eq.
(A27) contains a temperature independent term.

In the temperature range hep (£)h < t < heo (t) the
paraconductivity is determined by the first line of Eq.
(A26). Close to Hes (0) but for relatively high tempera-
tures t ~ h the corresponding expression can be rewritten
using the explicit expression for hes (0) Eq. (A21):

2ype? [t
6 AL t h - =
Ora ( ’ ) 2 (h) )

(A28)

which perfectly matches to the first line of the Eq. (A26).
Here the transition from quantum to classical fluctua-
tions takes place. At higher temperatures along the line
hea (t) one should take into account the temperature de-
pendence of heg (t):

e? t

AL _ e
don, (t,h) = Th—hal)

(A29)

This expression is valid along the line heo (t) until ¢ <
hea (t) where Eq. (A29) matches to Eq. (A17).

d. High fields (H > Hc (0)), temperatures t < h

In this domain we are far from the transition line
Heo (T), [h > hea (t))] and the LLL approximation is not
applicable. Nevertheless, one can substitute the summa-
tion over Landau levels by an integration. Replacing the
1y—function in Eq. (A14) by a logarithm, one finds that

4h 1 1 im2xt

Em (t, hyix) _hlﬁ (m—i— 5) — (5) + TemT )

(A30)
One can see that this expression reproduces Eq. (A22)
when h — heo (t) and m = 0. Let us substitute Eq.
(A30) to Eq. (A15). As we will see below, the sum
converges at m ~ 1. It is why the main contribution
comes from the second term of Eq. (A15), where the sum



Imé&,,Re&y1 + Imé&,, 11 Re&,, ~ In (i—’;) . As a result we

get
2 (t\? O
192 \h/ 1n i_g
with Cy = 0.545. Let us recall that this expression is

valid for arbitrary temperatures small in comparison to
reduced field ¢ < h.

SoAL(t, h) =

rxT

Appendix B: Maki-Thompson contribution
1. General expression

Below we will calculate the fluctuation renormalization
of the one-electron contributions to conductivity. It is
technically convenient to start with the usual expressions
for the Maki-Thompson and other diagrams from Fig. 1,
written in momentum representation. Only at the very
end one should quantize the motion of Cooper pairs in a
magnetic field in accordance with the rule

D [ d —
7 | @op! P71 = 7o 2 f e +172)].

Diagram 2 from Fig. 1 can be written as

d*q
%T(wv) = 262T E / (27T)2L(q7 Qk)zg/{zT(qv kawl/)v
Q.

(B1)
where
Elz\:/lzT(qv ka wl/) =T Z A(qv Endus Qkfnfv)
En
X )‘(qa Ens Qk—n)lmlvgr(cb Ens Qka wu)
(B2)
and

3
Ialcva[cT = / (;ZFI))g Uz (p)vx (q - p)G(p, EnJru)

X G(p,en)G(d— P, Up—n—v)G(A — P, Vs—n).

The main ¢-dependence in (B1) arises from the propaga-
tor and vertices A. That is why we can assume ¢ = 0 in
the Green functions and calculate the electron momen-
tum integral by changing, as usual, to a {(p) integration:

Y e —
o —0o0 5 —i&n 5 - Z.gnJrv
y 1 1
5 - Zﬁkfn 5 - iﬁkfnfu '

(B3)

This integral, Eq. (B3), can be calculated using the
Cauchy theorem. Closing the contour in upper or lower
half-plane by the large semicircle and noticing, that,
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FIG. 11. &integration in Eq. (B3): all six possible positions
of the poles in the complex plane of £ are shown.

due to fast decrease of the integrand the function in
Eq. (B3), the integral over the semicircle becomes
zero, one can express Jy; in terms of the sum of
the corresponding residues. There are six different
combinations of the pole positions with respect to the
real axis in the complex plane of ¢, leading to non-zero
results (see Fig. 11): two realization corresponding to
0 (—enentv) 0 (Q—nQk—n—) # 0, one realization corre-
sponding to 0 (—enents) 0 (—Qp—nQp—n—r) # 0, two re-
alization corresponding to 6 (,6,41) 0 (Q—nQp—n—v) #
0, and the realization corresponding to
0 (enentv) 0 (—Q—nQk—n—) # 0. Calculating the
residues for each situation and assuming that
&, = (27) 'sgne, (let us recall that we consider
the disordered limit 7' < 771) one finds:

MY = 272Dum? {0 (—enensn) O (e nQns)
+ 0 (Enenas) 0 (= Q)
— 20 (—enentr) 0 (— Qe n Qp—n—)
—20 (enentv) 0 (QU—nQp—n—n)} .

Now one should substitute this expression to Eq. (B2)
and perform the summation over the fermionic frequen-



cies. This is a cumbersome exercise, which, nevertheless,
can be followed through analytically. Here we mention
some useful transformations which are important to per-
form the summations: One can see, that the simultane-
ous permutations n — —n and k — —k allows to simplify
the sums:

EMT (EMT(an) + EMT(rch)) + El;/ImT(rcgl) = —211yDT

« _Zl 20 (_Qk—an—n—u) —0 (Qk—an—n—u)
(len+v = Q—n—v| +Dg?) (len — Q—n| + Dg?)

n=—v

o0

+2Z

(lento _Qk n— ul +Dq ) (len = Qi—n| + Dg?)

The rules writing the absolute values explicitly in the
sum using the first 6-function is evident. In the sec-
ond sum, containing 6 (Q_,Qk—_n—. ), one should make
a shift n’ = n + v . After rewriting the absolute values
for the Cooperons, the sums can be expressed in terms
of Y-functions. Using the identity

P (1/2+1iz) — ¢ (1/2 —iz) = mitanh 7wz

allows to write the final expression for the first sum as

Dl/oo (wl,,l — |Qk|)
2 (wy + Dg?)

1 2w, — Q] + Dg? 1 || +Dg?

47T
Looking at the denominator of this expression one can

recognize that Sy % i
Maki-Thompson term.

El;/iT(an) + Zg/[xT(mgQ) = —

(B4)

is responsible for the anomalous
Next we consider the remaining second sum in ZMT.
One can see that in the first term both arguments of
the absolute values are positive. In the second term
we can replace k — —Fk, with an additional change of
the order of the summation over bosonic frequencies.
The sum with 6 (Qx_,Qk—n—,) can be calculated in the
spirit of Eq. (B4). Regarding the last sum, containing
0 (—Q—nQ—n—y), one can find that it is exactly equals
to zero for any . Finally

2
E%T(mgl) _ _DVO |:1/} (1 4 2&)1, + |Qk| + Dq >

Wy 2 47T
1 || +Dg?
- - . B
v <2 + AnT (BS)

Using the explicit Eqs. (B4)-(B5) we can perform the
final summation over bosonic frequencies in Eq. (B1)
and the analytical continuation of QMY (w,) to the
axis of real frequencies. The analytical continuation of

Q%T(mgl) is trivial since Eq. (B5) is the analytical func-

0 (_Qkankfnfu) } )
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tion of w,. As a result we get

2 DVO / d2q
472T | (2m)?
> 1 ||+ Dg?
L (i
> (2 T

k=—oc0
Next we go over from the integration over the momentum
of the Cooper pair center of mass q to the summation
over Landau levels. Recalling that the density of states
at the Landau level is H/®g, one finds

MT(regl)R
Tz

(w) = iwe

2
So MT (regl) _ €

S\ AL (t,h, IK])
= AnT q>0 zm: Z o (61 JR])

(B6)

where EP) (t,h, 2) = OPE,, (t,h, 2), i.e
e o) = v | 258 4 2 am )|

In the part of the electromagnetic operator related to
Eq. (B4), the external frequency w, appears in the upper
limit of the bosonic sum:

MT (an) + QMT reg2)

v—1
d’q 1
= —2¢2TD § L(q,Q
e VO/ (271') w,,—i—DqQ qu k)

|k|=0
1 2w, — Q] + Dg? |Q%k| + Dg?
{d’ (5 * 4nT —Y 5 R

and the procedure of analytical continuation is more so-
phisticated. First of all one can easily see that the contri-
butions of positive and negative k are equal. The method
to continue such a sum the real frequencies was developed
in Ref. [7] and consists in an Eliashberg transformation
of the sum over €, to an integral over the contour C (see
Fig. 12 and the detailed description of this procedure in
Ref. [1]). One finds

Almz
v P
Y A
C A -~
0 Re'z

FIG. 12. Integration contour used in the analytic continuation
of the MT contribution.
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MT(an) + MT(reg2)R _ —4e2TDy, / dz—q¥
T T 0 (2ﬂ-)2 w, + DqQ

1 1 2w, +Dg? 1 Dgq
{iL(q’O){w(TL AnT )_¢(2+4WT)]

1 . 1 2w, +Dg*> iz
+ % ]{dzcoth (rz) L(q, —iz) [w <5 + — T + 5)
Ca

1 iz D¢
(345 o))}

The residue at the point z = iv is equal to zero. Shifting
the variables in the integral over the upper line Imz = v
as z1 = 2’ +iv, one can present QMT as an analytical
function of w, and analytically continue it in the stan-
dard way 1w, — w — 0. Expanding it in small w and
integrating by parts, one gets

50,2/£ET(an) + 50_2/IIT(reg2) _

e2D/ g 1 /°° = (RS v (2
(

2m)? 7,1 + Dg? J o sinh® 7z In 2 +1/)(1 lz*’quT) v (3)

2

This expression is then transformed to the summations over Landau levels and written in the dimensionless variables,
in the same way as it was done before. Adding the regular part Eq. (B6), we finally write the most general expression
for the MT contribution valid in all domains of temperatures and magnetic field under consideration:

SoMT — 60_31\0/;T(reg1) 4 (5(7%;(&11) i 50,21:/iT(reg2))

e? o~ AEL (b, |k s * dz Im* &, (t, h, iz
g ( ) Z Z i + 2h / I 2 - ( 3 ) - .
T Em (L0 k) v+ 2 (m+1/2) J_o sinh® w2 Re® &, (¢, h,iz) + Im® Ep, (, b, i2)

(B7)

where M = (tT.o7)~! is the cut-off parameter.

ST (¢ 1, py = 1BV [w (i> —¢ (% + 2

™ 2h 2h

(B)

High temperatures T > Tco, weak fields h < t. —

2. Asymptotic behavior For the high-temperature asymptotic of Eq. (B6), we
assume In¢ > 1. The sum over k is determined by

MT(reg1) El (t,h,|k|) and converges fast: it can be performed in

. Contribution §
¢ onirouton 0x first. The remaining sum over Landau levels slowly di-

verges at large mmax and can be substituted by an inte-
Let us start with the evaluation of the contribution  gral. The double logarithmic divergence of this integral
ST eel) viven by Eq. (B6). at the upper limit should be cut off at the limit corre-

- ding Muax ~ (Tepr) " which results
Vicinity of Teo, fields h < 1(H < Hc2(0)). — Here Sponcins m (Teor)  which results in

one can just use Eq. (Al4) for integer argument k, con-
sidering the smallness of h/t, expand the 1-function, and SoMT(regl) _ _
perform the summation exactly: T 2 T.or

—Inlnt| . (B9)



One can see that close to Too In(Inlnt) — In (1), Eqgs.
(B9) and (B8) therefore match each other.

Fields close to the line Heo (T'). In this domain, as
above, one can use the LLL approximation. AlongNthe
line Heo (T), in the region of classic fluctuations h <
t < hez (t) the main contribution in Eq. (B6) gives the
term with £ =0 :

5 MT(regl) __ _6_2 4 (BlO)
Toa T T A h—hea ()
Close to Hes (0), but when still £ > h
2
soMTlrest) _ _21EC" L (B11)
zx 2 n

In the regime ¢ < I the logarithmic term, appearing due
to summation in Eq. (B6) over k and corresponding to
the contribution of the quantum fluctuations, becomes of
the first importance:

22 1 2vge?t
6Ua1\0/;T(regl) — _iln — ee =. (B12)

T2 2 p

High fields H > Hc (0), temperatures t < h. —
This domain is analogous to the previous one. As above,
we first perform the summation over k£ and integrate over

2h

5a}ff=f ! [w (1/2+t—6) —¢(1/2+t7—¢

)

This formula is valid in the vicinity of the critical tem-
perature T,o, where we have three different regimes [weak
fields h < €, GL strong fields € < h, and fields close to
the heo (€) line which is "mirrored” at To).

High temperatures T > Tco, weak fields h < t. —
Here we discuss the high-temperature asymptotic. As it
was done before, we assume Int > 1 and use Egs. (Al14)
and (A20). Integration over z due to the factor cosh 2 72
involves only the region z ~ 1 and can be performed first.
The sum over Landau levels in this case converges at large
Mmax ~ t/h > 1 and it can be substituted by an integral.
The contributing part of the integration with logarithmic
accuracy turns out to be only the fraction containing .
As result we get:

71,2
n2e? In 5
192 In%t

50_2/11T(an) + 602/1;1‘(“3%2) — (B15)

2h

)| =) = ()]
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Landau levels:

2 1 2h
SoMT(regl) _ _ © (111 In —Inln —) .
T T

g (B13)

The only difference between Eqs. (B9) and (B13) consists
in the lower limit: in the former it is determined by the
temperature while in the latter its role is taken by the
zero Landau level w, > T'. Eq. (B13) is valid for arbitrary
temperatures smaller w. and it obviously matches Eq.
(B12) along the axis of the magnetic field (¢ = 0).

b.  Contribution Sonit @™ 4 §oMT(res2)

Now we consider the second part of the MT contribu-
tion Eq. (BT7), namely SoT(an) | 5oMT(reg2),

Vicinity of Teo, fields h < 1(H < He2(0)). — In
the vicinity of the critical temperature T,y one should
use the expansion Eqgs. (A16)-(A18) of &, (¢, h,ix).
For the second order correction it is sufficient to take
on only the imaginary part of &, (¢, h,ix) into ac-
count. Substituting correspondingly Re&% ) (e, h < 1,ix)
and Imé&S? (e,h < 1,ix) to Eq. (B7) and using the fact
that 4 < 1, the integral over x can be easily performed
[it converges for x > xg ~ €+ (2) (2m +1)]. The re-
maining summation is accomplished in terms of the -
functions and its result consists of two terms: the first

one corresponds to the anomalous MT term 502/_{;(&“)

while the second, 6U%T(rcg2), exactly coincides in this re-

gion with 5(7%;0%1) [Eq. (B10)]. Therefore, we present
the total 50'};/;T = 50_912/£CT(reg1) 4 5U%T(an) + 5U%T(reg2)7

which takes the form

)

(B14)

Despite the presence of the large logarithm In % in this
result in its numerator is relatively small with respect to
Eq. (B9) due to the large In?¢ in denominator of Eq.
(B13).

Fields close to the line Heo (T'). — As it was done in
the case of the paraconductivity, let us use in Eq. (B7)
the asymptotic Eq. (A22) and perform the calculations
in the LLL approximation. One easily finds that the

result in this case is also expressed in terms of the integral
(A24):

2 1 4heo (t)~
SoMT(an) | 5 MT(reg2) _ € J c2 h).
O + Oza 721+ t")/gb/h GL 12t
(B16)

We consider the case of low temperatures ¢t < hea (t),
hence 74 < 1 < % and we can omit it in denominator.



In result it turns out that in this region Eq. (B16) ex-
actly coincides with the corresponding AL contribution
Eq. (A23). Therefore it is determined by Eq. (A26)
along the whole line Heo (T), i.e. for t < hea (t), which
was already analyzed in detail above. Looking at Eqgs.
(A26) one can see that in the region h — heo (t) < ¢,
strong cancelation takes place in the MT contribution

§oMT and only the logarithmic contribution remains
22 2heo (t
ST = 20 22 (D)
w2 w2t

In the regime of quantum fluctuations ¢ 5 h — hea (%)
ve ™ 4 ot ") 42 and the lin-

the contribution dozs
ear (in t) part of 6UMT(mg1) are gradually frozen and the

MT contribution reaches the finite negative value at zero
temperature

MT __
oo Oza

2")/E82 t t ’
m h ™ h(t) h(t)

High fields (H > Ho (T)). — In this domain we are
far from the transition line Hco (T') and the LLL approx-
imation is not applicable. Replacing the —function in
the Eq. (A14) by the logarithm one can use the asymp-
totic Eq. (A30) and gets

(3 2 1
768 h21n’ 2%

50_2/[1T(an) + 60_1m\/ImT(rcg2) _

QW (w,) = —47TV0D€2T2/ q
(2m)?

The first term in this expression does not depend on
external frequency and the corresponding part of the
electro-magnetic response operator does not contribute
to conductivity. In the remaining part @é‘ﬁ} (wy) one can
perform the summation over fermionic frequency and ob-
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which is beyond the accuracy of the large contribution
Soant 8 [see Eq. (B13)] which, in result, determines
the value of doMT in strong fields.

Finally all asymptotic expressions for the MT diagram
are summarized in Table III.

Appendix C: DOS renormalization: contribution of
the diagrams 3-6

1. General expression

We start with calculation of diagram 4. As above we
use the intermediate results of Ref. [1] for the diagrams
and then quantize the motion of the center of mass of the
Cooper pair in magnetic field. The general expression for
diagram 4 is given by

QW (w,) = 26272 / L 8

qu En, Qk n) Iéi)

(C1)
with the integral Ig(gi) of the four electron Green functions

calculated exactly in Ref. [1] in the same spirit as it was
demonstrated above:

d2
10 = [ 55 6 (1.2) G (9:201) G ()

= _27'”/0D7-2 [@ (EnEnJru) S} (Engnfk)
+0 (—encniv) O (—enen_i)]-

Substituting this expression to Eq. (C1) one finds

v—1

YL [ >

O (e, + ) —Z O (e, + )
26, + Q% +D@?” = 260 + U + D

tain it in the form of a sum of two terms:
voDe? d?q &

p— L
) 47 / (2m)? Z

(1 %+Dg?\ (1 2w, + O + Dg?
[w <2+ ArT vzt ArT ’

QY (w

QP (wy) =

G

The analytical continuation of the first one is trivial and
it gives the first contribution to the conductivity, which
in Landau representation takes the form

vyDe? d?q i,
| e L)

k=1

Q. + Dq2 1/), 1 " 2w, — Q. + Dq2
47T 2 47T '
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domain 60_’1;/;T(an) + 50 MT(regZ)R 60_1\/1T(reg1) MT
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pi T > Sl
ef 1 te ) _ e e _1 te ¢
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| 5T O o () v (]| T arts
B () w2 gp)] | 2 () (s i)
s 7
et _ef t @ _ 2e 2h _ 2e 2h
Vit TRy T e~ i o In oo
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. T RETPYLPEYCY I Tz [mq ey
372h2 72 h(t) w2 2h(t) w2 2h 4
o2
- Inl —Inl 2")
X 7¢(3)m2e? 42 In—2 2h 2 i ol nin 2B 7 (n n cO" nln £3
768 uT 2 = Tog™ = Tt net r2 2 20
768 =2
) ]
2,2 M2 2 2 2.2 M3y
x2e e 1 e 1 x2e
VIII s Tz_f_ - [lnln = - lnlnt] - [lnln = - lnlnt} + IS TQ_?_

TABLE III. Asymptotic behavior of the MT contributions in different domains, see also Fig. 5 and table II

- () 1)

The analytical continuation of @&‘22) (wy) is completely
analogous to that one performed above in the case of the

ZZS

mOkOm

4e% (h & (t,hk) T
(34+4) o m \ 10 n
sart =22 (3) 3 [ S g [

Next, we discuss diagram 5. Its contribution can be
written in the same way as above:

/ 221’ ¢, $2) A

x IO (en, epyn) IO (en

272, 2
e“Tvg

(5) -
Q;E;E (WV) 27TVOT

qu En, Qk n)

) _En—k) )

where the integral

I(5)(g c )—/ p G? (p,en) G (pyents)
nsentv) — (271') D,én D, Entv

= 2mivoTsgnEn 1,0 (—Eniven).  (C4)
As result:

(5) 22 d q G
Qv (wy) = —dmvyDe”T )2 Z (q, %)
-1
Q —<n
N DA ) (C5)

(126, — Q| + D2

n=-—v

Further evaluation of this expression is very similar to
that one of Qm (wy). In particular, after summation over

7 . .
fermionic frequencies, ng) (wy) is presented in the form
of two sums over bosonic frequencies, one in the limits

o sinh? (7z) Re? &, (t, h,iz) +Im> &, (t, h,ix)

anomalous MT part. As a result the total contribution
of diagrams 3 and 4 can be presented as a sum of two
very different terms

dx Im &y, (¢, h,iz)ImE] (¢, h,ix)

(C3)

k € [0,00), the other k € [1,v — 1] and following step-by-
step the same procedure of the analytical continuation as
before, one finds that 50(5 b —503(5%;1) (5:2) _

50112) Therefore we get

<_> Z [ Z Em (t,h, k)
dx Imé&,, (t, hyiz) Imé&], (t, h,iz)
o sinh? (1) Re*E,, (t, h,iz) + Im>E,, (t, h,ix)

, and do.y

4e? (t,h, k)

546) _
503(51 ) = I

(C6)

o0

/

Evaluating the sum and integral close to T.o one can see
that the first term in Eq. (C3) is twice larger than the
second one. Comparing Eq. (C3) to Eq. (C6) we obtain

the old result: 3o 5x+6) 503(53;+4), [9], used later in
Refs. [1, 5, 6, and 16] . But it is necessary to stress, that
the last statement is not universal: far from the critical
temperature, or at low temperatures, close to Heo (0),
the integrals in Egs. (C3) - (C6) are small with respect to
the contribution of the sums. Regarding the latter, they
enter in Eqs. (C3) -(C6) with the opposite sign. After

the summation in 609(55[8)

+7T
2

these just cancel each other
(in this region of temperatures 50(3+4) —do 9(5595%)). To
avoid misunderstanding'®, it is more convenient to use
the total contribution of the DOS-like diagrams 3-6 in
the form:



Imé&,, (t, h,iz)Im &), (¢, h,ix)

So (DOS)

2. Asymptotic behavior
a. Vicinity of Tco, fields h < 1(H < Hez (0))

In this case Int = € < 1, the ¢-function in Eq.(A14)
can be expanded. The function &, (t, h,iz) is determined
by Eq.(A16). Its substitution to Eq.(C7) results in

62
-léﬁﬁgl—— Pn(1/2h)

o 14¢(3)e?
R In

This expression is valid in the vicinity of the critical tem-
perature T, and exactly reproduces existing results®®

DOS __
do,. > =

v (1/2+ 35)

In(l/e), h <
1( /5) € (C8)
(37), e<h<1

b. High temperatures, high fields

Next, we discuss the high-temperature asymptotic. As
it was done above, we assume Int > 1 and use Egs.
(A14)-(A20). The sum over Landau levels in this case
converges at large mmyax ~ t/h > 1 and can be sub-
stituted by an integral. The main integral contribution
comes only from the region up to x ~ 1 and can be per-
formed first. One gets

2,2
T (C9)

5O,DOS
1921In°¢

We see that this result differs from that one of Ref. [9].
The cancelation of the sums of Eqs. (C3) - (C6 in §aD©>
removes the double logarithmic term InIn¢ from it. Nev-
ertheless, such terms in 50%’0 still appear from the reg-

ular MT term and, as we will see below, from diagrams
9 and 10.

In the limit of high fields h > t the summation over
Landau levels gives:

4e% h dx
7ot Z /OO sinh? 7z Re? &,

(t,hyiz) +Tm* &, (t, h,ix)’

c. Above the line Hea (T) but t < hea (t)

Using the asymptotic Eq. (A22) one can perform the
integration in Eq. (C7) and express 60293 in terms of
the integral Jgr, :

DOS _ 2 z JG
5oD0S _
Owa a2 Z (2m + 1)

Close to the line Hcg (T) we can restrict ourselves to the
LLL and immediately get

9 ~
pos) € 4h
50’&1 ) = —FJGL (E) .

Looking on the asymptotic behavior of J(r) at low
temperatures, one notices that in contrast to the
statement of Ref [16] the group of diagrams 5-8 does
not give any contribution to 50%’0 when temperature
tends to zero. Nevertheless, a mnon-trivial contribu-

tion of quantum fluctuations ~ Inh, found in Ref. [16],
exists due to the regular MT term and diagrams 9 and 10.

[4h(2m+1) In 44 4h L (m + %)}

T2t

Appendix D: Renormalization of the diffusion
coefficient: contribution of diagrams 7-10

1. General expression

We start with the calculation of diagram 7:

2
Q(7) wy — 262T2Z/ d

)\ (qu Entv, Qk

Qa Qk) A (q7 En, Qk - En)

- 5n+u) C (Qa Entvy Qe — En) 11(7)12(7)7

(D1)

where the integrals of the Green’s function products can
be calculated in the standard way:

10 Q)= [P (0) G (1.6) G (o)
(1) EnyEnduvydlk—n) = (27T)DULE P DsEn D Entv

x G (q 2 Qkfn) - 47TVODQIT29 (EnEnJrv) 0 (_Eanfn)

(D2)
7
I((2)) (())(Qk n— Vvﬂk nagn-i—z/)-
Substitution of these expressions to Eq. (D1) and ac-

counting for the fact that Dq2 = Dq?/2 results in
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en)) 0 (=€ntv (R — En+tv)) 0 (Encn+v)

D?d*q
Q(7)*87ﬂ/ DeQTQ/ (g q Z

The 6—function 0 (e,,&,+,) defines the limits of summation over fermionic frequencies n as (—

> 9(—En (Qk —
Q
q7 k)n;m |2<€n _ Qk' + Dq2

2640 — Qi| + Dq? 26, + wy — Q| + Dg?’

00, —v — 1] and [0, 00).

Changing the sign of summation in the first interval and then shifting the variable of summation &,, + w, — €,/, one

finds that the expression is even in (2, which allows to present ng) (wy) in the form of an analytical function of w,,
to perform the analytical continuation w, — —iw, and to expend it over small w :

QU (W) = —8ryDe?T? Z /Dq L(q, %) e Z

k=—o0

The corresponding contribution to the conductivity is de-
termined by the imaginary part of Eq. (D3). Quantizing
the motion of Cooper pairs and going over to the Landau
representation, one finds

2¢2 /' h 2 M 1 s
= (5) X (me3)

m=0

8EN (t, h, |k|)
Em (L, hy [K])
(D4)

Comparing this formula with Eq. (B7) one can see that
beyond the vicinity of T¢y the contribution of diagrams
7 and 8 given by the Eq.(D4) cancels the regular MT
contribution [given by the first term of Eq. (B7)].

Finally we proceed with the calculation of diagram 9.
Two integrals of the three Green function blocks in it are
equal and coincide with 11(7) Substituting Eq. (D2) to
the general expression for @ )(w,,) and performing the
summation over fermionic frequenmes in the spirit of the
above calculations, one finds

503(57+8) _

(9) —
Qo (@) = 47T2V0T4 (¢: )
X [\Ill (|Q/€| 7‘*}1’) — Wy (|Q/€+V| 7‘*}1/)] Q(l) Q(2)7
(D5)
where

U (@,0) = [¢(1+M>_¢(E+M

2 AT 2 AT

Wy ’ 1 Wy T+ qu
_ L i
(47TT)¢ (2 Tt T

(D6)

with v =1, 2.

There is no problem to perform analytical continuation
of the first term of Eq. (D5): the function ¥y (|Q4|,w,)
is analytical in its argument w,, and the corresponding
contribution to Eq. (D5) can be continued in the stan-
dard way w, — —iw — 0. Expanding Eq. (D6) with
v =1 over w one finds the essential contribution to the

3
i _ b (D3)
[2e, + |Qk| + Dq? ] [2£n + |Q%| + Da?]

electromagnetic response operator:

. DV0€2T / 2 d q
Q") = 3(4nT)® Z
Ol +D
< L (.00 " (5 n "“'47‘*) o)

The evaluation of the second term of Eq. (D5) turns
out to be much more sophisticated, since w, appears in
Uy (|Q%+0|,wy) not only as parameter but also in the
argument |Qx,| of this non-analytical function. The
situation is analogous to the AL contribution and the
same method of analytical continuation has to be ap-
plied. The corresponding sum over bosonic frequencies
is transformed in an integral over the contour C shown in
Fig. 10 with three regions of different analytic behavior:

2 2
(9) 1 Duwe 5 d°q
z .
X f coth ﬁL (g, —i2) 1 (1Q%k+0],wp) -
C

After shifting of the variable z of the integral over the

line Imz = —w, as —iz + w, — —iz/, one gets Qg; (wy)
already as an analytical function of w,, :

2 2 00
(9) ~ Duwge 5 d°q
Q(Q)(wl,) i /Dq (27T)2/ dzcoth(2T)

X [\I/QR(—iZ + wy,wy ) ImLE (¢, —iz)
+ LA (q, —iz — w,) ImW R (—iz, wy)] -

(D8)

Obviously, this expression can be continued in w, in the
standard way w, — —iw.

We are interested in the imaginary part of QEB?R(w),
i.e. only ImVE(—iz —iw, —iw) and ImW L (—iz, —iw) are
essential. They can be can be written explicitly from Eq.
(D6):

3

_ 1 —iz+Dqg?
ImVU(—iz, —iw) = —————Ret)” (— + 7)
2 ( ) 3 (4rT)* ¥ 2 AT

(D9)



with ImU(—iz — iw, —iw) = 5ImWI(—;
we are interested only in the linear w-part of ImQ(Q) (w)

iz, —zo.)) Since

in the analytically continued Eq. (D8), one can omit
iw in the argument of LA (g, —iz 4 iw) and recall that
ImLA (¢, —iz) = —ImL% (¢, —iz). One gets:

_ 4wDyye? , d’q [
fm Q(2)( @)= 3m (4WT)4/Dq (27")2/_ dZCOth(QT)

. 2
x Rey”’ (1 + M) ImL" (¢, —iz).

2 47T

Now one can see that the integrand function is odd in
z and its integration with symmetnc hmlts gives zero.
Hence, in linear approximation ImQ(Q)( w) = 0 and the
second term of Eq. (D5) does not contribute to con-
ductivity. Going over to the dimensionless variables in
Eq. (D7) and to the Landau representation, one finds
that 6am = —do, (M 2 /3. Finally, the total contribution of
diagrams 7-10, determlmng the renormalization of the
one-particle diffusion coefficient in the presence of super-
conducting fluctuations, is

SoT-10 _ 2% i
Toa 37T6

m=0 k=—oc0

1 85’” (t, h, K]
Em (t, D |K])
(D10)

2. Asymptotic behavior

a. Vicinity of Teo, fields h < 1(H < He (0))

In contrast to the AL, MT and DOS contributions, due
to presence of the multiplier Pq? in the numerator of Eq.
(D5) [corresponding to (m+ 3) in Eq. (D10) close to the
critical temperature T], the value 50(2[;0R

be not singular in € at all. Substituting the summations
in Eq. (D10) by integrals, one finds

) turns out to

2

ln In —

§ 7—10 1
o (<) = —

+0(e), (D11)
which just gives a temperature independent constant.
Let us stress that this constant is necessary for matching

of the results in domain I and VII of Fig. 5.

b. High temperatures, high fields

In this domain of the phase diagram, we cannot omit
In¢ > 1 in the denominator of Eq. (D10), but the above
consideration still is applicable. As a result we get

—lnlnt) .

(D12)

Sol 10 (t > max{1,h}) =

e? 1
Inl
3 2 (Il nTC()T
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In the limit of high fields h >t

2
7_10 e 1 2h
dor 0 (h > max{l,t}) = 3.2 (ln In Toor —Inln _7r2) .

(D13)

c.  Above the line Hea (T') but t > hea (t) .

In this region one can restrict consideration by the LLL
approximation and use the asymptotic expression (A22).
In complete analogy with the case of regular part of the
MT contribution one finds in the main approximation:

2

t
Sor 10 (t 1 h) S D14
< 6 h— hez (1) (D14)
Close to Hey (0), but when still £ > h
4ype? t
ol 10 = = D15
oLt = o (D15)

In the regime of quantum fluctuations ¢ < h — hea (t)

dype? t

e
372 ﬁ(t)

6010 = " ln=

(D16)

One can notice the tight connection between the
50710 and SoMTreel) contributions, it is why the Eqs.
(D11)-(D14) should be considered side by side with the
Egs. (B8)-(B13).

Appendix E: Why DOS and DCR contributions
should be distinguished?

While diagram 1 represents the contribution to con-
ductivity due to the direct charge transfer by FCP, di-
agrams 3-10 correspond to renormalization of the one-
particle conductivity in the presence of fluctuation pair-
ing and impurity scattering. Since publication of Ref. [9],
diagrams 3-10 have not been distinguished and all were
attributed to the DOS renormalization. Indeed, the com-
mon element of all these diagrams

0GH (p,gn) = 0) p,gn E / qu Qk q, Eny e n)
dq
xG — P, Q—n
(0) (q P,k ) (27T)d

describes the fluctuation renormalization of the one-
particle DOS:

5le = ——Im/éGﬂ

’

)

which was physically interpreted as a decrease of the
Drude conductivity due to the formation of the fluctu-
ation pseudo-gap at the Fermi level. Nevertheless, just



above we demonstrated that close to T,y the contribu-
tions 005>7% ~ Ine and 50719 ~ Inln TLOT + O(e) differ
considerably in their temperature depéndence. More-
over, we saw that far from 7.9, the contribution to
conductivity of the group of diagrams 3-6 decays as
In"?T/Ty (see Eq. (C9)), while 6075 depends on tem-
perature as double logarithm (see Eq. (D10)). Finally,
in the regime of quantum fluctuations (domain IV) the
contribution §o3, ¢ together with the AL and anoma-
lous MT contributions, decay as T2 while 50710 in this
region turns out to be almost temperature independent
(see Eq. (D16)). In view of these important differences,
we will determine the physical origin these two groups of
diagrams more specifically:

Let us start with the Einstein relation and symbolically
specify therein the fluctuation parts dvg and dDg of the
DOS and the diffusion coefficient:

o =ve’D =~ oy + > Dydvg + vpe?d Dy. (E1)
Now we consider diagrams 3-10: In diagrams 3-6 the av-
eraging over impurities ({...)) of the free Green function
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G(0) (P, €n) and the correction to the Green function due
to fluctuation pairing dGq (p, €,) is performed indepen-
dently:

3057 ~ Im [Tr {(G(0) (P, &n +wy)) (0Ga (P en))}] -

Such averaging results in the appearance of the decay
rate i/27sgne, in the Green functions and the three-
leg Cooperons (3) including the entering and exiting
of the propagators. Since §02,¢ is defined by ImTr
{(6Gna (p,en))} this contribution can be indeed identified
with the second term in Eq. (E1).

Diagrams 9-10 (and analogously 7-8) contain the four-
leg Cooperon (4) and appear due to the mutual averaging
of G (o) and dGover impurities:

3o ~ Im [Tr {(G o) (P, 2n) 6Gn (P,n)) }] -

One can attribute such processes to the renormalization
of the current vertex in the loop for conductivity per-
formed in the presence of fluctuation pairing and identify
50710 with the last term in Eq. (E1).
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