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We utilize time- and space-resolved Brillouin light scattering spectroscopy to study the 

parametric excitation of spin-wave eigenmodes in microscopic Permalloy dots. We 

show that the fundamental center eigenmode has the smallest excitation threshold. With 

the increase of the pumping power above this threshold, higher-order dipole-dominated 

eigenmodes with both even and odd spatial symmetry also become excited. At 

microwave power levels far above the threshold, the multimode excitation regime is 

suppressed due to the parametric excitation of short-wavelength exchange-dominated 

spin-wave modes. Our results provide important insight into the physics of parametric 

processes in microscopic magnetic systems. 
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I. INTRODUCTION 

Parametric processes in magnetic systems were observed by Bloembergen and 

Damon1 and theoretically explained by Anderson and Suhl2 more than fifty years ago. 

Since then, they have been intensively studied in the context of applied physics as well 

as basic research.3-15 Parametric processes can be utilized for amplification and 

manipulation of spin-wave pulses,7-9 parametric stimulation and recovery of microwave 

signals,10 and wave-front reversal.11 They also can be used as a powerful experimental 

tool in studies of spin-wave solitons and two-dimensional bullets,7,8,12,13 as well as 

magnon Bose-Einstein condensates.14,15 

One of the main parameters governing the efficiency of parametric excitation is 

the dynamic damping.16 Monocrystalline yittrium iron garnet (YIG) films are 

characterized by extremely low magnetic damping (Gilbert damping parameter α<10-4), 

and thus have become the material of choice for the studies of parametric excitation and 

amplification of magnetization oscillations and waves.  As a consequence of the low 

damping in YIG, moderate microwave pumping levels are sufficient for the parametric 

excitation, enabling studies of strongly nonequilibrium states such as parametrically 

driven magnon gas in strongly nonlinear regime.17  

As a material for technical applications, YIG has several drawbacks. High-quality 

YIG films can be grown only on special substrates such as gallium gadolinium garnet, 

which makes the fabrication process incompatible with conventional silicon-based 

semiconductor technology. Additionally, this material is difficult to structure and it also 

exhibits a strong dependence of the magnetic properties on temperature due to the 

relatively low Curie point. In contrast, polycrystalline transition metal ferromagnetic 

films can be easily grown by sputtering or evaporation on a variety of substrates 
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including silicon, and structured on sub-micrometer scale by standard lithography 

techniques. Among these materials, Ni80Fe20=Permalloy (Py) is most widely used for 

basic research and applied studies due its low crystalline anisotropy and small damping 

(α<10-2). Py has been utilized as a working medium in spin-torque nano-oscillators,18-21 

magnonic crystals,22-26 domain wall motion-based memory devices,27 and spin-wave 

logic circuits.28 

Magnetic damping in Py is relatively small compared to other metallic 

ferromagnets, but is still much larger than in YIG, resulting in a significantly higher 

threshold power required for parametric excitation. For instance, parametric excitation 

of spin waves in Permalloy films has been achieved only with microwave power levels 

of at least a few Watts.29,30 This problem can be overcome by reducing the dimensions 

of the magnetic samples to nanometer scale and concentrating the pumping energy into 

a smaller volume, thus producing with moderate driving power a large local microwave 

field sufficient for parametric excitation.31,32 

In this article, we report an experimental investigation of the parametric excitation 

of spin-wave modes in an elliptical Py dot with submicrometer dimensions fabricated 

on top of a microscopic microwave transmission line. To analyze the spectral and 

spatial characteristics of the excited modes, we utilized time- and space-resolved micro-

focus Brillouin light scattering (BLS) spectroscopy.33 The parametric excitation 

threshold power of about 1 mW was significantly smaller than in the extended Py films, 

enabling us to investigate parametric excitation processes far above the threshold.  We 

show that above the threshold, many different dipole-dominated eigenmodes are excited 

simultaneously. At large parametric pumping power, short-wavelength exchange-

dominated spin-wave modes also become excited. The transfer of the parametric 
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pumping energy into the short-wavelength part of the mode spectrum results in a 

decreased excitation efficiency of the dipole-dominated modes. This redistribution of 

energy does not significantly affect the excitation of the lowest-frequency modes of the 

dot. Consequently, the fundamental center and the edge modes can be efficiently excited 

by the parametric pumping both at small and at large pumping power levels. These 

results are important for the development of integrated magnetic devices utilizing 

parametric processes for excitation and amplification of magnetization oscillations. 

 

II. SAMPLE AND MEASUREMENT SETUP 

Figure 1 shows a scanning electron micrograph of the studied sample, which 

consists of a 10 nm thick Py film patterned by electron-beam lithography and ion 

milling into an elliptical dot with lateral dimensions of 1000 by 500 nm. The dot is 

fabricated directly on top of a 1 μm wide and 160 nm thick Au microstrip transmission 

line. A dc magnetic field H=400-700 Oe was applied along the short axis of the Py 

ellipse. The data presented below were obtained at H=700 Oe. To excite the 

magnetization dynamics, microwave pulses with duration of 100 ns and a repetition 

period of 2 µs were applied to the transmission line. The pulse power was varied 

between 0.1 mW and 50 mW. The microwave pulses created a dynamic magnetic field 

h parallel to the direction of the static magnetization.  

The detection of the magnetization dynamics was performed by micro-focus BLS 

technique described in detail in Ref. 33. This technique combines the spectral and the 

temporal resolution of the conventional BLS34 with diffraction-limited spatial resolution 

of about 250 nm determined by the size of the probing laser spot. The intensity of the 
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scattered light at a given frequency is proportional to the square of the dynamic 

magnetization amplitude at this frequency, at the position of the probing spot. 

The dynamic magnetic field h was parallel to the static magnetization in our 

experimental geometry. In this configuration, the microwave field cannot linearly excite 

magnetization dynamics, since the corresponding component of the dynamic magnetic 

susceptibility tensor is equal to zero16. Instead, the dynamics can be excited by a higher-

order parametric excitation process35. In the quasiparticle picture, this process can be 

understood as splitting of a microwave photon with frequency fP and wave vector kP≈0 

into two magnons with frequency fP/2 and wave vectors that are equal in magnitude and 

opposite in direction16. In accordance with this picture, in our experiments we detected 

magnetization oscillations at half of the applied microwave pumping frequency fP. 

In confined sample geometries, quantization of the spin-wave spectrum imposes 

limitations on the parametric excitation. Specifically, the dynamic magnetization 

response exhibits resonant spectral behavior, with resonant frequencies equal to those of 

the system’s eigenmodes. By utilizing the spectral sensitivity of the BLS technique to 

detect only the dynamic signal at the frequency of a particular mode, one can selectively 

map out its spatial profile. Additionally, by synchronizing the microwave pulses with 

the spectrometer clock, the time dependence of the magnetization response to the 

excitation pulses can be recorded with resolution of 1 ns.  

 

III. EXPERIMENTAL RESULTS AND ANALYSIS 

III.a. Spectral characteristics of parametric excitation 
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Figure 2 shows the BLS spectra recorded at different values of the microwave 

pumping power P between 1 and 50 mW, providing a survey of the spectroscopic 

properties and power-dependent dynamical regimes of the system.  To record the 

spectra, the laser spot was positioned at the center of the Py dot. The pumping 

frequency fP was varied between 8 and 20 GHz and the BLS intensity was 

simultaneously measured at fP/2. 

Because of the threshold nature of the parametric excitation, no dynamic 

magnetization was detected at P<1 mW.  At P=1 mW, the spectrum exhibits a single 

peak at f0=7.1 GHz (fp=14.2 GHz) corresponding to the spin-wave eigenmode with the 

lowest parametric threshold [Fig. 2(a)]. At P>2 mW, a second peak appears at f2=8.5 

GHz, as illustrated in Fig. 2(b) for P=2.5 mW. At P>3.2 mW a third peak appears at 

f1=7.7 GHz, as illustrated in Fig.2(c) for P=5 mW. Figures 2(b,c) demonstrate that all 

these peaks coexist. At even larger power levels, several additional peaks appeared in 

the spectra. For example, four closely spaced large peaks and an additional small peak 

at frequency fe significantly below f0 can be distinguished at P=10 mW [Fig 2(d)]. There 

is also a bump on the declining slope of the peak at f0, suggesting that at least one 

additional mode with frequency close to f0 may be excited. 

This simple trend is reversed at excitation powers above 10 mW. The BLS spectra 

now exhibit only two peaks at frequencies f0 and fe [Fig. 2(e) and 2(f)].  These two 

peaks exhibit a nonlinear frequency shift with increasing P. In addition, they broaden 

and become noticeably asymmetric. The asymmetry is especially pronounced for the 

peak at f0, which clearly has a significantly steeper rising slope than the declining slope, 

characteristic for a nonlinear resonance.36-38 
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III.b. Spatial characteristics of the parametrically excited modes 

To identify the normal modes associated with the observed spectral peaks, we 

performed spatially resolved measurements at P=10 mW, where the largest number of 

peaks are observed. For each of the observed peaks, the excitation frequency was fixed 

at twice its central frequency, and two-dimensional mapping of the BLS intensity was 

performed. The probing spot was scanned in x- and y-directions with a step size of 50 

nm across a 500 by 1000 nm rectangular area covering the Py dot. The left-side panels 

in Fig. 3 show pseudocolor-coded maps of the recorded BLS intensity. The right-side 

panels show one-dimensional cross sections of these maps along the major axis of the 

Py ellipse. It is important to note, that the measured two-dimensional maps and one-

dimensional profiles represent a result of convolution of the local dynamic 

magnetization amplitude with the instrumental resolution function, resulting in a 

significant blurring of submicrometer spatial features. 

Figure 3(a) shows that the mode at frequency f0=7 GHz has a half-sine profile 

along the major axis, and does not exhibit any nodal lines.  These characteristics 

indicate that it is the fundamental center mode of the Py dot.39 The profile of the mode 

at frequency f1=7.7 GHz [Fig. 3(b)] has two maxima on the long axis and a minimum at 

the center of the dot. This minimum is likely associated with the nodal line of the 

eigenmode. The BLS intensity does not vanish at the minimum, likely due to the limited 

spatial resolution of our technique. 

The spatial profile of the mode at f2=8.3 GHz [see Fig. 3(c)] has a maximum at the 

center, similar to the fundamental mode. In contrast to that mode, the profile is sharper 

near the maximum, and forms two broad shoulders with small bumps near the edges. As 

mentioned above, fine spatial features are blurred due to finite resolution of the setup.  
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Therefore, based on our data, the mode with the frequency f2 can be interpreted as a 

mode with two nodal lines separating a central maximum from two side maxima located 

on the major axis of the Py ellipse.  

The limitations of the spatial resolution of our technique prevented us from 

identifying the mode corresponding to the peak at f3. This higher-order mode likely has 

three nodal lines. We also performed spatially resolved measurements at fe=5.5 GHz, 

which revealed a typical spatial structure of the so-called edge mode, with maxima of 

the intensity close to the edges of the dot on the axis parallel to the direction of the static 

field, and a vanishing intensity at the center of the dot.  

We note that the mode observed at f1=7.7 GHz [Fig. 3(b)] is expected to have odd 

spatial symmetry, i.e. its dynamical amplitude profile is antisymmetric with respect to 

the minor axis of the dot.  By symmetry, this mode cannot be directly excited by the 

usual linear excitation mechanism with a spatially uniform dynamic magnetic field. The 

symmetry of the mode at f2 does not prohibit its linear excitation by a uniform field, but 

the excitation efficiency would be significantly smaller than for the fundamental mode 

at f0.40 In contrast, the efficiency of parametric excitation for all these modes is similar, 

as indicated by the similar amplitudes of the peaks in Fig. 2(d). Therefore, parametric 

excitation mechanism presents significant advantages compared to the linear excitation 

for the experimental studies of the eigenmode spectra in micro- and nano-magnets. 

 

III.c. Dependence of the mode intensities on the pumping power. 

We now analyze and interpret the dependences of the parametrically excited mode 

intensities on the pumping power. Figure 4 shows these dependences for the 
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fundamental mode (filled triangles), the higher-order mode at f2 (open triangles), and the 

edge mode at fe (circles). Both of the center modes exhibit similar non-monotonic 

behavior above their excitation thresholds: the intensities first increase, and then start to 

decrease with further increase of the pumping power. The intensity of the fundamental 

mode reaches a minimum at P≈6 mW and then increases again. In contrast, the BLS 

peak at f2 becomes indistinguishable from the background at P=12 mW and does not 

recover at larger pumping powers. Similar behaviors were also observed for the higher-

order modes at frequencies f1 and f3.  

These data suggest the presence of a mechanism limiting the energy flow from the 

parametric pumping to the observed modes at large P. Although this mechanism 

influences all the observed modes, its effect on the higher-order modes is stronger than 

on the fundamental mode, leading to their complete suppression.  

To interpret these behaviors, we recall that because of the intrinsic anisotropy of 

the magnetic eigenmode spectrum, the frequencies of the modes only weakly depend on 

the number of nodal lines perpendicular to the magnetization.41 As a consequence, for 

each mode with nodal lines parallel to the static magnetization [see Fig. 3], there are, 

generally speaking, many nearly degenerate modes with a finite number of nodal lines 

perpendicular to the magnetization. For example, at frequencies f1-f3 there are a number 

of exchange-dominated modes with very short effective wavelengths in the direction 

parallel to the magnetization. These modes cannot be detected by the BLS technique, 

which is sensitive predominantly to the long-wavelength modes. 

The exchange-dominated modes are generally characterized by stronger damping 

and weaker coupling to the pumping field, and consequently have a larger excitation 
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threshold compared to the dipole-dominated modes41. Therefore, only the dipole-

dominated modes are excited at small P, and in this regime their intensity increases with 

P. As P reaches the threshold value for the excitation of the exchange-dominated 

modes, additional scattering channels become effective that redistribute the energy 

among the modes. While the details of these processes are presently unknown, one can 

generally expect that the increase in the amplitudes of exchange-dominated 

magnetization oscillations results in a nonlinear scattering of the dipole-dominated 

oscillations into the short-wavelength part of the mode spectrum, creating additional 

nonlinear damping channels for the dipole-dominated modes. As a result, the flow of 

the energy from the pumping to the dipole-dominated modes decreases leading to a 

decrease of their intensity and, at sufficiently large pumping power, to the complete 

suppression of the dipole-dominated modes. 

This suppression mechanism is significantly less efficient for the fundamental 

mode, since it has the lowest frequency among the center modes, and consequently 

there are no exchange-dominated modes at the same frequency. Nevertheless, there are 

a number of modes with no nodal lines parallel to the magnetization and several nodal 

lines perpendicular to the magnetization whose frequency is only slightly different from 

that of the fundamental mode. The onset of their parametric excitation can be the origin 

of the decrease of the fundamental peak intensity at P>3 mW. 

These modes are dipole-dominated and thus should be detectable by the BLS 

measurements. Indeed, the broadening of the fundamental peak at P>3 mW [compare 

Figs. 2(a) and 2(c)] and a bump on its declining slope [see Fig. 2(d)] can be interpreted 

as a signature of their excitation. In addition, in the interval P=3-8 mW spatially 

resolved measurements revealed deviations of the spatial profile of the mode at f0 from 
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that shown in Fig. 3(a) for P=10 mW, which can be associated with simultaneous 

excitation of several dipole-dominated modes with different spatial profiles. The largest 

deviations were observed at P=6 mW corresponding to the minimum of the 

fundamental mode intensity. These deviations are dramatically reduced at P>10 mW. 

Based on these data one can conclude, that, in contrast to the competition between the 

dipole-dominated and exchange-dominated modes, the competition among the dipole-

dominated modes results in the predominant energy flow into the fundamental mode of 

the dot at large P. 

Finally, the intensity of the edge mode (circles in Fig. 4) increases monotonically 

with increasing P. This behavior is consistent with the intensity-suppression 

mechanisms discussed above: since the frequency of the edge mode lies far below the 

frequencies of all the other modes of the system, its intensity is not affected by their 

parametric excitation.  

 

III.d. Temporal characteristics of the parametric excitation 

In addition to the significance of parametric excitation as a spectroscopic tool, it 

can be used to determine other important dynamical parameters of the magnetic system.  

The time dependence of the excited mode amplitude at different pumping powers 

provides information about the magnetic damping constant, the strength of the 

microwave pumping field, and its coupling to the magnetic system (see Section IV for 

details). 

We performed time-resolved measurements of the fundamental mode intensity at 

pumping powers between the threshold value of 1 mW and 50 mW, with temporal 
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resolution of 1 ns. Figures 5 (a) and 5(b) show time traces for P=1 mW and 3.2 mW, 

respectively. These data demonstrate that just above the parametric threshold the rate of 

intensity growth is small, but it quickly increases with increasing P.  

Plotting the time-dependent intensity of the fundamental mode on the 

logarithmic scale, at P=1-4 mW we observe a well-defined initial exponential rise 

followed by saturation, as illustrated in Fig. 5(c) for P=3.2 mW.  Fitting this exponential 

dependence, we obtain a characteristic rise time constant τ as a function of the pumping 

power for P<4 mW. At larger powers P>4 mW, the intensity growth becomes too 

abrupt to make a reliable estimate of τ, due to the limited temporal resolution of our 

measurement. Analysis given in Section IV suggests that the inverse of the time 

constant τ should depend linearly on h, which is proportional to the square root of the 

pumping power, h A P= . Here, A is a calibration parameter determined by the sample 

geometry and the microwave losses in the transmission line.  As expected, the 

experimentally determined values of 1/τ follow a linear dependence on P  [Fig. 5(d)]. 

 

IV. THEORY 

Rigorous understanding of the nonlinear dynamical regimes in microscopic 

structures requires a self-consistent theory of parametric excitation taking into account 

the effects of the inhomogeneity of the internal demagnetizing field and the 

magnetization in the sample, as well as the boundary conditions governing spin-wave 

quantization. Nevertheless, the theory developed for extended magnetic films41 can still 

be used to analyze the behavior of the studied system close to the threshold of the 
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parametric excitation. According to Ref. 41, the threshold amplitude of the dynamic 

magnetic field for the onset of the parametric excitation is given by 

 /th rh V= ω , (1) 

where rω = αω  is the relaxation frequency and  

( )2 24 ( ) 1 sin ( ) 1 /(4 )sV M P k⎡ ⎤= γ π + ϕ − ω⎣ ⎦  is a coefficient characterizing the coupling of 

the pumping field to the plane wave with frequency ω and wave vector k oriented in the 

film plane at an angle φ with respect to the direction of the static magnetization: φ=tan-

1(ky/kx). Here, 4πMs is the saturation magnetization and ( )( ) 1 1 exp( ) /P k kd kd= − − − , 

where d is the film thickness. 

To account for the finite lateral dimensions of the dot, we applied the standard 

spin-wave quantization scheme.42 Within this approach, the fundamental center mode of 

the dot is approximated by a two-dimensional standing spin wave with the components 

of the wave vector kx = π/a and ky = π/b, where a=1000 nm and b=500 nm are the lateral 

sizes of the dot in x and y directions, respectively. In this approximation, the coupling 

coefficient is V=1.63⋅107 (Oe⋅s)-1.  

Above the threshold, the amplitude of the parametrically excited mode is expected 

to grow exponentially with a characteristic time constant (see Ch.5.3 in Ref. 43) 

 ( )1 / rhVτ = − ω . (2) 

In agreement with this result, the experimental values for 1/τ scale linearly with h [Fig. 

5(d)]. As follows from Eq. (2), 1/τ is equal to the relaxation frequency ωr at h=0 and 

vanishes at h=hth.  Fitting the experimental data of Fig. 5(d) with a linear function and 

extrapolating to P=0, we obtain ωr=0.36⋅109 s-1 corresponding to the Gilbert damping 

parameter α=0.008, in excellent agreement with the known value for Py44.  From the 
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same fit we also obtain the threshold power Pth=0.6 mW corresponding to the exact 

compensation of the magnetic relaxation by the parametric pumping. Finally, from the 

slope of the linear dependence, we obtain the calibration factor A=29 Oe/(mW)1/2. This 

value is in a reasonable agreement with the estimate A=24 Oe/(mW)1/2 based on the 

nominal geometrical parameters of the microstrip line.  

 

V. CONCLUSIONS 

In conclusion, we have demonstrated parametric excitation of spin-wave modes in 

microscopic magnetic-film structures at moderate microwave powers. Parametric 

processes can be utilized for studies of the eigenmode spectra and other dynamical 

characteristics in micro- and nano-magnets. The low threshold power for parametric 

excitation in microscopic systems enables observation of complex nonlinear phenomena 

such as mode competition and nonlinear parametric resonance. Moreover, the low 

threshold power makes parametric processes in microscopic structures useful for 

technical applications such as parametric amplification of spin waves in integrated 

magnonic devices. 
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Figure captions 

 

Fig. 1. (Color online) Scanning electron micrograph of the sample. 

 

Fig. 2. BLS spectra recorded at powers of the parametric pumping varying from 1 to 50 

mW, as labeled. Horizontal axis corresponds to half of the pumping frequency. 

 

Fig. 3. (Color online) Left: pseudocolor-coded maps of the BLS intensity. Right: one-

dimensional cross sections of the maps along the major axis of the Py ellipse, as marked 

by the dashed lines. Panels (a)-(c) are acquired at the labeled frequency values 

corresponding to three different spectral peaks.  

 

Fig. 4. (Color online)  Dependence of the BLS peak intensity on the pumping power for 

the fundamental mode at f0 (filled triangles), for the higher-order mode at f2 (open 

triangles), and for the edge mode at fe (open circles). 

 

Fig. 5. (Color online) (a) and (b) Time traces of the fundamental mode intensity at the 

labeled values of the pumping power. t=0 corresponds to the start of the pumping pulse. 

(c) Time dependence of intensity on the logarithmic scale at P=3.2 mW. Line shows the 

result of a fit by an exponential function. (d) The inverse of amplitude rise time constant 

vs hP ∝ . Line is the best linear fit of the data. 
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