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When a classical device suddenly perturbs a degenerate Fermi gas a semiclassical non-equilibrium
Fermi state arises. Similar states appear when a charge is transferred into a Fermi gas through a lo-
calized contact. Semiclassical Fermi states are characterized by a Fermi energy or Fermi momentum
that slowly depends on space or/and time. We show that the Fermi distribution of a semiclassical
Fermi state has a universal nature. It is described by Airy functions regardless of the details of the
perturbation.

I. INTRODUCTION

Among various excitations of a degenerate Fermi gas, coherent Fermi states play a special role. A typical (not
coherent) excitation of a Fermi gas consists of a finite number of holes below the Fermi level and a finite number of
particles above it. A coherent Fermi state involves, instead, an infinite superposition of particles and holes arranged
in such a manner that one can still think in terms of a Fermi sea with no holes in it. The Fermi edge of such state
depends on time and space, Fig. 1. Later in the paper we will give a formal definition of Fermi coherent states. It is
based on current (or Tomonaga) algebra.

Coherent Fermi states appear in numerous recent proposals about generating coherent quantum states in nanoelec-
tronic devices and fermionic cold atomic systems. These states can be used to transmit quantum information, test
properties of electronic systems and generate many-particles entangled states.

Coherent Fermi states can be obtained by various means. We list two:
(i) A sudden perturbation of a Fermi gas. For example, a smooth potential well, the spatial extent of which much
larger than the Fermi length, is applied to a Fermi gas. Fermions are trapped in the well. Then the well is suddenly
removed. An excited state of the Fermi gas obtained in this way is a coherent Fermi state. This kind of perturbation
is typical for various manipulations with cold fermionic atomic gases.
(ii) Non-stationary driven electronic systems. For example, a time dependent voltage applied through a point contact
which results to a charge transferred into the Fermi gas. These systems have been intensively studied in recent papers
[1]. This way to create and manipulate by coherent states in electronic systems has been proven to be realistic [2].

Both examples show that Fermi coherent states are essentially non-equilibrium.
Although the realization of coherent states in electronic systems experimentally is more challenging than in atomic

systems, numerous recent manipulations with nanoelectronic devices attempt to produce just such states. We will
routinely talk about electrons rather than Fermi-atoms.

From a theoretical standpoint coherent Fermi states are an important concept revealing fundamental properties
of Fermi statistics. Coherent Fermi states appeared in other disciplines not directly related to electronic physics.
Examples include the theory of solitons [3, 4], crystal growth [5, 6], various determinental stochastic processes [7],
asymmetric diffusion processes [8].

Unless special effort is made (see e.g., [2]) coherent Fermi states involve many electrons and are such that space-time
gradients of the electronic density are much smaller than the Fermi scale. These state arise as a result of perturbing
the Fermi gas by a classical device. We call them semiclassical Fermi states. They are the main object of this paper.
We will show that semiclassical Fermi states show great degree of universality. Semiclassical Fermi states must be
distinguished from single electron states studied in [1, 2]. Those are also coherent states but of a different nature. We
briefly discuss them below.

A general coherent Fermi state is a unitary transformation of the ground state |0〉 of a Fermi gas: |U〉 = U |0〉, U =

ei
∫

Ξ(x)ρ(x)dx−i
∫

Π(x)v(x)dx, where ρ and v are operators of electronic density and velocity [ρ(x), v(y)] = − ~
m∇δ(x−y)

and Ξ(x) and Π(x) are two real functions characterizing coherent state.
For the purpose of this paper it is sufficient to assume that the motion of electrons is one dimensional and chiral

(electrons move to the right), although most of the results we discuss are not limited to one-dimensional electronic
gases. In dimensions higher than one, Fermi coherent states represent a propagating front. In this case only the
normal direction to the front matters. To this end, edge states in the Integer Quantum Hall effect may serve as a
prototype.

In a chiral sector the operators of density and velocity are identical v = ~
mρ. The contribution of the right sector
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FIG. 1: Modulated Fermi Edge. The Wigner function are almost 1 below the edge (shaded area) and vanish above the edge,
featuring a universal character in the ’surf’.

is easy to take into account. In the chiral case the Fermi coherent state

|U〉 = ei
∫

Φ(x)ρ(x)dx|0 > (1)

is characterized by a single function Φ [9].
The interpretation of the function Φ depends on the way the state is created. If it is created by a potential V (x)

which has been suddenly removed, then eV (x) = ~vF∇Φ(x). If a coherent state is created by manipulating with a
point-like contact as in [1, 2], then Φ is the action of a time-dependent gate voltage eV (t) = −~ d

dtΦ(x0− vF t) applied
through a point contact (located at x0).

Coherent Fermi states are non-equilibium states. They evolve in time, but as long as the propagation is ballistic and
that the velocity of excited electrons can be approximated by the Fermi velocity, the evolution is merely a Galilean
shift of a coordinate x → x − vF t. We assume these conditions and treat x as a coordinate in case of a sudden
perturbation, or as vF t in the case of manipulation with a voltage applied to a point contact [19].

Fermi coherent states feature inhomogeneous electric density ρ(x) and current I(x). Their expectation values give
a meaning to the functions Ξ and Π. In the chiral state, where the electric current and the electronic density are
proportional, their expectation values are gradients of Φ

〈U |ρ(x)|U〉 =
1

evF
〈U |I(x)|U〉 = ρ0 +∇Φ. (2)

Here ρ0 is the density of electrons in the ground state. Consequently ~∇Φ(x) plays the role of the space-time
modulation of the Fermi edge. Measuring momentum from the Fermi momentum of the ground state we will see that
all states with momenta (or energy) less than PF (x) = ~∇Φ(x) (or EF (x) = vF~∇Φ) are occupied as shown in Fig. 1.
There are no holes in the Fermi sea. We refer to the function PF (x) as a modulated Fermi edge and to the region in
phase space around PF (x) as the ’Fermi surf’.

The question we address in this letter is: what is the Fermi distribution in the ’Fermi surf’ of a modulated Fermi
edge?

We show that, quite interestingly, the semiclassical Fermi surf features a universal Fermi distribution.
Close to the surf, the Wigner function (11) is described by the function Ai1(s) =

∫∞
s

Ai(s′)ds′:

nF (x, p+ PF (x)) ≈ Ai1

(
22/3κp

)
, (3)

where the scale κ = |~2P ′′F (x)/2|−1/3, and the offset PF (x) are the only information about the state that enters the
formula. This formula holds close to any point where the Fermi surf is concave P ′′F (x) < 0. If the Fermi surf is
convex rather than concave, then particle hole symmetry nF (p, x)→ 1−nF (−p, x) provides the result for the Wigner
function. The Wigner function is plotted in Fig. 2.

The Fermi occupation number (12) also displays universal behavior near a maximum of the surf, where the Fermi
number reads

nF (P ∗F + p) ≈ κ∆
[[

Ai′(κp)
]2 − (κp)Ai2(κp)

]
. (4)

In this formula the onset P ∗F is a maximum of the surf, similarly κ is computed at the maximum; ∆ is the momentum
spacing (2π~/∆ is the system volume). It is assumed that ∆ � ~∇Φ. The behavior near a minimum of the surf
follows due to the particle hole symmetry. Figure 3 illustrates the universal regime.

The goal of the letter is to emphasize these simple, albeit universal, distributions [20]
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FIG. 2: Universal behavior of the Wigner function, Eq. 3.

II. COHERENT FERMI STATES

The formal definition of a Fermi coherent states starts with the current algebra (see e.g., [14]). To simplify the
discussion and formulas we consider only one chiral (right) part of the current algebra.

Current modes are Fourier harmonics of the electronic density ρ(x) =
∑
k>0 e

i
~kxJk. An electronic current mode

Jk =
∑
p c
†
pcp+k (we measure electronic momentum from the Fermi momentum), creates a superposition of particle-

hole excitations with momentum k. Positive modes annihilate the ground state, |0〉, a state where all momenta below
the Fermi edge are filled: Jk|0〉 = 0, k > 0. Negative modes of the chiral states are Hermitian conjugated to the
positive modes J−k = (J+k)†.

Chiral currents obey a current (or Tomonaga) algebra:

[Jk, Jl] =
k

∆
δk+l,0. (5)

A Fermi coherent state |U〉 is defined as an eigenstate of positive current modes:

Jk|U〉 = pk|U〉, k > 0. (6)

As follows from (1), pk = ∆
∫
e−

i
~kxdΦ(x)/(2π) are positive Fourier modes of the function Φ(x). Assuming that the

total number of particles ( or the component of the dc current) in the coherent state is the same as in the ground
state, i.e.,

∫
dΦ = 0, we obtain

|U〉 = Z−1/2e
∑

k>0

pk
k J−k |0〉, Z = e

∑
k>0

1
k |pk|

2

. (7)

Using normal ordering with respect to the ground state (where all positive modes of the current are placed to the

FIG. 3: Universal behavior of the Fermi number, Eq. (4).

.
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right of negative modes) the unitary operator reads:

ei
∫

Φ(x)ρ(x)dx = Z−
1
2 :ei

∫
Φ(x)ρ(x)dx :=

= Z−
1
2 e

∑
k>0

1
k pkJ−ke−

∑
k>0

1
k p−kJk . (8)

It is a simple exercise involving the algebra of the current operators to show that the function ∇Φ(x) is a non-
uniform part of the density as is in (2). Alternatively, one can use Z as a generation function 〈ρ(x)〉 ≡ 〈U |ρ(x)|U〉 =
ρ0 + 2Re

∑
k>0 ke

ikx∂p̄k logZ.
Coherent states obey the Wick theorem. The Wick theorem allows to compute a correlation function of any finite

number of electronic operators, as a determinant over the one-fermionic function

K(x1, x2) ≡ 〈U |ψ†(x1)ψ(x2)|U〉,

where ψ(x) = (~/∆)1/2
∑
p e

i
~pxcp is an electronic operator. The one-fermionic function can be computed with the

help of the formula:

Uψ(x)U−1 = e−iΦ(x)ψ(x) (9)

which leads to the expression:

K(x1, x2) =
eiΦ(x1)−iΦ(x2)− i

~pF (x1−x2) − 1

i(x1 − x2)
, (10)

valid for ∆|x1 − x2| � ~. An equivalent object appears in Random Matrix Theory, where it is often called - Dyson’s
kernel. We adopt this name. As points merge one recovers the density (2) K(x, x) = 〈ρ(x)〉 = ∇Φ.

III. WIGNER FUNCTION AND FERMI OCCUPATION NUMBER

The Wigner function is defined as Wigner transform of the Dyson kernel

nF (x, p) =
1

2π

∫
K(x+

y

2
, x− y

2
)e−

i
~pydy (11)

The meaning of the Wigner function is simple away from the surf. There it has the meaning of the occupation of
electrons in phase space (x, p): 1 below the edge, and 0 above Fig. 1. At the surf Wigner function is not necessarily
positive.

The Fermi number

nF (p) = 〈U |c†pcp|U〉 =
∆

2π~

∫
nF (x, p)dx (12)

is the Wigner function averaged over space.
Combining (10) and (11) we write

nF (x, p) =
1

2πi

∫
e

i
~
∫ x+

y
2

x− y
2

(PF (x′)−p)dx′ dy

y − i0
. (13)

where we denoted PF (x) = ~∇Φ = 〈ρ(x)〉 as in (2).
Below we evaluate the integral (13) semiclassically bearing in mind that Φ is of a finite order as ~→ 0.

IV. UNIVERSAL FERMI -SURF

A universal regime arises at the Fermi surf, κ|p − PF (x)| ' 1. In this case it is sufficient to expand PF (x) in a
Taylor series around extrema of PF (x) to second order PF (x) = PF (x∗) + 1

2P
′′
F (x∗)(x− x∗)2 + . . . . Then the integral

(13) becomes the Airy integral given in Eq. (3). Further integration over space yields (4).
In this regime the Dyson kernel in the momentum space Kp1,p2 ≡ 〈U |c†p1cp2 |U〉 reads:

Kp1,p2 ≈ ∆
Ai(κp1)Ai′(κp2)−Ai(κp2)Ai′(κp1)

(p1 − p2)
(14)
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This is the celebrated Airy kernel appearing in numerous problems as the limiting shape of crystals [5], asymmetric
diffusion [8], edge distribution of eigenvalues of random matrices [16], etc.

The Fermi number (4) can be directly obtained from the kernel by taking a limit p1 → p2 in (14).

At large positive momenta (κp → +∞) the Fermi number behaves as nF (p) ∼ ∆
8πpe

− 4
3 (κp)3/2 , and as ∼

∆
π

(
κ
√
−pκ− 1

4p cos( 4
3 (−κp)3/2)

)
for large negative momenta within the surf.

V. TAILS OF FERMI DISTRIBUTION

Away from the universal regime of the surf the Fermi distribution can be computed within a saddle point approxi-
mation. The saddle point of the integral (13) is:

PF (x+
y

2
) + PF (x− y

2
) = 2p (15)

It has pairs of solutions ±y∗(x, p). Let Pmax = max(PF (x)) and Pmin = min(PF (x)) be adjacent extrema of the surf.
Without loss of generality we may assume that (x, p) is outside the Fermi sea p > PF (x). The particle hole symmetry
nF → 1 − nF helps to recover the case when the momentum is inside the sea. If p is in the surf, p ∈ (Pmin, Pmin),
then some saddle point pairs of (15) may be real. Their contribution produces oscillatory features with a suppressed
amplitude. If p hovers above the surf, p > Pmax, then the saddle points are imaginary. Their contributions are
exponentially small.

Between two adjacent extrema the Wigner function reads:

nF (x, p) ≈

√√√√ ~
∣∣∣dy∗dp ∣∣∣

8π|y∗|2
×
{

2 sin
(
Ω− π

4

)
, p ∈ (Pmin, Pmax)

e−|Ω|, p > Pmax,

where ~Ω = −
∫ p
PF (x)

y∗(x, p
′)dp′. In the surf it is half the action of a semiclassical periodic orbit - the area of the

graph y∗(x, p) vs p. In the universal regime, when one approximates y∗(x, p) ≈ ~κ3/2 (p− PF (x))
1/2

this equation

reproduces asymptotes of Eq.(3): nF (x, p+ PF (x)) ∼ (8π)−1/2(κp)−3/4e−3(κp)3/2 .

VI. PERIODIC CURRENT

A Fermi coherent state with a periodic current is an instructive example. It corresponds to ”quantum pumping”
- periodic transfer of a charge through the system by applying a periodic voltage through a point contact. Setting
〈ρ(x)〉 = ρ0 + (n/`) cos(x/`) the Dyson kernel in the momentum representation becomes the integer Bessel kernel

Kp1,p2 =
n

2

m1Jm1
(n)J ′m2

(n)−m2Jm2
(n)J ′m1

(n)

m1 −m2
, (16)

where m1,2 = `p1,2/~ are integers. Here and in the Eq. (17) below momenta assumed to be integers in units of ~/`.
The Fermi number is (m = p`/~)

nF (p) =
1

2
− sign(p)

J2
0 (n)

2
+

m∑
j=1

J2
j (n)

 . (17)

This formula allows to compare the asymptotes near the edges to the universal expression above. Using the homoge-
neous asymptote of Bessel function Jm(m− (m/2)1/3ζ) ∼ (2/m)1/3Ai(ζ) at large m, one recovers (14) and (4). Fig. 4
shows the result of (17) and its fit with the asymptotes.

VII. HOLOMORPHIC FERMIONS AS COHERENT STATES

To contrast semiclassical coherent Fermi states, which were the subject of the development above, and quantum
coherent Fermi states we briefly discuss special, quantum, coherent states known as holomorphic fermions [17].
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FIG. 4: Universal asymptotes of the Fermi number. The graph (red curve) shows the Fermi number in units of ~/` for
the example 〈ρ(x)〉 = ρ0 + (n/`) cos(x/`) computed from Eq.(17). Black curves are the asymptotic forms obtained from the
universal Fermi number formula (4) depicted and magnified on Fig 3.

.

Holomorphic fermions are defined as a superposition of fermionic modes ψ(z) =
∑
p e

i
~pzcp, with a complex ”coor-

dinate” Imz < 0.
Holomorphic fermions are coherent states since they can be represented as an exponent of a Bose field - displacement

of electrons ϕ(z) = ∆
∑
k 6=0

1
ike

i
~kzJk [3, 14]

ψ(z) = cpF : eiϕ(z) : (18)

A function Φ for a string of fermions
∏n
i=1

(
ψ†(zi)ψ(ζi)

)
|0〉 is eiΦ(x) =

∏n
i=1

x−zi
x−z̄i

x−ζ̄i
x−ζi . The density (or current) of

these states consists of Lorentzian peaks, each carrying a unit electronic (positive/negative) charge 〈ρ(x)〉 − ρ0 =∑
i Im

(
1

x−zi −
1

x−ζi

)
, so that the state is a set of single electronic pulses. For a possible applications of these states

in nano-devices see [1, 2]. As the complex coordinate approaches the real axis ζ = x − i0 a holomorphic fermion
operator becomes an electronic operators ψ(z)→ ψ(x) as its density becomes a delta-function.

Coherent states formed by a single holomorphic fermion carry a unit charge in contrast to semiclassical Fermi states.
The Wigner function of this state follows from (10)

nF (x, p) =
1

2πi

∫
x+ y

2 − z
x+ y

2 − z̄
x− y

2 − z̄
x− y

2 − z
e−

i
~py

dy

y − i0
,

where z = X− ia, X is a real coordinate of fermion and |a| is its width (|a|∆� ~). Evaluating this integral we obtain

nF (x, p) = Θ(−p)−Θ(−pa)a
sin 2p(x−X)

x−X
e

2
~pa,

nF (p) = Θ(−p)−Θ(−pa)
2a∆

~
e

2
~pa,

Noticeable features of this distribution are: the Fermi function jumps on the Fermi edge; beyond the Fermi edge, the
Fermi number and the Wigner functions decay exponentially, if the complex coordinate of the fermion is in lower half
plane, a > 0, a holomorphic fermion ψ(z) acts like an annihilation operator creating a dent on the Fermi-surf of the
unit area ~. Vice versa, if a < 0 the holomorphic fermion creates a bump of a unit area; the Wigner function features
Friedel’s type oscillation with a distance x−X to the center of the fermion.

Summing up, we showed that an important class of non-equilibrium semiclassical states of Fermi gas created by
manipulation with Fermi gas by classical instruments (i) can be still characterized by a Fermi sea with a space-time
modulated Fermi edge, and (ii) a step-like Fermi distribution is smeared in a universal manner described by Airy
functions.
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