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In Schwinger-fermion representation we classify all 128 possible spin liquids that preserves SU(2)
spin rotational symmetry, honeycomb lattice group symmetry and time-reversal symmetry. Among
them we identify a Z> spin liquid called the sublattice-pairing state (SPS) as the spin liquid phase
discovered in recent numerical study on a honeycomb lattice!. Our method provides a systematic
way to identify spin liquids close to Mott transition. We also show that SPS is identical to the 0-flux
Zs spin liquid in Schwinger-boson representation? through an explicit duality transformation. SPS is
connected to an unusual antiferromagnetic ordered phase, which we term as chiral-antiferromagnetic
(CAF) phase, by an O(4) critical point. CAF phase breaks the SU(2) spin rotational symmetry
completely and has three Goldstone modes. Our results indicate that there is likely a hidden phase

transition between CAF phase and simple AF phase at large U/t.

We also propose numerical

measurements to reveal the CAF phase and the hidden phase transition.

PACS numbers: 71.27.+a, 75.10.Kt

I. INTRODUCTION

A novel state of matter, quantum spin liquid (SL), has
been recently discovered in organic spin-1/2 triangular
lattice experimental systems22. This class of organic
Mott insulators is in the vicinity of the Mott transition
and can be driven into a Fermi liquid by applying pres-
sure. A quantum SL is the ground state of a Mott insula-
tor which does not break physical symmetries, and can-
not be adiabatically connected to a band insulator. After
Anderson’s proposal of resonating valence bond (RVB)
states®, a lot of theoretical and experimental efforts have
been made to show the existence of such novel phases
of matter with fractionalized excitations’. For example,
various exact or quasi-exact solvable models® ! hosting
SL ground states have been constructed. The exciting
experimental progress on the triangular lattice organics
raises an interesting question: can SL be naturally real-
ized in a Mott insulator close to the Mott transition?12:13
If this is true, it can serve as a guideline in searching SLs
in experimental systems. Physical intuition suggests this
is likely to be the case because in the neighborhood of
the Mott transition, quantum fluctuations of spins are
strong which can suppress the classical spin ordering.

A recent remarkable numerical study! for the nearest
neighbor Hubbard model on the honeycomb lattice

H=—t Y cepo+UY ciencey (1)
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provides another evidence of this guideline, where an in-
sulating phase respecting all physical symmetry is found
in the neighborhood of the Mott transition. This phase
has attracted quite some theoretical attention?14 because
it cannot be explained as a band insulator due to the hon-
eycomb lattice structure. It should be a SL with fraction-
alized excitations. There are many different SLs on the
honeycomb lattice, characterized by different topological
orders*®. Which SL is realized in the simulated Hubbard

model? And in a general context, is there a systematic
way to identify the SLs in the neighborhood of a Mott
transition? We provide our answers to these questions in
this letter.

In Ref. m, it is shown that this SL phase has a full
energy gap, and is likely to be smoothly connected
(i.e. through a continuous phase transition) to both the
semi-metal phase for small U/t and an antiferromagnetic
(AF) phase for large U/t. These three conditions strongly
restrict the candidate SL phases.

There have been two popular approaches to de-
scribe SL phases: Schwinger-fermioni®1? and Schwinger-
boson®2Y, in which the low energy spin excitations
are fermionic and bosonic spinons respectively. The
fermionic approach is more natural to be used in the
viicinity of a continuous Mott transition, whereas the
bosonic model is more natural when close to a magnetic
transition®?. The possible underlying relation between
the two seemingly very different approaches has been a

long-standing puzzle.

In Schwinger-fermion representation, we classify all
possible 128 different Z; spin liquids using projective
symmetry group (PSG)2. In the vicinity of the Mott
transition in simulated Hubbard model, we will show
that there is only one natural SL among them, a Zs
state coined the sublattice pairing state (SPS) which has
a full energy gap and can be smoothly connected to the
semi-metal phase. Moreover, Schwinger-boson method
has been used to describe the magnetic phase transition?
in the same system. It was found that only one SL phase,
the 0-flux state, can be smoothly connected to an anti-
ferromagnetically (AF) ordered phase. The 0-flux state
is also a Z, state with a full energy gap. However, it
is not clear whether this 0-flux state can be smoothly
connected to the semi-metal phase. Can SPS be related
to the O-flux state? In this paper, we will demonstrate
that remarkably, SPS and 0-flux state are identical by
an explicit duality transformation in the low energy ef-
fective theory. This is the first identification of a state



in both the Schwinger fermion and the Schwinger boson
methods.

We will also show that the magnetically ordered phase
connected to SPS is rather unusual and not the simple
Neel phase, because it breaks the SU(2) spin-rotation
symmetry completely and has three Goldstone modes.
We name this phase chiral-antiferromagnetic (CAF)
phase. Aside from the usual AF spin order parameter
N = (—1)i§; where iy = 0,1 for A and B sublattices re-
spectively, in CAF phase there is another vector-chirality
spin order parameter 7 = E<<ij>> ul-jS’;- X §j whose ex-
pectation value satisfies (7) L (N). vy = +1(=1) if
one goes from site i to j in a clockwise(counterclockwise)
manner, as shown by the arrows in FIG. [[{b). Since the
usual AF phase should exist in the large U/t limit2}, our
results suggest a hidden phase transition, which mlght
happen in the “Neel” phase of the previously mentioned
numerical study! or at a larger U/t not studied before.
We therefore propose the schematic phase diagram as
shown in Figl2(a).

This paper is organized in the following way. In section
[T we give a brief exposition of SU(2) Schwinger-fermion
approach to spin liquid states and projective symme-
try group (PSG) classification of different spin liquids.
Following the mathematical classification of all Z5 spin
liquids using PSG in Appendix [Bl we discuss the pos-
sible gapped Z5 spin liquids continuously connected to
a semimetal phase in section [[Il We find out there is
only one natural candidate, the sublattice pairing state
(SPS). A mean-field study of SPS in Ji-J> Heisenberg
model is given in Appendix [l In section [Vl we dis-
cuss the continuous phase transition between SPS and
a magnetically ordered phase and reveal a hidden order
parameter of this chiral-antiferromagnetic (CAF) phase
aside from Neel order parameter. In section[Vlwe identify
our SPS state with the 0-flux state in Schwinger-boson
mean-field approach? through an explicit duality trans-
formation. Finally we summarize our results in section

vl

II. SCHWINGER-FERMION APPROACH AND
PROJECTIVE SYMMETRY GROUP (PSG)

In the large U limit at half-filling, the charge flucu-
tation in Hubbard model () is severely suppressed and
the low-energy spin fluctuations are described by S = 1/2
Heisenberg model#?

412 3
Hapin = =7 > Si-8; +0(3) (2)

In Schwinger-fermion approach, a spin-1/2 operator at
site 4 is represented by:

L
Si = 5 flFaslie. (3)

A Heisenberg spin Hamiltonian H = 37, Jijgi . §j
is represented as H = > _,. —1Ji; (fi-rafjaf;ﬂfjﬁ +
% fja fia f; P fjg). Because this representation enlarges the

Hilbert space, states need to be constrained in the phys-
ical Hilbert space, i.e., one f-fermion per site:

flfia =1, fiafig€as = 0. (4)

Introducing mean-field parameters n;;€08 = —2(fia f58),

Xij0as = 2( fm fja), where €43 is fully antisymmetric ten-
sor, after Hubbard-Stratonovich transformation, the La-

grangian of the spin system can be written as*®

L= Zw Or i + Z
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where two-component fermion notation v; = (f; 1, fj ¢)T
is introduced for reasons that will be explained shortly.
Uyj is a matrix of mean-field amplitudes:

T -
U, = ("?‘ " ) - (©)
Ny —Xij
aé(i) are the local Lagrangian multipliers that enforces
the constraints Eq.(@]).

In terms of 1, Schwinger-fermion representation has
an explicit SU(2) gauge redundancy: a transformation
b — Wi, Uyy — WUy W], W; € SU(2) leaves the ac-
tion invariant. This redundancy is originated from repre-
sentation Eq.(@3]): this local SU(2) transformation leaves
the spin operators invariant!® and thus does not change
physical Hilbert space.

One can try to solve Eq.(Bl) by mean-field (or saddle-
point) approximation. At mean-field level, U;; and ab
are treated as complex numbers, and af must be chosen
such that constraints Eq.([ ) are satisfied at the mean
field level: (1/)37'11/)1) = 0. The mean-field ansatz can be
written as:

Hyp=— Y bluij; + ZwTa . (7)
<ij>
where u;; = %JijUij. A local SU(2) gauge transforma-

tion modify u;; — WiuijW; but does not change the
physical spin state described by the mean-field ansatz.
By construction the mean-field amplitudes do not break
spin rotation symmetry, and the mean field solutions de-
scribe spin liquid states if translational symmetry is pre-
served. Different {u;;} ansatz may be in different spin
liquid phases. The mathematical language to classify dif-
ferent spin liquid phases is PSG12.

PSG is the manifestation of topological order in the
Schwinger-fermion representation: spin liquid states de-
scribed by different PSG’s are different phases. It is de-
fined as the collection of all combinations of symmetry
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FIG. 1: Mean-field ansatz of (a) SPS phase and (b) CAF
phase in terms of f-fermion. v;; = 1ifi — j is along the arrow
direction. (c)The honeycomb lattice and its Bravais lattice
vector @i,2. cfl,z,g are the three vectors used in EqZIl Two
generators of symmetry group are also shown: 60° rotation
(¢ the horizontal mirror o.

group and SU(2) gauge transformations that leave {u;;}

invariant (as al are determined self-consistently by {u;;},

these transformations also leave @) invariant). The in-
variance of a mean-field ansatz {u;;} under an element

of PSG Gy U can be written as

GuU({uis}) = {uij},
U({uis}) = {ty = uv-14),0-1G) }»
Gu({uij}) = {ii; = Gu(i)ui;Gu (j)'},
Gu(i) € SU(2). ()

Here U € SG is an element of symmetry group (SG) of
the spin liquid state. SG on a honeycomb lattice is gen-
erated by time reversal T, reflection o, 7/3 rotation Cg
and translations T4, Ty as illustrated in FIG. [II (see also
appendix [A]). Gy is the gauge transformation associated
with U such that GyU leaves {u;;} invariant.

There is an important subgroup of PSG, Invari-
ant Gauge Group (IGG), which is composed of all
the pure gauge transformations in PSG: IGG =
{{Wi}|WiuijW; = wuy;, W; € SU(2)}. One can always
choose a gauge in which the elements in IGG is site-
independent. In this gauge, IGG can be global Zs trans-
formations: {W; = 7%, W; = —7°}, the global U(1) trans-
formations: {W; = ™", 0 € [0, 2x]}, or the global SU(2)
transformations: {W; = "7 6 € [0,27],7 € S}, and
we dub them Z5, U(1) and SU(2) state respectively.

The importance of IGG is that it controls the low-
energy gauge fluctuations. Beyond mean-field level, fluc-
tuations of U;; and al) need to be considered and the
mean-field state may or may not be stable. The low-
energy effective theory is described by fermionic spinon
band structure coupled with a dynamical gauge field of
IGG. For example, Z, state with gapped spinon disper-
sion can be a stable phase because the low-energy Zs dy-
namical gauge field can be in the deconfined phase3¢:37,
But for a U(1) state with gapped spinon dispersion, the
U(1) gauge fluctuations would generally drive the system
into confinement due to monopole proliferation38, and
the mean-field state would be unstable. And an SU(2)
state with gapped spinon dispersion should also be in
the confined phase because there is no known IR stable
fixed point of pure SU(2) gauge theory in 241 dimen-

sion. Because the purpose of this paper is to search for
stable spin liquid phases that has a Schwinger fermion
mean-field description, we will focus on Zs states.

If GyU € PSG and g € IGG, by definition we
have ¢gGyU € PSG. This means that the mapping
h: PSG — SG : f(GyU) = U is a many-to-one map-
ping. In fact it is easy to show that mapping A induces

group homomorphism?2:

PSG/IGG = SG. (9)

Mathematically PSG is an extension of SG by IGG.

Our definition of PSG requires a mean-field ansatz
{ui;}. With Eq.(@), one can define algebraic-PSG which
does not require ansatz {u;;}. An algebraic-PSG is sim-
ply defined as a group satisfying Eq.([@). Obviously a
PSG (realizable by an ansatz) must be an algebraic-
PSG, but the reverse may not be true, because sometimes
an algebraic-PSG cannot be realized by any mean-field
ansatz.

To classifying all possible Z5 Schwinger-fermion mean-
field states, we need to find all possible PSG group ex-
tensions of the SG with a Z> IGG. Here SG is the direct
product of the space group of honeycomb lattice and the
time-reversal Zs group. In appendix [Al we show the gen-
eral constraints that must be satisfied for such a group
extension. In appendix [B], using these constraints, we
find there are in total 160 Z5 algebraic-PSGs on honey-
comb lattice. And at most 128 PSGs of them can be
realized by an ansatz {u;;}. These 128 PSGs completely
classifies all Schwinger-fermion mean-field ansatz of Zs
spin liquids on a honeycomb lattice.

III. Z, SPIN LIQUIDS ON A HONEYCOMB
LATTICE AND THE SPS PHASE

Among the 128 states, can one further identify the can-
didate states for the spin liquid discovered in the numer-
ical study*? The answer is yes. Numerically the spin
liquid phase is found close to the Mott transition and it
seems to be connected to the semimetal phase by a con-
tinuous phase transition. What are the Z; Schwinger-
fermion states in the neighborhood of the semi-metal
phase?

Are there Schwinger-fermion mean-field states that can
be connected to the semi-metal phase via a continuous
phase transition? Physically a continuous Mott transi-
tion is associated with the loss of charge coherence of the
electronic quasi-particles. The spinons in the Schwinger-
fermion approach exactly describe these quasiparticles
whose charge coherence has been lost?222. The nat-
ural resulting SL phase is nothing but the state with
a spinon band structure identical to the electronic one
on the metallic side. In the present case this SL is the
uniform Resonating-Valence-Bond (u-RVB) state with a
Dirac gapless spinon dispersion??. The nature of the
Mott transtion between the SM phase and the u-RVB
SL (referred to as algebraic spin liquid (ASL) in Ref. 23)



was studied by Hermele?. However numerically it was
shown that the SL phase is fully gapped. How to resolve
this discrepancy?

This discrepancy is related to the stability issue of the
ASL. The u-RVB (or ASL) ansatz can be simply ex-
pressed as a graphene-like nearest neighbor hopping of
f-fermions:

uRVB Z fzaf]OH

<ij>

(10)

where x is real. The low energy effective theory of ASL
is 2+1D SU(2) QCD with Ny = 2 flavors of fermions??,
i.e. QCD3. In the large-N; limit QCD3 has a stable IR
fixed point with gapless excitations and can be a sta-
ble ASL phase??. However the Ny = 2 case remains
unclear. When Ny = 0 the pure gauge QCD3 is in a con-
fined phase?®4l  This indicates a critical N, and when
Ny < N, conﬁnement occurs®?. Although no controlled
estimate of N, is available, a self consistent solution of
the Schwinger-Dyson equations3? suggests N, 2, in-
dicating Ny = 2 u-RVB (or ASL) state may not be a
stable phase.

We find that the above-mentioned discrepancy can be
resolved if we assume the ASL is not a stable phase but
has one or more relavant couplings A in the renormaliza-
tion group sense. A may be a four-fermion interaction. If
A is irrelevant at the Mott transition point (A is danger-
ously irrelevant in this case), the Mott transition is still
continuous and controlled by the fixed point studied in
Ref. 23. We present the schematic RG flow in FigB(b),
and propose this scenario for the Mott transition in the
simulated Hubbard model.

If this scenario is correct, the mean-field ansatz of
the Zs spin liquid should be connected to the u-RVB
ansatz by a continuous Higgs condensation driven by
the A-flow, which breaks the SU(2) IGG down to Zs.
During thls transition, the u-RVB ansatz {uf/"VF} —
{ui?V'P + 6ui;} and the du;; amplitudes play the role of
the Higgs boson. We define a Z5 state to be around (or
in the neighborhood of) the u-RVB when the Z; state
can be obtained by an infinitesimal change {u“RVB =
{u“RVB +0du;;}. Therefore this scenario dictates the PSG
of the Zy state to be a subgroup of the PSG of the ASL.
We propose this group theoretical observation as a sys-
tematic way of identifying the SLs close to a continuous
Mott transition: the PSGs of these SL are subgroups of
the PSG of the “parent” SL whose spinon band structure
is identical to the fermi liquid.

In appendix [C] we classify all these possible PSG sub-
groups with the Zs IGG, which allows us to construct
all possible Z, states around the u-RVB state. This
technique was firstly developed by Wen!2. We find that
among the 128 Z, states, there are totally 24 gauge in-
equivalent Z5 PSGs satisfying this condition, as listed in
Table [[lin appendix

Can these 24 Z5 SL states have a full energy gap? We
find not all of them can have a gapped spinon spectrum.

(a)

Semi-Metal SPS CAF  AF (Ngel)
0 (spin \iquid)T T (f/t
0(4) phase hidderj phase
transition  transition

Semi-metal Mott-transition ASL

FIG. 2: (a)Proposed schematic phase diagram of the Hubbard
model on the honeycomb lattice. (b)Schematic RG flow of the
Mott transition.

This can be understood starting from a Dirac disper-
sion of the u-RVB state. To gap out the Dirac nodes,
at least one mass term in the low-energy effective the-
ory of a given Z5 state must be allowed by symmetry.
In appendix [E] we show that only 4 of the 24 Z, states
allow mass term in the low energy theory. Thus only
these 4 states are fully gapped Z5 spin liquids around u-
RVB state. The other 20 states have symmetry protected
gapless spinon dispersions.

These four states are state #16,#17,419, and #22 in
Table[[lin appendix [Cl We can generate their mean-field
ansatzs by these PSGs. We find that up to the 3rd neigh-
bor mean-field amplitudes w4, 3,~) as shown in Fig[3l only
one of these four states can be realized, which is state
#19. As shown in appendix [E2] mean-field ansatzs up
to the 3rd neighbor of the other three states actually have
a U(1) IGG. Only after introducing longer-range mean-
field bonds can these three states have a Z5 IGG. In par-
ticular, state #16 requires 5th neighbor, state #17 re-
quires 4th neighbor and state #22 requires 9th neighbor
amplitudes, while state #19 only requires 2nd neighbor
amplitudes. Because the ¢/U expansion of the Hubbard
model give a rather short-ranged spin interaction for the
SL phase found in numerics? (t/U ~ 1/4), the other three
states are unlikely to be realized in a Hubbard model on
honeycomb lattice.

SPS is a fully-gapped Zs SL on the honeycomb lat-
tice. Its mean-field fermionic spinon band structure, af-
ter choosing a proper gauge, is given as follows: (FiglIl

a)
HiPs =t Z Fh Fie+t2 Z it e

<17> <<Lig>>
_qumfm-i-A > eaptlifls +he (11)
<<Lig>>

where t; 2 are real numbers. In the Schwinger-fermion
approach, f-spinons are coupled to an SU(2) gauge
field!®18. However due to non-zero ty and A, the SU(2)
gauge symmetry is reduced to Zs through Higgs mecha-
nism. Thus at low energy f-spinons are coupled to a dy-
namical Z5 gauge field and stay in the deconfined phase.
A Schwinger-fermion mean-field study of Ji-J Heisen-
berg model using SPS ansatz is presented in Appendix

[E



IV. CONTINUOUS PHASE TRANSITION
FROM SPS TO CAF PHASE

We start from discussing the continuous phase transi-
tion from SPS to CAF phase in the Schwinger-fermion
approach. How to describe an AF order in this ap-
proach? In Ref. , it is shown that the easy-plane AF
order on a honeycomb lattice is described by a quantum
spin Hall (QSH) band structure of spinons (spin quan-
tized along z-axis) coupled with a dynamical U(1) gauge
field. QSH effect binds the gauge fluctuation to S* spin
density fluctuation, and the Goldstone mode of the easy-
plane Neel order is nothing but photon of the U(1) gauge
field. Monopole quantum number?? of U(1) gauge field
shows the spin order is antiferromagnetic.

In the present spin rotation symmetric system, we con-
sider the phase described by a fluctuating O(3) QSH or-
der parameter 7, coupled with a U(1) gauge field a,,. Its
mean-field ansatz is: (Fig. [Ib)

Mo =t Y fhlfia+ts D> fltje

<37> <<1>>
> fhfa i > vl Gasfis. (12)
7 <<Lig>>

There are three gapless modes in this phase: two 7 fluc-
tuating modes and one photon mode. The photon mode
is in-plane spin wave of AF order N (N L 7)24, and the
spin SU(2) symmetry is completely broken. Because 7
has the same symmetry as QSH order, Eq.(I2)) is the rep-
resentation of CAF phase in Schwinger-fermion method.
The operation Cg - T (T time-reversal, Cq: defined in
Figllk) leaves both order parameters invariant, indicating
that the magnetic order in CAF phase is still collinear.

Comparing Eq.([I2) with Eq.(T), s-wave pairing A of
spinons in SPS phase is replaced by the O(3) QSH or-
der 77 in the CAF phase. If we group these orders to-
gether into a 5-component vector V= (ReA, ImA, 1),

as pointed out in Ref. [25, fluctuations of V has a Wess-
Zumino-Witten (WZW) Berry’s phase?S. Physically it
means that a skyrmion (anti-skyrmion) of 72 in two spa-
tial dimension actually carries fermion charge 2(—2). The
hedgehog instanton of n in 241 dimension thus creates
a charge-2 s-wave fermion pair. Therefore a continu-
ous phase transition between a QSH insulator and an s-
wave superconductor on the honeycomb lattice becomes
possible22.

To discuss the CAF-SPS phase transition, it is conve-
nient to introduce the C'P' representation of the 7 or-
der parameter: 7 = widw, where w = (wy,w)T are
two complex numbers satisfying |wq|? + |we|?> = 1. This
representation has a U(1) gauge redundancy and thus w-
bosons couple to a U(1) gauge field A,,. After integrating
out the f-spinons (see Appendix [Glfor details), we obtain

the effective Lagrangian®!:

1
L =[(8, — iAu)w|* + rlw]® + s|w|* + 3 o
1

i
F?2 + Ze A, 0,ay, 13
29124 ,uv+7TEH)\ 122 ax ( )

+

where f,, = 0,a, — 0ya, and F,, = 0,4, — 0, A, are
gauge field strengths. The last term, a mutual Chern-
Simons (CS) term, is nothing but the WZW term in the
gauge representation: it is well-known that a skyrmion
of n is a 2w A, gauge flux, which also carries 2 units of
a, gauge charge due to the WZW term.

What are the phases described by the effective La-
grangian Eq.([[3)? When r < 0, w-boson condenses and 7
is ordered, corresponding to CAF phase. Here the mutual
CS term does not qualitatively modify the low-energy dy-
namics due to the Higgs mechanism of A,. When r > 0,
w-bosons are gapped and 7 is disordered, remarkably,
Eq.([@3) describes the Z; SPS phase. The identification
of a U(1) mutual CS theory and a Zs gauge theory has
been studied before2”-28. Here with the WZW term, we
are able to further identify the PSG of the Zs theory.

This identification is easily shown by studying the the
monopoles of a, and A, in Eq.(I3). In 7 disordered
phase, monopole events of both a, and A, are allowed.
We denote their monopole creation operators as V.| and

V); respectively. The mutual CS term clearly dictates

that an a, monopole creates 2 units of 4, gauge charge,

and vice versa. These events mean that f f;; and wgwg

pairing terms exist, which break the U(1) gauge group
down to Zs. The WZW term indicates that the f-spinon
pairing is s-wave, and thus the system is in SPS phase.

Mutual CS term also dictates that f-spinon and w-
boson satisfy mutual semion statistics. Namely they see
each other as a m-flux and are dual degrees of freedom.
We can focus on either set of dual variables, f(V}) or
w(V,}), to write down the effective theory. Because the
phase transition from SPS to CAF phase is described
by w-boson condensation in Eq.(I3), we will use w(V,)
variables in the next section.

V. DUALITY BETWEEN
SCHWINGER-FERMION AND
SCHWINGER-BOSON REPRESENTATIONS

In this section we focus on the dual variables of f-
spinons: the w-bosons. The SPS phase is then a Z5 phase
with w-bosons as Z, charges, but f-spinons as visons. In
this formulation SPS-CAF phase transition is naturally
presented as a Higgs condensation of w-bosons.

First we need to represent the order parameters of the
CAF phase in terms of w. The QSH order is 7 = wf&w,
but what is the Neel order parameter? Neel order in
CAF phase corresponds to the monopole of a,,, namely a
pairing of w-boson. There are two spin-1 bosonic pairing
order parameters satisfying this requirement, i.e. the real



and imaginary part of (io,w*) Gw:
Ay + ifg = (ioyw*)! Fapgwp. (14)
It is easy to verify that n = f; X 72, so there are only
two independent vectorial order parameters. The issue
is, which one is the Neel order parameter N: 711 Or Nig?

A U(1) gauge transformation w — ew generates a
rotation in the n1,n2 plane. By fixing a proper gauge,
we can always choose 71 as the Neel order. We will work
within this gauge N = n1 throughout the phase transi-
tion. Such a gauge fixing breaks the U(1) gauge redun-
dancy down to Zs: w — +w.

The physical symmetries of the QSH (or vector spin
chirality) and the Neel order parameters completely de-
termine the transformation rules of the w-boson up to a
Z5 gauge redundancy:

T, Ty: H—n, N — N, w — w,
T: 71—, J\7—>—J\7, w — tw”",
o: Nn— —n, N — —]\7, w — ioyw”,
Ce: n—n, N——-N w—iw (15)

where time-reversal transformation T is anti-unitary.
The reason why there are no further arbitrariness on the
transformation rules of w can be easily understood by the
following construction. If we write w-boson as an SU(2)

matrix:
o= (). (16)
w2 —wWq

then the most general O(4) transformation leaving
|wi|? + |wz? = 1is U — VLUVg, where V;, and Vg
are both SU(2) rotations (V7 is spin rotation), and
O(4) ~ SU(2)r, x SU(2)g. In this representation, the
vectors 11, g, N are the 1st, 2nd and 3rd columns of a 3
by 3 rotation matrix R:4?

1
R = 5Tr(UTaaUab) (17)

Clearly, to leave R invariant, the transformations Vi, g
must be £1.

These symmetry transformation rules allow us to re-
veal the connection between the SPS state here and the
0-flux state in the Schwinger-boson representation ob-
tained by Wang?. In Wang’s work, the Neel order is
represented by the z-boson as N = 2132 in the effective
theory. From Eq.([IT), we can easily construct the du-
ality transformation between the w-boson and z-boson
representations: U, = U, Vg, Vg = iy, namely:

L(w +i0%w*)  (18)

V2

w=—(z—1i0Yz") or z=

V2
Under duality transformation:
N = Rel[(ioyw
wldw = —Rel(ioy,z*)17z]. (19)

“ew] = 2152,

>
Il

From Eq.(TH), (8], we can obtain transformation rules of
z-bosons:

T, T : zZ— 2z,
T: z = oyz,
o: z = ioyz”,
Cs : z = oy2", (20)

which are exactly the transformation rules found by
Wang? for 0-flux state up to a Z, gauge arbitrariness.
This explicitly confirms that the z-bosons constructed in
Eq.([I8) are the same z-bosons discussed by Wang, and
the SPS phase here is identical to the 0-flux phase in
Schwinger-boson description.

Following the discussion in Ref. 4, we can write down
the general symmetry-allowed effective theory for the
phase transition in terms of z-boson:

L =[0; 2] + 2| V2] +m?|2]* + u(|2[*)?
+ A (i0y2) T[> (di - V)] 2 + hec. (21)

K3

Here A\ is the Higgs coupling which reduces the gauge
degrees of freedom in the z- boson formulation down to
ZQ. dl = —al,dg = CLQ, and d3 = CLl - CL2 as shown
in FIG. [l For instance, the single time derivative term
210, 2 is forbidden by o, and 2T (—io,)d, 2 is forbidden by
Cs. The Higgs coupling can also be written as a pairing
of w-bosons: Ay (iayw*)T[Zi(cﬁ-V)3]w+h.c. By naive
power counting Ay is irrelevant, therefore we have an
O(4) critical point between the CAF (z-condensed) phase
and the SPS (z-gapped) phase. The critical behavior of
this transition is well-studied2? 31,

VI. SUMMARY

In this study, our main prediction is the CAF phase.
Unlike usual AF (Neel) phase, CAF phase has two order

parameters: Neel order N and QSH order n. As CAF
phase is likely to be the magnetically ordered phase ad-
jacent to the SL phase found in the numeric study?, in
the following we propose explicit numerical methods to
detect the CAF phase.

One can directly measure QSH order by (7i(z) - 72(0))
correlation funcEion, orathe spin Vector-shirality correla-
tion ((ui+m7j+15i+w X Sj-i—m) . (uijSi X Sj» Since QSH
order is odd under ¢ - T while Neel order is o - T-even,
one does not expect a long range correlation of QSH or-
der in a usual Neel phase. Therefore, the long range QSH
correlation is an intrinsic signature of CAF phase. In ad-
dition, one can check that the QSH vector is normal to
the Neel vector. For example, one can pin the Neel order
by an infinitesimal (in thermodynamic limit) staggered
magnetic field along z-axis, and the measured QSH order
parameters should only have x,y components. Experi-
mentally such an exotic SL may be realized in candidate
systems such as expanded graphene-like system in group
IV elements®232 and fermions in optical lattices®432.
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Appendix A: General conditions on projective
symmetry group of symmetric spin liquids on a
honeycomb lattice

As mentioned in section [l SG on a honeycomb lattice
is generated by time reversal transformation T, trans-
lations along dy,ds: Ti,Ts, plaquette-centered 60° Cg
rotation, and a horizontal mirror reflection o as shown
in Figlll In the present problem, the symmetry group
SG can be represented as

SG={U=1T" -T/" T, -C; - "}

where vr,, vy, € Z and vp,ve € Z2, Vo, € Zg, since the
generators satisfy

T? =0 = (Cs)° =1 (A1)
Here 1 stands for the identity element of SG. To com-
pletely determine the multiplication rule of this group,
we need to identify the multiplication rule of two differ-
ent generators in an order different from 77 -7, - T,
Cgcﬁ -ove:

UT =TU (U =T,,Ts,Cs,0) (A2)
Ty = ToT) (A3)

CsTy = TuCs (A4)

CsTy = Ty ' ToCs (A5)

ocTy =To (A6)

oTy =TTy 'o (A7)
oCs=Cilo (A8)

The above relations can be written in an alternative
way

CT’2 = 0'2 = (06)6 = (Ag
TUT 'U'=1 (U=T,,T»,Cs,0) (
TV T7 T =1 (
T{lcﬁTngl =1 (

T 'OsThTy 'Ot =1 (A13
T, 'oTio !t =1 (
Ty leT Ty o™ =1 (
oCs0Cs = 1 (

which determines the inverse of all the group elements.
As introduced in section[[I] the mean-field ansatz {u;; }

of a spin liquid is invariant under the action of any ele-

ment Gy U of a projective symmetry group (PSG). The

multiplication rule of the symmetry group would imme-
diately enforce the following constraints on a PSG by its
definition: if U1Uy = Us then

Gu, U1Gu,Ua({uij}) = GuyUs({uis}) =
[GUl (U1U2(i))GU2 (UQ(Z))} uij [GUl (U1U2(i))GU2 (UQ(i))]T
= [Gus (Us(0))uij [Gua (Us(0)] ", Vij

On the other hand, we know those pure gauge trans-
formations, under which the mean-field ansatz {u;;} is
invariant, constitute a subgroup of PSG, coined the in-
variant gauge group (IGG):

IGG = {VVlWVl’U,UVV;L = Ujj, W, € SU(2)} (A18)

Therefore from (AIT) we have the following constraints
on the elements of a PSG

[Gu,u, (U1U5(0))] ' G, (U1 U2(3)) G, (Us () = G € IGG

The above condition holds for any two group el-
ements Up,U; of SG. Similar with SG, we can
choose a set of generators in any given PSG:
{Gr, T, Gr, T, GrT,Gc,Cs, Goo}. Any given element
in PSG can be written in the standard form:

GuU =(GrT)"™ - (G, T1)"" - (Gp,T2)"">

(GeCo)"e - (Goo)™ (A19)

Since the multiplication rule of SG on a honeycomb lat-
tice is completely determined by (AI)-(AS), or equiva-
lently (A9)-(AIG), the only independent constraints on
the PSG generators are the following:

(GrT)? € IGG
(Go0)? € IGG
(G, Cs)® € IGG
(G, T1) Y (G, To) "Gy, T1) (G, To) € IGG
(G, T1)~Y(GrT) " (G, T1)(GrT) € IGG
(Gr,T2) Y (GrT) " (G, To)(GrT) € IGG
(G, T2) (G Co) (G, Ty ) (Gey Cs) ™t € IGG
(G, T1) " (GeyCo) (G, T1) (G, To) L (G Co) ! € IGG
(GrT) " (G, Cs)~HGrT)(Ge,y Cs) € IGG
(G T1) " (Goo) (G, T1)(Geo)~! € IGG
(G, T2) " (Goo)(Gr, T ) (G, To) " H(Goo) ! € IGG
(Go0)(GeyCo)(Goo)(Ge,Co) € IGG
(GrT) Y (Goo) Y (GrT)(Gyo) € IGG

(A20)

(A17)



or more specifically

[Gr(i)]* € IGG,
Gos (O'(Z )G,, ) € IGG,
Gey (C5 (1)) Gy (Cg 2 (1)) Gy (CE(1))
G, (C3(1)) Gy (Co(i)) Gy (i) € IGG,

G (T2 "y (1) Gl (Th (4)) Gy (T (i ))GTZ()EIGG
Gz (T1(0)) G (T1(i) G, (T1(i)) Gr (i) € IGG,
Gy (To(i) G (Ta(i) G, (T z))GT ) € IGG,

Gy (T2 )GCG (Tg(z))GTl( s (1)Gel (i) € IGG,

>GT1<c 0)
)€ IGG,
G;l(c (1)) G GI(Z)G ()ch()efaG,
G (T1(1)) Go (T1 (1)) G, (Tio~ (i) G5 (i) € IGG,
G (T2(0)Go (To(D) G (e T2() G,
1)) Go (aC6 (i )GCG (Cs(4)) € IGG,
) 1

2
Geo (z)GCG (o
( )G ()Gr ()G (i) € IGG.

Above are all the general consistent conditions to be sat-
isfied by the generators of a PSG on a honeycomb lattice.

We will use (x1, x2,s) to label a site ¢ in a honeycomb
lattice, where x1,zo are the coordinates of the unit cell
in basis di,d2 and s = 0,1 for A and B sublattice re-
spectively. For convenience, we summarize the coordi-
nate transformation of all the generators in the symmetry
group on a honeycomb lattice as follows:

(A21)

1o(i)) G, (i) € 1GG,

constraints listed in appendix [Alnow becomes

(G ()] —nTT (B1)
Go (a(z) ) =72, (B2)
G, (C5 (1) Ge ( ())Gcf(cﬁo) (B3)
Gy (C3(1)) Gy (Co(1)) Gy (1) = e ™0, (B4)
Gr, (T3 ') G, (Ta(3))
-Gy (T1(1)) Gy (i) = maT”, (B5)
G, (T1() G (Ty (D) G, (T (1)) G (i) = mr7°(B6)
G, (To(i) Gy (Ta(i)) G, (To(i)) G (i) = norm(BT)
Gz, (Ta(i)Ge, (TQ( )
-Gy (T106 1(2))6’ = ncg17Y, (BY)
Gz, ()G 6(T1(Z))GT1 (Ce ' ()
G, ( ))GE; = g2t (B9)
Gy (Cs (i )) L(6)Gr(i)Gey (i) = nogr™®, (B10)
7 (T (z))G( (1))
e (Tlo' L )G = D170, (B11)
Gr, (T2 ))Go (T2(i )GTl (oTx(i))
7 (0(0) G5 (i) = no2t?, (B12)
Go (z)GCG( )
Go (0Cs(i)) Gy (Co(i) = Nocs s (B13)

G:F( ()G5! ()G (i)Go (i) = nor®.  (B14)

where all the n’s take value of £1. Not all of these condi-

tions are gauge independent. Because we can re-choose

T: (x1,29,8) — (21,22,5),
Ty (21,72,8) = (21 + 1,29, 8),
To:  (x1,22,8) = (21,22 + 1,8),

(A22)

o: (x1,x2,8) = (x1 + 22, —T2,1 — 8),
CGS (Il,IQ,O)—)(l—IQ,ch —|—y1—1,1)
(x1,22,1) = (=22, 21 +y1,0)

the gauge part of generators such as G, G, ...
tiplying them by —7°
conditions in which the same generator shows up twice
are gauge independent.
dence to simplify these conditions.
only show up once in the equation of n¢,1(nc,2), we can
always choose a gauge such that ne,1 = neg2 = 1. All

by mul-
(an element of IGG), only those

We can use this gauge depen-
Because Gr,(Gr,)

other n’s are gauge independent.

In the following we will determine all the possi-

ble PSG’s with different (gauge inequivalent) elements

{Gy(i)}. These different PSG’s characterize all the dif-

ferent type of Z, spin liquids on a honeycomb lattice,

Appendix B: Classification of 7> projective
symmetry groups on a honeycomb lattice

which might be constructed from mean-field ansatz {u;; }.
First notice that under a local SU(2) gauge transfor-

mation u;; — W; uUW the PSG elements transform as

As discussed in section[[T] the problem of classifying all
possible Z5 Schwinger-fermion mean-field states is math-
ematically reduced to finding all possible PSGs. Let us
firstly find all algebraic PSGs.

GU( ) — W; GU( )
of freedom, we can always choose proper gauge so that

Gr, (21,22, 5)

“13)" Making use of such a degree

:GTQ(O,J;Q,S):TO, LL‘l,JJgEZ.

Now taking (BE) into account, we have Gr,({z1 +

1. General discussions

In the case of Z5 spin liquids, the IGG of the cor-
responding PSG is a Zy group: IGG = {£7°}. The

1,x2,8}) = maGr, ({21, 2, s}) and therefore

GT1 ($1,$2,S) = TO (B15)

Gr, (w1, 22,5) = 037’



Meanwhile, from (BIl), (BG) and (B1) we can immedi-
ately see that mr = nor = 1, and the gauge inequivalent
choices of G (i) are the followmg

77:7'07 nr = 1

B16
i, =1 P10

Gr(w1,72,8) = gr(s) = {

where 7y = +1.
As discussed earlier, we can always choose a proper
gauge so that nc,1 = ncs2 = 1. Then from conditions

(BY) and (BI) we see that

$1I2+11(11 1)/2 (B17)

GCG(.Il,{EQ, ) = Ta gCe(S)

similarly from conditions (BIIl) and (BI2) we have

1)/2
nEnzanis " 2 gg (s)

where g, (5), 9o (s) € SU(2). Note that (B2) and (BI3)
give further constraints to the above expression (BIS):

Go(r1,72,8) = (B18)

Nol = T2 = N12 (B19)

Now we see the elements of PSG can be expressed as

GT1 (xl,xg,s) = 7'0 (B20)
Gr, (1,2, 5) = 1137°

Gr(v1,22,8) = gr(s)
1112-‘1—11(11 1)/2 CG(S)

(B21)

GCG(:Elv:EQa >—77
Go(m1, 9, 8) = niy T2 tD/2g ()

Consistent conditions (B2), (B4), (BI0), (BI3) and (B14)

correspond to the following constraints on SU(2) matri-
ces gog(8), go(9):

9(0)90(1) = 1oT (B22)
[gCG (S)gcs(l - S)]S = 77127—O
gT(S)gCG (S) = gca( ) (1 - S)nCGT

91(8)95(8) = 9o (8)g7T(1 — 8)NoT

Ao Mooy =1
go(s)gcy(1—s) = { "7 0
iNg T, MNecy = —1

where A\c, = £1 and 75 is a unit vector.

2. A summary of 160 different PSG’s

Below we summarize all the 160 possible PSG’s
obtained through solving (B22). We use capital Roman
numerals (I) and (II) to label g7 = 1;7° and g7 = i3
respectively. Roman numerals (i) and (ii) are used to
label e, = +1 respectively. (A) and (B) are used to
label nyc, = %1 respectively. Finally («) and (5) are
used to label n,r respectively.

(I) JoT = WfTO

It’s easy to see that noyr = Ner = 1 from (B22), so
there is the only possibility among (i) and (ii).

(A) g0(s) = X0, (1= 2):
we have A\c, = 1o7csm2 and
9ce(0) = 79, (B23)
gce(1) = 9o (0) = negmat?,
9o (1) = nencemat’.

This represents 2¢ = 16 different PSG’s in the class (I)(A)
since 1, 10, Mo s M2 = 1.

(B) gU(S)gCG(l - S) = lﬁs ST
Choosing a proper gauge (so that g, (0) = 7°) we have
9o (0) = 70 (B24)
905(1) = ngmaei s,
9o (0) = i ey mrze” 15T,
9o (1) = —ingno,mael Va7 7!
where 3 = 0,+27/3 stand for the multiples of 27/3

mod 27. There are 2% x 3 = 48 different PSG’s in this
class (I)(B).

A) 9o (s ) )‘CSQCG( —s):
in this case Acg = 7)o 7c, M2, SO We have
9cs(0) =1°, (B25)
9o (0) = gc (1) = negmat®,
9o (1) = Nancemat’.

there are 2% = 8 different PSG s in the class (IT)(i)(A).
(B)  go(s)gcs(l —5) = ing - 7

(@) mer =1, e [go(s ) 3] 0:
here we have
9c6(0) = 77, (B26)
90, (1) = ncemat?,
9o (0) = —ingT?,
go (1) =i73.

there are 23 = 8 different PSG’s in the class

1D () (B)(a).
(B) ner = —1, i.e. {go(s),
here we have

1 =0:

9¢(0) =77, (B27)

gos(1) = 77067712€iw3737

90'(0) = _i770'7-17
go(1) = itt.
there are 2% x 3 = 24 different PSG’s in the class
(ID)(1)(B)(B) since 13 = 0, £27/3.
(ii)  ne,r = —1:
(A)  gals) = Ao, 05. (1 — )



here we must have ner = —1, Acy, = NeNcs M2 and

9o (0) = itt, (B28)
9cs(1) = —incemat?,
9o (0) = incemat’,
9o (1) = —ingncgmat".
there are 23 = 8 different PSG’s in the class (II)(ii)(A).
(B)  go(s)gcs(1 — s) = in - 7

(@) Ner =1, .. [go(s), 73] = 0:
here we have

90, (0) = it (B29)
gos(1) = —inc, martel Vs

go-(O) = TO,

90(1) = 7707'0-

there are 23 x 3 = 24 different PSG’s in the class
(IT) (ii) (B) («) since 13 = 0, +27/3.

Ner = —1, i.e. {go(s), 73} = 0:
here we have
9ci (O) = iT1 (B30)
gos(1) = —inc, maTtel Vs
9o (0) = it!,
go (1) = —in7l.

there are 23 x 3 = 24 different PSG’s in the class
(I1)(ii) (B)(8) since 13 = 0, +27/3.

To summarize, above are the 160 different (algebraic)
PSG’s with IGG = {+7°} on a honeycomb lattice. They
represent different Z, spin liquid states on a honeycomb
lattice, which possess all the symmetries of the honey-
comb lattice generated by {T',T1,T,0,Cs}. We also
want to emphasize that any solution to the set of equa-
tion (BI)-(BI4) may look different, but it will be gauge
equivalent to one of these 160 PSG’s.

On the other hand, such a (algebraic) PSG really cor-
responds to a spin liquid if and only if it can be realized
by a mean-field ansatz {u;;} on a honeycomb latticel®. In
fact, not all of these algebraic PSGs can be realized by an
ansatz. After the time-reveral transformation, the mean

field amplitude changes signt®: T'(u;;) = —u;;. Gauge
transformation G must change the sign again:
—uij = Cr(i)uy Gr(j)! (B31)

If in an algebraic PSG, Gr(i) = 7° independent of site,
u;; must vanish.

Clearly at least 32 algebraic PSG’s among the total
160 types cannot be realized by any mean-field ansatz
{ui;}. These are the PSG’s with Gr(i) = gr(s) = 7°
in the class (I)(I)(A)&(B). Since under time reversion T'
we require —u;; = Gr(i )uUGl}(j) = w;;, this leads to
the vanishing of all bonds {u;; = 0} in the mean-field
ansatz. Therefore, there are at the most 128 possible Z»
spin liquids that can be realized by a mean-field ansatz
on a honeycomb lattice.
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Appendix C: Classification of Z> projective
symmetry groups around u-RVB ansatz

In this section we focus on those Z5 spin liquids near
the u-RVB state, which is discussed in section [[IIl These
Zo spin liquids are plausibly connected to a semimetal
through a continuous phase transition. The u-RVB state
is realized by the following ansatz:

uij = (—1)%ix7° (C1)

its mean-field bond is only nonzero between nearest
neighbors < ij >, which have different sublattice indices
s; = 1 — s;. By definition, its PSG has the following

form:
G, (21, 72,5) = g1, (C2)
Gr, (21, 72,5) = g2,
Gr(z1,22,8) = (—1)°9r,
Gog (1,12, 8) = (—1)°g0s,
G (,Tl,xg, ) ( 1)

where g1, 92,91, 9¢, 90 € SU(2). To find out those
Z5 spin liquids around such a u-RVB state, we need to
trace those PSG’s with IGG = {£7"} that looks like
(C2). Consistent conditions (BI)-(BI4) now corresponds
to constraints on the SU(2) matrices {g1, g2, 91, 9C5» 9o
g%" = §T7—07

95 97" 9297 = Eor 7,

-1 -1 -1 _ 0

91 909192 9og = a2

6 _ 0
gCG _5057- 9

9195 192 = &127°,
97 ‘97 9197 = &T°,
93 "9cs 9, = Ecat’
97 9ca 9T9Cs = SceTT'
91 909195 =€ 95900195 05" = Lot
9o 9Ce 9oy = EaCsT 97" 95 9190 = Sor’,

gc2r = 5070- (C3)

where all ¢’s take value of £1. Again, as discussed in
appendix [B] we can always make o,1 = Egg2 = 1 by
choosing a proper gauge. After solving eqs. (C3)), we find
out there are 24 gauge inequivalent solutions in total, as
summarized in TABLE [l In other words, there are 24
different Z5 spin liquid around the u-RVB state, suggest-
ing that they are promising candidates of the spin liquid
connected to a semimetal on honeycomb lattice through
a continuous phase transition.

Appendix D: Consistent conditions on the
mean-field ansatz {u;;} on a honeycomb lattice

In this section we derive the consistent conditions on
an arbitrary mean-field bond w;;, which realizes a spin
liquid with a certain PSG on a honeycomb lattice. The
basic idea is to find all possible symmetry group elements
that transform the two lattice sites {4, j} into itself {4, j}
or into each other {j,i}, so that the corresponding PSG



#| 97 | 9o | 9o 91 g2
T 0,0 y py py
210 7% +° i 79 70
— - — 3T
3 TO TO 7,7'3 i27 /31 e i2w /371
4 7% ir3 ir? 79 70
5170 [i73 irs 70 79
61 7°]ir? ir! 79 70
. 1 T
7 7_0 17_3 617\'/67' 7_0 7_0
; 3T
S 7_O 17_3 el /3T 7_O 7_O
9 7_0 iTS iTl ei27r/37' 67127\'/37'
. 1 1 3 2 1
10| 70 |i73 [eI27/37 i(Z2 — /27 |i(Zs — = — =
0 (% s )5 -% %)
11][ir3] 7 70 79 70
12[[i73] 7° ir? 70 70
- ) T 0 0
13[[i73] iT T T
14 1,7_3 TO iTl i27 /371 67127r/3‘r
15][ir3] i3 70 70 70
16][ir3]i7r3 ir? 79 70
17173173 ir! 70 70
18 17_3 17_3 17_1 i27 /371 67127\'/37'
19|[i73]ir? ir! 70 70
20[[ir?]ir! ir? 70 70
21[ir3]ir! 70 79 70
2[[ir3]ir! ir3 70 70
" T 3
23| ir?|irt| e'™/67 79 70
T /3.3
24||ir3|irt| ei™/37 70 70

TABLE I: A summary of all 24 different PSG’s with IGG =
{£7°} around the u-RVB ansatz. They correspond to 24
different Z> spin liquids near the u-RVB state.

elements must transform mean-field bond u;; into itself
u;; or its Hermitian conjugate uj

As a special case, the identity element 1 always trans-
form a bond into itself: correspondingly in PSG the IGG
elements (e.g. 70 for a Z, ansatz) always transform any
bond u;; into itself. This is nothing but the definition of
invariant gauge group (IGG).

Now we need to look at nontrivial symmetry group
elements which transform two lattice sites (connected by
the bond) into itself or into each other. Without loss of
generality, we consider the following bond

= Uyi-

(T1,%2,5) = U(z,,02,5)(0,0,0) (D1)

1. Regarding time reversal T

Any element of the symmetry group can be written as

U=T""-T," T, -o" -Cy° (D2)

First we study the consistent conditions from time re-
versal transformation T and then turn to other group
elements.

Notice that time reversal T' doesn’t change anything
except the sign of bond:

Gr(i)uy[Gr ()] = —ui; (D3)
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FIG. 3: (color online) Honeycomb lattice and generators of
symmetry group. ua, ug and u- are representatives of 1st,
2nd and 3rd nearest neighbor (n.n.) mean-field amplitudes.

so this bond must satisfy the following constraint:

GT($1,$2,S)<$1,$2,8> (D4‘)

= _<xla x2, S>GT(01 07 0)

2. Conditions on a bond within the same
sublattice: s =0

First we study s = 0 case, i.e. a bond within the same
sublattice. Since both mirror reflection o and 7/3 ro-
tation C will change the sublattice index s while the
translations 77,75 don’t, we must have an even number
of reflection and rotation, i.e. Vo + vc, = 0 mod 2 to
transform the bond to itself (or its Hermitian conjugate).

JFrom ([A22) it’s easy to check the 5 nontrivial ele-
ments consisting of {o, Cs}:

062(171,17270) =
Oy % (w1, 29,0) =

(1 -z —x2,21,0),

(1'271 — T — 1'2,0)7

oCs(x1,72,0) = (21,1 — 21 — y1,0),
0'063(CC1,CU270) = (1 — X1 — 1'271'2,0)7
chl(xl,.IQ,O) = (z2,21,0). (D5)

In order that the bond goes back after some translations,
it’s straightforward to find out all the consistent condi-
tions on such a bond:

T,'0Cs: (—2x,2,0) — (—2z,2,0) (D6)
Ty raCs: (0,2,0) — (0,2,0)f
T 'eCP: (x,—22,0) — <x,—2z 0)
T teCd: (x,0,0) — (z,0,0)f
oCit: (z,2,0) — (x,,0)
TETy “aCyt : (x,—2,0) — (z, —z,0)
for V. x € Z.



3. Conditions on a bond connecting different
sublattices: s =1

In the s = 1 case, such a bond connects different sub-
lattices. So only an even number of reflection and ro-
tation, i.e. Vo + Vo, = 0 mod 2 might transform the
bond to itself, while an odd number of reflection and ro-
tation, i.e. Vo + Vo, =1 mod 2 can transform the bond
(x1,79,1) into its Hermitian conjugate (1, o, 1)T.

It’s straightforward to obtain the following conditions
on the bond (1,72, 1) = Uz, 24,1)(0,0,0):

o: (=2x,2,1) = (—2z,z,1)T
oCgl: (z+1,2,1) = (x+1,2,1)
TP e G (<20 - 1,1) & (20— Lo, 1)}
TP 08 (wn,a,1) — (21,22, 1)1
Tflo'Cg :(w,—22,1) = (x,—2x,1)
TPy o0 (ot L 1) = (w4 Lz, 1)
Ty '0Cs: (~20—12,1) = (~20 - 1z,1)

(D7)

forV x,x1,22 € Z.

4. An example: mean-field ansatz {u;;} of Z> spin
liquids near u-RVB state

To demonstrate the above consistent conditions, let’s
take a look at how they determine the mean-field ansatz
{ui;} of any Zs spin liquid near u-RVB state, with PSG

generators (C2).
Considering time reversion T' we immediately have

gT<$1,:E2,S> = _(_1)S<x17x275>gT (DS)

In other words, the bond connecting two sites be-
longing to the same (different) sublattice(s) anti-
commutes(commutes) with gr.

For the nearest neighbor (n.n.) bond (see FIG.B) u, =
(0,0, 1) we have 1 = x2 = 0,s = 1. Conditions (D7) and
(DY) immediately lead to

[tasgT] =0 (D9)
JoUa = _’U/Lga'
91 "gé ua = —ul g1 g,

For 2nd n.n. bond ug = (0,1,0) we have 1 = 0 =

s, =1 and (D), (DI) lead to
{uﬁv gT} =0
JogdcsUp = u};gagCg

(D10)

For 3rd n.n. bond uy = (1,0,1) we have zo = 0,21 =
s = 1. Conditions (DT) and (D) lead to

[y, gT] =0 (D11)
ggﬁuV = _’ijg%ﬁ

—1 —1
9o 9, Uy = UrJodc,
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Constraints on further neighbors: e.g. 4th n.n.
(0,1,1), 5th n.n. (1,1,0) and 6th n.n. (2,0,0) can be
similarly obtained.

Appendix E: A search of gapped spin liquids near
the u-RVB state

In appendix [C] we showed that there are at most 24
Zs spin liquids around the u-RVB state, which are likely
to connect with a semimetal through a continuous phase
transition. In this section we search for those states with
spectral gaps among the 24 spin liquid ansatz. In the
end we find out most of the 24 states are gapless. More
specifically, they cannot open up a mass gap through
any perturbation around the u-RVB state, which has two
graphenelike Dirac cones in the 1st Brillouin zone. It
turns out that only 4 of them, i.e. #16, #17, #19 and
#22 in TABLE[L are gapped spin liquids near the u-RVB
state.

1. Symmetry-allowed masses in a graphenelike
u-RVB state

We start from the low-energy effective Hamiltonian
of the u-RVB state, which is described by a mass-
less 8-component Dirac equation. These 8 compo-
nents contain 2 spin indices (labeled by Pauli matri-
ces {7'}), 2 sublattice indices (labeled by Pauli matri-
ces {u'}) and 2 valley indices (labeled by Pauli matri-
ces {v'}). Just like graphene, the two valleys are lo-
cated at K and K’, i.e. the vertices in the honeycomb-
shaped 1st Brillouin zone. Following the convention
shown in FIG. [l the momentum of these two cones are
K = %”51 + %’TZ;Q and K’ = %7751 + 4?”52 respectively,
where {b; = (v/3,—-1)/v3a, by = (0,2)/v/3a} are the
reciprocal lattice vectors corresponding to lattice vectors
{61 = (G,O), ay = (17 \/g)a/2}

Expanding the mean-field Hamiltonian of a u-RVB
state with u, = i79 (here k = —2—(k,, ky) = k151+k252)

V3a
HLRVBiZi(¢LA7¢LB)'
O _TO(1+6—1]€2 +el(k}1—k}2))
FO(1 4 eihe 4 eilha—h)) 0

.<¢kA>
Vr,B

around K and K’ we immediately obtain the Dirac equa-
tions

0 O(ky + ik,
Hic = (Vi1 Vi) {To(ky i) | "5 )] (Ziiﬁ
0 0 ko ik! ,
Hy: =(¢i5A7¢icB)[70@é-+ik;) i yO 1 zq <$E42

Defining the following 8-component spinor:

\I]T = (wIZAuwIZBuwIE,Buwg’,A) (El)



we can write the above effective Hamiltonian of u-RVB
state as

H =3 (320, + po,) @ 7° @ °0 (E2)

Therefore only those mass terms M = up ® 7% ®
VP, a,b=0,1,2,3 satisfy that {H,UTM U} = 0 so that
a mass gap can be opened in the Dirac spectrum. In
the following we study how the mass term changes under
the action of symmetry transformation such as spin ro-
tations, time reversal T and translations 77,75 etc. The
physical symmetry of a spin liquid state realized by mean-
field ansatz only allow those masses that are invariant un-
der the corresponding PSG. If a PSG already rules out all
possible mass terms M = p?®@7°®@1°, a,b=0,1,2,3, we
conclude the corresponding spin liquid realized by mean-
field ansatz is gapless.

First we work out the transformation rules of Dirac
spinor ¥ and M under a PSG. We focus on the 24 PSG’s
near the u-RVB state with the form (C2)) as summarized
in TABLE[

a. Spin rotations

It’s straightforward to show that a spin rotation along
z-axis by 26 angle is realized by

U — 0y (E3)

while a spin rotation along g-axis by 7 angle is realized
by

U — ittt (E4)

Apparently S, rotations leave the mass term invariant,
while under Sy rotations by 7 the mass term transforms
in the following way

M- —peovter?’MT??ou @v! (E5)

Since the mass term is invariant under spin rotations,
its allowed form as seen from the above constraint can
only be

MY =Porrer, a=1,23 (E6)
or
MY = Poter, b=0,1,2 (ET)
b.  Time reversal T
Since a  mean-field  bond  w;;  becomes

—(—1)SigTuingT(—1)sf under the time reversal transfor-
mation in a PSG (C2), clearly T is realized by

U — gl @0
M= —-M (E8)
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so the mass term is invariant under time reversal T if
M= —gr@u’ @ Mgh @ p* v (E9)

10 spin liquids near the u-RVB state, i.e. #1-#10 in
TABLE [ has gr = 7°. In these cases, mass terms

Mz(f), a = 1,2,3 will violate transformation rule (E),
and the only allowed masses are Mg), M g).

The other 14 spin liquids around u-RVB state (#11-
#24 in TABLE) are characterized by gr = i73. In this

case the allowed masses are Mg), Mg) and Mﬁ,l), Mf).

c.  Translations Ty, Ts

Under translations Tj,7» in a PSG (C2) the 8-
component spinor changes as

27

Ty : \I/—>efi3’“3®gI\I/,

Ty: U5 gglu (E10)

since K - @12 = :F%’T and K’ - dy o = :l:%”. In order for

the mass term to be invariant

27

M=e 5 ®glM€7i2Tﬂ”3 ®QI
cox 3

=e 1Y ®92Mei2%”3®g; (E11)

the symmetry-allowed masses can only be:
MY and MW, 0 =1,2,3if gy = go = 7°;
Méo) and Mf) if g = g2_1 = 61277/37-3;
M g)) for the special case #10 in TABLE[Il
Combining conditions (E9) and (EII]) we can see that
{Mg)), b =0,1,2} are not allowed by symmetry in any

of the 24 spin liquids near u-RVB state. In the following
study we will focus on masses Ml(f), a=1,2,3.

d. Reflection o

Similar to time reversal T', under reflection along -
axis the spinor transforms as

U — pt ~g;f, @u @AW = —ig;‘, @ u? @ (E12)
The mass term is invariant under reflection o if

M =g, @ p* @1 Mgl @ i*> @ v (E13)

The symmetry-allowed masses are:
none if g, = 7°;

Mxl), a#bif go = itl.



e. w/3 rotation Cg

Under Cg, i.e. a rotation by 7/3 the spinor transforms
as

w3 1

Vo gl @l T e (S - (Bl
The mass term is invariant under reflection o if
M =gc, ® iR ® (éul -3 M

gh @ T @ (B — 112 (E15)

The symmetry-allowed masses are:
none if go, =70, €97 with 6 # 0 mod 7/2;
MXI), a#bif go, = it

2. Realizing the 4 gapped Z> spin liquids near the
u-RVB state

Among all 24 spin liquids near the u-RVB states, it
turns out that there are no symmetry-allowed masses for
20 of them. In other words, these 20 spin liquids cannot
open up a mass gap through a perturbation around the
u-RVB state. Only the following 4 spin liquids near the
u-RVB state can obtain an energy gap in the spectrum
through adding a symmetry-allowed mass term:

#16 with two symmetry-allowed masses M1(41’2) =u®
3@ Trh?,
#17 with one symmetry-allowed mass Mf) =¥ ®
3 2.
VR T
#19 with one symmetry-allowed mass Mf) = ®
3 2.
Ve R T
#22 with one symmetry-allowed mass Mf) = ®
3 2
v QT
In fact, as summarized in TABLE[I all these 4 gapped
spin liquids can be realized by mean-field ansatz {u;;},
which satisfies consistent conditions from the correspond-
ing PSG as discussed in appendix In the following
we describe the mean-field ansatz for these 4 gapped Zo
spin liquids. In the end only one gapped Zs spin liquid,
i.e. #19 can be realized by a mean-field ansatz up to 3rd
n.n. bonds.

a. Zz spin liquid #16: up to 5th n.n. bonds needed

The mean-field ansatz {u;;} for Z spin liquid #16
is summarized in TABLE [, up to 5th n.n. bonds. The
corresponding spin liquid has a Z; gauge structure, if and
only if [ug,ue] # 0, so that the IGG of this mean-field
ansatz is a Zo group {£7°}.

It’s straightforward to check that 2nd n.n. bond ug =
B17t + B272 open up a mass gap M ~ p3 @12 @ (B17t +
Bor?) = MY + BoM D).
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# Ua ug Uy Us ue |9th n.n. (1,2,0)
16 iT0 {20 it [{rh %)

17 iT? 72 ir?|{it? r°}

19[[{ir%, 73} {71, 72} - -

22 ir? 72 ir? ir? T2 {rt, %}

TABLE II: Symmetry-allowed mean-field ansatz of the 4 pos-
sible gapped spin liquids near the u-RVB state. We follow the
notations for mean-field bonds in appendix [Dl We only sum-
marize the mean-field bonds that are necessary to realize a
gapped Z> spin liquid. Ellipsis represents those longer-range
mean-field bonds unnecessary for a Zs spin liquid, which are
not listed in this table. Up to 3rd n.n. mean-field bonds
{Ua,ug, u~y}, only one Zs spin liquid, i.e. #19 can be realized
on a honeycomb lattice.

b.  Za spin liquid #17: up to 4th n.n. bonds needed

The mean-field ansatz {u;;} for Z spin liquid #17
is summarized in TABLE [[Il up to 4th n.n. bonds. The
corresponding spin liquid has a Z; gauge structure, if and
only if [ug,us] # 0, so that the IGG of this mean-field
ansatz is a Zo group {#7°}.

It’s straightforward to check that 2nd n.n. bond ug =

B72 open up a mass gap M ~ fu @ 13 @12 = BME).

c.  Zo spin liquid #19: up to 2nd n.n. bonds needed

The mean-field ansatz {u;;} for Z, spin liquid #17 is
summarized in TABLE [[I, up to 2nd n.n. bonds. The
corresponding spin liquid has a Zs gauge structure, if
and only if ug = 17! + G272 with £1, B2 # 0, so that the
IGG of this mean-field ansatz is a Zo group {£7°}. This
is the only gapped Z3 spin liquid near the u-RVB state,
that can be realized in a mean-field ansatz up to 3rd n.n.
bonds.

It’s straightforward to check that 2nd n.n. bond ug =
17t 4 o2 open up a mass gap M ~ Bop® @ 13 @ 12 =
BMP.

d. Za spin liquid #22: up to 9th n.n. bonds needed

The mean-field ansatz {u;;} for Z spin liquid #17
is summarized in TABLE [[I up to 9th n.n. bonds. The
corresponding spin liquid has a Z; gauge structure, if and
only if [ug,ug] # 0, so that the IGG of this mean-field
ansatz is a Zy group {+7°}. ug = (1,2,0) is the 9th n.n.
mean-field bond. In this Z5 spin liquid, the symmetry-
allowed consistent mean-field bonds for 6th, 7th and 8th
n.n. are:

ug = (2,0,0) oc 72,
ur = (2,0,1) oc i7Y,
ug = (0,2,1) oc i70.
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FIG. 4: Mean-field phase diagram of Ji — J2 model by
Schwinger-fermion approach.

It’s straightforward to check that 2nd n.n. bond ug =
_ (2)
ﬁTQ open up a mass gap M ~ /Blu/:)’ ® V3 ®7_2 — /BMA )

Appendix F: Schwinger-fermion mean-field study of
the J1 — J> model on honeycomb lattice

Can SPS be realized in the Hubbard model when
t/U ~ 1/4, where numerics shows a gapped SL phase? In
particular, by the Mott transition theory of Hermele22,
the u-RVB (or ASL) state is in the neighborhood of the
Mott transition. Can SPS be more favorable than the
ASL state? To address this question, we use t/U expan-
sion of the Hubbard model#2 to obtain an effective J; — Jo
spin model on honeycomb lattice:

H=J Y S;-Sj+Ja Y. S-8  (F1)

<ij> <<ig>>

where J; and Jy are the 1st neighbor and 2nd neighbor
antiferromagnetic coupling. Following Ref. 43, we find
up to t4/U3 order, the effective J; and J, are:

Jy = 4t%JU — 16t* /U3, Jo = 4t1)U3. (F2)

Naively plugging in t/U ~ 1/4 gives Jo/J; ~ 1/12.
We use the following variationally mean-field ansatz:

Hur =x 3 fafia+ 8% 3. csfiufls
<ij> <<ij>>€A
+AT T eapfl e (F3)
<<ij>>€eB

It is equivalent to the SPS ansatz ([Il) by a SU(2) gauge
transformation. Note that this mean-field study is bi-
ased towards spin disordered ground state. For example,
we do not include Neel order which is known to be the
ground state at Jo = 0, and we also do not include the
spiral spin order which is found by semiclassical study
of J; — Jy model**45 . The purpose of the current mean-
field study is to understand whether a gapped spin liquid
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can be more favorable compared to the gapless ASL state
when J; is tuned up and frustration becomes important.

By minimizing the mean-field energy in Eq.(), the
phase diagram of J; — Jo model is obtained and shown
in Figll where we fix J; +.Jo = 1 and EyFr is scaled
from Eq.(@) by 8/3. We find that when J5/J; < 0.85
(or Jo/(J1 + J2) < 0.46), the ground state is u-RVB(or
ASL) state: x # 0 and A = 0. When Jo/J; > 0.85,
the ground state is an s-wave pairing state: x, A # 0
and # = 0. The s-wave pairing state opens an energy
gap for spinons but has remaining U(1) gapless gauge
fluctuation. Due to monopole proliferation3® the s-wave
pairing state is not a stable phase. In this mean-field
study, the gauge fluctuations are not considered and this
is the reason why we find s-wave pairing state as a ground
state. Taking gauge fluctuations into account, the likely
fate of the s-wave pairing state is that € becomes nonzero
and the Zy SPS state is realized.

We propose to study the J; — Jy model by Gutzwiller
projected wavefunction variational approach® because it
can be viewed as a method to include the gauge fluctu-
ation. We leave this projected wavefunction study as a
direction of future research, which may realize SPS as the
ground state. Projected wavefunctions are also classified
by PSG, so the present work also provide guideline for
the search of ground states in the projected wavefunction
space.

Appendix G: Derivation of the mutual
Chern-Simons term

We start from the following low energy effective La-
grangian of spinon fields ¢ in imaginary time (i.e. Eu-
clidean space-time):

L :1/JT70(8# —iay) Y +m - wTM1/J

L 1 £\2
+ @fﬂy + ﬁ((?#n) . (Gl)
We're aiming for an effective action of gauge fields a,
obtained by integrating out the spinon fields v in

Lepr = 0[i7u( — iay) +ima-G |9

where we define ¢ = ¢ty9.  For simplicity let’s de-
note —iG=' = 7,(8, — ia,) + mn - &, then integrat-
ing out spinon fields ¢ yield the effective action & =
—Indet(G™!) = —Trln(G~1'). Following the spirit of
Abanov and Wiegmann2947, we use large-m expansion
to obtain the low energy effective theory in the longwave-
length limit w < m. By defining G5 ' = i(7,0, +mn-7)
we have G~ = go—l + a,v,u. Let’s denote ¢ = ~,0,, and
similarly ¢ = ~,a,, and we have

S=-Trin(Gy! +¢) = —Trin(Gy ') — Trin(1 + God)
= So + 22,2, (—1)!Tr(Gogt)'

Here Sy gives the nonlinear-sigma-model dynamics ~
(0,7)? of vector A, while the coupling between vector 7

(G2)



and gauge field a,, is given by the 2nd term. In the large-
m expansion we consider only the leading-order term:

81 = ~T(God) = ~Tr{Gy " [65 (G )] '}

It’s straightforward to check that Gy '(Go M) = —9% +

m? — ma - @n, therefore large-m expansion leads to

ma - (ﬂn

_ _ —1 >
(GG )] = (=07 +m?)” Z )

and consequently

=y MR )

It turns out that [ = 0,1 terms both vanish and the
leading-order correction to the low energy effective action
is the following topological term:

_ imn-&_ (my(Oun)-G\2
Stopo - Tl” Y 82+m2( —92+m?2 ) }

= EG#U)\ ay n- (Opf X Oxn) (G3)

Notice that in the C'P! parametrization of order pa-
rameter 7 = wiow, spinor w is the eigenvector of 7 - &
whose spin orientation is along unit vector n. Therefore
the Skyrmion current of n

JOF = % - iew,\ﬁ- (D, x Ozi) (G4)
which equals half the winding number of ’fL wrapping
around S2, is nothing but the Berry’s phase®® for spinor
w. Since spinor w obtains 7w phase (i.e. a minus sign) as
7 wraps around S? once (i.e. 7 covers 47 solid angle),
this gives a direct correspondence between the Skyrmion
current density and the U(1) gauge field strength F),,
coupled to w:

1 R R 1
Eewjkn- (&,n X (9)\TL) = We,wk&,A,\ (G5)

Therefore the topological term (G3)) is exactly the mutual
Chern-Simons term mentioned earlier

i
Stopo = ;E,uv)\ a,, 81/14)\
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