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The quasiparticle states around a nonmagnetic impurity in electron-doped iron-based superconductors with
spin-density-wave (SDW) order are investigated as a function of doping and impurity scattering strength. In the
undoped sample, where a pure SDW state exists, two impurity-induced resonance peaks are observed around the
impurity site and they are shifted to higher (lower) energies as the strength of the positive (negative) scattering
potential (SP) is increased. For the doped samples where theSDW order and the superconducting order coexist,
the main feature is the existence of sharp in-gap resonance peaks whose positions and intensity depend on
the strength of the SP and the doping concentration. In all cases, the local density of states exhibits clearC2

symmetry. We also note that in the doped cases, the impurity will divide the system into two sublattices with
distinct values of magnetic order. Here we use the band structure of a two-orbital model, which considers the
asymmetry of the As atoms above and below the Fe-Fe plane. This model is suitable to study the properties
of the surface layers in the iron-pnictides and should be more appropriate to describe the scanning tunneling
microscopy experiments.

PACS numbers: 74.70.Xa, 74.55.+v

I. INTRODUCTION

The new family of iron-based superconducting (SC) mate-
rials has attracted much attention since their discovery.1 The
parent compounds exhibit a spin-density-wave (SDW) order
at low temperatures. Upon doping either electrons or holes
into the system, the SDW order is suppressed and supercon-
ductivity emerges, suggesting the interplay and competition
between these two states.

The impurity effect is an important property in the studies
of superconductivity. One prominent feature ofd-wave paring
symmetry in cuprates is the existence of bound states near the
impurity, which is revealed by both experiments and theoret-
ical calculations.2 For iron-based superconducting materials,
the impurity effect in the SC state has also been theoretically
studied intensively.3–10 It was proposed that a single nonmag-
netic impurity could be used to distinguish the pairing sym-
metry and the in-gap bound states could exist for the typical
s± pairing symmetry.8–10 The in-gap bound states fors± pair-
ing should be different from those in cuprates due to the ab-
sence of quasiparticle excitations at low energy. On the other
hand, in the SDW state, it was proposed experimentally that
the Fermi surface (FS) is only partially gapped and small un-
gapped Fermi pockets exist at low temperature.11–16This fea-
ture was recently reproduced based on a two-orbital model to-
gether with a mean-field approach.17 The gap-like feature and
the existence of tiny ungapped regions along the diagonal di-
rection of the Brillouin zone (BZ) are quite similar to the case
of the d-wave SC gap in cuprates. Therefore, one would ex-
pect that the low-energy bound states should also exist in the
SDW state for the iron-based materials. So far, the impurity
effect in the SDW state remains less explored and a systematic
study of this problem is still lacking. We believe it is timely
and quite interesting to address this issue theoretically and

verify the aforementioned expectation numerically. Further-
more, in some of the iron-based materials the SC and SDW
orders are proposed to coexist in the underdoped regime.18–26

The issue is still a subject of discussion and we anticipate that
the impurity effect could provide additional signatures for the
coexistence of these two orders.

In this paper, we study theoretically the impurity effect on a
two-dimensional square lattice based on a two-orbital model
and the Bogoliubov-de Gennes (BdG) equations. By intro-
ducing a single impurity into the system, the local density
of states (LDOS) is calculated and our results show that: (i)
In the undoped sample, there are two impurity-induced reso-
nance peaks at and near the impurity site and the LDOS spec-
tra exhibitC2 symmetry, with one-dimensional modulation.
(ii) The impurity effect in various doped cases is also studied.
Its effect on the LDOS is remarkable only when the strength of
the scattering potential (SP) is larger than a certain value. For
weak and moderate SPs, a distinct bound state exists explic-
itly at the next-nearest-neighbor (nnn) sites of the impurity,
the energy of which depends on the strength and sign of the
SP, as well as on the doping concentration. For the unitary
impurity, there is a sharp in-gap peak at low doping; while at
high doping, the impurity induced bound state is close to the
SC coherence peaks. On the other hand, in a small range of
moderate doping there are two in-gap peaks only for positive
SP. All the above features could be used to detect the presence
of the SDW order as well as the coexistence of the SDW and
SC orders.

The paper is organized as follows. In Sec. II, we introduce
the model and work out the formalism. In Sec. III, we study
the FS. In Sec. IV, the impurity effect in the parent compound
is investigated. In Secs. V and VI, we study the impurity
effect in doped regime for positive and negative SPs, respec-
tively. Finally, we give a summary in Sec. VII.
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II. MODEL AND FORMALISM

The iron-based superconducting materials have a layered
structure with the FeAs layers being the superconducting
planes. In the present work, following Refs. [9] and [17], we
start from a two-orbital model with on-site interaction. Here
the two orbitals aredxz anddyz orbitals of Fe ions. The As ions
are above and below the Fe-Fe plane alternatively. Since the
next-nearest-neighbor hoppings are mediated by As ions. The
hopping through the up As ions does not equal to that through
down As ions. This asymmetry should be correct when one
investigates the surface properties because the bonds between
up As ions and Fe ions are broken when cleavage. Previously
based on this model, the theoretical results are qualitatively
consistent with both the ARPES27 and STM28 experiments.
For example, based on this model, the obtained phase dia-
gram,17 spin susceptibility,29 as well as the Andreev bound
state inside the vortex core30 are all consistent with the exper-
iments. Thus we also use it to investigate the impurity effect.
The Hamiltonian is written as,

H = HBCS + Hint + Himp . (1)

HereHBCS is the BCS-like Hamiltonian, which includes the
hopping term and the pairing term, expressed by,

HBCS = −
∑

iµjνσ(tiµjνc
†

iµσcjνσ + h.c.) − t0
∑

iµσ c†iµσciµσ

+
∑

iµjνσ(∆iµjνc
†

iµσc†jνσ̄ + h.c.) , (2)

wherei = (ix, iy), j = ( jx, jy) are the site indices,µ, ν = 1, 2
are the orbital indices, andt0 is the chemical potential.Hint is
the on-site interaction term. At the mean-field level, it canbe
written as:17,31,32

Hint = U
∑

iµσ,σ̄

〈niµσ̄〉niµσ + U ′
∑

i,µ,ν,σ,σ̄

〈niµσ̄〉niνσ

+(U ′ − JH)
∑

i,µ,ν,σ

〈niµσ〉niνσ , (3)

whereniµσ is the density operator at sitei and orbitalµ, with
spinσ. The quantityU ′ is taken to beU−2JH .32 The impurity
part of the Hamiltonian,Himp, is given by:

Himp =
∑

imµσ

Vsc
†

imµσ
cimµσ . (4)

Here the impurity means that the Fe ion is replaced by a dif-
ferent atom. Thus the on-site energy of the ion is changed and
acts as the scattering center. Thus in the present work, fol-
lowing Refs. [9,10,17], we here consider only the intra-orbital
scattering by a nonmagnetic impurity.

The mean-field Hamiltonian (1) can be diagonalized by
solving the BdG equations self-consistently,

∑

j

∑

ν

(

Hiµjνσ ∆iµjν
∆∗iµjν −H∗iµjνσ̄

) (

un
jνσ

vn
jνσ̄

)

= En

(

un
iµσ

vn
iµσ̄

)

, (5)

with

Hiµjνσ = −tiµjν + [U〈niµσ̄〉 + (U − 2JH)〈niµ̄σ̄〉

+(U − 3JH)〈niµ̄σ〉 + vsδi,im − t0]δijδµν , (6)

and

∆iµjν =
Viµjν

4

∑

n

(un
iµ↑v

n∗
jν↓ + un

jν↑v
n∗
iµ↓) tanh(

En

2KBT
) , (7)

〈niµ〉 =
∑

n

|un
iµ↑|

2 f (En) +
∑

n

|vn
iµ↓|

2[1 − f (En)] . (8)

HereViµjν is the pairing strength andf (x) is the Fermi-Dirac
distribution function. The SC order parameter at sitei is de-
fined as

∆i =
∆i,i+x̂+ŷ + ∆i,i−x̂−ŷ + ∆i,i+x̂−ŷ + ∆i,i−x̂+ŷ

4
, (9)

in accordance with thes± pairing symmetry.
The LDOS is calculated according to

ρi(ω) =
∑

nµ

[|un
iµσ|

2δ(En − ω) + |vn
iµσ̄|

2δ(En + ω)] , (10)

where the delta functionδ(x) is taken asΓ/π(x2+Γ2), with the
quasiparticle dampingΓ = 0.01.

Following Ref. [9], we use the hopping constants,

tiµ,i±α̂µ = t1 (α = x̂, ŷ) , (11)

tiµ,i±(x̂+ŷ)µ =
1+ (−1)i

2
t2 +

1− (−1)i

2
t3 , (12)

tiµ,i±(x̂−ŷ)µ =
1+ (−1)i

2
t3 +

1− (−1)i

2
t2 , (13)

tiµ,i±x̂±ŷν = t4 (µ , ν) . (14)

In the present work, we uset1−4 = 1, 0.4,−2, 0.04.9 t0 is
determined by the electron filling per siten (n = 2+ x). The
on-site Coulombic interactionU and Hund’s couplingJH are
taken as 3.4 and 1.3, respectively. The pairing is chosen as nnn
intra-orbital pairing with the pairing strengthV = 1.2. This
kind of pairing is consistent with thes±-pairing33–37 and has
been widely used in previous theoretical studies based on the
BdG technique.8,17,31The numerical calculation is performed
on a 32× 32 square lattice with the periodic boundary con-
ditions. A 30× 30 supercell is taken to calculate the LDOS.
Throughout the paper, the energy and length are measured in
units oft1 and the Fe-Fe distancea, respectively. The temper-
ature is set to beT = 0. In the following, all the results we
presented have been checked by using different initial values
and they remain qualitatively the same, suggesting the relia-
bility of our calculation.

III. FERMI SURFACE TOPOLOGY IN THE SDW STATE

The impurity effect is expected to have an intimate relation
with the FS topology. As a result, the impurity effect in the
SDW state is model dependent. In order to investigate the
impurity effect in the iron-based superconductors with SDW
order, firstly we need to study the FS in the SDW state.
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FIG. 1: (Color online) (a) The zero temperature SDW FS. (b)
Two Dirac cones at (kx, ky) = (0.286π, 0.286π) and (kx, ky) =
(0.308π, 0.308π), respectively. (c) The spectral functionA(k, ω)
integrated fromω = −0.1 to ω = 0.1. (e) and (f) are the
band structures near the Fermi energy along the blue [goes through
(kx, ky) = (0.286π, 0.286π)] and orange [goes through (kx, ky) =
(0.308π, 0.308π)] lines in (d), respectively. The BZ is defined in the
2Fe/cell representation and the green dashed line in (a), (c) and(d)
represents the MBZ.

At zero doping, below the SDW temperature, it was pro-
posed experimentally that there exist small FSs along theΓ-
M line of the BZ and Dirac cones in the electronic structure
form inside these FSs, with their apices being located close
to the Fermi energy. However, whether these FSs and Dirac
cones are electron- or hole-like is within uncertainties ofthe
experiment.11 On the other hand, theoretically it was shown
that in both a two-band model and a five-band model, nodes
in the SDW gap function must exist due to the symmetry-
enforced degeneracy at theΓ and M high-symmetry points,
even in the presence of perfect nesting, but the number and
locations of these nodes are model dependant.38 Therefore,
whether they correspond to the experimentally observed Dirac
cones is still unclear. In Fig. 1, we plot the zero temper-
ature SDW FS and the corresponding band structure near
the Fermi energy obtained by our self-consistent calculation.
As we can see from Fig. 1(a), in the SDW state, there re-

-1 0 1
-1

0

1

 

  

 x=0.04

k
y
/π

k
x
/π

(a)

-1 0 1
-1

0

1

 

 

 

 

k
x
/π

k
y
/π

x=0.08(b)

-1 0 1
-1

0

1

  

 

 k
x
/π

k
y
/π

x=0.1(c)

-1 0 1
-1

0

1

 

 

 

 x=0.15

k
x
/π

k
y
/π

(d)

FIG. 2: (Color online) The zero temperature SDW FS at variousdop-
ing levels. The SC order∆ is artificially set to zero in order to illus-
trate the effect of SDW on the evolution of the FS. The blue and red
pockets in thex = 0.04, 0.08 and 0.1 cases are both electron pockets.
The green dashed line is the same as that in Fig. 1

main four small FS pockets in the magnetic Brillouin zone
(MBZ), two of which are electron-like (red) located around
(kx, ky) = ±(0.286π, 0.286π), while the other two are hole-like
(blue) located around (kx, ky) = ±(0.308π, 0.308π). The pock-
ets outside the MBZ are just replica of those inside it due to
band-folding in the SDW state and they can be connected by
the SDW wave vectorQ = (π, π). The areas enclosed by these
pockets are equal, thus keeping the doping level atx = 0. In-
side these four pockets, there are four Dirac cones. As shown
in Fig. 1(b), the apex of the Dirac cone is 0.026 below the
Fermi energy at (kx, ky) = ±(0.286π, 0.286π) while it is 0.046
above the Fermi energy at (kx, ky) = ±(0.308π, 0.308π), sug-
gesting that they are electron- and hole-like Dirac cones, re-
spectively. The spectral functionA(k, ω), which is propor-
tional to the photoemission intensity measured in ARPES ex-
periments, is integrated fromω = −0.1 toω = 0.1 and shown
in Fig. 1(c). As we can see, the locations of the bright spots
are around (kx, ky) = ±(0.3π, 0.3π) and the equivalent sym-
metry points outside the MBZ, on theΓ-M line, in qualita-
tive agreement with experiment.11 In addition, although most
parts of the original FSs aroundΓ are gapped by the SDW
order, the gap value is extremely small on these FSs. Thus,
aroundΓ, the low-energy spectral function has moderate in-
tensity and this can be seen from the ring structure around
Γ with lower intensity, as compared to those bright spots.
We also notice that the system has only two-fold symmetry
when entering the SDW state while the experimentally ob-
served four-fold symmetry is due to the superposition of twin
domains or domain averaging, as suggested in Refs. 11 and
12, respectively. The band structures near the Fermi energy
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scanned along the blue and orange cuts in Fig. 1(d) are plot-
ted in Figs. 1(e) and 1(f), respectively. It clearly shows the
X-like structure of Dirac cones and again suggests that the
Dirac cone is electron-like at (kx, ky) = (0.286π, 0.286π) and
hole-like at (kx, ky) = (0.308π, 0.308π). The locations of the
FS pockets and the bright spots in the spectral function are
consistent with the experimental observation, but in our cal-
culation, the electron- and hole-like Dirac cones appear in-
pairs and are located very close to each other along theΓ-M
line of the BZ, the apices of which are both in the vicinity
of the Fermi energy, thus we propose this to be directly veri-
fied by future ARPES experiments with higher resolution. In
addition, the existence of electron and hole Dirac cone states
in-pairs has already been confirmed indirectly by measuring
the magnetoresistance.39

Figure 2 shows the evolution of the FS with doping. Here,
we set the SC order∆ to zero to illustrate the effect of SDW
on the evolution of the FS. In the MBZ, as doping increases,
the size of the electron pockets [the red pockets shown in
Fig. 1(a)] is enlarged while that of the hole pockets [the blue
pockets shown in Fig. 1(a)] is reduced. When doping in-
creases to aboutx = 0.02, the hole pockets vanish completely.
By further increasing doping, another two electron pockets
appear in the MBZ [the blue pockets in thex = 0.04, 0.08 and
0.1 cases shown in Fig. 2], exactly at the same locations where
the hole pockets vanish and overlap with the original electron
pockets. The size of all these electron pockets is enlarged with
doping. If we define the areas enclosed by the inner and outer
red lines to beS 1 and those enclosed between the inner and
outer blue lines to beS 2, then we havex = 2NxNy(S 1 + S 2),
with Nx, Ny being the linear dimensions of the square lattice.
Finally, whenx = 0.15, the SDW order disappears and there
is no more band-folding due to it. In this case, there are two
electron pockets and two hole pockets around theM andΓ
points of the BZ, respectively.

IV. IMPURITY SCATTERING EFFECT IN UNDOPED
SAMPLE

Based on a toy model and phenomenological calculation,40

it was proposed that the impurity induced bound state should
appear near the impurity site for the undoped sample. How-
ever, the actual band structure and FS should be important
for the features of the order parameters and LDOS. Thus we
will reexamine this issue based on the two-orbital model and
present a detailed investigation of the nonmagnetic impurity
effect in the parent compound. Here we consider both pos-
itive and negative impurity SPs. A single impurity is put at
site (16, 16). We define the on-site magnetic order parameter,
Mi = (−1)ix 1

4

∑

µ(niµ↑ − niµ↓). This definition is suitable for
the typical (π, 0) SDW order, consistent with previous experi-
ments41 and theoretical calculations.17,31

The intensity plots of the site-dependent particle number
ni =

∑

µ(niµ↑ + niµ↓) and magnetic orderMi in real space are
shown in Fig. 3. The left panels of Fig. 3 plot the spatial
distribution of the particle number. For positive SP, electrons
are repelled by the impurity, therefore at the impurity sitethe
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FIG. 3: (Color online) The intensity plots of the particle number (left
panels) and magnetic order (right panels) at zero doping andzero
temperature for different SPsVs = 1,5,−1,−100.

value of particle number is reduced. Increasing the positive
SP will lead to smaller values ofni at the impurity site, which,
whenVs > 6, will vanish. For negative SP, on the contrary,
electrons are attracted to the impurity and larger|Vs| will lead
to a higher particle number at the impurity site. The particle
numbers will recover to the bulk value 2.0 at about 2 lattice
constants away from the impurity site for both positive and
negative SPs. In doped samples, these characteristics ofni

do not change except that the value ofni far away from the
impurity site will be 2+ x, wherex is the electron doping
concentration.

The right panels of Fig. 3 show the real space modulation of
the magnetic orderMi. For small positive SPVs = 1, the val-
ues of magnetic order oscillate near the impurity site with the
maximumMi = 0.115 at the impurity site, slightly higher than
the bulk value 0.105. For moderate SPVs = 5, the magnitude
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FIG. 4: (Color online) The intensity plots of the LDOS at zeroenergy
for different SPsVs = 3 andVs = 100.

of Mi drops down almost to zero at the impurity site, with the
maximumMi ∼ 0.12 appearing in the vicinity of the impu-
rity site. We thus expect that stronger SP will lead to stronger
oscillation of Mi around the impurity and this is verified by
settingVs = ±100, for which we takeVs = −100 as an exam-
ple as shown in Fig. 3. From the corresponding plot we can
see that the modulation ofMi is very strong around the im-
purity, similar to Friedel oscillation and it will recover to the
impurity-free value at about 4∽ 5 lattice constants away from
the impurity site. Order parameters for negative SPVs = −1
are also shown, unlike the enhancedMi in the Vs = 1 case,
we find that the magnitude ofMi is suppressed at the impurity
site and the oscillation ofMi is stronger than theVs = 1 case.

We now study the low-energy impurity-induced bound
states. The intensity plots of the LDOS in real space at zero
energy are shown in Fig. 4 forVs = 3 andVs = 100, re-
spectively. As seen, forVs = 3 the LDOS at the impurity
site (16, 16) is finite while for nearly unitary SPVs = 100
it vanishes. The LDOS modulates near the impurity site and
some bright spots can be seen clearly around the impurity, in-
dicating the existence of bound states at low energy. Another
prominent feature revealed from the LDOS map in Fig. 4 is
the four-fold symmetry breaking which is more obvious near
the impurity. The symmetry of the system reduces toC2 and
it survives for various SPs no matter whether they are positive
or negative. Furthermore, there also exists one-dimensional
modulation of the LDOS along they-axis even when it is far
away from the impurity. This feature is similar to the exper-
imentally observed nematic electronic structure,42 thus sup-
porting the impurity effect as a possible candidate for the for-
mation of nematic order. As the bias deviates from zero, the
nematic order still exists and it survives in the case of multiple
impurities. Since in the two-orbital model we use, each unit
cell contains two inequivalent Fe atoms, the existence of an
impurity on either site of the unit cell will naturally breakthe
four-fold symmetry of the system, thus we conclude that the
breaking of the four-fold symmetry in the LDOS is induced
not only by the SDW order, but also by the intrinsic asymme-
try pinned by the impurity.

We proceed to study the energy and site dependence of the
LDOS. Without impurity, the LDOS is uniform and site inde-
pendent, with its minimum located at negative energy, consis-
tent with STM experiment.28 There are two coherence peaks
at negative energies and two at positive energies, as shown in
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FIG. 5: The bulk LDOS in the SDW state of undoped sample.

-0.4 -0.2 0.0 0.2 0.4
0.0

0.8

1.6

2.4

 

 Vs=3

 Vs=4

 Vs=5

 

 

 

ρ
(ω

)

(16,16)(a)

ω

-0.4 -0.2 0.0 0.2 0.4
0.0

0.6

1.2

 

 ω

ρ
(ω

)

(b) (16,16)

 Vs=-3

 Vs=-4

 Vs=-6

 

 

-0.4 -0.2 0.0 0.2 0.4
0.0

0.8

1.6

 

(c)

ρ
(ω

)

 Vs=3

 Vs=4

 Vs=5

 

 

 

(15,17)

ω

-0.4 -0.2 0.0 0.2 0.4
0.0

0.6

1.2

 
ρ

(ω
)

 Vs=-3

 Vs=-4

 Vs=-6

 

 

 

(15,17)(d)

ω

-0.4 -0.2 0.0 0.2 0.4
0.0

0.8

1.6

 

 ω

ρ
(ω

)

(e)

 Vs=3

 Vs=4

 Vs=5

 

 

(15,16)

-0.4 -0.2 0.0 0.2 0.4
0.0

0.6

1.2

 

 ω

ρ
(ω

)

(f)

 Vs=-3

 Vs=-4

 Vs=-6

 

 

(15,16)

FIG. 6: (Color online) (a) The LDOS at the impurity site as a function
of ω, for different positive SPsVs = 3, 4,5. (b) is similar to (a), but
for negative SPsVS = −3,−4,−6. (c) and (d) [(e) and (f)] are similar
to (a) and (b), respectively, but are plotted at site (15, 17) [(15,16)].

Fig. 5. Since the LDOS has finite value at the impurity site for
weak SP, we plot it exactly at the impurity site for both posi-
tive and negative SPs in Fig. 6. For positive impurity potential
Vs = 3 the spectrum displays two distinct resonance peaks at
negative energies which are denoted by two arrows. The in-
tensity of the left peak is higher than that of the right one. The
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splitting of the resonance peaks is due to the presence of the
inter-orbital couplingt4 and the resonance peaks are related
to the opening of SDW gap. AsVs is increased the two reso-
nance peaks shift to higher energies and the intensities of the
peaks decrease as shown in Fig. 6(a). At last, the intensity of
the right peak becomes higher than that of the left one. For
Vs = 6, the LDOS at the impurity site nearly vanishes. The
feature of the LDOS for negative SPs shown in Fig. 6(b) is
different from that in the positive SP case, for example, the
intensities of the peaks are much lower. ForVs = −3, double
peaks show up at both sides of the Fermi energy, which we
also denote by two arrows. These peaks shift to lower ener-
gies with increased value of|Vs|. As Vs reaches toVs = −8,
the LDOS at the impurity site also vanishes.

In Figs. 6(c) and 6(d) we plot the LDOS at nnn site (15, 17)
of the impurity for positive and negative SPs, respectively.
One can see that with increased strength of SP, the double
peaks move to higher (lower) energies for positive (negative)
SP. For positive SP, increasing impurity strength will leadto
increased peak intensities and this is in contrast to that atthe
impurity site. However, for negative SP, the situation is sim-
ilar to that at the impurity site. Figures 6(e) and 6(f) plot
the LDOS at nn site (15, 16). It is shown that the intensities
of the impurity-induced resonance peaks are much lower than
those at the impurity site (16, 16), although the characteristics
are similar. Since the impurity has four nnn and nn sites, and
the system has onlyC2 symmetry, there are two inequivalent
nnn and nn sites, respectively. The LDOS at the other nnn
site (15, 15) and nn site (16, 15) does not show the impurity-
induced resonance peaks at low energies (not shown here)
and resembles the bulk LDOS, again suggesting the four-fold
symmetry breaking.

The properties of the low-energy bound states shown in
Fig. 6 are significantly different from those in the pure SC
state.9,10,17 In the pure SC state, the bound states would ap-
pear for thes± pairing symmetry. The existence of the reso-
nance peaks is due to the scattering between the hole-pockets
and electron-pockets. Because the pairing function changes
sign thus the bound state appears due to the Andreev reflec-
tion. This effect has already been studied in Ref. 9 by us-
ing T-matrix method and in Ref. 43 based on a different two-
orbital model by using T-matrix and BdG methods. In the pure
SDW state, the bound state is coming from the quasipaticles
in Dirac cones, similar to the resonance state near an impurity
in graphene.44 The energies of the bound states are close to
the Fermi energy so that they can be easily detected by ex-
periments. Therefore, we expect that the results presentedin
this work can also be used as an effective method to justify the
ARPES experiment.

V. POSITIVE IMPURITY SCATTERING IN DOPED
SAMPLES

As we have discussed above, in both pure SDW state and
pure SC state, the bound states are induced by a single non-
magnetic impurity. Since the detailed features of the reso-
nance peaks are quite different between these two cases, the
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FIG. 7: (Color online) The intensity plots of the SC [(a) and (c)] and
magnetic [(b) and (d)] orders for weak SPVs = 1, at dopingx = 0.04
andx = 0.08, respectively.

impurity effect in the underdoped regime where the SC and
SDW orders coexist is an intriguing question. In particular,
both theoretical analyses17 and experimental observations18–26

do suggest the coexistence of these two orders in this regime.
In the following, we will not plot the real space particle num-
ber since it is similar to the undoped case. We mention that
around the moderate dopingx = 0.08, the impurity could in-
duce a weak charge density wave for various SPs. However,
theδn/(2+ x) is less than 0.5%, so we neglect it.

For small SPVs = 1, we can see from Fig. 7(a) that at
low dopingx = 0.04, the amplitude of the SC order∆i is re-
duced at and around the impurity site, which will recover to
the impurity-free value at about 6 lattice constants away from
the impurity. But the SC order is not always suppressed at
the impurity site. As doping is increased tox ≥ 0.08, at the
impurity site the magnitude of the SC order is enhanced [see
Fig. 7(c)], which means the impurity is not a pair breaker in
this case. Atx = 0.04, the magnetic orderMi at the impurity
site is enhanced, similar to that in the undoped case and we
notice that there exist modulations along the diagonal direc-
tions as can be seen from Fig. 7(b). Atx = 0.08, the pattern
of magnetic order changes, the system separates into two sub-
lattices explicitly. The value ofMi in one sublattice is about
0.05, while in the other one is∼ 0.007, withMi ∼ 0.01 at the
impurity site. This impurity-induced two-sublattice pattern of
magnetic order survives until the doping level is beyond the
region where the SDW and SC orders coexist. At higher dop-
ing x = 0.12,∆i is enhanced just like thex = 0.08 case, but
with a vanishingly small value ofMi.

For larger SPVs = 3.0, the order parameters are similar to
those forVs = 1.0, except thatMi is reduced at the impurity
site at all doping levels. As doping increases tox = 0.08, the
system also separates into two sublattices.

The LDOS has finite values at the impurity site for small SP
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FIG. 8: (Color online) The LDOS at the impurity site as a function
of ω for Vs = 1,3, 5, at different doping levelsx = 0.04,0.08, 0.12.
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FIG. 9: (Color online) ForVs = 1, the LDOS on nn and nnn sites of
the impurity as a function ofω at various doping levels. The black
dashed line represents the bulk LDOS.

in all doped samples, but unlike the undoped one, the double
resonance peaks are absent. ForVs = 1, the effect of the im-
purity on the LDOS is shown in the left panel of Fig. 8. In this
case, atx = 0.04, the intensities of the SC coherence peaks
at both positive and negative energies are suppressed by the
impurity. On the other hand, at dopingx ≥ 0.08, the negative
SC coherence peak is enhanced by the impurity while the pos-
itive one remains almost unchanged. For larger SPVs = 3, at
x = 0.04, the intensities of the SC coherence peaks are further
suppressed. Whenx = 0.08 there is a sharp in-gap resonance
peak located at negative energy and close to the SC coher-
ence peak [see Fig. 8(b)]. As doping is increased tox = 0.12,
the intensity of the in-gap peak becomes higher. On the other
hand, for moderate SPVs = 5, atx = 0.04, there exists an in-
gap bound state at negative energy while at bothx = 0.08 and
x = 0.12, there are two in-gap bound states, one at positive
energy, the other one at negative energy. The magnitude of
the LDOS at all doping levels becomes considerably smaller
and reaches to zero for larger SP.

For Vs = 1.0, the impurity induces only minor modulations
on the LDOS around the impurity site, which is similar to
the bulk LDOS at all doping levels [see Fig. 9]. The positive
energy peak at nn and nnn sites is higher than the negative
one at low dopingx = 0.04. As x increases, the intensity of
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FIG. 10: (Color online) ForVs = 3, the LDOS on nn and nnn sites of
the impurity as a function ofω at various doping levels. The upper
panel is for the two nnn sites (15, 15) (red solid) and (15, 17) (pink
short dot) and the lower one is for the two nn sites (15,16) (green
solid) and (16, 15) (blue short dot). The black dashed line represents
the bulk LDOS.

the negative resonance peak gradually becomes higher than
that of the positive one, similar to the evolution of the bulk
LDOS with doping.28 Although the system does not haveC4

symmetry, the main features of the LDOS at the four nnn (nn)
sites are similar to each other, thus in Fig. 9, we only plot the
LDOS at one of the nnn (nn) sites for clarity.

As the SP increases toVs = 3.0, we show the LDOS at
two inequivalent nnn (nn) sites in the upper (lower) panel of
Fig. 10. At low dopingx = 0.04, the effect of the impurity is
weak and no in-gap bound states exist at nnn and nn sites. At a
higher dopingx = 0.08, a single in-gap resonance peak shows
up at both the two nnn sites with different intensities, but their
positions are similar to each other, both are located at positive
energy and close to one of the SC coherence peaks. There
is also a single in-gap peak at the two nn sites, the LDOS of
which is identical to each other. As the doping increases to
x = 0.12, the LDOS at the nnn sites is similar to thex = 0.08
case, except for a higher peak intensity at positive energy and
the addition of a hump at negative energy on one of the nnn
sites, which will evolve into a resonance peak when further
increasing doping (not shown here). The LDOS at the two
nn sites is also identical to each other and clearly shows two
in-gap resonance peaks.

For moderate SPVs = 5, the difference of the LDOS be-
tween the two inequivalent nnn sites (15, 15) and (15, 17) be-



8

-0.2 0.0 0.2
0.0

0.8

1.6

-0.2 0.0 0.2 -0.2 0.0 0.2

 
 nnn

 nnn

 bulk

 

 

 

x=0.04
ρ

(ω
)

ω

(a)

 

(b)

 

 

 

x=0.08

ω ω

 

(c)

 

 

 

x=0.12

-0.2 0.0 0.2
0.0

0.8

1.6

-0.2 0.0 0.2 -0.2 0.0 0.2

 nn

 nn

 bulk

(d)

 

 

 

 

x=0.04

ρ
(ω

)

ω ω ω

(e)

 

 

 

 

x=0.08
(f)

 

 

 

 

x=0.12

FIG. 11: (Color online) Similar to Fig. 10, bur forVs = 5.

comes remarkable [see the upper panel of Fig. 11]. At one
of the nnn sites the single in-gap resonance peak is located at
positive energy while at the other one it is located at negative
energy. As the doping increases, the peaks at the two nnn sites
move closer to the Fermi energy. On the other hand, at the
two nn sites (15, 16) and (16, 15), there is a single in-gap res-
onance peak located above the Fermi energy at all dopings. At
low doping the LDOS spectra at the two nn site are different.
As the doping increases the peaks shift to the Fermi energy
and the LDOS at the two nn sites will become identical.

For nearly unitary positive SPVs = 100, the SC and mag-
netic orders are both suppressed and oscillate in the vicinity
of the impurity site and their magnitudes reach the minimum
exactly at the impurity site. The suppressed order parameters
recover to their bulk value at about 3 lattice constants away
from the impurity. We note that whenx ≥ 0.04 the system
will separate into two sublattices. The difference ofMi be-
tween the two sublattices is larger atx = 0.08 than that at
x = 0.04 while the magnitude ofMi decreases with doping
and will vanish atx > 0.1.

Since the LDOS at the impurity site is zero for such a strong
SP, we thus plot it on nnn and nn sites of the impurity in
Fig .13, at various dopings. Atx = 0.02, a sharp in-gap reso-
nance peak appears close to zero energy on the positive side.It
shifts to negative energy with reduced intensity asx increases
to 0.04. Whenx ≥ 0.05 two in-gap resonance peaks show
up. As the doping increases further, they are pushed away by
each other and merge into the SC coherence peaks of the bulk
LDOS atx ≥ 0.08. In all cases, the LDOS exhibits clearC2

16

32

0.00

0.02

0.04

16
32

i

x=0.04(a)

16

32

0.00

0.02

0.04

16
32

x=0.08(c)

16 32

16

32

0

0.05

0.11

Mi

(b)

16 32

16

32

0

0.02

0.05

(d)

FIG. 12: (Color online) Similar to Fig. 7, but forVs = 100.
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FIG. 13: (Color online) The LDOS on nn and nnn sites of the im-
purity as a function ofω, for Vs = 100. Different panels correspond
to different doping levels. The red solid line denotes the nnn site
(15, 17) while the blue dashed line denotes the nn site (16, 15), with
the bulk LDOS denoted by the black dashed line.

symmetry. However, the LDOS on the inequivalent nn (nnn)
sites is qualitatively the same, thus we choose the sites (16, 15)
and (15, 17) as an example for convenience.
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FIG. 14: (Color online) Similar to Fig. 7, but forVs = −3.

-0.4-0.2 0.0 0.2 0.4
0.0

0.4

0.8

-0.4-0.2 0.0 0.2 0.4 -0.4-0.2 0.0 0.2 0.4

 

 

 

 

Vs=-3

ρ
(ω

)

ω

(a) (b)

 

ωω

 x=0.04

 x=0.08

 x=0.12

 

 

 

Vs=-5
(c)

 

Vs=-8 

 

 

FIG. 15: (Color online) The LDOS at the impurity site as a function
of ω at different dopingsx = 0.04, 0.08, 0.12, forVs = −3,−5,−8.

VI. NEGATIVE IMPURITY SCATTERING IN DOPED
SAMPLES

In real materials, both positive and negative SPs are possi-
ble, and the response of the system to the impurity may de-
pend on the sign of the SP, thus we discuss the negative SP
case in this section.

As we can see from Fig. 14, forVs = −3, the impurity
induces oscillation of the SC order with∆i being suppressed
at the impurity site and enhanced on several nearby sites at
x = 0.04. At a higher dopingx = 0.08, around the impurity
site∆i is suppressed and the oscillation is not distinct. The
magnitude ofMi is suppressed at the impurity site at all dop-
ing levels and apparentlyMi will divide into two sublattices at
ra elatively higher doping. Atx = 0.08, at the impurity siteMi

is close to zero, and is 0.05 and 0.01 on the two sublattices,
respectively.

Being contrary to theVs = 3 case where the impurity effect
is stronger at a relatively higher doping, the in-gap resonance
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FIG. 16: (Color online) ForVs = −3, the LDOS on nnn and nn sites
of the impurity as a function ofω at various dopings. The upper and
lower panels are for nnn and nn sites, respectively. The bulkLDOS
is denoted by the black dashed line.

peak for negative SP is clearer at a lower doping. From Fig. 15
we can see, forVs = −3, at the impurity site there is a sharp
in-gap resonance peak at positive energy at a low dopingx =
0.04. At a higher doping, the LDOS at the impurity site has
two peaks at the edge of the SC coherence peaks with the right
peak being higher than the left one. Here we do not show the
SC coherence peaks in Fig. 15, but in Figs. 16 and 18 we
plot the corresponding bulk LDOS in which the SC coherence
peaks are explicitly shown. As the SP strength increases to
Vs = −5, the corresponding peaks are all suppressed and in
the x = 0.04 case, the in-gap resonance peak shifts towards
the Fermi energy. From the Fig. 15(b) we can see that the
intensity of the LDOS at the impurity site nearly vanishes for
Vs = −8 .

We also plot the LDOS on nnn and nn sites forVs = −3
in Fig. 16, at different dopings. Atx = 0.04, the LDOS on
both the nnn and nn sites shows the existence of in-gap res-
onance peaks, which gradually merge into the SC coherence
peaks as the doping increases. Again, the breaking of four-
fold symmetry is more obvious on the nnn sites than it is on
the nn sites. As the doping increases, this asymmetry tends to
diminish.

For strong negative potentialVs = −8, both the SC and
magnetic orders are suppressed at the impurity site and oscil-
late around it [see Fig. 17]. At about 4 lattice constants away
from the impurity, the SC and magnetic orders recover to their
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FIG. 17: (Color online) Similar to Fig. 7, but forVs = −8.
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FIG. 18: (Color online) Similar to Fig. 16, but forVs = −8.

bulk values. At dopingx = 0.08, Mi also separates into two
sublattices as can be seen from Fig. 17(d).

As shown in Fig. 18, there are in-gap resonance peaks on
all the nnn and nn sites atx = 0.04. The breaking of the four-
fold symmetry is minor, although still visible. The intensities
of the in-gap peaks are suppressed with increased doping. At
x = 0.12 the in-gap peaks are near the gap edge and merge
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FIG. 19: (Color online) ForVs = −100, the LDOS on nnn and nn
sites as a function ofω, at different dopings. The red solid and blue
dotted lines denote the LDOS on nnn and nn sites, respectively. The
black dashed line represents the bulk LDOS.

into the coherent peaks. The profile of the LDOS on nn sites
is similar to that on nnn sites, except that the corresponding
peaks are lower and the asymmetry is weaker.

For a nearly unitary negative potentialVs = −100, the real
space distributions of the SC and magnetic orders are similar
to the positive unitary potential case. Fig. 19 shows the LDOS
on nnn and nn sites at various dopings. Similar to the strong
positive SP case, there is a sharp in-gap peak at a low doping
x = 0.04, the position of which is almost at the Fermi energy.
We believe that this sharp peak is due to the existence of the
SDW order. As the doping increases tox = 0.08, the height
of the in-gap peak drops and becomes lower than that of the
SC coherence peak. As the doping increases tox = 0.12, the
in-gap peaks are very close to the SC coherence peaks.

VII. SUMMARY

By solving the BdG equations self-consistently, it is shown
that without impurity, at zero doping and in the SDW state,
there exist equal-sized electron- and hole-like FS pockets
along theΓ-M line of the BZ, inside which the Dirac cones
form. The electron- and hole-like Dirac cones appear in-pairs
near the Fermi energy and are located very close to each other.
The effect of electron doping is mainly to reduce the size of
the hole pockets while increase that of the electron ones, con-
sistent with the increased electron density.

When impurity is introduced into the system, we find that
in the parent compound, strong SP, being repulsive or attrac-
tive, could induce considerably large oscillation of the mag-
netic order around the impurity site. In addition, for all the SP
strength we investigated, there exists one-dimensional mod-
ulation of the LDOS, similar to the experimentally observed
nematic electronic structure, thus supporting the impurity ef-
fect as a possible candidate for the formation of nematic order.
Furthermore, two impurity-induced resonance peaks are ob-
served around the impurity site and they are shifted to higher
(lower) energies as the strength of the positive (negative)SP
is increased.
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In doped samples, generally speaking, the SC and magnetic
orders are suppressed at and around the impurity site, with
more complicated variations compared to those in cuprates.
However, for positive SP at higher doping or negative SP
at lower doping, the SC order may even be enhanced at or
around the impurity site, suggesting that the impurity is not
a pair breaker in this case. In addition, impurity could sepa-
rate the system into two sublattices denoted by two different
values of magnetic order, which can be seen more clearly at
relatively higher doping. Furthermore, there exist impurity-
induced bound states at and around the impurity site, whose
positions and intensities depend on the strength and sign of
the SP, as well as on the doping concentration. For weak and
moderate SPs, a distinct bound-state peak shows up explicitly
in the LDOS at the nnn sites to the impurity. For a unitary
impurity, there is a sharp in-gap peak at low doping, while at
high doping, the impurity induced bound state is close to the
SC coherence peaks. On the other hand, in a small range of
moderate doping there are two in-gap peaks only for positive
SP.

In all cases, the impurity breaks the four-fold symmetry of
the system and has a stronger effect on nnn sites than it does
on nn sites as can be seen from the LDOS. This symmetry
breaking is induced not only by the SDW order, but also by
the intrinsic asymmetry in our model pinned by the impurity.
All the above features could be used to detect the presence of
the SDW order and to probe the coexistence of the SDW and
SC orders.
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