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In this work, we use three different numerical techniques to study the charge transport properties of a system in
the two-level SU(2) (2LSU2) regime, obtained from an SU(4) model Hamiltonian by introducing orbital mixing
of the degenerate orbitals via coupling to the leads. SU(4) Kondo physics has been experimentally observed, and
studied in detail, in Carbon Nanotube Quantum Dots. Adopting a two molecular orbital basis, the Hamiltonian
is recast into a form where one of the molecular orbitals decouples from the charge reservoir, although still
interacting capacitively with the other molecular orbital. This basis transformation explains in a clear way how
the charge transport in this system turns from double- to single-channel when it transitions from the SU(4) to the
2LSU2 regime. The charge occupancy of these molecular orbitals displays gate-potential-dependent occupancy
oscillations that arise from a competition between the Kondo and Intermediate Valence states. The determination
of whether the Kondo or the Intermediate Valence state is more favorable, for a specific value of gate potential,
is assessed by the definition of an energy scale T0, which is calculated through DMRG. We speculate that the
calculation of T0 may provide experimentalists with a useful tool to analyze correlated charge transport in many
other systems. For that, a current work is underway to improve the numerical accuracy of its DRMG calculation
and explore different definitions.

PACS numbers: 73.23.Hk, 72.15.Qm, 73.63.Kv

I. INTRODUCTION

Interest in charge transport properties of carbon nanotubes (CNT)1 has grown consistently in the last few years, in part be-
cause of their possible applications as single electron transistors (SETs),2 as well as their possible use in molecular computing.3

A CNT SET can be manufactured by coupling a CNT quantum dot (QD) to metal leads2. In this case, below a certain charac-
teristic temperature TK , the Kondo effect4 was first observed in CNT QDs in 2000.5 Further investigation showed that the main
difference between the Kondo effect in CNT QDs, and the same effect in other nano-structures, comes from the degeneracy of
the orbital (chiral) states of the CNT QD.6 Effectively, while in the one hand the Kondo effect in, e.g., a lateral semiconducting
QD is associated to the screening of a localized magnetic moment (in general, with SU(2) symmetry) by the spin density of the
conduction electrons, in the other hand, in a CNT QD the two degenerate orbital states with different chirality (usually referred
to as a pseudospin), together with the intrinsic spin degree of freedom, give rise to the so-called SU(4) Kondo effect. This exotic
state has been recently studied both experimentally6 and theoretically.7–10 Some of the many particular characteristics of the
SU(4) Kondo effect are (i) a larger Kondo temperature than in the SU(2) case, (ii) Kondo effects at two different fillings, namely,
quarter-filling and half-filling, with diverse properties,10 (iii) a rich behavior under magnetic field,11 (iv) perfect entanglement of
spin and orbital degrees of freedom,6 among others.

Another interesting regime in the SU(4) Kondo Hamiltonian can be obtained by the gradual ‘mixing’ of orbital states at the
tunneling barriers, through tunneling that effects a flip in the pseudospin of the electron [henceforth, pseudospin conserving
tunneling occurs through a matrix element t′, and non-conserving through t′′, see Fig. 1(a)]. When this mixing is total (i.e.,
t′′/t′ = 1), one reaches the so-called two-level SU(2) (2LSU2) state.9,10 One constraint associated to the use of a CNT QD to
observe SU(4) Kondo physics is the lack of control over the parameters of the system (intra- and inter-orbital Coulomb repulsions
U and U ′, respectively, and couplings to leads), making it impossible to freely navigate from the SU(4) to the 2LSU2 state. In
contrast, recent advances in the lithography of semiconducting lateral QDs have allowed greater control over capacitively coupled
double quantum dot (DQD) systems connected to independent leads.12 In reality, it was in a DQD system that the first claim of
observation of the SU(4) Kondo effect was made.13 As long as progress in this field continues to be made, it is not unlikely that
the 2LSU2 regime will be accessible to experimental probing in the near future. Indeed, in the same way that the SU(4) regime
has been shown to be quite robust regarding a difference between U and U ′, and some mixing of the orbital states (although
strict SU(4) symmetry only occurs at one point in parameter space),8 most of the relevant phenomena described here for the
2LSU2 state are shown to survive a deviation of t′′/t′ from 1. It is for that reason that we elect to use the terminology SU(4) and
2LSU2 regimes, since as far as experiments go, their characteristic properties do not seem to be restricted to the corresponding
point in parameter space (we choose to refer to these specific points as SU(4) and 2LSU2 states).
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In this paper, using three different numerical techniques, namely the Numerical Renormalization Group (NRG),14 the Density
Matrix Renormalization Group (DMRG),15 and the Logarithmically Discretized Embedded Cluster Approximation (LDECA),16

we analyze in detail the opposite end of the SU(4) regime, the above mentioned 2LSU2 regime.9,10 Using the notation defined
above, the difference between the SU(4) and 2LSU2 regimes resides in the value of the ratio ν = t′′/t′: ν = 0 corresponds
to the SU(4) regime (no orbital mixing) and ν = 1 to the 2LSU2 regime (total orbital mixing). The motivations for the study
presented here are four-fold: First, in previous work by two of the current authors, a charge discontinuity and a transition from
a 2G0 to G0 maximum conductance was observed in the 2LSU2 regime (G0 is the conductance quantum).10,17 Second, in these
same works, a fine-structure of conductance peaks (2G0 high and positioned at and around the particle-hole (p-h) symmetric
point) was observed for parameter values in the 2LSU2 regime, superimposed over a flat background of heightG0. Third, a slave
boson analysis of the local density of states (LDOS) showed a discontinuous change of the Kondo peak at the 2LSU2 regime.9

All these three points mentioned above were never fully explained, some of them being thought to be related to convergence
problems in the numerical methods used.18 Here, we will show that this is not the case, and that they are associated to a band-
decoupling at the 2LSU2 state and to an interesting competition between two distinct many-body ground states. Finally, the
above mentioned advances in manufacturing of capacitively coupled DQDs may open the doors for the experimental analysis of
the regime theoretically discussed here. Note that to facilitate the connection and comparison with previous work by some of
the authors, we will keep referring to the system under study as a CNT QD, although the regime of parameters to be analyzed
(ν <∼ 1) may not be accessible to CNT QDs.

Another interesting aspect of the results presented here is that the points mentioned above (charge discontinuity, change from
double- to single-channel charge transport, fine structure of the conductance, and discontinuity in the LDOS Kondo peak) can
be more easily understood after a change of basis from ‘atomic’ to ‘molecular’ orbitals (AOs to MOs) is applied. Indeed, QDs
have been dubbed ‘artificial atoms’, and systems of two or more coupled QDs have been dubbed ‘artificial molecules’. When
the phenomena being analyzed depend more on the properties of quantum states involving more than one QD (a ‘molecular
orbital’), a change of basis from local states (individual QDs) to extended states, involving two or more QDs, should be done to
help understand the phenomena being observed.19 In this work, the authors will present a situation where this change of basis is
crucial for the understanding of the numerical results.

This work is divided as follows: Section II briefly presents a description of the model Hamiltonian, and the regime of pa-
rameters to be analyzed. In addition, a brief description of the band decoupling occurring at the 2LSU2 state is described by
introducing molecular orbitals (a detailed description is provided in Appendix A). Section III presents charge vs. gate voltage
results obtained with DMRG and NRG, at zero temperature. Charge oscillations in the MOs, as a function of gate voltage, are
in perfect agreement between the two techniques. The NRG results are extended to finite temperatures, determining the energy
scale of the phenomena relevant for the Vg-dependent charge oscillations. In addition, to facilitate the discussion of the results,
the idea of an effective gate potential V ∗g is introduced. Section IV presents LDECA results for charge, conductance, and spin-
and charge-fluctuations, away from the 2LSU2 point, in good qualitative agreement with the DMRG results. Section V presents
a discussion of the origin of the Vg-dependent charge oscillations observed in the MOs, and, more importantly, an explanation
of its dependence on the coupling of the CNT QD to the leads. These charge oscillations in the MOs reveal a subtle competition
between two many-body states, namely, the Kondo state and the Intermediate Valence state. A simple way of quantifying this
competition is obtained by using DMRG simulations to calculate the energy T0 of the system for a wide window of gate potential
Vg (see Eq. (12) for its definition and discussion thereafter). In addition, the DMRG calculation of T0 for the single impurity
Anderson Model is compared to the Kondo temperature expression derived by Haldane.20 A finite size scaling of the DMRG
results shows that T0 tends to Haldane’s expression in a narrow window around the p-h symmetric point, leading the authors
to speculate that the definition and numerical calculation of T0 may be helpful to study correlated charge transport for a broad
region of gate potential, including the Kondo and Intermediate Valence regimes. Section VI presents our conclusions. Appendix
A presents details of the basis transformation that results in the band decoupling essential to understand the properties of the
2LSU2 regime, and Appendix B shows results for the non-interacting model (U = U ′ = 0.0).

II. HAMILTONIAN AND MOLECULAR ORBITALS

A. Model Hamiltonian

The SU(4) Hamiltonian used to model a CNT QD (or a capacitively coupled DQD)13 coupled to metallic leads is given by

Htot = Hmb +Hband +Hhyb, (1)

Hmb =
∑

σ;λ=α,β

[
U

2
nλσnλσ̄ + Vgnλσ

]
+

U ′
∑
σσ′

nασnβσ′ , (2)



3

2 3 4 51

2 3 4 51

2 3 4 51

2 3 4 51

2 3 4 51

2 3 4 51

2 3 4 51

−1−5−4−3−2 2 3 4 51

−1−3−5 −4 −2

2 3 4 51

2 3 4 51

t’

t’’

(b)

(c)

odd band
Uncoupled system:

α

β odd band

Uncoupled system:
α odd band

β odd band

α

β

Coupled system:

CNT α even band

β even band

CNT right       bandleft       bandα α

ββleft       band right      band

α

β

Coupled system:

+

−

t

t

+

−
CNT banda

b band

(a)

FIG. 1: (Color online) (a) Schematics of the full system studied in this work, representing either a CNT (in which case α and β stand for
the orbital (chiral) levels of the CNT), or a capacitively coupled DQD (in which case α and β stand for two QDs that are coupled to each
other only through a long range Coulomb interaction). In either case, the orbital levels of the QDs are each coupled to its own independent
charge reservoir, through hopping t′ (gray (green) line). Coupling to a reservoir with opposite quantum number occurs through hopping t′′

(black (red) line). The SU(4) state is achieved for t′′ = 0, and the 2LSU2 state is achieved for t′′ = t′. (b) Schematics of the usual left-
right symmetry transformation that, in this case, decouples two bands from the interacting levels. (c) Final system, obtained after the second
symmetry transformation (see text). Now, the MOs |+〉 and |−〉 are coupled to bands through hoppings t+ and t− that depend on the ratio
ν = t′′/t′. For ν = 1 (2LSU2 state), level |−〉 decouples from the electron reservoir, staying coupled to the rest of the system through its
many-body capacitive coupling to level |+〉.

Hband = t
∑
λ=α,β

∞∑
i=1,σ

(c+λiσcλi+1σ +

c+λ−iσcλ−i−1σ) + H.c., (3)

Hhyb =
∑

λ,λ′=α,β,σ

tλλ′

[
d†λσcλ′±1σ + H.c.

]
. (4)

Our unit of energy is t, and all results were obtained for U = U ′ = t. Note that this Hamiltonian is p-h symmetric for
Vg/U = −1.5. Hmb contains all the many-body terms in the system; more specifically, λ = α, β are two degenerate orbitals
associated to the wrapping mode (clockwise or anticlockwise) of the electron propagation along the axial direction of the CNT,
while dασ (dβσ) annihilates an electron with spin σ in the α (β) orbital in the CNT QD and cλiσ annihilates an electron with
spin σ in the i-th site of the λ = α or β channel for i > 0 or i < 0 [right or left leads, respectively, see Fig. 1(a)]. Therefore,
each lead has two bands, also named α and β, after the notation used for the orbital levels in the QD. Justifications for this
assumption are given elsewhere.10 It is important to stress that the CNT QD is coupled to two independent metallic leads on
each side (at left and right), which have the same chiral states as the CNT QD (and therefore the same quantum numbers).
Equations (3) and (4) describe the leads and their coupling to the QD, respectively. More specifically, tα,α = tβ,β = t′ and
tα,β = tβ,α = t′′. To explore the 2LSU2 regime, we wish to perform numerical calculations for ν <∼ 1. Following Ref. 9,
we will define φ = tan−1 (ν), with which the hoppings between the QD and leads can be rewritten as t′′ = t0 sin(φ) and
t′ = t0 cos(φ), where t0 is kept constant, and t′ and t′′ are indicated in Fig. 1(a). Using this definition ensures that a constant
coupling Γ = 2πρ0 (EF ) t20 (where ρ0 is the reservoir’s DOS at the Fermi energy) between the QD and the charge reservoirs is
kept constant, while the ratio ν varies. Note that ν = 0 (t′′ = 0 and t′ = t0), the pure SU(4) state, implies φ = 0, while ν = 1.0
(t′ = t′′ = t0/

√
2), the pure 2LSU2 state, implies φ = π/4. In what follows we will assume, for simplicity, that U = U ′.21

Figure 1(a) shows a schematic representation ofHtot, together with diagrams indicating the gradual decoupling of bands from
the QD [Figs. 1(b) and 1(c)] as the symmetries of the system are exploited, finalizing with the construction of the MOs |+〉 and
|−〉. A brief description of these transformations is given below and full details are provided in Appendix A.

B. Molecular orbitals: band decoupling

Given the left-right symmetry of the system, two bands decouple from the QDs, as indicated in Fig. 1(b), through a symmetric-
antisymmetric combination of creation-annihilation operators from left and right leads (without mixing α and β states). The
resulting system [see Fig. 1(b)] still has one more symmetry to be exploited. If one performs a symmetric-antisymmetric linear
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FIG. 2: (Color online) (a) DMRG results for charge variation against gate potential: n+(Vg), (green) × symbols, n−(Vg), (blue) + symbols,
and nα+nβ , (red) solid line (note that nα = nβ). The charging of the AOs is smooth, while the charging of the MOs has clear discontinuities.
The parameters used are φ = π/4, t0 = 0.106 (Γ = 0.045), U = 1, and Γ = 0.045 (note that the particle-hole symmetric point of this model
is at Vg = −3U/2, and the charge is plotted per spin species). (b) Comparison between NRG and DMRG n± vs. Vg results for the 2LSU2
state (φ = π/4, t0 = 0.025 (Γ = 0.0025), and U = 1). NRG: n+ [circles (black)], n− [squares (red)]. DMRG: n+ [× (green)], n− [+
(blue)]. Note the very good agreement between the two techniques. DMRG results obtained with 40 sites and maintaining 200 states. NRG
results obtained at the last iteration (N=80), and a discretization parameter Λ = 2.5 was used, keeping Ns = 1500 states in each iteration,
which allows a larger Ns to account for degeneracies (all the other NRG calculations in this work were done similarly). The small differences
occur because the DMRG results are not totally converged yet. Note also [as in panel (a)] the interesting Vg-dependent charge oscillations
involving the two MOs simultaneously, given that they are capacitively coupled. See text for definition of Vgc and Vgd.

combination of αeven and βeven creation-annihilation operators acting on sites situated at the same distance from the QD [see
Fig. 1(b)] and a bonding-antibonding linear combination of the QD levels |α〉 and |β〉, one obtains the MOs |+〉 and |−〉, which
couple to symmetric and antisymmetric bands, respectively, as shown in Fig. 1(c), through hopping matrix elements

t+ =
√

2(t′ + t′′) (5)

t− =
√

2(t′ − t′′) (6)

It is now clear that, at the 2LSU2 point (where ν = 1, i.e., t′ = t′′, and therefore t− = 0), a third band decouples from the
system, leaving MO |−〉 decoupled from any electron reservoir, although still capacitively coupled to MO |+〉. This immediately
answers some of the questions raised above. First, in the limit ν → 1, the charge transport changes from double- to single-
channel. Therefore, the maximum conductance will change from 2G0 to G0. Indeed, in the vicinity of the 2LSU2 point, for
ν <∼ 1.0, narrow peaks with height 2G0 are expected around certain values of gate potential. The closer one gets to the 2LSU2
point, the narrower these peaks become, their width vanishing at the 2LSU2 point, where the maximum of the conductance
will be G0.10,17 Second, at the 2LSU2 state, MO |−〉, being decoupled from the charge reservoir, will have zero width, i.e., Γ−
vanishes (for a definition of Γ−, see below and Appendix A). As the gate potential varies, and after the level |−〉 has crossed
the Fermi energy, it will be abruptly charged, changing the ground state of the system (recall that MO |−〉 has a many-body
interaction with the rest of the system), and potentially changing its transport properties discontinuously. One should expect that
the Kondo peak in the LDOS, when the system is in the SU(4) state, should differ considerably from the Kondo peak occurring
in the 2LSU2 state, given the difference in the number of charge transport channels between the two states. The very abrupt
change in the slave boson’s LDOS (seen in Fig. 14 of reference 9) is probably linked to this change from double- to single-
channel charge transport. If the change in the Kondo resonance is discontinuous or not (at φ = π/4) is still a point to be further
investigated.

For completeness, we present here Hmb written in the new basis, assuming that U = U ′ (in Appendix A, a complete expres-
sion, for the case U 6= U ′ is presented)31,

Hmb =
U + U ′

4

∑
λ,σ

nλσnλσ̄ +
∑

λ6=λ′,σ

nλσnλ′σ̄

+
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FIG. 3: (Color online) Left panels: DMRG results similar to the ones in Fig. 2, but now for varying t0 (0.025, 0.05, 0.106, and 0.175, from
top to bottom). The corresponding values for Γ are 0.0025, 0.01, 0.045, and 0.1225. U = 1.0 for all panels. For the sake of clarity of
presentation, just the n+ results are shown. Note that the value of Vgc [gate potential for charging (discharging) of |−〉 (|+〉)] is strongly
dependent on Γ, while Vgd (gate potential for discharging (recharging) of |−〉 (|+〉)] is not (its value is practically fixed at Vg/U = −1.0).
Right panels: Solid (black) lines: conductance obtained through the Friedel sum rule applied to the corresponding charges in the left panels.
(Red) Dots in panel (c): NRG results for the conductance. Notice the good agreement between the two techniques. The narrow peaks in the
3 top right panels, located at Vg/U = −1.0, are briefly discussed in the text. OBS.: The bottom right panel should be compared to Fig. 4 in
Ref. 10. The fact that only one NRG result is shown in the right-side panels is explained in the text.

U ′

2

∑
λ 6=λ′,σ

nλσnλ′σ (7)

where λ = ±, σ =↑ or ↓, and although our calculations are for U = U ′, both are indicated, with their respective terms. It is
also useful to define the broadening of the one-body AOs |α, β〉, as well as for the MOs |±〉 (coming from their coupling to the
leads). For the AOs, we have

Γ = Γα + Γβ , (8)

Γα/β = 2π(t′2 + t′′2)ρ0(EF ) = 2πt20ρ0(EF ), (9)

where the factor 2 in Eq. 9 takes in account the left and right leads [see Fig.1 (a)], and ρ0(EF ) is the LDOS at the first site of
the leads (here considered the same for the α and β channels), and Γ is the total coupling between the interacting region and the
leads. For the MOs we have

Γ+ = πt2+ρ0(EF ), (10)

Γ− = πt2−ρ0(EF ). (11)

Note that, as required, Γ = Γ+ + Γ− (for more details, see Appendix A).
The MO |−〉, in the 2LSU2 regime (ν = 1), is an electronic dark state that cannot interact directly with the conduction

electrons. Such state has been extensively studied in different systems, namely, as Dicke effect22–24 or bound states in the
continuum (BICs),25,26 which can produce Fano resonances in the conductance.27 The original Dicke effect in quantum optics28

takes place through spontaneous emission, by two closely spaced atoms (of the same species), which emit a photon into a
common environment.

III. CHARGE OSCILLATION OF MOLECULAR ORBITALS: DMRG AND NRG RESULTS

A. DMRG and NRG (zero and finite-temperature) results

In this section, we describe the 2LSU2 gate-potential-dependent charge oscillations associated to the presence of the dark
state. In section III.B, we show that the effect of the charging of the dark state |−〉 over the MO state |+〉 can be incorporated
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into an effective gate potential acting over MO |+〉. This is based on the fact that (in the 2LSU2 state) the MO |−〉 can only
contain an integer number of electrons. The definition of this effective gate potential greatly helps the understanding of the
gate-potential-dependent charge oscillations.

Figure 2(a) contrasts DMRG results at the 2LSU2 state (φ = π/4) obtained for n± vs. Vg and nα,β vs. Vg , emphasizing
the difference between them: the AOs present a smooth charging, as a function of Vg , and, obviously, nα (Vg) = nβ (Vg),
while n± (Vg) show clear discontinuities and very diverse behavior. Note that we plot only up to the p-h symmetric point
(Vg/U = −1.5), and the data has to be multiplied by 2 to reproduce the total charge in the QD, i.e., we are plotting charge
per spin species, as the system is SU(2) invariant. Figure 2(b) shows a comparison of n± vs. Vg between NRG and DMRG, at
zero-temperature. The agreement between the two techniques is quite good, as can be easily seen. The hopping and many-body
parameters used are indicated in the figure and in the caption, and φ = π/4 for both panels (2LSU2 state). As mentioned above,
at the 2LSU2 state, level |−〉 is completely decoupled from the electron reservoir and will obviously be abruptly charged for
some Vg value, and, given that it is capacitively coupled to level |+〉, its occupancy will also change abruptly. This is clearly
reflected in the results for n± in Figs. 2(a) and (b). Note that the results in Fig. 2(a) are for a smaller value of U/Γ than those
in Fig. 2(b) (the second is deeper into the Kondo regime), although this discontinuity in the charge occupancy of the MOs still
occurs for both cases. Note that the log-discretization of the semi-infinite chain used by NRG is the one described in Ref. 29.

The questions to be answered here are the following: (i) what determines the value of Vg for which the charging (discharging)
and discharging (recharging) of level |−〉 (|+〉) occurs (indicated in Fig. 2(a) with arrows and denoted Vgc and Vgd)? (ii) How
this value depends on Γ? (iii) And finally, how robust is this phenomenon? I.e., how far from the strict 2LSU2 regime can we
go (i.e., for φ < π/4) and still observe this gate potential dependent MO charge oscillation effect? Why this charge oscillation
effect is important will be apparent soon (see Fig. 6).

Figure 3, showing DMRG results for different values of U/Γ, answers the second question. I.e., how does the charging of MO
level |−〉 depends on Γ (for fixed U )? In it, on the left side panels, one sees that Vgc depends on Γ much more strongly than Vgd,
as the value of Vgd barely changes with Γ, while Vgc decreases as Γ increases, until Vgc = Vgd (a full explanation of this effect
will be given in section V). To underscore the fact that for φ = π/4 charge transport occurs only through MO |+〉, the right
panels in Fig. 3 show the conductance results obtained by using the Friedel sum rule (solid curves)G = G0 sin2(πn+/2), where
the results used for n+(Vg) are those obtained by DMRG (left panels). The dotted curve in panel (c) shows the conductance
results obtained by NRG (through the calculation of the dressed Green’s function). The good agreement between both techniques
indicates that, as expected, the conductance is all through the molecular orbital |+〉. The origin of the sharp peak at Vg/U = −1.0
will be explained in section IV, where the LDECA results for conductance are presented. Note that the lack of NRG results for
the other right-side panels is due to convergence issues.30

To help answer the other questions, it is important to have an idea of the order of magnitude of the energy scale of the
processes that determine this gate potential dependent charge oscillation. The temperature (in units of U ) dependent n± vs. Vg
NRG results in Fig. 4 indicate that these Vg-dependent charge oscillations have been strongly suppressed at a temperature which
is a very small fraction of U (see temperature values in the caption). Indeed, as the charge transport occurs through level |+〉,
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FIG. 5: (Color online) (a) n+ vs. Vg DMRG results (U = 1.0, Γ = 0.045, and φ = π/4) comparing n+ (Vg), solid black line, with
n+ (Vg + U) [(green) + symbols] for Vg values around −0.9U . The perfect agreement between the two curves, in the region between
discontinuities, indicates the simple fact that the charging of the decoupled MO level |−〉 acts as an extra electrostatic potential, moving up by
U the effective potential seen by MO level |+〉. This is schematically shown in (b), where the effective potential is plotted against Vg and the
(red) vertical arrow indicates the charging of MO |−〉 and the change by U of the effective potential seen by MO |+〉 (the discharging of MO
|−〉 occurs in the other discontinuity). (c) and (d): DMRG results for n± vs. Vg for three different values of φ/π (0.25, 0.24, and 0.23). This
shows that the Vg-dependent charge oscillations seen at φ/π = 0.25 survive away from the 2LSU2 point. The charge oscillations are still
noticeable down to φ/π ≈ 0.2 (not shown). The parameters are t0 = 0.106, Γ = 0.045, and U = 1.0. The DMRG calculation was done for a
cluster with 80 sites and 200 states were kept, and for φ < 0.25 only the left-right transformation was used [see Fig. 1(b)] The (red) horizontal
arrow in panel (c), when applied to the (green) + symbols curve, schematically shows the displacement presented in panel (a).

as shown by the description of the DMRG results presented in Fig. 3, the Kondo temperature of the system is in reality that of a
single QD with the same Γ and U as that of level |+〉. This Kondo temperature, calculated using NRG, is of the same order of
magnitude as the temperature for which the Vg-dependent charge oscillations have been strongly suppressed (T ≈ 7.888×10−3,
∗ curve). This indicates that, as initially thought, these charge oscillations are governed by a many-body process related to the
Kondo effect, or some other many-body effect with a similar characteristic energy (as shown in Appendix B, the non-interacting
model, U ′ = U = 0, does not show these Vg-dependent charge oscillations).

B. The effective gate potential model (φ = π/4)

From the point of view of level |+〉, level |−〉, when charged, acts as an extra source of electrostatic energy, besides the one
provided by the back-gate (Vg). The particularities here are that, at the 2LSU2 point (φ = π/4), level |−〉, being decoupled from
the electron reservoir, can only accommodate an integer number of electrons (n− = 0, 1, or 2). Taking this into account, one
can define an effective gate potential as V ∗g = Vg + Un−. From this point of view, it is then easy to understand the effect of
the charging and discharging of level |−〉: it just modifies the effective gate potential seen by level |+〉. To emphasize that this
is indeed the only effect in play for the charging of level |+〉 at the 2LSU2 state, we show in Fig. 5(a) the curves for n+(Vg)
and n+(Vg + U) for Vg/U values around −0.9 [for U/Γ = 22.0, corresponding to Fig. 3(c)]. The horizontal arrow in Fig. 5(c)
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FIG. 6: (Color online) (a) LDECA results (t0 = 0.15, Γ = 0.09, U = 1.0, λ = 7, and φ = 0.242) for conductance G [(black) circles],
charging of the MO levels n± (× (green) and + (blue) symbols for n+ and n−, respectively), and charging of the AO levels nα,β (square (red)
symbols). The mere comparison ofG with n± and with nα,β indicates that the conductance variation with Vg is intimately correlated with that
of n±, i.e., understanding the Vg-dependent charge oscillations of the MOs |±〉 is crucial to the understanding of the charge transport properties
of the system. In addition, by comparison with Figs. 5(c) and (d), one notices the qualitative agreement between the DMRG and LDECA results
for n± as a function of Vg . (b) LDECA results for spin and charge fluctuations for both MOs. × symbols (green) and + symbols (blue) indicate
(δSz)

2 for MO |+〉 and |−〉, respectively; diamonds (red) and ∗ (cyan) indicate (δn)2 for MO |−〉 and |+〉, respectively. A plateau in (δSz)
2,

accompanied by simultaneous suppression of charge fluctuations, indicates a level participating in a Kondo effect. It is interesting to note
that, according to these results, MO level |−〉, although very weakly coupled to the charge reservoir, and therefore still undergoing strong
Vg-dependent charge oscillations (notice that φ ∼ π/4), seems to participate in the Kondo effect, mainly close to the p-h symmetric point,
where its spin fluctuations are higher than those for MO |+〉. The inset shows the results for spin-spin correlations between the AO levels |α〉
and |β〉 (vertical triangles). Note that close to the p-h symmetric point they are ferromagnetically correlated. The cartoon at the left side of
the inset explains why (see text and Reference 35). The conductance structures indicated by small arrows in panel (a) are discussed in the text.
Note that the charge fluctuation for MO |+〉 [∗ (cyan)] was divided by 2 to fit better in panel (b).

schematically shows the ‘superposition’ of the two curves shown in Fig. 5(a). The matching of the two curves in Fig. 5(a), for
n+(Vg) [solid (black)] and n+(Vg + U) [(green) + symbols], in the region between discontinuities, is perfect, confirming the
effective potential idea described above: the discontinuous charging of the MO |−〉 changes by U the gate potential seen by MO
|+〉, discharging it by 1 electron (as the total charge in the system is kept constant), and, more importantly, as Vg decreases further
below Vgc, the recharging of MO |+〉 occurs exactly the same way [see Fig. 5(a)] as when MO |−〉 was empty, at Vg = Vgc+U .
As a reference, the effective gate potential V ∗g , as a function of Vg , is shown in Fig. 5(b). The question still to be answered is
what physical process determines Vgc(Γ), i.e., the dependence of the value of Vgc with the coupling to the leads Γ (as depicted
in the left-side panels of Fig. 3). Before answering this question, let us concentrate on the other two pending issues: how robust
is this gate-dependent charge oscillation away from the exact 2LSU2 point, and what is its effect over the charge transport, i.e.,
the conductance of the system.

IV. DMRG AND LDECA RESULTS AWAY FROM THE 2LSU2 POINT

Figures 5(c) and (d) show DMRG n± vs. Vg results for three different values of φ/π (0.25, 0.24, and 0.23). As expected,
the discontinuities are smoothened out, but the charge oscillations survive. Additional calculations (not shown) indicate that the
oscillations are still noticeable for φ/π ≈ 0.2 (t′′/t′ ≈ 0.73). Once φ < π/4, the transport problem becomes a double channel
one, making its solution through NRG much more costly in computational terms. To circumvent this, here we use the LDECA
method16 to present results for φ < π/4. Fig. 6(a) shows results for conductance G (* (black) symbols), and n± vs. Vg for
φ/π = 0.242 (× (green) and + (blue) symbols for n+ and n−, respectively). The (red) square symbols show the charging
of the AO levels |α, β〉. A comparison of the conductance curve with the curves for the charging of the MO levels and the
AO levels indicates that the charging of the AO levels provides very little information about the sharp features observed in the
conductance. These features are obviously more correlated to the charging of the MOs. As φ ≈ π/4, we are still too close to the
single-channel regime, and the conductance is still too close to those obtained in Fig. 3 (right-side panels). The charging results
for the MO levels are in good qualitative (and even quantitative) agreement with those for DMRG [as shown in Figs. 5(c) and
(d)].
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It is interesting to contrast the very sharp peak in the conductance, around the point where level |−〉 is discharged, with the
ones shown in the right-side panels in Fig. 3. In Fig. 5(a), the peak reaches one quantum of conductance (G0), while in Fig. 3
it reaches just ≈ G0/2). Although the convergence of LDECA results as φ → π/4 becomes increasingly difficult, the peak at
Vg = −U , for φ < π/4, has always a maximum of G0. We speculate that the difference with the φ = π/4 results (Fig. 3)
stems from the number of channels. Although Γ− is very small when φ ≈ π/4, there are two channels available for charge
transport (contrary to the situation at φ = π/4). Notice in Fig.5(a) that the discharging of MO |−〉 (at Vg/U ≈ −1) occurs
over a window of Vg (with width Γ−), indicating that level |−〉 is in resonance with the band, therefore participating in charge
transport. LDECA results for smaller values of φ (down to φ/π ∼ 0.2) indicate a smooth evolution of the conductance, until
values of G start to show features above G0, once the double channel transport takes hold (and the conductance reaches 2G0

for some narrow regions of Vg).32. In addition, a comparison of the right side tail of the narrow peak, with the corresponding
right tail of the broad plateau (approximately centered around Vg/U = −U/2) shows that the effective potential idea is still
helpful in interpreting the results (at least for this small deviation from φ = π/4). Note that n− (+ (blue) symbols) is still very
approximately quantized. Finally, it is interesting to point out that the small upticks in the conductance, before the sharp drop,
and after the sharp rise (indicated with arrows) have been seen in functional Renormalization Group (fRG) calculations, for a
similar model, by C. Karrasch et al. [see their Fig. 5(a)].33

In Fig. 6(b), results for spin and charge fluctuations for the MOs are shown. As expected, the rightmost conductance plateau
in panel (a) is associated to a plateau in the spin fluctuations of MO level |+〉 (× (green) symbols), and a suppression of its
charge fluctuations (* (cyan) symbols), which are fingerprints of the Kondo effect. Taking in account the comment above, that
the effective gate potential model is still useful, the narrow peak around Vg/U = −1.0 can then be interpreted as a Kondo state
that was ‘skipped’ due to the second charge oscillation: indeed, when MO |−〉 discharges approximately 1 electron, the effective
potential seen by MO |+〉 abruptly decreases by ∼ U , moving the system from the high Vg side of the Intermediate Valence
regime to its low Vg side, completely skipping the Kondo regime (note the enhancement of charge fluctuations for MO |+〉
around Vg/U = −1.0, and a much smaller value for its spin fluctuations, as compared to the right-side maximum, indicating
that the charge transport process here is more akin to sequential tunneling)34

Around the p-h symmetric point, a Kondo effect with peculiar characteristics arises, where both MOs participate. This can be
confirmed by checking the spin fluctuations of MOs |+〉 and |−〉. In reality, the spin fluctuations of MO |−〉 (+ (blue) symbols)
are (surprisingly!) more enhanced than those of MO |+〉. Given the capacitive coupling between the two MOs, the participation
of level |+〉 in a Kondo effect drives level |−〉 into also becoming an active degree of freedom in the Kondo effect. A somewhat
different view of this Kondo effect can be taken if one returns to the AO basis and calculates the spin correlations between AOs
|α〉 and |β〉. This is shown in the inset in Fig. 6(b): the two AO states, close to the p-h symmetric point develop a ferromagnetic
correlation. This can be readily understood by referring to Fig. 1(b): instead of performing the symmetric/antisymmetric and the
bonding/anti-bonding transformations that lead to Fig. 1(c), one should skip the second transformation (keeping the AOs). This
leads to (for ν = 1) the schematics shown at the left side of the inset in Fig. 6(b), which is well known to lead to ferromagnetic
correlations between the AOs, as remarked by Martins et al.35 and confirmed in other publications thereafter.36

V. COMPETITION BETWEEN KONDO AND INTERMEDIATE VALENCE EFFECTS (φ = π/4)

The origin of the dependence of Vgc with the coupling to the leads (Γ), as shown in the left panels of Fig. 3, still has to be
understood. In Fig. 4 we have shown that the Vg-dependent charge oscillations are related to a low energy scale phenomenon.
Another important point that has to be remarked, is that the very dependence of Vgc with Γ clearly indicates that the MO level
|−〉 does not get charged the moment it crosses the Fermi energy, as Vg varies. This conclusion is obvious from the fact that the
position of the Fermi energy is the same for all left-side panels in Fig. 3, and still, the level |−〉 gets charged at different gate
potential values. This is a consequence of MO level |−〉 being strongly correlated to the whole system, including the electron
reservoir, through MO |+〉. Bearing in mind now that the charging of level |−〉 at a certain Vg value results in ‘moving back’
level |+〉 from a Kondo state to an Intermediate Valence state by increasing its effective gate potential by U, one may assume
that it is energetically more favorable for the system at that Vg value to have MO level |+〉 in the Intermediate Valence state
than in the Kondo state. By using DMRG to calculate the ground state energy of a Single Impurity Anderson Model (SIAM)
as a function of Vg , this intuitive idea can be quantitatively probed. To achieve that, one just has to remove from the SIAM
ground state energy, calculated with DMRG, its single-electron contributions, i.e., Hband, the gate potential energy, and the
local correlation energy U (n↓ n↑), thus defining the following energy, here denoted as T0 (Vg):

T0(Vg) = E0(Γ = 0, Vg)− E0(Γ, Vg), (12)

where E0(Γ, Vg) indicates the ground state energy (calculated with DMRG) for a SIAM with parameters U = 1, and hopping
to the band equal to t+ = 2t0 [for t0 = 0.025, corresponding to Fig. 3(a)], while E0(Γ = 0, Vg) is the corresponding ground
state energy for the same model and same parameters, but now with the impurity disconnected from the band. Note that, as
T0 (Vg) > 0, it represents the gain in energy, by the system, when the many-body correlations are extended into the leads (be it
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FIG. 7: (Color online) (a) Comparison of T0(Vg) (solid (black) curve) with T0(Vg +U) (dotted (red) curve) for a large window of Vg . Notice
the crossing point for the two curves (indicated by an arrow). As can clearly be seen, this is the point for which the gain in energy (T0) by
‘moving up’ the effective gate potential of the system by U, and going back to the Intermediate Valence regime, is larger than the gain in energy
provided by ‘staying’ in the Kondo state. It can be clearly seen in panels (b) and (c), which show the effective gate potential and corresponding
results for n±(Vg), respectively, that the crossing indicated in panel (a) exactly agrees with Vgc, i.e., the point where n− is charged and n+ is
discharged. In addition, the second charge oscillation (at Vgd/U = −1) occurs at the point where T0(Vg + U) crosses T0(Vg) for the second
time, but now passing under it. In this case, it is energetically favorable for the system to ‘move down’ the effective potential, i.e., when the
system starts to enter the Kondo regime again, it is energetically advantageous for the system to ‘skip’ the whole Kondo regime and go straight
to the second Intermediate Valence regime. This is accomplished by MO level |−〉 being discharged and level |+〉 being recharged. Parameters
used in panels (a) to (c) are the same as the ones used in Fig. 3(a). Panels (d) to (f) show similar results as in panel (a), but for progressively
larger values of Γ (the same parameters as the ones used in panels (b) to (d) in Fig. 3). For all the cases analyzed, the crossing of T0(Vg) and
T0(Vg + U) agrees with Vgc.
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FIG. 8: (Color online) Comparison of the DMRG finite size scaling calculation of T0 (see text for its definition), with the Haldane expression
for TK , Eq. (13). Curves for N = 10, 20, and 30, were translated to match the N = 40 curve at Vg/U = −0.5. The same translation was
applied to Haldane’s curve. It is clear that, in the region of Vg where the Haldane expression applies (before it diverges), the DMRG results
for larger clusters gradually approach Haldane’s results. Parameters are the same as the ones used in Fig. 3(a).

by the formation of the Kondo state, or any other strongly correlated ground state).37 We find out, as shown in Fig. 7, that this
energy T0 (Vg) explains the dependence of Vgc with Γ.

In Fig. 7(a), the energy T0 is plotted as a function of Vg , and, as done in Fig. 5(a), we compare T0(Vg) (solid (black) curve)
with T0(Vg +U) (dot-dashed (red) curve). The ‘horizontal displacement’ of T0 by U (dot-dashed (red) curve) mimics the effect
over MO |+〉 (the single impurity in the SIAM) of the charging of MO |−〉. The arrow in Fig.7(a) indicates the crossing point
of the two curves, i.e., the point for which the gain in many-body energy T0, by ‘moving up’ the gate potential of the system
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by U, and going back to the Intermediate Valence regime (dot-dashed (red) curve), is larger than the gain in energy provided by
‘staying’ in the Kondo state [(black) solid curve]. What affords the double-MO system (with MO levels |+〉 and |−〉) the ability
to put in direct competition two states relatively distant in the phase diagram (the center of the CB valley and the initial ramp up
of the CB peak) is the presence of the zero-width strongly correlated MO level |−〉 that can be charged abruptly and can only
contain an integer number of electrons (for φ = π/4, or approximately integer for φ <∼ π/4). Panels (b) and (c) in Fig. 7 show
the effective gate potential (as a function of Vg) and the corresponding results for n±(Vg), respectively, for the same parameters
used to calculate T0 (U = 1.0, t0 = 0.025) for the SIAM in panel (a), but for the model containing both MO states. The crossing
indicated in panel (a) (vertical arrow) agrees exactly with Vgc, i.e., the point where n− is charged and n+ is discharged. In
addition, the second charge oscillation (at Vgd/U = −1) occurs at the point where T0(Vg + U) crosses T0(Vg) for the second
time, i.e., when MO level |+〉 starts to enter the Kondo effect again (dot-dashed (red) curve in panel (a), around vg/U = −1),
it is energetically advantageous for it to ‘move down’ (by decreasing the effective potential by U , as n− changes from 1 to 0),
thus ‘skipping’ the whole Kondo regime and going straight to the second Intermediate Valence regime. This is accomplished
by MO level |−〉 being discharged and level |+〉 being recharged (and this ‘skipping’ of the Kondo regime results in the narrow
peak seen in the conductance in Fig. 5(a), centered around Vg/U = −1.0). Panels (d) to (f) show similar results as in panel (a),
but for progressively larger values of Γ (the same parameters as the ones used in panels (b) to (d) in Fig. 3). For all the cases
analyzed, the first crossing of T0(Vg) and T0(Vg + U) agrees with Vgc, and, as can be clearly seen, the second crossing occurs
always at the same gate potential Vg/U = −1.0 [note that in panel (f), the two crossings now coincide, resulting in the peculiar
charging pattern in Fig. 3(d)].

As initially hinted by the finite temperature NRG results in Fig. 4, the gate potential dependent charge oscillation effect
is a low-energy many-body effect; in reality, an interesting competition between two different many-body states, Kondo and
Intermediate Valence. The ability of the DMRG calculated T0(Vg) to explain this subtle effect motivates us to compare T0 with
the well known Haldane expression for TK ,20,38

kBTK ∼ D
(

ΓU
|Vg||Vg + U |

)1/2

e−π|Vg||Vg+U |/2ΓU . (13)

Fig. 8 does just that for a system consisting of a single QD. A finite size scaling of T0, for DMRG clusters of increasing size,
N = 10, 20, 30, and 40 (where N is the total number of sites in a DMRG one-dimensional cluster containing the impurity plus
N − 1 non-interacting sites), shows that T0, in the Vg region around the p-h symmetric point, where the Haldane expression
applies, is tending to Haldane’s TK . The parameter values are indicated in the figure. A few points have to be stressed here. First,
note that the objective of Fig. 8 was not to attempt a simulation of the absolute value of TK (all the curves have been translated in
energy so that they coincide with the N = 40 value at the p-h point). The objective at this point is to reproduce the dependence
of TK with gate potential Vg . Second, note that the Haldane expression is by no means exact, and is supposed to be applicable
only when real charge fluctuations of the impurity can be neglected, therefore we are not expecting a complete agreement of
DMRG results with Haldane’s TK . With these two points in mind, and taking into account that a larger DMRG computational
effort (not attempted in this work) can greatly improve the accuracy of the T0 results, one can, after a careful analysis of different
definitions for T0, propose a DMRG calculation of T0 as a useful guide to experimentalists for all the relevant regimes of the
single impurity Anderson model.39

VI. CONCLUSIONS

In this work, motivated by recent interest in CNT QD charge transport measurements, the authors use three distinct numerical
techniques to study the 2LSU2 regime and present details of its properties, which hinge in two important aspects: first, a
transformation from atomic to molecular orbitals is needed to understand the numerical results for charge transport. Second, this
transformation unveils an interesting gate-potential-dependent charge oscillation involving two strongly interacting molecular
orbitals, one of which, MO |+〉, is coupled to the band, while the other, MO |−〉, is totally decoupled from it (at the 2LSU2
state), while capacitively coupled to |+〉. In doing that, a series of unanswered questions associated to the 2LSU2 regime are
clarified. First among them is the fact that at the 2LSU2 regime the maximum conductance passes from 2G0 toG0, as the charge
transport changes from double- to single-channel. In addition, all the charge transport properties specifically associated to the
2LSU2 state are shown to be robust, in the sense that they can in principle be observed even when there is no total mixing of
the orbital quantum numbers (φ < π/4). Finally, by numerically defining the quantity T0, it is shown that this gate dependent
charge oscillation results from the competition between the Kondo and Intermediate Valence states. These two states, separated
by a wide crossover region, can be effectively put in contact by the presence of a strongly correlated dark state (i.e., a zero width
state), the MO |−〉. By comparing our numerical results for T0 with Haldane’s TK , we speculate that the DMRG results obtained
by this relatively easy computational calculation may be of interest to experimentalists in the analysis of other systems. A more
refined analysis of T0 is now being pursued and will be presented elsewhere. In addition, it will be the subject of a forthcoming
work to understand how the phenomena observed in the 2LSU2 regime change for U ′ 6= U and when the degeneracy of the AOs
|α〉 and |β〉 is lifted.
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Appendix A: Canonical transformations

The system studied in this work consists of four different Fermi seas connected to a two-level CNT QD, schematically shown
in Fig. 1(a). Canonical transformations, which eliminate part of the complexity of the problem,40,41 can be performed over the
system’s Hamiltonian, given by Eqs. 2 to 4. In this Appendix, we briefly discuss these canonical transformations and how to
calculate the Green’s functions and the conductance.

1. Left-Right symmetry

The first transformation exploits the left-right symmetry. As a consequence of this symmetry (see Eq. 4), just the symmetric
combination of left-right creation and annihilation operators in the α (β) band are coupled to the α (β) orbital of the CNT QD.
This can be easily verified by simply rewriting Eq.4 as

Hhyb =
∑
λ;λ′;σ

tλλ′

[
d†λσ(cλ′1σ + cλ′−1σ) +H.c.

]
, (A1)

where λ and λ′ can take values α or β.
Now, constructing the symmetric and anti-symmetric combinations of the cλ±iσ operators (where λ = α or β) for all i ≤ 1,

we can define a new basis composed of the following orthonormal states,

ceαiσ =
1√
2

[cαiσ + cα−iσ] , (A2)

coαiσ =
1√
2

[cαiσ − cα−iσ] , (A3)

ceβiσ =
1√
2

[cβiσ + cβ−iσ] , (A4)

coβiσ =
1√
2

[cβiσ − cβ−iσ] . (A5)

Note that this change affects only the leads’ fermion operators, keeping the CNT QD operators unchanged. In this new basis,
the symmetric (even) combination will remain coupled to the CNT QD, while the anti-symmetric (odd) combination decouples
from the system. The Hamiltonian Hhyb in this new basis takes the simple form,

Hhyb =
∑
λ;λ′;σ

√
2 tλλ′

[
d†λσc

e
λ′1σ +H.c.

]
. (A6)

Note that the couplings are now renormalized by a factor
√

2 (the factor 2 accounts for double-counting). It is easy to show
that the band Hamiltonian Hband has its linear chain structure preserved under this transformation, as crossing terms between
different chains cancel out. The system in this new basis is depicted in Fig. 1(b).

2. Using α-β Symmetry

As the CNT QD sits at the center of the system (equivalent to site 0) it is not affected by the previous transformation. Now
we can take advantage of the α-β symmetry to simplify even more the problem. Note that under this new α-β transformation,
the many-body terms will be also affected. The proposed transformation consists of using the symmetric and anti-symmetric
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combinations between states ceαiσ and ceβiσ [see Fig. 1(b)], and keeping the decoupled (odd) states untouched. The new basis for
the even subspace will be (where now i ≥ 1, i.e., i takes only positive values)

aiσ =
1√
2

[
ceαiσ − ceβiσ

]
, (A7)

biσ =
1√
2

[
ceαiσ + ceβiσ

]
, (A8)

d+σ =
1√
2

[dασ + dβσ] , (A9)

d−σ =
1√
2

[dασ − dβσ] , (A10)

where the new operators d+σ and d−σ act on the α, β levels of the CNT QD. States associated to operators d+σ and d−σ are
referred to as molecular orbitals (MO) in the main text. As in the previous transformation, the band Hamiltonian Hband retains
its independent double-linear-chain structure in this case too. It is important to note that the total number of particles in the CNT
QD is conserved under this transformation. For the special case U ′ = U , the many-body terms in the Hamiltonian Hmb just
depend on the total number of particles. Therefore, its form will not change under this transformation:

Hmb =
∑
σ;λ=±

Vgnλσ +
U

2
[
N2
T −NT

]
, (A11)

where NT =
∑
σ(n+σ + n−σ).

The Hamiltonian describing the connection between the CNT QD and the leads takes the form,

Hhyb =
∑
σ

[
t+ d†+σa1σ + t− d

†
−σb1σ +H.c.

]
, (A12)

where t± is given by Eqs. 5 and 6. An schematic of the effect of this transformation is shown in Fig. 1(c).
It is therefore easy to see that in the fully symmetric case (t′′ = t′), and using that t− =

√
2 (t′ − t′′), the MO |−〉 will be only

capacitively coupled to the system, as t− = 0. As mentioned in the main text, MO |−〉 is an electronic dark state. This effect is
also known in the literature as Dicke effect or bound state in the continuous (BIC). In the absence of interactions (U ′ = U = 0)
the MO |−〉 is completely decoupled from the charge reservoirs and appears as a delta resonance in the LDOS of the CNT QD,
moving with Vg . For U ′ = U 6= 0, this state couples capacitively to MO |+〉 and contributes to an effective gate potential (acting
on level |+〉) given by

V ∗g = Vg + U n−, (A13)

as explained in the main section of the manuscript.
For the sake of completeness, the many-body Hamiltoninan for the case U ′ 6= U is provided in the |±〉 basis

Hmb = H1 + H2 + H3 + H4 (A14)

H1 =
U ′ + U

2

∑
λ=+,−

(
nλ↑nλ↓ + nλ↑nλ̄↓

)
, (A15)

H2 =
U ′ − U

2

∑
λ=+,−

(
c†λ↑c

†
λ↓cλ̄↑cλ̄↓

)
, (A16)

H3 =
U ′ − U

4

∑
λ=+,−

(
S+
λ S
−
λ̄

)
, (A17)

H4 = U ′ ( n+↑ n−↑ + n+↓ n−↓) . (A18)

Note that, in the case U ′ = U , H2 and H3 vanish, and we recover Eq. A11. In addition, in the general case (U ′ 6= U ), MOs |±〉
will not only be capacitively connected but also spin-spin correlated, with the character of the correlations (ferro or antiferro)
being dependent on the relative values of U and U ′. This points to a possibly very rich phase diagram, which will be fully
studied in a forthcoming publication.21
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3. Green’s functions and conductance

In the main text, we studied this system using three different numerical techniques that require different formalisms to calculate
the transport properties. We start by explaining how to calculate the conductance using LDECA.

In general, transport properties are related to Green’s functions that propagate electrons from one lead to another (left to right,
for example). For the system described in Fig. 1, the conductance can be written as,

G = 4π2 |g0|2 t4 [ρ0(EF )]2, (A19)

where

|g0|2 = |Gα−1,α1|2 + |Gβ−1,β1|2

+|Gβ−1,α1|2 + |Gα−1,β1|2, (A20)

and Gλ−1,λ′1 stands for the Green function evaluated at the Fermi level EF ,

Gλ−1,λ′1 = 〈〈cλ′1; c†λ−1〉〉(ω = EF ), (A21)

where we keep the notation used in Eq. A2 for the creation/annihilation operators and the double bracket 〈〈; 〉〉 is the standard
notation for Green’s functions. Note that for simplicity we removed the spin subindex from the later equations. As our Hamilto-
nian does not have spin-flip terms, all terms in the propagators in this section have the same spin subindex and summation over
repeated σ indexes is assumed.

Now we want to rewrite Eq. A19 using the canonical transformation given by Eqs. A2, to A5. By replacing in Eq. A21 the
anti-transformation, we obtain two types of propagators,

Gλ−1,λ1 =
1
2

{
〈〈ceλ1; ceλ1

†〉〉 − 〈〈coλ1; coλ1
†〉〉
}
, (A22)

Gλ−1,λ′1 =
1
2
〈〈ceλ′1; ceλ1

†〉〉. (A23)

LDECA is a numerical technique where Green’s functions can be easily evaluated. We solve, using LDECA, the system
represented in Fig. 1(b). Then, using Eqs. A19, A20, A22, and A23, we can calculate the conductance as shown in Fig. 6.

We use two numerical techniques more, NRG and DMRG, but for the transport properties we limit these techniques to
analyzing the case t′′ = t′ (φ = π/4). For this special case, we use all the symmetries of the system [see Fig. 1(c)]. Within
NRG, we calculate the Green’s function propagator at the MO |+〉. Then, using the equations of motion for Green’s functions,43

we left-right anti-transformation, obtaining the necessary propagators to evaluate Eqs. A19 and A20. For the DMRG technique
we use a different approach. After the canonical transformations, using the left-right and α-β symmetries, we have that just MO
|+〉 is connected to a reservoir. Using the fact that the system is a Fermi liquid, we can apply the Friedel sum rule, i.e., using the
charge at the MO level |+〉, the conductance can be calculated by the equation42

G = 2G0 sin2
(π n+

2

)
. (A24)

This procedure cannot be used if φ 6= π/4, the conductance cannot be calculated as just described. However, the occupancy
of the CNT qD levels α and β, as well as MO |+〉 and |−〉, can still be evaluated using DMRG.

Appendix B: Non interacting case

In the absence of interactions (U = 0), the physical properties of the system described in Fig. 1, as for instance, the local
density of states (LDOS) and the conductance, can be calculated exactly.

We can start by analyzing the LDOS at each level of the QD. As we mentioned in Appendix A a canonical transformation
can be performed mixing levels α and β of the QD into two new levels, a symmetric MO |+〉 and an anti-symmetric MO |−〉.
The LDOS at any of the AO levels of the QD can be calculated as the superposition of the LDOS at MO |+〉 and MO |−〉 (since
ρα = ρβ),

ρλ(ω) =
ρ+(ω) + ρ−(ω)

2
, (B1)

with λ = α or β.
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FIG. 9: (Color online) (a) LDOS of levels α and β for Vg = 0, t0 = 0.15, and different values of φ. When φ → π/4, MO |−〉 gradually
decouples from the band and a sharp resonant state develops at Vg in the LDOS. (b) LDOS for MOs |±〉 for φ = 0.24π. (c) Conductance as
a function of Vg calculated for t0 = 0.15 and different values of φ. When φ = π/4 the MO |−〉 is totally decoupled and the conductance
reduces by half, indicating that just one channel is active. (d) Charging of levels α, β, and MOs |±〉 as a function of Vg for the case φ = 0.2π.
As MO |−〉 is weakly coupled, its charging resembles a step function.

For U = U ′ = 0, MOs |+〉 and |−〉 are totally independent. Their LDOS is associated to the corresponding coupling with the
contacts. Each of these levels will have a width given by

Γδ(ω) = πtδ
2ρ0(ω), (B2)

where δ stands for |+〉 or |−〉 and ρ0 is the LDOS at the leads. As shown above, in the main text and in Appendix A, when
φ → π/4, the anti-symmetric state gradually decouples from the charge reservoir (as t− → 0) and its LDOS becomes a delta
function. When φ = π/4 the MO |−〉 is completely decoupled and ρα = ρβ is a superposition of a delta function and a resonant
peak with width Γ+. A similar effect can be observed in other DQD systems23,27 or in a double Rashba ring24.

Figure 9(a) shows ρα and ρβ for different values of φ. The LDOS was calculated using the Green’s function equations of
motion formalism, which is exact in the limit of U = 0. Fig. 9(b) shows the LDOS for the MOs |+〉 and |−〉 for φ = 0.24π
and Vg = 0.0. For this value of φ, close to π/4, the MO |−〉 is almost decoupled and therefore appears as a narrow resonance
located at Vg .

The formula for the conductance is given by42

G(Vg) = 2G0

t̃0[t2V 2
g (1 + sin2 2φ) + t̃0 cos4 2φ]
T+(Vg) T−(Vg)

, (B3)

T±(Vg) = t̃0(1 ± sin 2φ)2 + t2V 2
g , (B4)

where G0 = 2e2/h and t̃0 = 4t40.
When levels α and β are not mixed (t′′ = 0, i.e., φ = 0), we can see that the maximum of the conductance occurs for Vg = 0,

taking the value G = 2G0, indicating that both channels are active.
As seen above, for φ = π/4, one of the channels is decoupled and the maximum of the conductance is G0. For values of φ

close to π/4 Eq.B4 can be written as a superposition of two Breit-Wigner line shapes,26,27

G(φ ∼ π/4) ∼ G0

(
λ2

+

V 2
g + λ2

+

+
λ2
−

V 2
g + λ2

−

)
, (B5)

where

λ+ = 4t20/t, (B6)
λ− = 2t20/t [1− sin 2φ] . (B7)



16

Using Dicke effect terminology, the first term in Eq. B5 corresponds to the contribution of the super-radiant state (symmetric
channel |+〉) with a width λ+, and the second term corresponds to the sub-radiant state (anti-symmetric channel |−〉) with a
width λ−.

In Fig. 9(c) we show the conductance for different values of φ. For φ = 0 both channels are active and have the same width.
By increasing φ, the MO |−〉 starts to decouple and this is reflected in a narrower line in the conductance superposed on the
wider line given by MO |+〉. When φ = π/4 the MO |−〉 is completely decoupled and does not give any contribution to the
conductance, whose maximum is reduced from 2G0 to G0.

Panel (d) of Fig. 9 shows the charging for the case φ = 0.2π. Note that the charging of MO |−〉 is almost a step function.
When φ = π/4, the charging of levels α and β will occur discontinuously.
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