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Electronic structure and transport properties of four Sb-based semiconducting half-Heusler com-
pounds, MASb, where M=Hf or Zr and A=Co or Ir are studied using density-functional-theory and
Boltzmann transport equation in constant relaxation time (τ ) approximation. We find that substi-
tuting Hf with Zr does not change the band structures of these systems significantly. In contrast,
replacing Co by Ir leads to drastic changes in their electronic structures. The valence band maxi-
mum occurs at the L point in the Co-compounds while it is at the Γ point in the Ir-compounds. The
position and hybridization of a s-like conduction band vis-à-vis the hybridized d -bands of Co(Ir)
determines the nature of the conduction bands near the band gap region. In addition, there is a
direct band gap at the Γ point in HfIrSb, whereas in the other three compounds, the band gap is
indirect, either between Γ and X, or between L and X points. The Co compounds usually give large
thermopowers, both for p- and n-dopings. However ZrIrSb, due to its interesting conduction band
structure, gives the best n-type thermopower at high temperatures. We discuss in detail how the
subtle changes in the electronic structure near the band gap affects S, σ/τ , and the power factor.

PACS numbers: 71.15.Mb, 71.20.-b, 72.20.Pa, 84.60.Rb

I. INTRODUCTION

Thermoelectric (TE) materials are used for power generation and refrigeration. The efficiency of thermoelectric
energy conversion depends on the transport coefficients of a TE material through the dimensionless figure of merit
ZT = σS2T/κ, where σ is the electrical conductivity, S is the thermopower (or Seebeck coefficient), T is temperature,
and κ is the thermal conductivity. The thermal conductivity is given by the sum of contributions from the electronic
carriers (κel) and the lattice (κl). The efficiency approaches the Carnot limit when ZT → ∞. To increase ZT, S and σ
have to be increased and κ has to be decreased. However, increasing σ by increasing the carrier concentration usually
decreases the magnitude of S and increases κel. It is therefore a challenging task to increase ZT. Doped narrow band
gap semiconductors are good thermoelectrics, because in these systems due to low carrier concentration κl usually
dominates κel. One can therefore hope to manipulate the numerator of ZT, σS2, known as the power factor (PF ),
and the denominator κ of the ZT independently. The former can be achieved by engineering the electronic structure
and the latter by introducing phonon scatterers without affecting the electron transport, known as the electron crystal
phonon glass concept.1,2

Half-Heuslers (HH) are ternary compounds with MgAgAs structure.3 This structure consists of four interpene-
trating face-center-cubic (FCC) sub-lattices where three of them contain one of the three elements each and the
fourth sublattice is vacant. When the valence electron count (VEC) is 18 per unit cell, the HH compounds become
semiconductors4–9 and depending on their band gaps some of them show good thermoelectric properties such as large
S and reasonably high σ at high temperatures,10–12 and are therefore promising TE materials for power generation.

It is observed experimentally that MNiSn-based HH systems, where M = Ti, Hf, Zr, exhibit excellent n-type
properties with large power factors (PF ) resulting in a ZT of 0.8 at 1000 K.13 For the p-type on the other hand,
MCoSb compounds, where M = Ti, Hf, Zr, appear to be promising at high temperatures and they have been
extensively studied experimentally.14–21 At low temperatures these Co-based systems show some unusual behavior.
Xia et al. observed that at room temperature (T = 300 K), TiCoSb shows a large negative (n-type) thermopower
(S = -265 µV/K) with semiconductor-like resistivity, while ZrCoSb and HfCoSb show semimetallic resistivity and
reduced thermopower of S = -10 µV/K.14 They also observed that an appropriate substitution of Sn into these
compounds changed their TE properties from n- to p-type with a dramatic increase in S, with S > 100µV/K at
room temperature. These results suggest that nominally stoichiometric MCoSb compounds have intrinsic defects
which make them n-type and the concentration of these defects depend on M. Sekimoto et al.18 have also observed a
similar change of sign in thermopower from negative to positive values when Sn content is increased in ZrCoSnxSb1−x

(x ≤0.15) at higher temperatures. The highest ZT value(=0.45) has been obtained at 958 K with x=0.1.
On the theoretical side, there have been several studies of semiconducting half-Heusler compounds focusing mainly

on their electronic structure such as the density of states (DOS), the physics of gap formation, and composition de-
pendence of the band gap in quaternary systems, etc.6–8,22–25 Most of these calculations have been carried out using
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density functional theory (DFT) within local density approximation (LDA) or generalized gradient approximation
(GGA). Hybridization between the d states of M and A atoms (in MASn or MASb systems) is found to play an
important role in the formation of the band gap.6,7 In addition to these band structure calculations, a theoretical
survey of the electronic transport properties of a large number of semiconducting half-Heusler compounds was carried
out by Yang et al.25 They used the results of ab-initio band structure calculations and Boltzmann transport equa-
tion in conjunction with rigid band and constant relaxation time (τ) approximations to obtain σ and S in a large
number of semiconducting HH compounds. They reported maximum power factors (obtained in unit of τ) and the
corresponding optimal p- or n-type doping levels. These theoretical results can be used as a guide to find potentially
good thermoelectric materials. In fact, they are being used to synthesize new quaternary HH compounds in order to
enhance their TE properties.26 However, due to the broad survey nature of their study, Yang et al. did not explore
in detail the intricate relationships between the band structure, band degeneracy and the thermopower.

It is well known that changes in the carrier concentration and manipulation of the electronic structure in the
neighborhood of the band gap and chemical potential can indeed increase the power factor of a TE material.27

Therefore, understanding of not only the electronic structure but also how the subtle features of the band structure
near the chemical potential affect transport properties is important to improve their TE performance. Nevertheless,
until now there is no systematic study of how the differences in the band structures of different HH compounds affect
their transport properties. Also from a theoretical perspective, before investigating more complex systems such as
quaternaries involving half-Heusler compounds,26 it is important to understand the TE behaviors with simple ternary
compounds. This is the motivation for the present work. In this paper, we report the band structure and the transport
properties of four HH compounds MASb where M=Hf or Zr, and A=Co or Ir and explore the interplay of their band
structures and transport properties for different carrier concentrations. Since thermopower is less sensitive to the
relaxation time (it is independent of the relaxation time when the latter is energy independent) we first discuss how it
is affected by the non-parabolicity of the band structure and the band degeneracy. We then discuss the change in σ/τ
and S2σ/τ as a function of temperature, bringing out the effect of non-parabolic band structure on these transport
related properties. We then compare our results with available experimental data.

The paper is arranged as follows. In Sec. II, we briefly describe the computational procedure and define the
transport coefficients using the Boltzmann equation. We present our results and discussion in Sec. III. A summary is
given in Sec. IV.

II. COMPUTATIONAL DETAILS

Scalar relativistic electronic structure calculations were carried out within DFT formalism using the projector
augmented wave (PAW) methods28 as implemented in VASP.29 The Perdew-Burke-Ernzerhof (PBE) generalized
gradient corrected exchange-correlation functionals are used.30 An energy cutoff of 400 eV was used for the plane-
wave expansion, with a total energy convergence of the order of 10−4 eV. A Fermi smearing factor of 0.026 eV is taken.
We have used the FCC primitive unit cell with three atoms (M, A, Sb) and optimized the lattice parameters using
total energy calculations. These lattice parameters are then used to calculate the electronic band structure and other
properties. The accuracy of the band structure calculations using VASP is checked by comparing with those obtained
from self-consistent full-potential linearized augmented plane-wave method31 and PBE generalized gradient corrected
exchange-correlation functionals using WIEN2k.32 We find that both results agree very well with each other.

In the calculation of transport coefficients using Boltzmann transport theory, one needs to calculate the velocities,
which are the derivatives of energy with respect to k. To get more accurate values of the velocities, it is necessary
to have dense k-point mesh.33–38 For this, we calculate the band structure using a 41 × 41 × 41 Monkhorst-Pack
k-point sampling.39 Since it is difficult to calculate the relaxation time τ associated with carrier-impurity and carrier-
phonon scattering38,40,41 using ab-initio band-structure results and since the band structures of these HH compounds
cannot be approximated by simple parabolic (or nearly parabolic) band models, an energy-independent constant
τ approximation was adopted in all our calculations. In this limit one can find out how the nonparabolic effects
contribute to the energy dependence of the transport function (defined below) through both the density of states
and carrier velocity. It should be pointed out that even with a constant τ approximation, it has been possible to
successfully predict thermopower values, their temperature and carrier concentration dependence, and also trends in
electrical conductivity for several materials.42–44

Within relaxation time approximation, tensors of electrical conductivity (σαβ), Seebeck coefficient (Sαβ), and
electronic thermal conductivity (κel,αβ) at zero electric field E are given by

σαβ(T, µ) =
1

Ω

∫

σαβ(ε)

[

−
∂f0(T, ε, µ)

∂ε

]

dε (1)
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ναβ(T, µ) =
1

eTΩσαβ(T, µ)

∫

σαβ(ε)(ε − µ)

[

−
∂f0(T, ε, µ)

∂ε

]

dε (2)

Sij = (σ−1)αiναj (3)

κel,αβ(T, µ) =
1

e2TΩ

∫

σαβ(ε)(ε − µ)2
[

−
∂f0(T, ε, µ)

∂ε

]

dε (4)

where e is the electronic charge, α and β are tensor indices, Ω, µ, and f0 are the volume of unit cell, chemical potential,
and Fermi-Dirac distribution function, respectively. In Eq. 3, repeated index implies summation over that index. In
Eqs. 1, 2, and 4, the transport distribution function (TDF) tensor σαβ(ε) is defined as

σαβ(ε) =
e2

N

∑

i,k

τ · vα(i,k) · vβ(i,k) ·
δ(ε − ε

i,k
)

dε
(5)

where k and i are the wave vector and band index, respectively, and the summation is over the N k-points sampled
over the 1st Brillouin zone (BZ). In the TDF tensor, vα(i,k)(α = x, y, z) is the αth component of the group velocity
v(i,k) of carriers in the band i with wave vector k. The velocities can be obtained from the band dispersion using
the relation

vα(i,k) =
1

h̄

∂ε
i,k

∂kα

. (6)

For a cubic crystal, the different tensors become diagonal and all the diagonal elements are same. We have
calculated the transport coefficients using BoltzTrap developed by Madsen and Singh.35 These authors have employed
an interpolation method to obtain accurate values for v(i,k) by fitting the band structure to analytical forms using a
dense k mesh. Yang et al.25 have also used the Boltzmann transport equation to calculate the transport coefficients
in several HH compounds and their results agree very well with those obtained using BoltzTrap.

III. RESULTS AND DISCUSSION

A. Crystal structure and band gap

AMSb (A=Hf,Zr ; M=Co,Ir) crystallize in the cubic MgAgAs-type structure which can be regarded as four inter-
penetrating FCC sublattices: a lattice of A atoms and a lattice of Sb atoms, together forming a rock-salt structure,
and a lattice of M atoms occupying the center of every other A4Sb4 cube formed by nearest neighbor A and Sb
atoms, while the centers of the remaining A4Sb4 cubes are vacant. We have done total energy calculations to find the
optimized lattice constants a for each system. The results are given in Table I along with calculated band gaps. Our
lattice constants for ZrCoSb and HfCoSb agree well with experimental values of 6.0676 Å for ZrCoSb and 6.0383 Å
for HfCoSb obtained by Sekimoto et al. at room temperature.17 From the Table I we note that the lattice constants of
Ir-compounds are about 5 % larger than those of the Co-compounds. Later, we will discuss how this difference affects
the local bonding between different atoms and the resulting electronic structures. As we see, all the four compounds
are narrow-band-gap semiconductors as predicted using the 18 valence electron count rule.45,46 The largest band gap
is seen in ZrIrSb, while HfIrSb gives the smallest band gap. The real band gaps are however likely to be larger due to
the problems associated with GGA used in our calculations which underestimates the band gap in semiconductors.47

B. Electronic band structure

Band structures of the four compounds along the directions W-L-Γ-X-W-K of the 1st BZ are shown in Fig. 1.
While HfIrSb has a direct gap at the Γ point, ZrIrSb and the two Co systems, HfCoSb and ZrCoSb, have indirect
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gaps between either the Γ point or the L point (valence band maxima, VBM) and the X point (conduction band
minima, CBM). Indirect band gaps are found in several well known semiconducting half-Heusler systems containing
Ni such as ZrNiSn and HfNiSn.6 The difference between HfIrSb and the rest of the compounds is due to a low lying
conduction band with minimum at the Γ point in this compound. A broad comparison of the band structures of the
four systems shows pronounced differences between Co and Ir compounds (bands labeled 1-6 in Figs. 1 and 2; 1-3 are
valence bands and 4-6 are conduction bands), but not between the Zr and Hf compounds, excepting for the above
mentioned conduction band. We will now explain the physical origin of these observations.

Let us look at the valence bands first. The main differences between the Co and Ir compounds are (i) the separation
between bands 1 and 2 at the Γ point, which is ∼3 eV in Ir compounds compared to ∼1.5 eV in Co compounds; and
(ii) the VBM occurs at the Γ point in the Ir compounds and at the L point in the Co compounds. Although band 1
does not directly participate in transport, its position indirectly affects the transport mass associated with the band
2 and also the another flatter transport valence band 3, which is degenerate with band 2 at the Γ point. A detailed
analysis of the orbital characters reveals that the band 1 is primarily the d -orbitals of Co/Ir whereas bands 2 and 3
come from hybridization of the d -orbitals of Zr/Hf and Co/Ir, as shown in Fig. 2 and also in the orbital projected
density of states at the Γ point given in Fig. 3. We expect the transport effective mass of the holes near the VBM to
be smaller in the Ir-compounds. We will discuss the effective mass values later in this paper. Since the VBM of Ir-
and Co-compounds occur at different k-points, we expect that the nature of charge carriers contributing to transport
is different. The other important characteristic features of the top valence bands that affect transport properties are
the degeneracy and the number of equivalent points in the BZ. As shown in Fig. 2, the maximum at the Γ point is
3-fold degenerate whereas the one at the L point is 2-fold degenerate. However, there are 4 inequivalent L points
compared to just 1 Γ-point in the BZ. As a result one expects the L-point holes to give much larger thermopower
compared to the Γ-pocket holes.

Next, let us look at the conduction bands, labeled 4-6. In fact, bands 5 and 6 in the Co systems are very similar to
those seen in ZrNiSn.6,7 Band 5, which is the lowest conduction band (LCB) in these compounds, disperses rapidly
downwards from the Γ point and flattens out as it approaches the X point, giving rise to a high effective electron mass
along the X -Γ direction near the CBM. This band results from the hybridization between the Co d -states and the
d -states of the neighboring Zr or Hf atoms and has strong Co d -character near the X point (See Figs. 2(a) and 2(b)).
In Ir compounds the structure of the low lying conduction band is dramatically different. This can be understood by
looking at the band 4. As shown in Fig. 2, the band 4 is a s-like state, coming mainly from Sb-s. In Co systems this
band is quite high in energy. It does not hybridize with the low lying conduction band states which are primarily
the d -orbitals of Co and Hf/Zr. In contrast, in Ir systems it hybridizes strongly with the band 5 along Γ-X and
Γ-L directions but does not hybridize with band 6 along these directions for symmetry reasons. Thus there is a
competition between the band 4 (minimum at the Γ point) and band 6 (minimum at the X point) to form the LCB.
In HfIrSb band 4 wins and the minimum is at the Γ point whereas in ZrIrSb band 6 wins and the minimum is at the
X point. This difference will show up in the thermopower of electron doped systems. As we will see later, although
only one pocket near the energy minimum contributes to transport when the electron doping is small, both X and Γ
pockets contribute to transport under sufficiently large doping.

To understand the origin of the above differences between Co and Ir systems further, we plot the orbital projected
density of states at the Γ-point in Fig. 3. We see that there are 15 states (per spin) in the energy interval between
-12.0 eV and +4.0 eV. They come from the 5 d -states of Co/Ir, 5 d -states of Zr/Hf, 3 p-states of Sb and 2 s-like
states. The 2 s-like states consist of one deep bonding state (near -12.0 eV) and the corresponding antibonding
state above the Fermi energy. They are formed out of 5s state of Sb and a linear combination s-states of Ir/Co and
Zr/Hf. The position of the deep level near -12.0 eV does not change by more than 0.5 eV for the four systems. So
we can use this level as a reference energy. The separation between the bonding and antibonding states is 12.5 eV
for the Ir compounds and 14.5 eV for the Co compounds. As a result the antibonding s-state in the Co compounds
is about 2 eV higher than in Ir compounds. One possible reason for this difference between Co and Ir compounds
is the difference in their lattice constants. Due to the smaller lattice constant of the Co systems (∼0.25 Å smaller
than the Ir systems), there is a stronger hybridization between different s orbitals leading to larger energy difference
between the bonding and antibonding states. It results in the antibonding s-state lying ∼2 eV higher in Co- than
in Ir-compounds. Another possible reason for seeing a low-lying antibonding s-state in the Ir systems is the smaller
energy separation between the d and s levels in Ir systems (due to relativistic effect which lowers the s level) compared
to the Co systems. From Fig. 3 we see that this d - s energy difference is ∼4.5 eV (in Ir) and ∼5.0 eV (in Co). So we
believe that both the differences in hybridization and relativistic effects are responsible for the observed s-like state
as the lowest conduction band state in the Ir compounds. In order to check whether the lowest conduction band is
of s-symmetry one can do a NMR (Knight shift) measurement in n-doped HfIrSb. One should see a large hyperfine
field through Fermi-contact interaction at different nuclear sites.48 For similar doping levels, the other 3 systems,
particularly ZrIrSb, should not have large contact hyperfine field. Also the optical spectrum should be very different
between the Co and Ir compounds.
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In Fig. 4, we show the density of states (DOS) near the band gap. As is well known, a rapid change in the DOS
with energy is a good indicator of large thermopower. In the region of the valence bands, increase of the DOS near
the band edge is much larger in the Co-compounds throughout the energy region as shown in the figure. This is
related both to a larger effective mass and the multiplicity of the L point where the valence band maxima lies. In
contrast, the Ir systems have a rather slowly varying DOS (due to the Γ point maxima and smaller effective mass,
to be discussed later). Thus we expect the Co-compounds to show higher S for p-type doping. Similarly for n-type
doping, Co systems should be better when the concentration is small whereas for larger doping Ir compounds should
be as good or better. We will discuss this further in the following section.

C. Transport properties

We first note that half-Heusler compounds studied here show band gaps between 0.89 and 1.4 eV as given in Table I.
As discussed by Singh, the magnitude of thermopower can decrease at high temperatures and low doping due to the
compensation between holes and electrons when the band gap is small as seen, for example, in PbTe.49 In this case it
is necessary to critically examine the band gap obtained using LDA or GGA which underestimate the gap. However
in the half-Heusler systems, this compensation effect is not pronounced because the band gaps are ∼1 eV or larger.

Electronic transport coefficients are calculated using the rigid band approximation (RBA).37,44 According to the
RBA, doping a system does not change its band structure but only the chemical potential. This approximation is
widely used in theoretical calculations of transport properties of doped semiconductors and is a reasonably good
approximation when the doping level is not very large.37,38,42–44 In addition to the RBA we also assume the re-
laxation time τ to be energy independent. In this limit, the Seebeck coefficient is independent of τ and therefore
any T -dependence of τ should not contribute to the T -dependence of S. Thus the T -dependence of S discussed in
this paper should be reasonably realistic. However, for a proper understanding of the T -dependence of the electri-
cal conductivity and the electronic contribution to the thermal conductivity, one needs to understand the different
mechanisms (electron-phonon and electron-impurity scattering) contributing to τ , their relative strengths and their
T -dependence.38,40,41 Since we do not have a detailed theory of τ for the half-Heusler compounds at the present time
we will calculate electronic conductivity and power factor in units of τ to see how they depend on carrier concentra-
tion. Any T - dependence they show will come from the non-parabolicity of their band structures and how it affects
the transport velocities and the DOS.

In Fig. 5 we plot S as a function of carrier concentration in the four systems for T=300 K. In Figs. 6 and 7 we
plot (a) the chemical potential (µ) (b) Seebeck coefficient (S ) (c) electrical conductivity (σ/τ) and (d) power factor
(PF = S2σ/τ) as a function of temperature (T ) for two different carrier concentrations, n=2× 1020/cm3 (left panel)
and n=4 × 1021/cm3 (right panel) for p-doping (nh) and n-doping (ne), respectively. These concentrations can be
achieved experimentally by substituting about 1 % and 20 % of a dopant assuming that each dopant donates one
hole/electron and all the doped holes appear as charge carriers. The zero of energy has been chosen at the middle of
the band gap. To understand the differences between the transport properties of the different compounds, we show
the chemical potential at 300 K in Fig. 8 for the two different concentrations, both for p- and n-type dopings. We
now discuss the p- and n-doping cases, separately.

1. p-type

We see in Fig. 5(a) that S decreases with increase in carrier concentration nh as expected. Larger S values are seen
in Co-compounds for the entire range of nh shown in the figure. This is consistent with the observed rapid change in
the DOS with decreasing energy (Fig. 4). For Ir-compounds, however, the change of DOS is small in the region near
the band edge. This results in S values nearly half of those in Co-compounds at low concentrations, but for higher
concentrations the difference between Co and Ir systems become small where the DOS in all of them change rapidly.

At low carrier concentration (Fig. 6 (left panel)), the three curves for µ which are close to each other are for HfCoSb,
ZrCoSb and HfIrSb, where their band gaps are within ∼10 % of each other from 1 eV (see Table I). The isolated curve
is for ZrIrSb which has a much larger band gap of 1.4 eV. As expected, for hole doping µ increases with increasing T,
moving towards the band gap. It is nearly T -independent below 100 K and its values are consistent with differences
in the band gap values. The change of µ with T is slightly larger for the Co-systems, which is consistent with both
the larger valence band effective mass for the Co compounds (see Table II) and the near degeneracy of the energy
bands near the Γ and the L points. The band structures of all the four compounds are quite similar near the top of
the valence band region in terms of the degeneracy and overall shape. However, in the the Co compounds the valence
band maximum is at the L point whereas in the Ir compounds it is at the Γ point. Especially at low concentrations,
both the L and Γ pocket holes contribute in HfCoSb. In contrast, only L pocket holes contribute in ZrCoSb and Γ
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pocket holes in HfIrSb and ZrIrSb. These differences indeed show up in the overall magnitude of S (larger for the Co
compounds). We also observe that the T -dependence of S and PF in Co compounds is stronger at low temperatures
but weaker at high temperatures.

We find that at high T the values of the PF are more than a factor of 2 larger for the higher concentration. This
comes from an increase in σ/τ by a factor of 10 (basically due to the increase in carrier concentration) and decrease in
S by a factor of 2 in going from smaller to the larger carrier concentration. For both the concentrations, Co compounds
give similar S values but larger than those for the Ir compounds. In HfCoSb, S is 90µV/K at room temperature
and reaches 180 µV/K at 1000 K for the high concentration. We find an interesting behavior in these Co-systems.
According to Pisarenko relation50, S decreases with increasing n. Conversely, σ increases with increasing n. Thus,
one expects to see an increase in S along with a decrease in σ when n decreases. This is seen in Ir-compounds, but
in Co-compounds this is violated, a system with larger S also gives higher σ, indicating that the simple Pisarenko
relation does not be hold. This anomalous behavior comes from the fact that in Co compounds both Γ and L pocket
holes contribute to the transport.

At the lower concentration (nh=2×1020/cm3) and high T (>650 K), ZrIrSb gives the highest PF caused by a rapid
increase of S and a rather large σ/τ . Another interesting observation is that at this lower concentration, the PF of
Co-compounds tend to saturate at high T, while those for Ir-compounds increase continuously with T. Thus, for this
lower concentration of holes, the Ir-compounds should be better thermoelectrics at high T. At the high concentration,
the Co compounds do better. In fact, the highest PF (∼ 2×1016µW cm−1 K−2 s−1) at 1000 K is obtained in HfCoSb
for nh=4 × 1021/cm3.

2. n-type

Seebeck coefficient (magnitudes) of the Co-compounds are larger at low ne but smaller at higher ne (Fig. 5(b)).
Thus for smaller n-doping the Co compounds are better thermoelectrics, while the Ir compounds becomes better for
larger n-doping. This behavior can be understood in terms of the energy dependence of the change of DOS for the
conduction band near the band edge. For the Co compounds, as shown in Fig. 4, it is much larger near the band edge
(hence effective at low ne) but smaller at higher energies (effective at high ne). This is opposite in the Ir compounds.

In Fig. 7 (left panel), for the smaller concentration, we see that the chemical potential decrease more rapidly with
T. Both the Co compounds behave similarly and the difference is due to the small difference in their band gaps
(1.06 eV for ZrCoSb and 1.13 eV for HfCoSb). A rather unusual behavior is seen in the case of the two Ir compounds.
Although ZrIrSb and HfIrSb have a large difference in their band gaps i.e. 1.40 eV for the former and 0.89 eV for the
latter, the values of the chemical potential at low T are almost identical. This can be understood by looking at their
conduction band structures (Fig. 2). HfIrSb has a smaller gap but its conduction band is the s-band (minimum at the
Γ point) with smaller effective mass (smaller density of states), whereas ZrIrSb has a larger gap but its conduction
band is the d -band of Zr (minimum at the X point) with a large effective mass (Table II). The larger band gap in
the Zr case is compensated by a smaller Fermi energy as measured from the bottom of the conduction band minimum
(0.38 eV for the Hf system and 0.12 eV for the Zr system). This difference 0.26 eV is nearly equal to half of the
difference in their band gaps, 0.51 eV. At the high concentration, this difference in the Fermi energies is ∼ 0.48 eV
and as a result the chemical potentials are quite different (see Fig. 8 (right panel)).

For the smaller carrier concentration, the two cobalt compounds give large thermopowers for 100 K ≤ T ≤ 1000 K.
This is due to the large effective mass of the electrons associated with the carriers at the X point (see Table II).
Both the Ir compounds start out with a smaller S values (magnitude) at 100 K due to small effective mass of
the carriers at the X point for ZrIrSb and the Γ point for HfIrSb. In the ZrIrSb the magnitude of S increases
dramatically and becomes closer to the value of the Co systems at 1000 K. This is due to the presence of another
conduction band with the minimum at the Γ point which is 0.12 eV above the Fermi energy, resulting in multi-pocket
contribution in transport. In the Hf case no such band exists and S behaves like that for a single nondegenerate
band. Our calculations clearly point out the inadequacy of simple nondegenerate single band models to describe
the T -dependence of thermopower in these half-Heusler systems. For higher concentration (Fig. 8 (right panel)),
ZrIrSb gives the best thermopower value due to the contribution of multiple bands with multiple degeneracy. At this
concentration the values of σ/τ are within 20 % of each other and the largest power factor is given by ZrIrSb with
1.5 × 1016µW cm−1 K−2 s−1 at 1000 K.

Since we have assumed a constant relaxation time, the electrical conductivity is expected to show T -independent
behavior for parabolic bands. However, we observe an increase of σ/τ with increasing temperature in electron-doped
Co-compounds. This can be understood with the change of effective mass due to the non-parabolic band structure. It
can be seen in Fig. 8 (right panel) that the effective mass decreases by moving away from the band edge. Thus at high
temperatures, lighter mass electrons contribute to σ/τ resulting in the increase of σ/τ . More interesting behavior is
seen in ZrIrSb, where σ/τ decreases rapidly with increasing T. This is because at high temperature one more band
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contributes to the σ/τ , in addition to the CBM at X. Both the X - and Γ-pocket electrons have larger effective mass
and we attribute the decrease of σ/τ to the multi-band as well as multi-pocket contributions. These calculations
suggest that unusual band structures can give rise to strong T -dependence of electrical conductivity.

D. Comparison with experiments

Since we do not have the scattering time, we will not discuss the electrical conductivity any further but focus on the
comparison between theoretical and experimental S values. Since S is weakly dependent on τ , comparison of S values
is more meaningful. We will discuss the results for ZrCoSb since only this system has been studied experimentally.
There are two measurements, one at low temperatures (below 320 K) for both p- and n-type dopings by Xia et

al.14, and the other at high temperatures (above 320 K) for only p-type doping by Sekimoto et al.18 In both cases,
it is seen that nominally stoichiometric ZrCoSb is n-type, most likely due to intrinsic defects. Replacing Sb by Sn
makes it p-type and replacing Co by Pt makes it n-type. In Fig. 9, we plot S for 10 % p- and n-dopings. Our
value of S is 113 µV/K at room temperature which is about 13 % lower than the experimental value (130 µV/K)
for the p-type. For the n-doping, the theoretical value (-74 µV/K) is about 23 % lower than the experimental value
(-101 µV/K) in their magnitude. At higher temperatures the difference between experiment and theory is even larger
(∼ 30µV/K) but smaller percentage-wise. One possible source of this discrepancy could be due to the difference in
the carrier concentrations used in our calculations (for a given doping of 10 %) and the actual concentrations in the
samples. It is known experimentally that all dopants do not contribute carriers because some of the dopant electrons
are localized compensating for intrinsic defects. Thus actual carrier concentration can be different form what one
calculates form the nominal dopant concentration. In contrast, theoretical studies assume that all dopants contribute
to carriers. Consequently, a smaller value of the actual concentration in the experiment can account for the observed
larger magnitude of S. Other possible sources are the contribution from phonon drag effect at low temperatures (below
the Debye temperature) and T -dependence of band structure parameters at high temperatures.

IV. SUMMARY

In summary, we have discussed the band structures of four half-Heusler semiconductors (Zr,Hf)(Co,Ir)Sb of current
thermoelectric interest obtained using ab initio density functional methods within GGA. Using the calculated band
structures and Boltzmann transport theory (in RBA and constant relaxation time τ) we have calculated thermopower
S, electrical conductivity σ and power factor S2σ (in unit of τ), for both p- and n-dopings at two different carrier
concentrations (n = 2 × 1020/cm3 and 4 × 1021/cm3). Since τ depends on different scattering mechanisms (electron-
impurity, electron-electron, and electron-phonon) whose relative importance change with temperature and carrier
concentration (see Refs. 38,40), a quantitative study of τ is difficult, particularly using the results of ab initio band
structure calculations. For this reason we have reported σ/τ and the power factor S2σ/τ in this paper. These scaled
quantities reflect the effect of the electronic structure on transport coefficients coming from carrier velocities (effective
mass), band degeneracy and the density of states.

There are several interesting aspects of the electronic structure of these four compounds that we would like to
emphasize. In Co compounds, the VBM is at the L point and is primarily of Co-d character, hybridized with Zr/Hf-d
states. This is different from ZrNiSn where the VBM is at the Γ point.7 In addition, in HfCoSb the VBM at the
L point is nearly degenerate with another maximum at the Γ point. Since there are four inequivalent L points and
only one Γ point in the BZ, a system with contribution from L pocket to the transport properties is likely to have
larger thermopower than the others. In fact in Co compounds both the maxima contribute to S making it a very
good p-type thermoelectric. In the Ir compounds, the valence band structure is closer to what is seen in the Ni
compounds,7 i.e. the VBM is at the Γ point and the maximum at the L point has lower energy. So the Γ-point holes
contribute mostly to charge and energy transport in the p-doped case.

The Co compounds show similar conduction band structure to the well known compound ZrNiSn.6,7 The conduction
band minimum (CBM) is at the X point and the states near this minimum show predominantly Co-d character (similar
to Ni-d character in ZrNiSn) coming from the strong hybridization between the Co-d and Zr(Hf) d -states. These
electron carriers have large effective masses (Table II) and give large thermopower. The major difference between
the Ir and Co (also Ni) is in the conduction band transport. In the Ir compounds, the low lying antibonding s-state
hybridizing with the Zr(Hf) d -states gives rise to the CBM in HfIrSb and a nearly degenerate CBM in ZrIrSb at the
Γ point, not at the X point. Unfortunately this difference along with lighter electron effective mass gives smaller (in
magnitude) electron thermopower in the Ir compound for small carrier concentration (ne=2 × 1020/cm3). However
when the carrier concentration is increased (ne=4 × 1021/cm3), both Γ and X pockets contribute resulting in high
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S in the Ir compounds. Particularly in ZrIrSb, in addition to major contributions from two bands having three
inequivalent X points, contribution from Γ- and K -pockets results in large thermopower at high temperatures.

Nearly same value of S in different Co-compounds as seen in Fig. 7 can also be explained in terms of their band
structures. The shape of the lowest conduction band which is the only band contributing to transport is almost the
same for both of HfCoSb and ZrCoSb (See Fig. 8 (left panel)), resulting in similar effective mass and same symmetry-
pocket contributions. Higher value of S in ZrIrSb compared to HfIrSb at low concentration (Fig. 7) is due to a flatter
conduction band and 3 inequivalent X -pocket contributions in the former compared to Γ-pocket contribution with
smaller effective mass in the later.

We have examined the effect of spin-orbit interaction (SOI) on the band structures of these compounds. We found
that in general the removal of degeneracy due to SOI leads to a reduction in the magnitude of the thermopower in
these systems. In the Co compounds we found that the changes in the band structures and transport properties were
negligible (thermopower changes by less than 0.5 %). In the Ir compounds, however, splitting of the degeneracy of
the VBM (associated with Zr-t2g-like states) was found to be substantial leading to a reduction in the thermopower
(∼ 10 %). Nevertheless, the order of magnitude of S and its T and concentration dependence does not change when
SOI is included.

We conclude by noting that ab initio band structure calculations have been extremely helpful in understanding the
subtle differences in the transport properties of different semiconducting half-Heusler systems.25,49,51 The next step
in the research vis-à-vis these half-Heusler systems should be in two directions; first to understand the temperature,
concentration, and the energy dependence of the relaxation time τ and how it affects the electrical conductivity
and the power factor, second to check the adequacy of the rigid band approximation in the calculation of transport
coefficients. Many half-Heusler systems show large thermopower at relatively large carrier concentrations ∼ 1021/cm3.
At these doping levels, one should re-examine whether the band structure of the host system gets perturbed by the
dopant.
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22 L. Chaput, J. Tobola, P. Pécheur, and H. Scherrer, Phys. Rev. B 73, 045121 (2006).
23 L. P. Romaka, M. G. Shelyapina, Y. V. Stadnyk, D. Fruchart, E. K. Hlil, V. A. Romaka, J. Alloy. Compd. 416, 46 (2006).
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(c) HfIrSb (d) ZrIrSb
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FIG. 1: The band structure near the Fermi energy for (a) HfCoSb, (b) ZrCoSb, (c) HfIrSb, and (d) ZrIrSb along W-L-Γ-X-W-K.
The Fermi level is set to be zero energy.
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(c) HfIrSb (d) ZrIrSb
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FIG. 2: The contribution of each atoms in the band structure of (Hf,Zr)(Co,Ir)Sb compounds: red circles for d -orbital of
Hf/Zr, blue triangles for d -orbital of Co/Ir, pink stars for p-orbital of Sb, and green diamonds for s-orbital of Sb. The size of
the symbols represents the strength of the contribution. The Fermi level is set to be zero energy.
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(a) HfCoSb (b) ZrCoSb
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(c) HfIrSb (d) ZrIrSb
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FIG. 3: The projected density of states (PDOS) as a function of energy. The value in parentheses is the number of degeneracy.
Ef denotes the Fermi level. Each symbol represents different orbitals: square for s-orbital, circle for p-orbital, triangle for
eg-orbital, and diamond for t2g-orbital. Each color represents different element: red for Hf/Zr, blue for Co/Ir, and green for
Sb.
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FIG. 5: Seebeck coefficient as a function of carrier concentration at 300 K for (a) hole-doping and (b) electron-doping.
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FIG. 6: Transport properties for HfCoSb (red circle), ZrCoSb (blue diamond), HfIrSb (pink square), and ZrIrSb (sky blue
triangle) as a function of temperature at the hole-concentration nh=2 × 1020/cm3(left panel) and nh=4 × 1021/cm3 (right
panel). The units for µ, S, σ/τ , and S2σ/τ are eV, µV/K, 1017Ω−1cm−1s−1, and 1014µW cm−1 K−2 s−1, respectively.
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FIG. 7: Transport properties for HfCoSb (red circle), ZrCoSb (blue diamond), HfIrSb (pink square), and ZrIrSb (sky blue
triangle) as a function of temperature at the hole-concentration ne=2×1020/cm3(left panel) and ne=4×1021/cm3 (right panel).
The units for µ, S, σ/τ , and S2σ/τ are eV, µV/K, 1017Ω−1cm−1s−1, and 1014µW cm−1 K−2 s−1, respectively.
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FIG. 8: Fermi level change at the carrier concentration of n=2× 1020/cm3 (red lines) and n=4× 1021/cm3 (blue lines) by (a)
hole-doping and (b) electron-doping.
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FIG. 9: Seebeck coefficient with 10 % doping in ZrCoSb. Theoretical values are shown with lines and experimental data with
rectangles for low temperatures by Xia et al. [Ref. 14] and triangles for high temperatures by Sekimoto et al. [Ref. 18].
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TABLE I: The optimized lattice constants and band gaps.

Lattice Band gap

constant (Å) (eV)

HfCoSb 6.0541 1.13

ZrCoSb 6.0945 1.06

HfIrSb 6.3288 0.89

ZrIrSb 6.3580 1.40
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TABLE II: The calculated effective masses using the curvature of the band structure. The values related to the transport
properties are given with the unit of m∗/me. Two values are calculated along different directions showing strong anisotropic
bands.

type k-point band HfCoSb ZrCoSb HfIrSb ZrIrSb

p-type Γ VBM,VBM-1 3.4, 0.8 1.5, 0.6 1.7, 0.6

VBM-2 0.2, 0.5 0.2, 0.3 0.2, 0.3

L VBM 5.0, 2.1 3.2, 2.1 7.3, 0.9 5.7, 1.1

VBM-1 5.0, 0.9 3.2, 1.0 7.3, 0.4 5.7, 0.4

n-type X CBM 5.6, 0.9 5.4, 1.0 5.3, 1.8 1.1, 0.6

CBM+1 0.8, 0.5 3.6, 2.2

Γ CBM 0.8,1.0 1.2, 1.0

K CBM 1.0


