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We study the non-Abelian statistics of quasiparticles in the Ising-type quantum Hall states which
are likely candidates to explain the observed Hall conductivity plateaus in the second Landau level,
most notably the one at filling fraction v = 5/2. We complete the program started in Nucl. Phys. B
506, 685 (1997) and show that the degenerate four-quasihole and six-quasihole wavefunctions of the
Moore-Read Pfaffian state are orthogonal with equal constant norms in the basis given by conformal
blocks inac =1+ % conformal field theory. As a consequence, this proves that the non-Abelian
statistics of the excitations in this state are given by the explicit analytic continuation of these
wavefunctions. Our proof is based on a plasma analogy derived from the Coulomb gas construction
of Ising model correlation functions involving both order and (at most two) disorder operators.
We show how this computation also determines the non-Abelian statistics of collections of more
than six quasiholes and give an explicit expression for the corresponding conformal block-derived
wavefunctions for an arbitrary number of quasiholes. Our method also applies to the anti-Pfaffian
wavefunction and to Bonderson-Slingerland hierarchy states constructed over the Moore-Read and
anti-Pfaffian states.

PACS numbers:

I. INTRODUCTION

Non-Abelian braiding statistics' 7 is currently the subject of intense study, partly because the experimental ob-
servation of a non-Abelian anyon would be a remarkable milestone in fundamental science and partly because of its
potential application to topologically fault-tolerant quantum information processing® '¢. At present, the state which
is the best candidate to support quasiparticles with non-Abelian braiding statistics is the experimentally-observed
v = 5/2 fractional quantum Hall state!” 2!. Efforts to observe non-Abelian anyons in this state?> 2> and harness
them for quantum computation??3°733 are predicated entirely on two assumptions: (1) the observed state is in the
same universality class as either the Moore-Read (MR) Pfaffian state3* or the anti-Pfaffian state3>36, an assumption
which is supported by numerical studies®” 4°. (There is another non-Abelian candidate, the so-called SU(2)y NAF
state*!, for this plateau, but it is not supported by numerics.) (2) Quasiparticle excitations above these ground
states are non-Abelian anyons. In order for this assumption to hold, it is necessary for there to be a degenerate
set of n-quasiparticle states and for quasiparticle braiding to transform these states into each other in such a way
that different braiding transformations do not commute. Moore and Read3* conjectured that the MR Pfaffian state
is non-Abelian while Greiter, Wen, and Wilczek?? argued that it is Abelian. It was subsequently shown by Nayak
and Wilczek *3 and by Read and Rezayi** that there is a 2l2J71-fold degenerate set of n quasiparticle states. To
show that assumption 2 is correct, it is further necessary to show that these degenerate states are transformed into
each other by non-commuting transformations enacted by quasiparticle braiding. Several different arguments?*3:45-54
strongly support this hypothesis, but a proof has been missing until now. By “proof,” we mean an argument that
relies on no unproven assumptions beyond the existence of an excitation gap and the existence of a screening phase for
single-component plasmas with uniform neutralizing background and plasma coupling I' < 140 (which is very strongly
supported by numerical studies®®) and, therefore, is at the same level of rigor as the Berry’s phase calculation for
quasiparticles in the v = 1/3 Laughlin state®®. In this paper, we supply such a proof by mapping matrix elements
of the MR Pfaffian state to the partition function of a classical multi-component 2D plasma, possibly with magnetic
charges. Our derivation extends and completes a partial result obtained in Ref. 45.

One approach to the calculation of the braiding statistics of quasiparticles in fractional quantum Hall states is based
on an idea due to Moore and Read®*. These authors proposed to use the conformal blocks of conformal field theories
(CFTs) as trial wavefunctions for fractional quantum Hall effect states. The conformal blocks are the holomorphic
parts of correlation functions. Unlike correlation functions, conformal blocks are not single-valued. The conformal
blocks which are used as trial wavefunctions for fractional quantum Hall effect states are single-valued in electron
coordinates but are not single-valued in the coordinates of the quasiparticles, and it was conjectured that the properties
of the conformal blocks under analytic continuation of the quasiparticle coordinates define their non-Abelian statistics.

However, as emphasized by Blok and Wen®”, the analytic continuation properties of wavefunctions are only part
of the story. An additional contribution to the statistics is given by the Berry’s matrix®6%%. Wavefunction analytic
continuation only gives the quasiparticle statistics correctly if the conformal blocks, as electron wavefunctions, have



matrix elements which are independent of the quasiparticle coordinates (when they are well-separated). This includes,
but is not limited to, the diagonal matrix elements, which are the wavefunctions’ norms. When this condition is
satisfied, the Berry’s matrix is trivial, apart from a term which accounts for the Aharonov-Bohm phase due to the
(charged) quasiparticles” motion in the magnetic field. This is because the wavefunctions are holomorphic in the
quasihole coordinates, except for the Gaussian factors (which give rise to the resulting Aharonov-Bohm terms).

The effective field theory of a fractional quantum Hall state is expected to be a Chern-Simons theory. Chern-
Simons theories are related to conformal field theories®': the Hilbert space of a Chern-Simons theory with fixed
non-dynamical charges at points 71,72, ..., 7, is equal to the vector space of conformal blocks in an associated CF'T
with primary fields at 11,72, . .., n,. Thus, if the multi-quasiparticle wavefunctions of a fractional quantum Hall state
can be identified with the conformal blocks of a CFT, it is very natural to conclude that this fractional quantum Hall
state is in the universality class of the associated Chern-Simons theory. In fact, one can hardly imagine any other
possibility. But this identification is only correct if the braiding properties of the multi-quasiparticle wavefunctions
are equal to those of the Chern-Simons theory. This, in turn, requires the Berry matrix (in the basis given by the
conformal blocks) to be trivial.

Thus, the logic may be summarized as follows*352. Let us suppose that the quasiparticles of some quantum Hall
state have the special property that when n quasiparticles are present at arbitrary fixed positions 71, ...,n,, there is
a g-dimensional space V), of degenerate states of the system. Now let us suppose that ¥, (n,;2;), « =0,1,...,¢—1
are the ¢ conformal blocks of a correlation function in a CFT, where the z;s are coordinates of the N electrons.
(We choose the CFT and the operators in the conformal block so that they are single-valued in the z;s, but possibly
multi-valued in the 7,s.) If the ¥, (n,; z;)s form a basis for V,,, then we wish to show that the overlap integrals

N
Goplsi) = [ 1] o a2 (5), 1)
k=1

are diagonal and independent of the quasiparticle positions 7,, in the limit where the 7,s are far apart. If we can
show this, then the braiding properties of the n quasiparticles are determined by the analytic continuation properties
of the W (n,; 2)s.

There is significant previous literature which addresses this problem by analytic or numerical methods
In Section XII, we will discuss these previous results and clarify their relation to the result of this paper.

In this paper, we prove that, for up to six quasiholes in the MR Pfaffian state, the overlap integrals of Eq. (1) are
diagonal and independent of the quasiparticle positions 7, in the limit in which the n,s are far apart. Specifically,
we show that

43,45,48,51-54

Ga-ﬂ(nm ﬁ#) = C(Saﬁ +0 (e*\mﬁm\/l) , (2)
which allows us to define orthonormal states |¥, (17,)) by dividing by the common normalization constant

(2ilWa () = G;L/Q(nmﬁu)‘l’a(m; zi). (3)

We obtain Eq. (2) by expressing the desired matrix elements in the form of the partition function of a classical plasma
and relying on the screening property of a plasma, thereby extending Laughlin’s plasma analogy®? arguments to these
non-Abelian states. Our derivation completes the program started in Ref. 45, where such a plasma representation
was used to prove that the diagonal sum of norms in Eq. (1), >~ Ga,« is a constant independent of the quasiparticle
positions (so long as they are well-separated). The methods used there did not, however, allow one to prove that their
norms are independently constant and equal, nor that off-diagonal matrix elements G, 3 are zero. We accomplish
this by extending and elaborating on the methods proposed in Ref. 45. One of the important steps in our approach
is the explicit construction, via the Coulomb gas formalism® 65, of Ising model correlation functions including both
order and disorder operators, shown in Eq. (132). To our knowledge, this expression has not previously appeared in
the literature and is interesting in its own right.

Although we can directly calculate the Berry’s matrix only for the two-, four-, and six-quasiparticle wavefunctions
in this way, our results determine the braiding properties of arbitrary numbers of quasiparticles. We show that the
enumeration of multi-quasihole states*3 (which can be done without computing the integrals in Eq. (1)) allows us to
compute the braiding statistics of an arbitrary number of quasiparticles, given a mild assumption of locality. This
derivation uses special properties of the MR Pfaffian state and works in a particular basis (the “qubit basis”), but
does not need any further assumptions beyond the existence of a gap in the energy spectrum.

We can also utilize similar locality assumptions in the form of the more refined formalism of anyon models, which
describes a topological phase with a braided tensor category. For this, the topological structure is specified by the
number of topologically-distinct quasiparticle species, their fusion algebra, the F-symbols (which encode associativity



of fusion), and the R-symbols (which encode braiding). As we discuss, the F- and R-symbols can be determined
merely from the two- and four-quasihole wavefunctions. Thus, the underlying structure of a topological phase allows
us to bootstrap from the four-quasiparticle case to an arbitrary number of quasiparticles. In contrast to the previous
derivation in the qubit basis, this derivation economizes on the necessary input, i.e. not requiring six-quasiparticle
wavefunctions, because it allows (in fact incorporates) changes of basis, in the form of the F-symbol transformations.

The results of our paper also apply to the anti-Pfaffian wavefunction, constructed as the particle-hole conjugate of
the MR Pfaffian state33¢. They similarly apply to the Bonderson-Slingerland (BS) hierarchical states®¢ constructed
over these, which provide candidates for all the (other) observed quantum Hall plateaus in the second Landau level.
In particular, this includes BS candidate states for v = 12/5, for which there is also some numerical evidence®”.

The methods we develop here should also be generalizable to other quantum Hall states, most importantly to the
Read-Rezayi (RR) series of parafermion states®®. Doing this in practice requires a careful development of the Coulomb
gas construction for these states, which has not yet been accomplished, and overcoming additional obstacles that do
not exist for the Ising-type states analyzed in this paper. This will remain the subject of future work.

This paper is organized as follows. In Section II, we review the derivation of the Berry’s matrix for adiabatic
processes involving degenerate states. In Section III, we discuss adiabatic transport of quasiparticles in the MR state,
and describe the problem to be solved. In Section IV, we discuss Laughlin’s plasma analogy arguments. In Section V,
we review the Coulomb gas construction of the Ising CFT, following Ref. 64. In Section VII, we reproduce the result
of Ref. 45 on the sum of the norms of multi-quasiparticle wavefunctions. In Section VIII, we extend this Coulomb gas
representation to arbitrary matrix elements of the four-quasihole and six-quasihole wavefunctions, thus proving that
they are orthogonal with equal norms. In Section IX, we show how these results determine the non-Abelian statistics
for an arbitrary number of quasiparticles. In Section X, we use the plasma analogy to show that two wavefunctions
(with quasiparticles) are orthogonal if they do not have matching types of quasiparticles at the same coordinates.
Finally, in Section XI, we use the previous results to determine the statistics of quasiparticles in the anti-Pfaffian
state and BS states. In Section XII, we discuss previous works that have made progress towards establishing the
braiding statistics of the MR state. In Appendix A, we specify the normalization conventions that we use for free
bosons. In Appendix B, we review Mathur’s procedure®® for relating products of contour integrals to 2D integrals
in the Coulomb gas representation of CFTs. This relation plays a crucial role in our analysis. In Appendix C, we
use the Coulomb gas representation to compute the (multi-valued) correlation function of two order and two disorder
operators in the Ising model. In Appendix D, we discuss the behavior of electric and magnetic operators in the
plasma phase of a two-component Coulomb gas. In Appendix E; we review and generalize the Debye-Hiickel theory
for application to the plasmas that arise in this paper. In Appendix F, we compute the 22~ conformal blocks of
n o fields (where n is even) and an arbitrary number N of ¢ fields in the Ising model; this gives a preferred basis
for the ¢ = 251 degenerate states of n quasiholes in the MR Pfaffian state. The Berry’s matrix is trivial in this
basis and braiding properties are given explicitly by the analytic continuation properties of these wavefunctions. In
Appendix G, we give an incomplete argument that would allow one to compute the braiding statistics for an arbitrary
number of quasiparticles directly from the wavefunctions with arbitrary numbers of quasiparticles. Although, as we
show in Section IX, this is not necessary, it would nevertheless be a particularly simple and elegant route to deriving
quasiparticle statistics.

II. BERRY’S MATRIX

In this section, we review the derivation of Berry’s matrix®® % for an adiabatic process when there are energy
degeneracies. We consider the Hamiltonian H (R;(t),..., R, (t)), which depends on a set of parameters R, (t) that
are varied in time t. All states evolve according to the Schrédinger equation

L d A
iho [U(t)) = H (1) (1)) - (4)
One can define orthonormal energy eigenstates |a(Ry, ..., R,)) for the Hamiltonian at particular values of the pa-
rameters R, such that
a (Ru) [a(Ry)) = Ea (Ry) |a(Ry)) (5)

and (a(R,)| B(R,.)) = 6ap. When the parameters R,, are varied with ¢, we will leave the R,, dependence of quantities

implicit, e.g. writing H (t) and |a(t)). We consider a Hamiltonian such that the Hilbert space splits into subspaces
of degenerate energies H(t) = EE(t) HEw- We now focus on one of these subspaces Hpg, ) (e.g. the subspace of

ground-states), and assume that the energy gap between it and the other subspaces does not close during the adiabatic



process. The adiabatic theorem tells us that if we start at ¢ = 0 with a basis state ¢4 (0)) = |a(0))) € Hg, (o), then
the time evolved state [, (t)) will be in the Hp, ) subspace, and can thus be written in the form

[a(t)) = e J5 oD Uy 1) Ja(t)) (6)
where Uj is the Berry’s matrix, which is a generalization of Berry’s phase. It is a unitary transformation in the Ej
subspace, i.e. Uo(t) : Hg, ) — HEg, (), such that Us(0) = 1, and the dynamical phase exp [—% fot Eo(t’)dt’} has been

separated from the Berry’s matrix term. Since it is a matrix, the Berry’s matrix can potentially exhibit non-Abelian
behavior. Taking the time-derivative of Eq. 6 and taking an inner product with another time-evolved state in Hg, ),
we have:

i a O] - 15(0)) = Eo(t) (alt)| 50)) + i (a0 U5 (1) 220 130)) + it (o) & [0 (7)
Re-writing the left-hand-side by using Eq. (4), one finds
i ()] 5 [90(6)) = o)l B (1) Woa(0)) = Eo(t) (a(0)] B(2). )

Combining Egs. (7) and (8), we obtain

(a()| Ug ' (2)

Solving this expression for Uy, one finds

Up(t) = Pexp [z’/otA(t’)dt’]

0 t tn to
11+Zz‘"/ dtn/ dtn,l.../ dir A(ty) ... A(ty) (10)
= Jo 0 0

where P stands for path-ordering (putting operators to the right of those with smaller ¢ and to the left of those with
larger t), and we have defined the Berry’s connection for the H g, ;) subspace

dUp(t)
dt

1B®) = — ()] L 18(0) (9)

Ans(t) = ia(t)] S 150 = 3 A () L) )
Af‘b(f) = Z<Q(R1,,Rn)|%|ﬁ(R1,,Rn)> (12)

Defined this way, A is Hermitian.

The term Up(t) only has a gauge-invariant meaning if the Hilbert space is the same as the original one. For this, one
must make a circuit in configuration space. Let us consider an adiabatic process with ¢ running from 0 to t; (where ¢
is large enough compared to the inverse of the energy gap that the process is adiabatic), where H g, 5 = HEy(0) and
the path in configuration space is a closed loop, which includes processes that exchange identical (quasi-)particles.
Even though Hpg,(¢,) = HE,(0), it is possible to have |a(ty)) # |a(0)), e.g. if we have defined |a (Ry, ..., R,)) which is
multi-valued as a function of the R;. However, they must be related through a transformation B : Hg, ) — Hg, o),
defined by

Ba,g = (a(0)] B(tr)) (13)

so that |a(ty)) = B|a(0)). For such an adiabatic process, we can now write the time-evolved state at ¢ = ¢ in terms
of operators acting on the initial state [1,(0)) = |a(0)) € Hg, o)

[a(ty)) = e Jo? Eo(t")dt' p exp [z /Otf A(t')dt’] By, (0)), (14)
and thus, it may be applied to an arbitrary initial state [W(0)) = > ca [¥a(0)) = >_,, ca |@(0)) in the subspace H g, o)
W(t=t5)) =e * Jo® Bt p oy [z /tf A(t’)dt’} B|U(0)). (15)
0
If we never consider states outside the H g, ;) subspace, we can obviously ignore the common dynamical phase. Thus,

we see that the evolution of the initial state in the Hg, ) subspace under an adiabatic process is (apart from the
common dynamical phase) composed of the Berry’s matrix and the wavefunction transformation B.



IIT. QUASIHOLE WAVEFUNCTIONS AND NON-ABELIAN STATISTICS

In this paper, we will be discussing a set of wavefunctions and their braiding properties, i.e. the evolution under
adiabatic exchange of quasiparticles in two-dimensional systems. We will make little reference to the Hamiltonian of
the system, other than to assume that the Hamiltonian has a gap above its ground state(s). The wavefunctions which
we discuss can be regarded as trial wavefunctions for the Hamiltonian of electrons in a magnetic field interacting
through the Coulomb interaction. Alternatively, they can be viewed as exact eigenstates of electrons in the lowest
Landau level at filling fraction v = 1/M interacting through a special model Hamiltonian with three-body interactions,

H=H). (16)

For the case of bosons at v = 1, the Hamiltonian has the form

Hy = XY 6%(2i — 2)0% (21 — 21). (17)
ijk
where A\ > 0. For the case of fermions at v = 1/2, Fermi statistics dictates a more complicated form38:42:
Hg = Z Sljk{a:laf}52(zz - Zj)52(2j - Zk). (18)
ik

where S;ji; is a symmetrizer. Our focus in this paper will be wavefunctions with an even number n of quasiholes. For
the model Hamiltonians in Eq. (16), the n quasihole wavefunctions which we will discuss are zero-energy eigenstates.
(This is typical for such ultra-local Hamiltonians; quasiparticles cost finite energy, so there is a finite energy cost for
a quasiparticle-quasihole pair.) As we will see, when we fix the positions 71,72, ...,n, of these quasiholes, we will
still have a 2% ~!-fold degenerate space of states spanned by ¥,, a =0,1,...,22~! — 1. For the sake of precision, let
us momentarily assume that the system is on a sphere of fixed area and that the number electrons is fixed (and that
the magnetic field is tuned to accommodate n quasiparticles). Then the only assumption that we will need about the
spectrum of the Hamiltonian of Eq. (16) is that all other states with quasiholes at 71, ..., , will be separated from
span(¥,) by a finite energy gap.

When we consider states with quasiholes, we will need to augment this Hamiltonian with a potential which pins
the quasiholes at fixed positions:

H = ng’w +HPinning- (19)

This is necessary to guarantee that there is a gap in the multi-quasihole case; otherwise, it would cost no energy to
move the quasiholes to other positions. An elegant choice of pinning potentials is constructed in Ref. 54. However, the
Berry’s matrix is computed solely from a set of wavefunctions, with no explicit reference to the Hamiltonian, apart
from the assumption that it provides a gap. Thus, the pinning potential, though important as a matter of principle,
is not, as a practical matter, important in its details for our calculation.

The MR Pfaffian ground state wavefunction for an even number N of particles is given by3*:

1\ S Jeal?
\I!(zl,...,zN)sz( )H(zi—zj)Me =N (20)

TS

M is a positive integer, taking odd values if the particles are bosons (which may occur, e.g. for neutral bosons in a
rapidly rotating trap®) and even values if they are fermions (e.g. electrons in the quantum Hall effect). Throughout
most of the paper, we set the magnetic length ¢ = +/fic/eB to 1, as we have done in Eq. (20), and will only
reconstitute it when it provides necessary clarification. The symbol Pf stands for Pfaffian:

N/2
1

PE(Aij) = w1y > sen(0) [T Aocar—1).000) (21)
B k=1

oESN

where A is an antisymmetric N x N matrix (where N is even). The square of the Pfaffian of an antisymmetric matrix
is equivalent to the determinant, i.e. [Pf(4;,)]° = det (4;;). This wavefunction has the same form as the BCS
wavefunction in real-space®*? multiplied by a Laughlin-Jastrow factor.

The wavefunction in Eq. (20) is the unique exact ground state of the Hamiltonian in Eq. (16). The M = 2 case is
an approximate ground state for electrons with Coulomb interactions at v = 5/2 (assuming that the lowest Landau



level of both spins is filled and the wavefunction in Eq. (20) is transposed from the lowest Landau level to the second
Landau level)>” 3%, The M = 1 case is an approximate ground state for neutral ultra-cold bosons in a rotating trap™.

The wavefunction in Eq. (20) can be written as a conformal block in a conformal field theory, as was first proposed
in Ref. 34. The relevant conformal field theory is a (restricted) product of two theories, one at central charge ¢ = 1/2
describing the Pfaffian part of the wavefunction, and the other at ¢ = 1 describing the Jastrow factor [, ;(z; — z)M
of the wavefunction, as well as the Gaussian factor. Specifically, one writes

\I/(Zlv"'va)

<1/)(Zl) N ’l/)(ZN» ~ <ei\/¥<p(z1) - 'ei\/gga(zzv)e—iizm}m Jd%z w(z)>

1 al LS |2
= Pf( ) X H(Zi—Zj)]we e . (22)

S i<y

Here 1) represents the holomorphic free Majorana fermion (the conformal dimension hy, = 1/2 operator) of the ¢ = 1/2
Ising CFT, and ¢ is the free boson of a U(1) CFT. Various conventions can be used to describe the free boson. We
adopt the one presented in the Appendix A, with Eq. (A13) and g = 1/4.

For future reference, let us note that the ¢ = 1 correlator is charge neutral, that is, it is invariant under the change
¢ — p+const. Indeed, under such a change, the exponential factor acquires a term N+/M/2 — A/(2wv/2M), where
A is the total area. However, M = A/27 N is the inverse filling fraction of the quantum Hall state, since A/27 is the
total number of available states in a Landau level which we fill with N particles, and so Ny/M/2 — A/(2mv/2M) = 0.

An excited state wavefunction depends on the positions z; of the electrons as well as the positions 7, of the
quasiparticles. It is important to recognize that the quasiparticles’ coordinates are simply parameters of the electrons’
wavefunction (and underlying Hamiltonian), not to be treated on the same footing as the electrons’ coordinates. These
wavefunctions were constructed as eigenstates of Eq. (16) in Refs. 43,44. Given that the ground state can be expressed
as a conformal block in the ¢ = % + 1 CFT, it is natural to try to construct wavefunctions with n (fundamental)
quasiholes in the same CFT. The natural guess®* is that they are given by:

Vo (Moo 2150 2528) = (0(n1) ...o(nn) ¥(z1) .. (2n)),

X <eiﬁs&(m) . 'eiﬁ“’("")ei\/@ﬂﬁ) B 'ei\/gw(zw)e—im Jd*z SO(Z)> . (23)

Here o are the holomorphic spin operators of the Ising CFT, with conformal dimension h, = 1/16. The bosonic part
of the correlation function is chosen in such a way that the wavefunction is a polynomial function of the z;.

Notice the index « in Eq. (23). The holomorphic spin operators of the Ising CFT have many conformal blocks,
which we label by the index a. In fact, it is well-known that the total number of conformal blocks is 22 ~!, thus

a=01,...,2:71 -1 (24)

The wavefunctions ¥, represent the set of degenerate wavefunctions at fixed positions of the quasiholes and form the
basis for their non-Abelian statistics.

To find the wavefunctions of Eq. (23) explicitly, we need to evaluate the appropriate conformal blocks of the CFT.
For n = 2, there is only a single conformal block for Eq. (23); evaluating it for N even, we obtain the two-quasihole
wavefunction:

. . N 1 2 2 1 & 2
—z) (12— 7 —shr (ImP+ina?) =4 3 J2]
\11(7717772;217'-'721\7):(771_772)&7% Pf((nl Z’L) (772 ZJ)"‘(Z(—’.]))H(Zl_ZJ)Me SM(nl 72 ) 12 z
Zi T E i<j

(25)
This wavefunction is, indeed, a zero-energy eigenstate of the Hamiltonian in Eq. (16) (see Refs. 43,44 for details). Since
there is only a single generator for the two-particle braid group, a counterclockwise exchange of the two particles, non-
Abelian effects cannot be seen — they require at least two different braids which do not commute with each other. The
effect of braiding can, therefore, only be a phase which is acquired by the wavefunction in Eq. (25). This wavefunction
is single-valued in electron coordinates, as it must be, but is multi-valued in the quasihole coordinates. Taking the
analytic continuation of this wavefunction at face value, we would conclude that the effect of a counterclockwise
exchange of two quasiholes in this state is a phase exp [m (ﬁ — %)} . However, this conclusion is premature, because
we must also take into account the Berry’s matrix (which, in this case, is simply a phase).
Before discussing the Berry’s matrix, let us consider the four-quasihole wavefunctions and, briefly, the general n
quasihole wavefunctions (with n even). In the four-quasihole case, we are faced with evaluating Eq. (23) for n = 4.
This calculation is more difficult, but was accomplished in Ref. 43. For N even, it results in the following two



wavefunctions
Loy i g 2 Inl?
2r-1  (msnea) s 2 1Mk
Wo (101, M2,M35 M43 215 - -+ 2N) = Ny~ ————= (Y(3)29) + V1 =2 V(14)(23)) € =L
Eu o amen TV ()(23))
)i LS nl?
11 L )
Uy (01,72, 713, 145 21, - - -, ZN) = H Nap ° _(mamed)? (Pasy2a) — VI — 2 V1ay(03)) € s (26)
< vV1i—+1—2z
where the so-called anharmonic ratio x, well-known in CFT, is given by
_ 2734 = (m —n2) (13 — na) (27)
N137M24 (m —m3) (n2 — na)
Here, we have introduced the notation 7, =71, — 7., and the shorthand ¥ ,4)(cq) for
N
o — Zi)(M — 2:)(Ne — 25)(Na — 25) + (1 < J -1 X lal
U (b (ed) = Pf((n ) )(772 ~ ;)(77 i)+ ( J)) H(Zz _ Zj)M e 1A (28)
i %)

i<j
The wavefunctions W(;3)(24) and W(q4y(23) are zero-energy eigenstates of Eq. (16) and they form a basis of the two-

dimensional space of states with four quasiholes at fixed positions*3. The state W (12)(34) is not linearly-independent
of these two because of the identity*?

Ve — Yasyen = (1 —2) (Yazye) — Yaaes) - (29)

Even though W (13)(24) and W(14)(23) form a basis of the four quasihole Hilbert space, they do not provide an orthonormal
basis. In this paper, we demonstrate that the linear combinations ¥y and ¥y defined in Eq. (26) are, in fact, an
orthogonal basis. Moreover, we show that ¥y and ¥y have the same norms (though we do not compute the precise
value of their overall normalization constant), and thus can provide an orthonormal basis by dividing by a common
normalization constant.

It has been argued since Ref. 34 that using the wavefunctions in Eq. (26) allows us to read off the non-Abelian
statistics of the quasiparticles in a straightforward manner. Indeed, if the quasihole at 7; is exchanged with the
quasihole at 72 in a counterclockwise fashion (or, equivalently, if the quasiholes at 3 and 14 undergo counterclockwise
exchange), a straightforward analytic continuation of the wavefunctions leads to the transformation rules:

mSmnorn Sn ¥y ei”(r}wfé)\llo, Wy ei”(ﬁfé)i\lﬁ (30)
To see this, we note that 1 — x = n14723/M13724 — ﬁ
the phase exp [i?T (ﬁ — %)} acquired by ¥g is the same as that acquired from counterclockwise exchange of the two
quasiholes in the n = 2, N even case.

On the other hand, if the quasiparticles at 72 and 73 undergo counterclockwise exchange (or if the ones at n; and
14 are exchanged), then we get

and W(i3)(24) <> W(14)(23) under this exchange. We see that

+%) \I/O —’L'\Ill
V2

Finally, if the quasiparticles at 71 and 73 undergo counterclockwise exchange (or if the ones at 72 and 14 are exchanged),
then we get

M2 Sz orm Sy Wy e (e (31)

mSmnzorn Sy Vg e (ahr+3) (32)
These exchange transformations are more difficult to show, but can be checked using algebraic manipulations as in
Ref. 43. These three exchange operations Egs. (30), (31), and (32) constitute the building blocks of the non-Abelian
statistics of states with four quasiholes.

The explicit form of the conformal block wavefunctions for n > 4 was not previously calculated. In Appendix F,
we show that they have the following form:

B —1/2
Hﬁzz 1,25—1 M24,25 /
i<j r \T —r|/2
\I/ = P JJ k i
(P1:Pgs+-5P,, /o)
1:P2 /2 Hn2i—1,2j s P
i, i

1 2
2 : r |ry—r,|/2 — 537 2l
X (_1) P H ij ! \I/(l-l-rl,3+r2,...)(2—7‘1,4—7‘2, H 77}11'11” € * (33)
r.=0,1 k<l pn<v

k3



The indices take the values p; = 0, 1, with the constraint that Z?:/ f pi is even, so there are 22 ~! such wavefunctions.

(If we were to consider the case where the number of electrons N was odd instead of even, then we would instead

— Mok—1,21M21—1,2k : : :
require to be odd.) Here, x,; = 22222128 and ¥ A is a generalization of the
q Z —1Di ) s Lkl No—1.21—1 M2n.21 (1+7r,347r,,...)(2—r ,4—1,,...) g

notation in Eq. (28) which was introduced in Ref. 43 and is explained in Appendix F. As discussed there, the
wavefunctions of Eq. (33) form a basis of the 2% ~!-dimensional space of zero-energy n quasihole eigenstates of the
Hamiltonian in Eq. (16). For the special case n = 4, Eq. (33) is identical to Eq. (26). The analytic continuation
properties of wavefunctions with an arbitrary number of quasiholes can be read off from Eq. (33).

However, calculating the explicit analytic continuation of the wavefunctions is not, in principle, sufficient to establish
the statistics of quasiholes. One also needs to calculate the Berry’s connection. It is defined as

- di) 7 A7
— i H M H
Aap(t) = ; (Aa_ﬂ at +"4a.ﬂ dt) (34)
N —
v, 0 v
Al = i/Hd%k—“— (—") (35)
a,B 1/2 1/2
k=1 Go/ﬂ Ol Gﬁ{ﬁ
N —
7 v, 0 g
um — s 2 @ _ B
At =+ Wi () )

where the overlap matrix is defined by:

N —
Goploa) = [ T] o Va2 (52), (37)

We have allowed for the wavefunctions in Egs. (35) and (36) to be un-normalized, since we will not determine the overall
normalization constant of the wavefunctions we work with in this paper. When the quasiparticles are adiabatically
transported along the coordinate paths 7, (t), forming a closed circuit in parameter space as ¢ goes from 0 to ¢y, an
arbitrary state ¥ in the (2% ~!-dimensional) degenerate ground-state space is transformed under the following unitary
evolution, combining the explicit transformation of the wavefunctions resulting from analytic continuation with the
Berry’s matrix transformation resulting from the Berry’s connection (see Section II for more details)

Wt = 1)) = Pexp [ / ' A(t)dt] B W (,(t = 0))). (38)

where P stands for path-ordering, and B is the unitary transformation describing the analytic continuation of or-
thonormal states

Wt =t1))) =D B [¥p(nu(t =0))). (39)
s

(We have dropped the overall dynamical phase, since it is the same for all states in the ground-state space.) For
example, the analytic continuation matrices corresponding to the exchanges in Egs. (30), (31), and (32) (assuming
the wavefunctions have equal norms) are, respectively, given by

Busmzemw—;)[l 9}, B(zsmzemwwi{ L —i], BO=9) — ginlahrt )L[l —11] (40)

ool
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We will show that the wavefunctions in Eq. (26) are orthogonal for large separations |1, — 1,| — oo, such that
Gap=Cqbap + O(e*|77u*77u|/2), (41)

where C,, and ¢ are n-independent constants. This implies that the Berry’s connection is zero, up to (trivial) terms
that give the Abelian Aharonov-Bohm phase, as may be seen from the following calculation:

J \
2 Vo B
/Hd “k —173 1/2 877 <G1/2>
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o (G611 Gus) = 650673 [ TL e () s o6
= ZS—Maaﬁ + O(e_|nu_77u|/é) (42)

We have integrated by parts to go from the first line to the second. Similarly, we have:

7 U, O v
um _ 2 04 53
Avs = /Hd Fk 1/2 377 < 1/2)
= z'G;;/?G;}ﬁ/Q/Hf (_ )\1/ W+ OeImml/t)

= _18—M5°‘ﬁ + Ofe == nul/é) (43)

In Egs. 42 and 43, we have used the fact that the dependence of ¥, on Ny and ¥, on 7, comes only through

the Gaussian factor exp(—gz |17#|2) (n, and 7, are considered independent of each other for these purposes). The
resulting Berry’s connection is diagonal in the space of wavefunctions, giving rise to the Berry’s matrix

ty 1 < [Y dn di
' dtA(t)| = S — E dt | g, —2 —n,—£
Poxp {Z/o Al )] eXpl SM M_l/o ( K TR n >

which is the same for all wavefunctions in the degenerate subspace. When the quasiparticle coordinates are taken
around a closed loop (or the exchange paths of identical quasiparticles form a closed loop), this term is equal to the
phase exp ( 2‘2/[) which is proportional to the total enclosed area A encircled by the quasiparticles in the counter-
clockwise sense (area encircled in the clockwise sense contributes negatively to A). This is unlike particle braiding
statistics which depends only on the enclosed particles and not on the area. By reconstituting the the magnetic length
¢p = \/hc/eB (which we set equal to 1) in this expression, we see that this phase is simply the Aharonov-Bohm phase

1 — [Y dn,. di,, A _ e BA q®
T i (0.5 -0 )| e o) =0 (Cimar e ) =g ) 49)

acquired by a charge ¢ = e¢/2M particle encircling a total flux ® = —BA due to the background magnetic field

1+ O(eflmrnul/f)7 (44)

exp

5
B = —BZ%. (We use the convention where z; = x; +14y;, which corresponds to holomorphic wavefunctions for electrons

of charge —e in a background magnetic field B = —BZ2.) This reconfirms the interpretation of the given wavefunctions
as corresponding to charge e/2M quasiholes. As long as Eq. (41) is fulfilled, however, no other contributions arise in
the Berry’s matrix. In particular, it does not affect the non-Abelian statistics, which comes from the explicit analytic
continuation of quasiparticle coordinates in the wavefunctions.

There are other length scales one should be aware of when considering non-Abelian quasiparticles. In general,
topologically non-trivial excitations can tunnel between non-Abelian quasiparticles, which has the effect of splitting
the degeneracy of their states”’. Such tunneling is exponentially suppressed with separation distance, and thus
introduces correlation length scales associated with the tunneling of topological excitations and determined by the
(non-universal) microscopic physics of the system. Aslong as the quasiparticles are farther apart than these correlation
lengths, the topological degeneracies are preserved (up to exponentially suppressed corrections), but otherwise the
notion of the non-Abelian state space and braiding statistics transformations upon it breaks down. For o non-Abelian
quasiparticles in Ising-type topologically ordered systems, the relevant correlation length is &, which corresponds
to tunneling of the i excitation, i.e. a Majorana fermion. For p-wave superconductors, &, is identified as the
superconducting coherence length?. For the MR state, &y, corresponds to tunneling of the neutral fermion (¢ in the
notation of Section IX B). Numerical studies®® provide an estimate of &, ~ 2.3¢p for the MR state.

The wavefunctions in Eq. (26) were derived as correlators of some CFT. There is no reason a priori to expect that
they will form an orthogonal basis obeying Eq. (41) with respect to the inner product of non-relativistic electrons in
a magnetic field. It is the goal of this paper to show that this is indeed so.

IV. LAUGHLIN’S PLASMA ARGUMENT

We proceed by first recalling an argument due to Laughlin which he used to deduce the normalization of the
Laughlin wavefunction with N electrons and n quasiholes in the v = 1/M quantum Hall effect. Such a wavefunction
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has the form

u T Al al a7 St Sl
\Ijﬁ(nh"'ann;zh"'az]\/):H — N MHH HZ _Z_]) e i=1 . (46)
n<v p=11i=1 1<j

Note that the prefactor [],_, (7, — n,)™ depends only on the quasihole coordinates 1, and is independent of the
electron coordinates z;s. Tﬁerefore, it can be regarded as part of the normalization of the wavefunction. By including
it explicitly in the definition of the wavefunction, we are anticipating that it will result in a norm of the wavefunction
that is independent of the quasihole positions. Laughlin proved that

(RENCRES

N

2 _

"= / [[ a0, w, =i+ O mmliny, )
k=1

where C and ¢; are constants independent of 7,,. (We use the subscript 1 here to indicate quantities that correspond
to the one-component plasma and to differentiate them from similar quantities occurring elsewhere in the paper.)
The proof proceeds as follows. One observes that the normalization integral Eq. (47) can be rewritten as

N N
= /H d22k ‘i’ﬁ‘l’ﬁ - / H dzzk e~ 2/T _ —F/T (48)

2

o,
M
k=1 k=1
n 2 n N Q2 N )
o, = —Zmloglm—nul =D > ol — 2l =D Q%log|z — %
p<v p=1i=1 i<j

2 N
2

where T = Q?/2M. We note that the two-dimensional Coulomb interaction between two charges ¢q; and ¢o separated
by a distance R is —qig2log R. Thus, ®; can be interpreted as the two-dimensional Coulomb-interaction potential
energy for N charge @ particles at z; and n charge /M particles at 7,, together with a uniform neutralizing

background of charge density p = —% [which is the uniformly negatively charged disk, represented by the
Gaussian terms in Eq. (48)]. Consequently, F' becomes the free energy of a classical two-dimensional one-component
plasma at temperature 7' of N charge @) particles in the presence of n additional test particles of charge QQ/M at the
fixed positions 77, and a uniform neutralizing background. Clearly, one can ascribe different charge values @ to the
plasma particles, as long as one similarly alters the test charges and temperature in a compensating manner. One
convenient choice is to take T = g and Q = v/2Mg. (Another typical choice is T = M/2 and Q = M, which gives
the test particles unit charge.) In any case, the coupling constant I' = Q?/T = 2M remains invariant under such
redefinitions, and it is known from Monte Carlo simulations®® that the freezing point of such a classical 2D plasma is
at T, =~ 140 (i.e. T., ~ Q*/140). Hence, the plasma is a screening fluid for M < 70, whereas it freezes into a crystal
for M 2 70.

It is important to distinguish this M., ~ 70 transition point between the fluid and crystal phases of the analogous
two-dimensional one-component plasma from the M, ~ 9 transition point between the quantum Hall fluid and
Wigner-crystal phases of the physical electron systems™. The later determines the physical range where quantum
Hall states exist, while the former indicates that plasma analogy indeed applies to the Laughlin wavefunctions for all
the physically relevant filling fractions.

When the plasma screens, the free energy F' in Eq. (48) cannot depend on the positions 7,, of the /M test charges,
so long as |n, — ny| > {1, where ¢; is the Debye length of this plasma, since they are screened by the elementary
charges. The Debye length can be estimated using Debye-Hiickel theory (see Appendix E) to be ¢; = £5/+/2, where
I = (eB)_l/ 2 is the magnetic length (which we have set to 1) of the quantum Hall system. Thus, the overlap integral
is indeed a constant, as long as the test charges are sufficiently far away from each other.

It follows that the Berry’s connection for adiabatically transporting Laughlin quasiholes using the wavefunction as
normalized in Eq. (46) is given by

v
An“ - / 2 ( )
H H\I’Ilam o]
N —
_ - 0 )\ |\
i— )\ 2/ A2, 00 | — Z/ d?z, — <—> —
o, <” ” [[ ¢ ) L #a 5 () o7

k=1
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= Zﬁ—i—O(e =1/ 61) (50)

and

Al = /H @z |\\I/|| i, (%)

— 77” "’7# 771/‘/21
Y +O(e ). (51)

(L[ o)
exp | ——— dt — — NMu—
l 4MZ o K moat

~ exp (—i——) T O(e /ey, (52)

This gives a Berry’s phase of

Pexp [z /O Y th(t)]

+ O(e_|nu_77u|/él)

where A is the area encircled by the quasiholes in the counter-clockwise sense. This contributes only the Aharonov-
Bohm phase exp(ig®/hc) acquired by charge ¢ = e¢/M encircling an area A containing flux & = —BA from the
—

background magnetic field B = —BZ. The remaining contribution to the holonomy comes from explicit analytic
continuation of the wavefunction, which is thus the braiding statistics of the quasiparticles. This proves that the
Laughlin quasiholes are anyons that accumulate a statistical phase § = w/M as the positions of two of them are
exchanged in a counterclockwise fashion, as can be explicitly seen from analytic continuation of the term (17, — nl,)ﬁ
in the wavefunction of Eq. (46).

V. THE COULOMB GAS CONSTRUCTION
A. Intuitive Approach

In the previous section, we saw that, although we could not explicitly evaluate the norm of the Laughlin wavefunc-
tion, we could make a strong statement about its dependence on quasihole coordinate by appealing to the screening
property of a Coulomb plasma. We would now like to construct such an argument to prove Eq. (41), but we must
first note that, taken at face value, the overlap integrals of ¥, defined in Eq. (37), have little to do with the partition
function of a plasma. Indeed, the plasma argument seems to be custom tailored for wavefunctions which can be
written as products of differences, such as Eq. (46). The MR Pfaffian ground state wavefunction Eq. (20), or the
wavefunctions with quasihole excitations, such as Egs. (23), (25), and (26), are in fact sums of products and cannot be
written as exponentials of logarithms. Nevertheless, there exists an approach, called the Coulomb gas construction,
which allows one to represent conformal blocks in terms of a plasma. Let us review this approach, in its particular
application for the ¢ = 1/2 Ising CFT of interest here.

In the next subsection, we will follow the logic and notation of Feigin and Fuchs™, Dotsenko and Fateev
Felder®, and Mathur®®, which is essentially an algebraic approach to the Coulomb gas construction of the minimal
models. However, there is another approach to the Coulomb gas construction which is more intuitive; we briefly
describe it here (see Refs. 76-78).

The basic question which we answer in this subsection is: why does the Ising model, which does not have a conserved
U(1) charge, have anything at all to do with a gas of electric and magnetic charges interacting logarithmically? One
way of answering this question lies in the following steps.

63,75
)

1. Write the Ising model partition function on the honeycomb lattice (we choose this lattice for convenience) in

the form
7Z = Z e PH — Z HcoshﬁJ [1 + tanh (8J) 0,04] (53)
{o;=%1} {oi==%1} 4,J
where the Ising Hamiltonian has the form H = —J3°_, .. 0,0;.

2. In any term in the expansion of the product in Eq. (53), each lattice bond can either receive a 1 or an zo;0;,
where 2 = tanh SJ. Notice that any term in the expansion vanishes upon summation over {o; = +1} unless
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every spin o; appears either zero times or twice. Consequently, the bonds which receive an zo;0; form closed
loops, and the partition function takes the form:

Z(x) ="y a"*) (54)
{a}

where {a} is a configuration of loops on the honeycomb lattice and b(«) is the total length of all of the loops in
the configuration {a}. The critical point of the Ising model occurs at z = 1/+/3.

3. Observe that this partition function can be obtained from the following local rules for the Boltzmann weights.
When a loop turns left, it acquires a factor xe? and when it turns right, it acquires a factor ze~*X. Since the
number of left turns minus the number of right turns is +6 for any closed loop, every such loop receives a factor
22% cos 6y after summing over both orientations of the loop, where b is the number of bonds in the loop. We
obtain the Ising model partition function (54) provided 2 cos6x = 1.

4. Write the critical partition function (as defined by these local weights) as a height model on the honeycomb
lattice. A height model is a model of a fluctuating interface which is specified by its local height z = ¢(x,y). The
loops are interpreted as domain walls between regions with different heights (the heights live on the plaquettes
and the domain walls on the links). In the continuum limit, the energetic penalty for domain walls between
different heights becomes a gradient energy (V¢)? so that the partition function for the interface can be viewed
as a quantum field theory for a scalar field ¢.

5. Write the height model as a free bosonic field ¢ (i.e. as a Coulomb gas) with stiffness ¢ = 1 — %X = 4/3
together with a coupling (1 — g) = —1/3 to the curvature R. (Note that we had to take —m < 6y < 0 in order
to obtain the critical point of the Ising model; taking 0 < 6x < 7 would give us the low-temperature fixed
point.) The stiffness gives the correct energy penalty for a domain wall. The background charge is necessary
because the number of left turns minus the number of right turns will be different from +6 around a point of
non-zero curvature. For the honeycomb lattice on the plane, this reduces to a background charge at infinity

2(1 - g) = —2/3.

6. In terms of the bosonic field, ¢, the effective action of the height model has a marginal operator w e~2** which
enforces the fact that the heights take values that are integral multiples of 7 (which would otherwise be lost
in the passage to the continuum limit). In fact, the term which enforces the integrality of the heights is more
complicated. We have kept only the most relevant term in its Fourier expansion, which is marginal; the other
terms are irrelevant. Thus, the effective action takes the form:

S:%/d%(wf+¥/d2ﬂw+w/d2xe‘m+--- (55)

The ... denotes other (irrelevant) terms in the Fourier expansion of the potential term which enforces integral
heights; we have kept only the marginal term. Rescaling the field ¢ — 2,/g¢, the effective action takes the form:

_i 2 2 i(l—-g) 2 2. —i¢/\/g
S—IGﬂ_/d:C(V@ +787T\/§ /dwR¢+w/dwe 4. (56)

7. When we compute an Ising correlation function with n spin fields in this model, only the term of order w™

is non-zero, i.e. this correlation function has n insertions of the marginal operator e~ i$V3/2 (here, we have
substituted g = 4/3), which we call a screening operator.

The preceding logic makes it seem natural for correlation functions in the Ising model (and, in fact, a large class
of models which have a height model representation) to have a Coulomb gas representation. It is, thus, helpful
for understanding our results intuitively. However, it is not the most convenient way to derive the Coulomb gas
representation for the conformal blocks which we need. For that, we use a more technical approach, described in
the next subsection. We note that, although the two approaches are very similar, there is not really a one-to-one
correspondence between them, although the results which we find in this paper strengthen the connection.

B. Algebraic Approach

The algebraic approach to the Coulomb gas takes, as its starting point, the action for a free boson with a background
charge aq at infinity from step 4 of the previous subsection. This can be re-written as a total derivative term with
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imaginary coefficient iag. This total derivative term changes the energy-momentum tensor, thus shifting the central
charge from its free boson value, ¢ = 1, to ¢ = 1 — 24a2. Since the added term is imaginary, the theory is not unitary.
However, for certain values of ay, including the one relevant to the Ising model, the theory has a unitary subspace.

This approach was introduced by Feigin and Fuchs”®, and developed for the minimal models by Dotsenko and
Fateev in Refs. 63,75. The method was subsequently refined by Felder®*, who both elucidated its BRST cohomological
structure and extended the results to the torus. The advantage of Felder’s approach is that it holds at the operator
level, not merely at the level of correlation functions, allowing a more systematic description. This leads to a simple
prescription which can be applied in a uniform manner. Thus, we adopt Felder’s notation. The next few paragraphs
are a short review of the procedure, whose full details can be found in Ref. 64.

The approach consists of taking a holomorphic free boson field ¢(z), whose two-point correlation function is given
by

(p(21)p(22) ) = —2log (21 — 22) . (57)

This corresponds to Eq. (A5) with g = 1/4. This field can be used to construct the vertex operators of charge a,
e#(2) _1If the ajs satisfy charge neutrality, > ;@ =0, then a collection of vertex operators has correlation function

<eio‘“"(zl)eio‘2“’(z2) ... etone(an) > = H (2 — Zj)%m . (58)

1<j

If Q5 # 0, then this correlation function vanishes. This matches up precisely with Laughlin’s plasma analogy,
where the vertex operators in the CFT Coulomb gas formalism correspond to the particles that comprise the plasma,
and charge neutrality must be obeyed. However, one can deviate from this simple Coulomb gas in two ways: (1) if a
set of vertex operators violates charge neutrality, one can place an additional compensating vertex operator of charge
200 = =Y ;@ at 0o to obtain a non-vanishing correlation function, and (2) one can introduce “screening charges”
which modify the vertex operators. As mentioned before, this will produce a unitary theory only for special values of
ag, o, and screening charges.

In a ¢ = 1/2 Ising CFT, there are 8 types of allowable vertex operators. Two of them are screening operators, and
their charges are given by

V3 2
a.=——, ay = —. 59
) + \/g ( )

The remaining six of them have charges constructed out of a_, a, according to
1 1
anm:§(1—n)a_+§(1—m)a+, n=123 m=1,2. (60)
It is convenient to put them together into the “Kac table”:

9 =L | 1

V3| 4V3[2v3

V3 | V3
1 0 % (61)

m/n| 1 2 3

The columns of the table are labeled by the index n = 1,2,3, and the rows by m = 1,2. The entries of the table
are the charges of the vertex operators. They represent the operators of the ¢ = 1/2 Ising CFT according to the
identification

2 |[lo| 1
1 |[I|o|y (62)

m/n|[1|23

Here T is the unit operator, and just as in Eqgs. (22) and (23), o is the dimension 1/16 operator, and v is the dimension
1/2 operator of the ¢ = 1/2 Ising CFT.

As we can see, each operator of the CFT is represented by two distinct vertex operators. The correlation functions
of the CFT are constructed, according to Ref. 64, as a Coulomb gas with screening charges. These are the objects
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FIG. 1: The integration contours in Eq. (63).

which consist of a vertex operator and a product of a number of screening operators, each integrated over a circular
contour as defined according to:

Vim(2) = Hj{ dwy, H% duy e'onm?(2) gio—p(wy) giagp(u) (63)
k=17 Cr =175

The integration contours in Eq. (63) are taken to be concentric circles of radius |z| centered at the origin (with the
ay contours inside the a_ contours), as shown in Fig. 1 according to the prescription of Ref. 64. These contour
integrals have divergences that must be regularized in some manner, i.e. either by an appropriate point-splitting at
z or through analytic continuation.

The full conformal block of the CFT operators is represented by the correlation function of a set of screened vertex
operators V"¢ (z), where the indices n, m are chosen to represent each given operator of the CFT, and the number
of screening operators r, s are chosen according to a set of rules specified in Ref. 64. Of these rules, one is the most
important: the sum of all the charges involved in a correlation function should be either 0 or 1/(2v/3). The reason
for this rule is that both of these charges represent an identity operator, as follows from the tables above. (In the
latter case, there must be a canceling charge at co.) Additional rules specify how the screening operators must be
distributed among the vertex operators in the correlation function. The specifics of these rules are also described in
Ref. 64.

Thus the same conformal block can have several different but equivalent representations using the screened vertex
operators. For example, consider

1
($()$(0)) = - (64)
Since both Vi5 and V31 correspond to v, this correlation function can be represented in three different ways:
1
(VR VEO) = -, (65)

VO AT = & du 2447 66
(VEEVEO) = fan (66)
and
20 00 _ w w 23 (w1 — wa)?
<V31 (2) Vi (O)>_fd lfd 2(z—w1)%w1%(z—w2)2w2%' &

It should be clear that all three methods give the same answer, 1/z, up to an overall unimportant constant (as may be
verified by making the change of variable, wy, = zuz). The correlation function in Eq. (65) has total charge 1/(2v/3)
while the other two correlation functions, Eqgs. (66) and (67) have the total charge 0.
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Now we can use these techniques to represent the conformal block corresponding to the Pfaffian as

1
P2 ) = (00 b)) = (VPG VE)  VE orV o)) (63)
i A
(where N is even). This is not the only way to construct this conformal block, but it is the most convenient for
subsequent generalizations.
Now consider a conformal block with 4 o operators (which correspond to 4 quasiholes). There are two such conformal
blocks (as we saw, for instance, in Eq. (26)), which we denote by:

Fo(u; zi) = (o(m)o(mz)o(nz)o(na)p(z1) - . (zn)), (69)

where a = 0, 1 corresponds to the block in which the first two o fields fuse to I or 1, respectively. We can represent
Fo(nu; zi) in the following way:

Folnu: zi) = (Va (m)VaX (m2) Vo (n3) Vel (ma) Vi (z1) Var (22) - .- Vit (an—1) V) (2n) ) - (70)

This representation mirrors that of Eq. (68) in that it only uses vertex operators from the m = 1 row of the Kac table
in Eq. (61). The total charge of all the operators involved in Eq. (70) is equal to zero. Furthermore, the total charge
of the first two screened vertex operators is also zero, Vo' Vo’ ~ I, which is the reason for the identification of this
Coulomb gas correlation function with the ¢ = 1/2 Ising conformal block Fy(7,; z;). If we wish, instead, to compute
Fi1(nu; zi), then we need a Coulomb gas correlation function in which the first two screened vertex operators have

total charge \/§/ 2 corresponding to the 1 field:
Filns zi) = (Var (m)Var (12)Var (13)Var’ (na) Var (20)VaY (22) - .. Vi (en—1)VaY (2n) ) - (71)

Since the screening operators are attached to the first two vertex operators, rather than the first and third, the
construction Eq. (71) can be interpreted as simply a different choice of contour for one of the screening operators in

Eq. (70).
We note, for later use, that we can also represent Fy and F7 in an alternative way:
Folns zi) = (Vaz (m)Var (n2) Vit (1) Vet (na) VaT (20)VaY (22) - .. ViT (an—1)Var (2v) ) (72)
Fi(nus zi) = (Vaz (m)Var (2) VoY (03) Var (ma) VL (21) Vay (22) .. Vi (awv—1) V3 (2v) ) - (73)

Unlike in Egs. (70) and (71), the total charge of the vertex operators involved in Egs. (72) and (73) is equal to 1/(2v/3)
(which is another representation of the identity).

Finally, we can also construct conformal blocks with any even number n of ¢ fields (corresponding to wavefunctions
with n quasiholes), e.g.

F(0,0,0) (5 2) = (Vo (m)Var' (12) « - Vit (ha—1)Var () Vi (:0) Vst (22) - .. ViR ev—) Vit (2v) ) (74)
= (Vay (m)VaY (m2)Vay (1) VoY (ma) - .- Var (1) Vi () Vi (21) Var (22) . VP (ev—1) Vs (2v) ) (75)
The subscript (0,0, ...,0) denotes that this is the conformal block in which the first and second o fields fuse to I, the

third and fourth o fields fuse to I, ..., the (n — 1)*® and n*® ¢ fields fuse to I.
Similarly, the Coulomb gas construction gives the general conformal block

n/2
1-7m;_1,0 7,0
Flwrma.omn ) (i i) = <HV21 T (g 1)Vay (m25) Vi (21) Vay (22) - --V3210(ZN1)V3010(ZN)> (76)

j=1

n/2
T, 1-m;_1,0 ;5,0
= <V2020(771)V211 ) [T Var ™ (1) Vay ™ (m2) Vil (21) Vi (22) - Vi (2w —1) Vi (2v) > , (77)

j=2

in which the 1% through 2j* o fields collectively fuse to I if m; = 0 and to ¢ if 7; = 1, and where 7y = T2 = 0,
indicating the overall parity constraint that the o fields must collectively fuse to I since there are an even number
N of 1 fields. This is presented in the “standard basis,” where fusion channels are specified by fusing in the anyons
one at a time from left to right'?!. For the Ising CFT, we can trivially transform between the standard basis and the
qubit basis

qubit __ rstandard
(P1,P25e-Pny2) ¥ (1,72, 0 y2) (78)
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in which (2j — 1)*" and 2j*® o fields fuse to I if p; = 0 and to ¢ if p; = 1, by simply using the conversions

(i pk> mod 2 (79)

p; = (7Tj —7Tj,1)m0d 2. (80)

Ty

Since this is a trivial change of basis (i.e. it is just a different way of presenting the subscript label), we can interchange
between the two freely. For the purposes of describing conformal blocks using the Coulomb gas formalism, the standard
basis is more natural. For describing the explicit evaluation of the conformal blocks using bosonization methods, the
qubit basis is more natural. Henceforth, we differentiate them through context.

A similar expression can also be used if the number N of electrons is odd. Specifically, for NV odd, one would use

n/2
1—mj_ 0 ;5,0
Fmrimareeniinsa) (i 26) = <H Var 77 (m2g-0) Vay ™ (125) Var (21) VAT (22) Var (22) - -'V3210(2N—1)V3010(2N)> (81)

n/2
= < Vi (m) Vo (m2) [T Var ™ (im0 ) Vi () Vi (20 VA (22) Vi (22) - VI (e 1) Vi (2v) > (82)

=2

with mp = 0 and 7, /2 = 1, which indicates that the n os have overall fusion channel ¢. We note that the number of
screening charges in both Egs. (76) and (81) is N + 3.

The explicit expressions for correlation functions such as Eq. (74) involve products of powers of differences of
coordinates, and integrals over some of them, as in the simple examples of Egs. (66) or (67). This has a reasonably
similar structure to the Laughlin states, such as Eq. (46), so it brings us closer to the goal of constructing an effective
plasma describing Eq. (41).

VI. PLASMA REPRESENTATION FOR THE GROUND STATE WAVEFUNCTION

Using the above expressions for the conformal blocks to construct the overlap integrals Eq. (41), we see that they
do appear superficially similar to the plasma construction of Eq. (48). The difference is that the screening operators
need to be integrated over their holomorphic and antiholomorphic coordinates along some specially chosen contours.
As a result, Eq. (37) no longer takes the form of the partition function of a classical plasma. In what follows, we
construct the overlap integrals in a slightly different way which leads to an expression which does take the form of a
classical plasma’s partition function. For this, we crucially utilize the method invented by Mathur in Ref. 65 of relating
expressions involving products of holomorphic and antiholomorphic screening charge contour integrals to expressions
involving two-dimensional integrals over screening charge positions. (We review this method in Appendix B.)

We will begin by considering the case with no quasiholes, ie. the ground-state wavefunction. We will construct
a representation of the norm of the ground-state wavefunction which takes the form of the partition function for a
classical plasma. We begin by ignoring the charge part of the wavefunction and focusing on the Pfaffian:

()
Zi — Zj

In order to represent this as a plasma, we take the conformal block represented by Eq. (68), and multiply it by its
complex conjugate. Then, instead of integrating the screening operators over the contours in the complex plane of
their respective holomorphic and antiholomorphic coordinates, we integrate the screening operators over the entire
two-dimensional plane.

To see why this procedure is valid, we first consider the expression

2

(83)

pf( : )— (V' ()3l (z2) ... Vi (en—1)Var () )

Zi — Zj
= <]{ dw; ]{ dws elase(z1) gia—p(wi) gia—p(ws) giasgip(z2) o

. xj{ dwn_1 j{ dwn eio‘““"(zN1)eio‘“’(wNl)em“’(wN)eio‘3“"(zN)> (84)
C C

ZN-—-1 ZN—1
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where C,, is used to indicate a contour of radius |z| centered on the origin (with appropriate regularization, i.e. taking
contours at the same radius to be infinitesimally concentric and point-split at the z; coordinates). To obtain the norm
squared of this wavefunction, we multiply this expression by its complex conjugate:

Pf < : z > = j{ dwy f dig €319 (F1) gia— (1) pia—p(W2) piasip(22) o
2T R C:y C

.Xf don_1 %

c c

ZN-—-1 ZN-—-1

dwN eiaglkp(le)e’L'Oc(p(le)eiaLp(u)N)e’L'chlkp(zN)> . (85)

Evaluating the correlation functions of vertex operators, we obtain

(=)

- . _ . . . . . 3
It is important to emphasize that w; and w; are independent variables in this expression, so terms such as |w; — w;|

2 N/2

Hy[ dwag— 17{ dwa,— 17{ dw%% dway, H|wl—w]|3H|wl—z]| 31_[|zz—zj| (86)

sz 1 sz 1 sz 1 sz 1 1<j i<j

should really be understood as shorthand for (w; — wj)3/2 (w; — ﬁ)j)3/2. Retracing Mathur’s steps, as explained in
Appendix B, we rewrite the product of w; and w; contour integrals in Eq. (86) in terms of 2D integrals:

/Hd2wkH|wz—w]| H|wz—z]| e F =

1<] i<j
N/2
f dw2k 1% d’LUQk 1% d?.UQkf d’LUQk H|wl wJ| H|wl —ZJ| 31_[|ZZ — ZJ| 87)
zzk 1 sz 1 sz 1 sz 1 1<J 1<J

Therefore, we can write the square of the Pfaffian in the form:

\Pf(ziizj) /Hd2wkH|wz—wJ|3H|wz—z]| L=t (59)

i<j 1<j
Note that the right-hand-side of this equation is divergent as any w; approaches any z;. It can be made well-defined
by analytic continuation. In other words, we define this expression by evaluating the integral

/Hd%kmwl—wn R ICE (39)

1<J 1<j

for a < 2/3, where the integral is convergent, and analytically continuing to o = 1. This analytic continuation gives
the right-hand-side of Eq. (88). As we will discuss, the associated plasma does not go through a phase transition as
« is varied from « < 2/3 to 1, so the right-hand-side of Eq. (88) is a useful representation of the left-hand-side.

If, instead, we modify the right-hand-side at short distances by, for instance, introducing a short-ranged repulsion
(e.g. ahard-core cutoff), then the right-hand side will be modified for z; — z; but will be unchanged at long-distances.
This will produce a wavefunction in the same universality class as the Pfaffian. However, rather than introduce a
cutoff and work with a modified wavefunction, we prefer to define Eq. (88) by analytic continuation, as described
above.

Now we can interpret the norm of the Pfaffian in terms of a two-component plasma. Specifically, we can write

1 2 2 N
HPf( > = /H d?zy, Pf( > = / H 22 2wy, e~/ T = o= FIT (90)
zZi — Zj — ZJ 11
N N
o _ZQ%g'wl’ —wjl+ ) Qloglws — 2 = Y Q*loglzi — 7], (91)
< J i<j

where T' = Q%/3. Now ®, is the two-dimensional Coulomb-interaction potential energy for N charge  particles at z;
and N charge —@ particles at w;. Thus, F' is the free energy of a classical two-dimensional two-component plasma of
charges +@Q at temperature 7. (We use the subscript 2 to indicate the two-component plasma.) Again, we can let T
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take any value as long as Q is adjusted accordingly. One convenient choice is to take T' = g and Q = +/3g. It is known
that a two-component plasma with coupling constant I' = Q2 /T is a screening fluid for I' < 4, i.e. the condensation
temperature is T,, = Q?/4, but that it needs a short-ranged repulsive interaction, such as a hard-core cutoff, in order
to be stable against collapse into neutral bound pairs for T' > 2 (i.e. T < 2T,,)™ %2, For I' > 4 all particles are
bounded into neutral pairs, while for I' < 2 all pairs are broken. The Pfaffian wavefunction’s corresponding plasma is
precisely in the range 2 < I' < 4 where it is a screening fluid as long as a short-ranged repulsion is introduced. This fits
with the above discussion regarding the need for a short-distance repulsion or analytic continuation, and is intuitively

iz_) diverges as z; — z;. We discuss the screening properties of this plasma in more
J

detail using field theoretic methods in Appendix D. Its Debye screening length can be estimated (see Appendix E)
to be o = (127n;) /2, where n; is the electron density.
Adding the charge part of the MR ground-state, we have:

N
lZ\Zilz
Pf || i — 2 =
‘ < _Z]> 1=

1<j

/HdzwkH|wz—wJ|H|wz—zJ| L5 — =P e R (92)

i<j i<j

|U(z1,...,2n))

This expression is antisymmetric under exchange of z; with z; while holding 2z; and Z; fixed. It is also of degree
M(N — 1) — 1 in any of the z;s and degree M(N — 1) — 1 in any of the Z;s. Indeed, there is a unique polynomial
satisfying these properties, so it is clear that once the right-hand-side is computed by analytic continuation, it will
give the squared modulus of the MR Pfaffian ground-state wavefunction.

Now we can write the norm of the MR ground-state wavefunction in terms of a classical plasma by writing

N N
19(z1,...,20)|1° = ‘/1_[d22;C |\I!(zl,...,zN)|2:/Hszkd2wkef(<D1+¢2)/TzefF/T (93)
k=1 k=1
N 0 &
2
o = —;Q%logm—zﬂ—kﬁgkﬂ (94)
Oy = —ZQ210g|wl —wj| + ZQ210g|w1 -zl = ZQ210g|21 - 71, (95)
i<j i<j

where T' = g, ®; corresponds to the two-dimensional Coulomb potential for N charge Q1 = /2Mg particles at z;
in a uniform neutralizing background of charge density p(*) = — and ®9 corresponds to the two-dimensional

2#%@?3 ’
Coulomb potential for N charge Q2 = 1/3g particles at z; and N charge —Q2 = —+/3¢ particles at w; (and no neutral-
izing background charge density). Thus, F' is the free energy of a classical two-dimensional plasma (at temperature T')
in which its particles can carry charges corresponding to two independent types of Coulomb interactions, differentiated
using the subscripts 1 and 2. In particular, the plasma described here consists of N particles at w; carrylncg charge
—Q2, N particles at z; carrying charge Q; and Q2, and a uniform background of charge density p(") = and

27w MIZ
p(?) = 0 that neutralizes the charges of type 1. Since plasmas 1 and 2 are independently in the screening liquid phase
for these values of T, 1, and Q2 (assuming M is not too large), the combined plasma should be in the screening
liquid phase. (For recent results on such plasmas in the context of vortices in multi-component superconductors,
which support the idea that our combined plasma is likely to be in the screening liquid phase, see Refs. 83-85.) We
estimate the Debye screening length of this plasma (see Appendix E) to be

M 1/2
:(M+3— M2+9> ‘s (96)

We expect that the critical temperature T, will be somewhere between that of plasma 1’s T,, ~ gM /70 and plasma
2’s T,, = 3g/4.

VII. PLASMA REPRESENTATION FOR THE TRACE OF THE OVERLAP MATRIX

The situation gets more complicated when we turn to wavefunctions with multiple quasiholes. We would again like
to be able to treat quasiparticles as test charges in the analogous plasma. However, this is not as straightforward to do
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as for the Laughlin case. There are multiple degenerate wavefunctions (corresponding to multiple conformal blocks)
in such a case. These different conformal blocks are distinguished in the Coulomb gas formalism by the location of
the screening charge operators’ contours. Thus, if we exchange a pair of screening contour integrals, one holomorphic
and one antiholomorphic, for a 2D integral too naively, we would elide the distinction between the different conformal
blocks, which would clearly be incorrect.

Thus, we must proceed with greater caution. To do this, it is useful to recall that the ¢ = 1/2 Ising CFT with its
conformal blocks is but a mathematical tool to construct the correlation functions of the Ising model at its critical
point®-37. These correlation functions are real, not complex, and they depend on the two-dimensional coordinates
of the operators of the Ising model, not just on the holomorphic part of these coordinates. In particular, consider a
correlation function of four Ising spins (order operators) o, as well as N Ising energy operators e:

(o, m)o(n2,M2)0(n3,73)0 (N4, M) €(21,21) - . . €(2n, ZN) ) - (97)

Note that these are non-chiral operators. For instance, € = 1)1, where 1) is the chiral Majorana fermion field introduced
earlier and 1 is its antiholomorphic counterpart. This correlation function can be written in terms of the two conformal
blocks, Fy and F;. These conformal blocks are the chiral part(s) of the correlation function Eq. (97), which we denoted
in the previous section as:

Fa(nu; zi) = (o(m)o(n)o(nz)o(na) Y(z1) . P(zn) ) (98)

Note that these are now chiral operators o(n), 1(z). The subscript a = 0,1 denotes whether the first two o fields fuse
to I or v, respectively. The explicit forms of Fy and F; are:

1

g 1 - ~

Foi1 = ( 572 ) (‘I’(lg)(24) *v1- $‘I’(14)(23)) ; (99)
112723734741 1£tvV1—=x

where @(13)(24), \11(14)(23) are defined in Eq. (F11). Note that Fy and F; are clearly multi-valued functions; they
transform under the braiding of coordinates in exactly the same way as the functions ¥y and ¥y of Eq. (26), up to
an unimportant overall phase (which is due to the ¢ =1 CFT present in Eq. (26)). Indeed, ¥y 1 were constructed by
multiplying Fo 1 in Eq. (99) by a Laughlin wavefunction-like factor coming from the ¢ =1 CFT.

The antiholomorphic part of the correlation function is similarly given by Fo and F;. However, the non-chiral corre-
lation function (o (m,71)...0(n4,7a) €(21,21) ... €(2n, ZN) ) must combine holomorphic and antiholomorphic sectors
in such a way as to be single-valued. There is a unique way to do this, which is the trace:

(o (m,m)o(n2,2)o (N3, 73)0 (Nay 7a) €(21, 21) - - - €(2n, ZN) ) = Fo(nus 2i) Fo (i Zi) + Fi(nus 20) F1 (s 2:).- (100)

Indeed, this is the only combination of the conformal blocks which is single valued as 1, and 7; = n} are taken all over
the complex plane, and similarly for the other 7,s and 7,s. This may be checked by using the analytic continuation
properties of Fy and Fi, which are exactly the same as Eqgs. (30), (31), and (32) for ¥y and ¥; (up to the overall
phase, which obviously cancels between holomorphic and antiholomorphic terms). This expression is also real, as
expected for a real correlation function of the Ising model.

Since the sum of the squares of the four-quasihole conformal blocks is single-valued, we can form a plasma repre-
sentation for the sum of overlap integrals:

N
J L [Pt ) Falii 20 + Fis 2000520 (101)
k=1

We cannot do this for each of the individual terms in this sum. In order to express Eq. 101 in terms of a classical
plasma, we begin with the Coulomb gas representation for the conformal blocks of Egs. (70) and (71) (we could
have equally well chosen the representations in Egs. (72) and (73), but this choice is more suitable for subsequent
generalizations, as we will see later), and multiply them by their complex conjugates. The conformal block Fo(n,; 2;)
is precisely the expression which we defined in Eq. (70): the conformal block in which the first two os fuse to I.
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Written explicitly in terms of the vertex operators, this is:

Fo(n; zi) = (Var' (m)Vay (12)Var (n3)Var (ma) Vit (21) Vi) (22) - Vi (2 —1) Vst (2n) )

(.

duwr ete1p(m) gia—p(wi) gias1p(n2) j{ dws et21¢(n3) gia—p(w2) piao1p(na)
C

1

xj{ dng{ dwy eias19(21) gio—p(ws) gia—p(wa) giasip(22) o
C, C,

. X% dwN+1 %
C C

ZN—1 ZN—1

n3

dwn 12 eia31<ﬂ(ZN1)eia<ﬂ(WN+1)ei0tSO(WN+2)ei0t31<P(ZN)> . (102)

We multiply this expression by its complex conjugate

Fo(ius; z) = <fc

divy etaz1e() gic— p(w1) giazre(7z) f divy eta219(713) pio—p(W2) piaare(7a)
1 Cﬁa

xj{ dng{ N eias19(21) o p(Ws) gio—p(0a) gias1p(Z2) o
Cz, Cz,

% 7{ diwn 11 7{ diwn 12 eia31<ﬂ(ZN1)eia<ﬂ(WN+1)ei0tSO(WN+2)ei0t31<P(ZN)> . (103)
C C

ZN -1 ZN -1

In Egs. (102) and (103), there are N coordinates z; (electrons), four coordinates 7,, (quasiholes), and N +2 coordinates
w, (screening charges). The correlation functions of vertex operators in Eq. (102) and (103) can be evaluated using
Eq. (58):

Fo(nu: z0) Foliu; Zi) =

[T § awe e T (oo = wn)? [T =007 T w0 2072 T - 2! [T 0= 20° I (= )}

a<b a,p a,t i<j 3 pn<v

x [T e — @) T (0 — )% [] (00 — 2)2 [] & = 2)* T] G — 20)

a<b a,p a,t 1<j X pn<v

oo
I
=
3
<
N
ooleo
—
fi
)
=~
N

In these expressions, the appropriate choice of integration contours (which we left implicit here) tells us that we are
computing Fo(n,; 2)Fo (; Z;). However, by choosing a different contour for one of the screening charges in Egs. (102)
and (103), as per Eq. (71) (specifically, if the contour Cs corresponding to wy was a circle of radius |nz| rather than
radius |n3]), we would obtain Fi(n,; z;)F1(i; Zi) instead. To obtain the non-chiral correlation function, we should
add the right-hand-side of Eq. (104) to the corresponding expression for JFi(n,; 2;)F1(fu; ), with these different
integration contours.

Instead, following Mathur®® once again, we replace the integrations over pairs of contours by integrations over the
plane as described in Appendix B. This replacement gives us neither Fo(n,,; 2;)Fo(7,; Z:) nor Fi(n,; 2i)F1(fu; 2:) but,
rather, the combination Fo(n,; 2:)Fo (Mu; Zi) + F1(nu; 2i)F1(7u; Zi). Thus, we obtain:

fo(ﬁu;zz‘)}_b(ﬁu;%) +-7:1(77u§zi)-7}l(ﬁu;2i) =

/HdecH fwra —wnl* T e = mal™* T heoa = = T 2 = 20" T b = 2l T b =¥ (205)

a<b a, i<j 7% p<v

The reason that the particular combination Fo(n,; 2i)Fo(7; Zi) + F1(1; 2:)F1(0u; Zi) appears on the right-hand-side
is, as shown by Mathur®®, that when the contour integrals are replaced by 2D integrals, as described in Appendix B,
this has the effect of computing a sum of holomorphic and antiholomorphic conformal blocks, such that the entire
combination is single-valued as a function of all variables.

Now the integral of Eq. (105) over the z;s is the partition function of a plasma, as can be established by inspection
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and comparison with Eq. (A4):

N
/ L2 [Faton: 2000 30+ 73l 200 2)] =

/HdQZk Hd2wc H|wa wb| H|wa 77# H|wa— H|Zl_zj| H|77,u_21|2 H |77;L 77V|4 (106)

a<b 1<j pn<v

This corresponds to a plasma at temperature 7' = g composed of N particles of charge Q = /3g at positions z; and
N + 2 particles of charge —@Q at positions wg, in the presence of four fixed test particles of charge /2 at positions n,,.
The plasma obeys overall charge neutrality, as can be seen by adding up all the charges. As previously mentioned, it
is known that the two-dimensional two-component classical plasma comprised of particles of opposite charge +@Q is
in the screening fluid phase for this value of I' = Q?/T, though a short-ranged repulsion (e.g. a hard-core cutoff) is
needed. (We discuss the screening properties of this plasma in more detail in Appendix D). Since this plasma screens,
the free energy F' in Eq. (106) is independent of the positions 7, as long as they are farther apart than the screening
length /5.
This proves that if we define

N

GTstmind) = [ 1] EaFalnizFatniz) (107)
k=1
then
TrG7 = 2Cy + O(e~Imu—ml/t2), (108)

where C5 is a constant independent of 7,,. We call the overlap matrix G* to distinguish it from the closely related G
defined in Eq. (37), which is the overlap matrix of the MR wavefunctions ¥,,, to which we now turn.

The wavefunctions ¥y, ¥, differ from Fy and F; by an additional ¢ = 1 correlation function, as is clear from
Egs. (26) and (23). This correlation function is straightforward to calculate (as before, use Eq. (A6) with g = 1/4)

<eiﬁ*"<’”>eiwﬁ*"(m)eiﬁ“’(”g)eiﬁ*"(m VEeE) iV elen) g fdzz@(z)>

1 1 M _ﬁzlnuﬁ_iz‘ziﬁ
=TI =)™ [ = 20) [] (20 = 2)™ e ™ " (109)

n<v X i<j

Consequently, the analog of Eq. (106) for these functions is given by
J T B2 (52) + W20 (7 2]
k

:/Hd22k/Hd2w0H|wa—wb|3H|wa_77u|_ lea—zl 3H|21_ZJ| 1_[|77H_ZZ Hlnu 77V|4
k c

a<b a,p i<j n<v

4M ZIWI _§ 2\21\2
><H|ZZ—Z]|2]WH|77M_21| H |77H nu|2M e 3 7 . (110)

i<j p<v

We can interpret Eq. (110) as a plasma at temperature T' = g in which there are two independent Coulomb interactions,
denoted 1 and 2. The plasma consists of N particles (corresponding to the electrons) at z; which carry charges
Q1 = Vv2Mg and Q2 = /3g, N + 2 particles (screening operators) at w, which carry charges —Q2, four fixed test

charges (quasiholes) at 1, which carry charges Q1/2M = /g/2M and Q)2/2, and a uniform neutralizing background

of charge density p() = — 27341[2 (and p® = 0). As previously mentioned, since plasma 1 and 2 individually are in
B

a screening fluid phase for these parameters, the combined plasma should also be a screening fluid. Consequently,
this quantity will not depend on the positions of the test charges 7, as long as their separations are larger than the
screening length ¢ of the combined plasma.

Thus, we have proved that the trace of the overlap matrix G defined in Eq. (37) is an 7,-independent constant for
large separations, or

N
TG = Z/ T #2%a(nu 20)Wa (s 2:) = 2C + O(e~Imml/t), (111)
=1
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Hence, we have established that both the trace of G, which includes the charge sector as in Eq. (110), as well as the
trace of G¥, without the charge sector, as in Eq. (105), are constants. The claim that Tr G¥ = 2C5 is relevant to
chiral two-dimensional p-wave superconductors, whose real space wavefunction is the Pfaffian without the Laughlin
factor® (up to short-range modifications). Thus, Eq. (108) presents another approach to computing the non-Abelian
statistics of this state, distinct from that of Refs. 46,47,49,50.

The preceding derivation can be generalized to an arbitrary even number n of quasiholes, for which the formula
analogous to Eq. (110) is

TrG:/Hd2sz\IJ N 2i) Yo lilu; Zi)
:/Hd2zk/Hd we [ ] lwa — wel’ lea Nl ™ lea—zzl S EEEE] Hlm—zll T 1. - |1
k

a<b 1<j pn<v
Slmul? ——E\zl\z
2M 4M
X H |2i — H M — 2 H [ — 77u|2M e " , (112)
1<j pn<v
where ¢ = 227!, The sum over « can be replaced by a sum over m; = 0,10rp; =0,1, for j =1,...,n/2 with

the parity constraint 7, /5 = (Z j pj) mod 2 = 0 (for N even). Summing the diagonal product of holomorphic and

antiholomorphic conformal blocks over all conformal blocks, we obtain the single-valued expression on the right-hand-
side.

The arguments discussed thus far are a carefully worked-out version of the arguments presented in Ref. 45. Their
main drawback is that they do not prove Eq. (41). They only prove the weaker statement given in Egs. (108) or (111),
which is necessary but not sufficient, with one exception, for the (nontrivial part of) Berry’s connections Eq. (34) to
vanish. In the next section we extend the proof to show that the stronger statement Eq. (41) is true.

The exception alluded to above is the case of two quasiholes. Since there is only a single conformal block in this
case, equal to either of the Coulomb gas expressions

Folnuszi) = (Vo (m)Var (n2) Vi (20)Va) (22) ... Vi (zn—1)Var (2n) )
(Vo (m)Va) (12) VP (1) Vi) (22) - . Vi (zn—1) V) (2n) ) (113)

the overlap matrix is a 1 x 1 matrix which is equal to its trace:

G (1, m23 1, 12) = /Hdzzk‘l’o(mﬂh;zi) Wo (i, 7123 Zi)

/HdQZk/HdecHIwa—wbl e et VTN H|77u—zz|2|771—772|4
a<b 1<J
oM e fﬁ(mu +n2?) -1 Szl
< [T1zi = 2" T nu = 2il Ine = n2| 2 e T (114)
1< st

Thus, as concluded in Ref. 45 by the same logic, when there are only two quasiholes, the effect of a counterclockwise

exchange is the accrual of a statistical phase exp [iw (W — %)] and an Aharonov-Bohm phase exp( i537 B;bf). In

fact, we should be more precise: this is the phase that is accrued when there is an even number of electrons in the
system. When there is an odd number of electrons, one can repeat these steps using

Filnuizi) = (VoL (m) Vo (n2) Var (1) Vit (22) Vi) (23) . .. Vi (zn—1) Vs (2n) )
= (Vay (m)Val (n2) Var (z0) Vit (22) Ve (z3) - .. Vit (an—1) Vs (2n) ) (115)

which has the two quasiholes fusing into the 1) channel. The overlap matrix is again a 1 x 1 matrix which is equal to
its trace:

/Hd22k\1’1(771,772; i) U1 (i1, 25 21)

k

:/Hd2zk/Hd wcHIwa wy|? H|wa—z1| 3H|Zz—za| lea Nl H|77u_zi|%|771_772|%
- ;

a<b 1<J

o *L(Iml Finaf?) =3 =il
x [T 1z = =™ TT I = =il lny = me| 7 e ™ - (116)

i<j i
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(We note that the number of screening charge coordinates w, is N + 1 for both N even and odd.) Thus, when there
are only two quasiholes and an odd number of electrons, the effect of a counterclockwise exchange is the accrual of
a statistical phase exp [iﬂ' (ﬁ + %)] and an Aharonov-Bohm phase exp (—zﬁ B;L—f). This difference in the resulting
phase is an indication of non-Abelian braiding statistics, specifically due to the fact that the two quasiholes must be

in different fusion channels I and 1 when N is even and odd, respectively. This is is discussed further in Section IX.

VIII. PLASMA REPRESENTATION OF THE OVERLAP MATRIX FOR FOUR QUASIHOLES

To represent all the entries of the overlap matrix as a plasma, we need to find Coulomb gas representations for
arbitrary products of conformal blocks. While it does not seem possible to find such a representation for an arbitrary
product f"a]:ﬁ (see Appedix G for an incomplete approach), it turns out to be possible to do so for particular linear
combinations. These combinations, in turn, are nothing but the correlation functions of the order and disorder
operators in the Ising model. The disorder operator u(n,7) in the Ising model has the same scaling properties as
the order operator o(n,7), but it changes sign as it is taken around the order operator. The analog of Eq. (100) for
correlation functions of two disorder operators and two order operators is:

Culms m)n(nz, m2)o (13, M13)0 (114, 74) €(21,21) - €(en, 20) ) = Folins 20)Fo (s Z0) — Fr (s 20) F1(3 20), (117)

(o (n, M) (N2, T2)o (N3, 3 ) w(na, a) €(21,21) - . €(zny 2N) ) = Fo(nus 20)F1 (s 2i) — Fr (s z0) Fo(u; Zi), (118)
(p(m, m)o(n2, Do) (03, 3 ) w(na, a) €(21,21) - . €(zny 2N) ) = Fo(nus 20)F1 (s Zi) + Fr (s 20) Fo(u; Zi). (119)

The expressions for these correlation functions without the energy operators € were given in Ref. 87. Since the
transformation laws of the conformal blocks F,, are the same as those of the wavefunctions ¥, (up to an irrelevant
phase), we can use Egs. (30), (31), (32) to verify that the expressions in Eqgs. (117), (118), and (119) indeed change
sign when an order operator is taken around a disorder operator. We can similarly verify that the right-hand-sides
of Egs. (117), (118), and (119) remain invariant if an order operator is taken around the other order operator or a
disorder operator is taken around the other disorder operator.

If we can prove that the integrals [ [],d?z of the three expressions in Eqs. (117), (118), and (119) are equal to
zero, then we will have proved that the overlap matrix G¥ defined in Eq. (107) is proportional to the identity matrix,
since we would know that

Gl,—G7, =0, G, -Gl =0, G} +G, =0. (120)

Combined with the already proven identity, G{;a = 2C, this would prove that Gf)ﬁ = Cbq,p3-

To do this, let us construct the Coulomb gas representation for Eqgs. (117), (118), and (119). To the best of
our knowledge, such a representation has not previously been constructed in the literature. It is straightforward to
construct it, however, using what we have learned so far. First, let us consider Eq. (117). We take Eq. (72) for the
holomorphic part of our representation (unlike Eq. (105) where we used the alternative Eq. (70)):

(Vs (m)Var (n2) Vit (ns) Var (ma) Vit (z0) Vst (22) - - Vit (ev—1) Vit (2v) ) - (121)

For the antiholomorphic part, we take Eq. (121) but with the first two operators exchanged, which symbolically looks
like (we specialize to four quasiholes)

(VoY (1) Vag (M) Vo (3) Vi (1) VY (20) Vs (22) .. VT (En—1) Vay (2w) ) - (122)
In other words, we use a representation for the Ising disorder operator in which we use
g1 iﬁ 5(h
plm. ) = Vay (m)VaP(m) = ¢ aa e (123)

for the first disorder operator (at the position 71,7;) and

i3 —i—L_g(n
i, 7i2) = V3P (1) Vi (1) = €% #0127 2w #() (124)
for the second disorder operator (at the position 712, 72). The two charges appearing in Eqgs. (123) and (124) in the
holomorphic and antiholomorphic parts of the vertex operators are the two allowed charges which can represent the
Ising spin, as can be seen from the table in Eq. (61). Such objects (whose left and right charges are distinct from each

other) can be viewed as particles in the 2D plasma which carry not only electric charge, but also magnetic charge, in
the sense of Eq. (A4) in Appendix A.
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Meanwhile, the Ising order operators without their screening charges are represented by purely electric operators

o(N3,4,73,4) = Vo (n3,4) Vo) (3.4) = €% 50 (ms,) 5 6 (75.4) (125)

as are the Ising energy operators (without screening charges)

ez, 7) = ViP () VAP (2:) = € F )+ () (126)

and the screening operators
pio—p(w) yia_@(@) _ ,—iPe(w) =i (@) (127)
In this construction we exclusively use the o = —+/3/2 screening operators. The crucial part of the proposed

construction is that almost all of the operators used here are mutually local, i.e. are single-valued when any one is
taken around any other. The exception is when an order operator is taken around a disorder operator (or vice versa),
which results in a —1. This is easy to check if one uses

elore(2)+ioup(2) gibro(w)+ifip(@) (z — w)2arBT (z— w)2azﬁz_ (128)

Thus, when one is taken around the other, a phase 47 (a,. 3, — alﬁl) is acquired. For example, if a disorder operator

represented either by Qy = —ﬁ, = ‘/_ or by a,, = \f, o = 4\7 is taken around the order operator represented
by 8, = 4 , B = , this phase is . (Similarly, when a disorder operator is taken around an energy operator,

represented by 5, = 2 , B = 2 , it produces a phase of 27.)
Of course, we would have obtained the same analytic continuation properties if we had switched the representations
of the first and second disorder operators, i.e. had taken:

iﬁ 71'#’ 5
) = Vi (m ViR (i) = €% #m)—iays @) (129)

for the first disorder operator (at the position 71,7;) and

i1 Y3 57
M(772,ﬁ2) — ‘/2020(772)‘/2010(772) —e 4\/580(772)-!- = p(M2) (130)

In fact, since this correlation function must be the same if we exchange the two disorder operators (or exchange the
two order operators), we must take an equal linear combination of both representations for the disorder operators.
Thus, we conclude that we obtain the correct analytic continuation properties when operators are taken around or
identical operators are exchanged if we write

Fo(nus 20)Fo (s 2:) — Fi(nus 2) Fr (s Z) = (e, i) p(ne, 12)o (0, i3) o (na, 7a) €(21, Z1) - . . €(zn, ZN) )
= <V2020 771 ‘/2010(772)‘/2110(773)‘/2010(774) ‘/},210(21)‘/},1 (22) ... Vi (znv-1)Va ' (2n) ) X

(Vo (m)Vay (2) Vo (3) Var (1a) Vi (21) Var (Z2) - - - Vit (Zn—1) Vs (Zn) )

+ <V2010(771)1/2020(772)1/2110(773)1/2%0(774) ‘/3210(21)‘/3%0(22) Vi (en-1)Var (2n) ) x

(Vs (M) Vel (1) Vo (13) Var (71a) Var (21)VaX (Z2) .. Vit (En—1) VX (2w ) ) (131)

If we again pursue Mathur’s strategy and replace the integrations over pairs of contours, such as § dw,. § dw,, by
integrations over the plane [ d*w,., we obtain the following expression for Eq. (131).

Folnu; zi) Fo(is Zi) — Fa(nu; zi) Fa (ﬁu%fi) = (pln, m)p(n2, n2)o(ns, 3)o (N, 7a) €(21, 21) - . . €(2N, ZN) )

/Hdwcml—m H[( =) F = ) O = 1) 2= )| o =l

pn=3

N

_3 _ _ _ 4 _3 _3
< TT [0m = wa)¥ = @)™ (2 = wa)™F (2 = @) s = wal ™ s = wa| 2]
a
1, _\3 3 _1 3 3
XH[(nl_Zi) T(m—2)* (02— 2:) % (2 — 2) 4|773_Zi|2|774_zi|2}

><H|wa—wb| H|wa—zl 3H|zi—zj|3—|— cc. (132)

a<b 1<J
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We notice that Mathur’s procedure can be applied to this case because the screening charges have trivial monodromy
with the disorder operators’ corresponding vertex operators. Eq. (132) is one of the main results of this work. It
is the correlation function of two order and two disorder operators in the Ising model obtained via the Coulomb
gas approach. In order to understand why this expression is correct, it is helpful to observe, first of all, that the
holomorphic and the antiholomorphic parts of Eq. (132) indeed reduce to the second and third lines of Eq. (131) while
the holomorphic and the antiholomorphic parts of the complex conjugate (the ‘c.c.” at the end of Eq. (132)) reduce
to the fourth and fifth lines of Eq. (131). (The complex conjugate is also necessary to make the correlation function
symmetric.) More importantly, one should note that the expression inside the integral in Eq. (133) is single valued
if any of wg,w, is taken around any other variable, or if any z;, Z; is taken around any other variable, so that the
integrals over these variables are well-defined. But it changes sign if 71,7 is taken around 73,73, as well as if 71,71
is taken around n4, 74, 12,72 is taken around 03, 73, and finally if 19, 72 is taken around 74, 74. This is exactly as we
would expect for the correlation function of Eq. (117). Thus, when the d?w,. integrals are decomposed into sums of
products of conformal blocks, following Ref. 65 as outlined in Appendix B and the discussion following it, the analytic
continuation properties automatically select the correct combination of conformal blocks.

Similarly, the two correlation functions in Eqgs. (118) and (119) can be obtained by a simple permutation of the
variables 7,,7,. Thus, all three correlation functions from Eqs. (117), (118), and (119) can be constructed in this
way.

In fact, the analytic continuation properties noted above are sufficient to conclude that if Eq. (132) is nonzero,
it is equal to the correlation function we need to compute. Thus, if one were simply handed Eq. (132), one could
verify it without the arguments of Ref. 65 (although, of course, one would probably not discover this equation without
Ref. 65) by appealing to these analytic continuation properties and showing that the expression Eq. (132) is non-zero.
In Appendix C we explicitly evaluate Eq. (132) in the absence of the energy operators. In this case, there is only one
screening operator involved, and only one integral over w, which we calculate. The result of the evaluation, given in
Eq. (C19), explicitly produces the correct combination of blocks as given in Eq. (132).

It further follows that when the energy operators are included, the representation Eq. (132) cannot simply vanish.
Indeed, we can always take the four Ising order and disorder operators far away from the energy operators, and
the correlation function factorizes. It is clearly non-zero in this limit; by analyticity it will remain nonzero at finite
separation between them.

Thus, we have the following expression for the overlap integral of the difference of the product of conformal blocks,
a generalization of Eq. (105),

Go — GT1 = /HdQZk [Fo (s z0) Fo i Zi) — Fi(nus 2i) Fi (s %)
k
4

=/Hd2zkHd2wc|m—ng|—iH[(m—m‘%<ﬁ1—m%(m—m)%mz—m)‘g} I -l
k c

pn=3 3<pu<v<4

X H [(771 - wa)i (771 - wa)_% (772 - wa)iz 772 - wa H |77H wa' ]

S, 8 3
XH[(M—%‘) i(m—zi) (2 —2i) (N2 — 21) H|m—zz| ]
><H|wa—wb| H|wa—zz|_3H|zz—z]| + cc. (133)

a<b i<j

This particular expression gives us integral over d?zj of the correlation function in Eq. (117). The correlations
functions in Egs. (118) and (119) can be obtained by the simple permutations of the 7, and 7, coordinates.

Now we reinterpret Eq. (133) as a partition function of a plasma, by matching it against Eq. (A4). This plasma still
has N electric charges Q = /3¢ at positions z;, and N + 2 screening operators with electric charge —(@Q at positions
wy, W. It has two normal quasihole test charges /2, at positions ns, 73 and 74, 7s. Finally, it has two “special”
quasihole test particles which carry both electric and magnetic charges, at positions 71,71 and 72,72. These have
electric charge @Q/6, and magnetic charges 1/+/3¢g for one and —1/4/3g for the other quasihole.

We observe that this plasma screens, just as the plasma in Eq. (105) screened, due to a large number of +@Q electric
charges (at T > T.,) present in it. However, when there are magnetic, in addition to electric, test charges in the
plasma, the overlap integrals vanish at sufficiently large distances between the quasiholes due to the confinement of
magnetic charges, as explained in Appendix D and in Eq. (D10). As a result, the overlap integrals in Eq. (120) are
actually zero (up to corrections that vanish exponentially as separations between 7, become larger than the screening
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length), just as we expected. Consequently, we can conclude that the overlap integrals satisfy
GT 5= Cadap + O(eImmml/tzy, (134)
By a simple extension, we can now prove that the matrix of overlap integrals for the full wavefunctions are also

proportional to the identity. Indeed, all we need to do is to add the charge sector to Eq. (133). This leads to the
expression

/HdQZk (Wo(nu; 2) o (i Zi) — W1 (nu; 20) U1 (s 2) | =
/Hd2zk Hd We [m —na| " H {( — ) (71 = )% (12— ) (72 — ﬁu)ié} I - e

pn=3 3<u<v<4

3

X H l(nl - wa)% (ﬁl - wa)_% (772 - ’wu,)_Z 772 - wa H |77u - wa| ‘|

3 3
XH[(M—%)i(m—zz)“(w—zz)z No — %)~ H|m—21| ]
XH|wa_wb| lea_zz 3H|Zi_2‘j|

a<b 1<j
—ahr Shnul? =3 Slzl?
<11z == Tl — =l TL lme —mol e ™5 7577 4 ce (135)
1<j st n<v

The charged sector, represented by the last line in Eq. (135), does not affect the screening properties of this plasma,
as discussed earlier after Eq. (110). Therefore, we have now proved that Gog — G11 = 0, as well as (by the suitable
permutation of 7,,7,) Goi1 + Gio = Go1 — G1o = 0. Combined with the already proven relation Gog + G11 = C, we
have finally proven Eq. (41)

Gop=Clupy + Ofe” M1/t (136)

for the four-quasihole wavefunctions.

IX. n-QUASIPARTICLE FUSION AND BRAIDING

We would now like to go beyond the four quasihole case considered so far. At first glance, it might appear that
going beyond four quasiholes is easy. All we need is to consider correlation functions of a larger number of order and
disorder operators. Indeed, consider a wavefunction with N electrons and n quasiholes. As we know, there are 2% ~!
such wavefunctions. Therefore, there are 2271 .22 ~! = 272 overlap integrals (the number of entries in the G, s
overlap matrix of Eq. (37)). On the other hand, we can imagine computing the correlation function of n Ising spins
(as well as N Ising energy operators), as well as correlations with n — 2 order and 2 disorder operators, n — 4 order
and 4 disorder operators and so on. If n/2 is odd, we should stop at § — 1 disorder and % + 1 order operators. If n/2
is even, then we should stop at n/2 disorder and n/ 2 order operators The total number of such correlation functions
(which also depend on which operators are chosen to be order, and which are chosen to be disorder) are

(3-1)/2 !
e (137)
kgo (n — 2k)!1(2k)!
if n/2 is odd and
(3-2)/2 |
n! 1 n!
— = —gn—2 (138)

if n/2 is even. Either way, the total number of combinations of conformal blocks one can get in this way (a generaliza-
tion of Eq. (117)-(119) to n o-operators) is exactly equal to the number of entries in the G, g matrix, so computing
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the integrals over d?z; via the plasma construction would allow us to deduce what every entry of Gy g is, for the
general case of n quasiholes.

Suppose we pursue the strategy of the previous sections to compute G, g for an arbitrary number of quasiholes.
Eq. (105) is easy to generalize to an arbitrary number n of quasiholes. We can replace the four quasihole operators
in that expression by an arbitrary number of these operators. This again automatically leads us to conclude that

Tr G = qC + O(e~ =/t (139)

as discussed in Ref. 45. Likewise, Eqgs. (133), (135) can also be generalized to n quasiholes by extending the product
over 3 < k <l <4to3<k<I<nand the products from k£ = 3 to 4 to products from k£ = 3 to n. However,
this only corresponds to the case of n — 2 order and 2 disorder operators. There are (’2’) such correlation functions;
we can copute these by generalizations of Eqs. (133), (135). (We can compute one more correlation function, the
one with n order operators.) However, for 2 quasiholes, the correlation function with 2 order operators is equal to
the correlation function with 2 disorder operators by Kramers-Wannier duality. Similarly, Kramers-Wannier duality
reduces the number of distinct correlation functions with 2 order and 2 disorder operators from (3) =6 to 3, as we
have seen in the previous section. For higher n, Kramers-Wannier duality relates distinct correlation functions and
therefore does not lead to any such reduction.

For n = 2, we have a plasma representation for the only non-trivial correlation function and G, g is a 1 x 1 matrix,
so we can compute it. For n = 4, we have a plasma representation for the 4 non-trivial correlation functions and G g
is a 2 X 2 matrix, so we can compute all of its entries. For n = 6, we have a plasma representation for the 1+ (g) =16
non-trivial correlation functions and G, g is a 4 x 4 matrix, so we can compute all of its entries. However, for n = 8§,
we have a plasma representation for the 1 + (2) = 29 non-trivial correlation functions but G, 3 is an 8 x 8 matrix,
so we can compute fewer than half of its entries. The situation gets worse with increasing n since 2"~2 grows much
faster than 1 + (g)

In order to compute all of the entries in G, g, we clearly need to be able to compute correlation functions in which
there are more than two order and more than two disorder operators. Unfortunately, we do not know how to generalize
Eq. (133) to more than two Ising disorder operators, so we cannot compute Go g by this strategy. The problem is
that we use operators with opposite magnetic charges, Egs. (123) and (124), to represent two disorder operators. If
we have more than two disorder operators, then we need more than one operator of each type, Eq. (123) as well as
(124). However, Eq. (123) is not local with respect to itself, and neither is Eq. (124). This prevents us from using
Eq. (123) or (124) more than once in any correlation function.

Another approach is to separate the screening operators into ones that are applied to 1 vertex operators and ones
that are applied to o vertex operators, and then attempt to apply a procedure like Mathur’s to change holomorphic-
antiholomorphic pairs of ¥ screening operator contour integrals into two-dimensional integral over the complex plane.
If this could be done, then the result before performing the o screening operator contour integrations would be a
plasma with test particles. Among these test particles are ones corresponding to the holomorphic and antiholomor-
phic o screening operators, which, in addition to carrying electric charge —Q2/2, respectively carry magnetic charge
FQ2/2g. Thus, if the holomorphic and antiholomorphic o screening operators are not paired up properly, they will
give a vanishing result because of confinement of magnetic charge. This would give the sought after orthogonality
(exponential in the separation of quasiparticles) for arbitrary n-quasiparticle wavefunctions, since the different confor-
mal blocks (degenerate wavefunctions) correspond to assigning the screening operators to different o vertex operators.
Unfortunately, there is a barrier in this approach to applying a Mathur-style argument, which is that there is a branch
cut which prevents the J-terms from canceling in a simple way, and we have not managed to push the argument past
this barrier. We provide more details on this incomplete approach in Appendix G.

Fortunately, neither of these approaches is really needed. From the basic underlying structure of a topological phase,
we know that, given a few basic assumptions (which rest on the assumption of an energy gap), we can deduce the
braiding statistics of arbitrary numbers of quasiparticles, given much less information about quasiparticle statistics.
This will be made precise in the following subsections.

A. Braiding in the “Qubit Basis”

In this section, we will use some features special to the MR Pfaffian state to deduce the braiding properties of an
arbitrary number of quasiholes, given the Berry’s matrices which can be computed from the 2-; 4-, and 6-quasihole
wavefunctions by the methods described above. We will assume that the system is governed by a 3-body Hamiltonian
with pinning potentials as in Eq. (19). The only assumption we make is that there is a gap between the degenerate set
of ground states with n quasiparticles at fixed positions (determined by the pinning potentials) and all higher excited
states. So long as the gap remains open, the braiding properties that we discuss cannot change if the Hamiltonian is
modified from Eq. (19) to something more realistic.
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From Ref. 43, we know that when there are n fundamental (charge e/2M) quasiholes at fixed positions, there is a
degenerate set of states, rather than a unique state, and the following is a basis of these states:

\I/(1+7‘1,3+r2,...,n—1+7‘ﬂ )(2—7y,4—Ty,...,n—Ty ) =
2 2

2

C1S L2
[TGi—z)"e sl (140)

Zi—Zj

P < (771+T1_Zi)(n3+7‘2_zi)"'(nnfl#»rﬁ —2;) (77277‘1 _Zj)(7747T2 _Zj)"'(”]nfrg —Zj)"‘(i‘_’j))

where 7; = 0, 1. This double-counts the number of states, since these wavefunctions are invariant under the interchange
of indices: (1 +7,3+79,...,n —1+ r%) = (2-r,4—1r9,...,n— r%). Thus, there are 2% ~! such states. One can
think of these states as each pair (1,2), (3,4), ..., (n — 1,n) of quasiholes being a two-state system, i.e. a qubit, with
an overall parity constraint on the n/2 qubits. For the sake of concreteness, we will fix this parity constraint by taking
Tn = 0. Note that this is a special feature of this particular topological phase; in a generic non-Abelian topological
phase, the n-particle Hilbert space will not decompose into such a tensor product of two-state systems. Each of these
two-state systems can be measured in the following way when the corresponding pair of quasiparticles is far from all
of the others. Suppose you want to know if r; is 0 or 1. Take 121 t0 mp—1. W14 340 n—1)@2-r, 4—r,,... ,n) DOW
vanishes when any z; approaches 12; = 1,—1, then r; = 0. If, instead, it vanishes when any z; approaches 72;_1, then
r; = 1.

’ Consider, in this basis, the effect of a braid group generator 79;,_1, which executes a counterclockwise exchange
of quasiholes 2¢ — 1 and 2:. This can be done with all of the other particles far away. Since the state in each of
those other two-level systems can be measured while keeping those pairs far away (as described above), exchanging
quasiparticle 2¢ — 1 and 2¢ must, by locality (which follows from the assumption of a gap), act as the identity within
each of those two-dimensional vector spaces. Therefore, it must be of the form:

Toic1=120® .. 1R B ®M1y R ... ® 1o (141)

so that it only acts non-trivially on the i*" pair. Thus, the computation of 79;_; reduces to the computation of Bs.
As we discuss in the next subsection, the eigenvalues of By are the numbers R7}?* and Rj:7".
The braid group generator 7o, affects pairs (2¢ — 1,2¢) and (2i 4+ 1, 2¢ + 2) and must, therefore, take the form

TQZZHQ®®HQ®B4®HQ®®HQ (142)

so that it only acts non-trivially on the i*" and (i + 1)*" pair. Once again, by locality, we can ignore all of the other
quasiparticle pairs.

Indeed, locality further guarantees that By and B4 cannot depend on the number of other quasiparticle pairs in
the system (since all of the other pairs can be taken far away), so long as there are enough so that there is, indeed,
a two-state system on which By can act and a four-state system on which B4 can act. If there is only a single pair
of quasiholes, then there is a unique state, so at least four quasiparticles are needed in order to compute By. The
cognoscenti may object at this point by noting that there is a second state of two quasiholes, namely the state with
an odd number of electrons. However, these states do not lie within the same Hilbert space, since they require their
wavefunctions to have different electron number. In order to show that Bs can be computed from the combination
of a IV even electron number computation and a N odd electron number computation, we need to use more powerful
consistency arguments, which are discussed within the next section. Put slightly differently, unless we know in advance
that MR Pfaffian state is a state of Ising-type anyons (i.e. unless we assume the answer), there is no reason to assert
that the two eigenvalues of By are given by the Berry’s matrices of two quasiholes with an even or odd number of
electrons. Fortunately, we do not need to make any such assumptions and can compute Bs from the four-quasihole
case (or the six-quasihole case, though this is overkill). Similarly, By can be computed in a system with six quasiholes,
for which there are the needed four degenerate states and which is the largest number of quasiholes for which our
order-disorder operator strategy allows us to compute the full Berry’s matrix.

Thus, the representation matrices for all of the braid group generators can be obtained from the wavefunctions with
four and six quasiholes and, therefore, the representation of the entire braid group can be obtained. (As alluded to
above, if we use consistency conditions more effectively, we can reduce this to two- and four-quasihole wavefunctions,
as discussed in the next section.)

In order to actually compute the desired matrices By and B4, we need to go into the qubit basis defined by the
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appropriate conformal blocks in the ¢ = 1/2 + 1 theory, which are computed in Appendix F:

1
5 —1/2
H‘ N2i—1,25—1 124,25 /

i< j Z (_1)r~pH$Lﬁl¢*Tz|/2

MN2i—1,25 —
i 2i—1,2j5 r,=0,1 k<l

\I](p17p2,~~~,pn/2) =

3

1 2
- r.—r|/2 1 T8Mm >Imul
XGRS | R ey S | 7 (143)

r,=0,1 k<l p<v

On the left-hand-side of this expression, the indices take the values p; = 0, 1, respectively, and obey the overall parity
constraint that ). p; be even. The arguments above hold for this basis as well, for which, given the plasma screening
arguments for the four- and six-quasiparticle wavefunctions, the braiding matrices can be computed from analytic
continuation to be:

( ) 1 0 0 —i¢
| in( s+ i
By = em(dr-4) |1 0 and B =" |0 1 =0 (144)
01 V2 0 — 1 0
— 0 0 1
In the standard basis, one would similarly have (for N even)
= B1l®...0l, (145)
T = 1®..01,0B, Q1 ®...® 1 (146)
T2i—1 :]12®®]12®B4/1®]12®®]12 forz;ﬁl,n/? (147)
Tnel = 1o ®...® 1y ® By (148)
with
(1) 1000
(> += . .
By=en(h-4) (1O g C TR g By =) (08000 )
(U V2 -1 1 000
0001

where again we can use the four-quasiparticle wavefunctions to compute By and B) (which are, respectively, B (1=2)
and B(73) of Eq. (40)), but must use the six-quasiparticle wavefunctions to compute Bj.

Comparing the braiding generators in the qubit and standard bases, we see that 7o;_1 acts on a two-dimensional
subspace in the qubit basis, while 7o; (as well as 71 and 7,,—1) acts on a two-dimensional subspace in the standard
basis. Thus, we can imagine that if we had a way of ensuring a priori that braiding operations are consistent through
changes of basis (which we can, in fact, show, but only after the six-quasiparticle computation of this subsection),
then we would only need to compute braiding transformations on two-dimensional subspaces, and hence could avoid
the need to compute anything using wavefunctions with more than four quasiparticles.

B. General Considerations

In this section, we use more powerful and general arguments to show that the braiding properties of anyons can
be deduced from the two- and four- quasiparticle wavefunctions, provided we can compute the corresponding Berry’s
matrices. Although these arguments are more general in the sense that they do not use any special properties of the
MR Pfaffian state, the assumed locality properties, which follow from the existence of an energy gap, are equivalent
to those used in the previous argument.

The long-distance, low-energy properties of quasiparticles (e.g. their braiding statistics) in a topological phase are

assumed to be completely specified by an “anyon model,” a.k.a. a unitary braided tensor category'4%¥ 91 An anyon
model is characterized by:
1. A finite set C of “topological charges” a,b, ¢, ..., which are conserved quantum numbers specifying the different

types of quasiparticle excitations.
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2. Fusion rules specifying how these topological charges may combine and split, as described by a commutative
and associative fusion algebra

axb=Y Nge, (150)
ceC

where the integer N, indicates the distinct number of ways the charges a and b can combine to produce charge
c. For simplicity, we will restrict our attention to the case where there are no fusion multiplicities, i.e. N5, = 0,1,
since this is all that is needed for this paper, but there are more general cases'??. There is a vector space V“b
with dimVe® = N, o, assigned to each fusion product, and one can represent the basis states of these spaces

diagrammatically as
a b
Y = |a,b;c) € V. (151)
C

The anyonic states describing a collection of quasiparticles can be represented by fusion diagrams such as

a1 a2 ... Gn

(152)

where the topological charge a; of the jth quasiparticle is assigned to the jth endpoint at the top of the diagram.

3. Associativity of fusion within the fusion state spaces, which is specified by unitary isomorphisms written dia-
grammatically as

e Z [F5"],; (e (153)

The F-symbols are analogous to 6j-symbols, providing a change of basis between the basis in which topological
charges a and b are first fused and then their result is fused with ¢ to the basis in which topological charges b
and c are first fused and then their result is fused with a.

4. Braiding of topological charges enacting unitary transformations on the state space, which are written diagram-

matically as
b a b a
= R% Y (154)
C C

It is also worth mentioning that there is a unique “vacuum” charge, denoted 0 or I, for which fusion and braiding
is trivial. Furthermore, each topological charge a has a unique conjugate a with which it is allowed to fuse to vacuum
(in a unique way), i.e. NO = 6z

In summary, C, NS, [F C‘llbc] of? and R‘c’b comprise the basic data which completely specifies an anyon model. Given
this basic data, one can describe the operation representing an arbitrary fusion and braiding process by using a series
of applications of associativity and braiding (F and R). Hence, once this basic data of a system’s anyon model is
obtained, they can be used to compute the complete fusion and braiding statistics of (arbitrary configurations and
exchanges of ) its quasiparticles.

In order to provide a coherent description of the fusion and braiding, this basic data must satisfy certain consistency
relations known as the “polynomial equations” (i.e. the pentagon and hexagon equations)®?, which ensure that any two
series of applications of F' and R starting in the same state space and ending in the same state space are equivalent??.
These consistency relations put strong constraints on the basic data (up to gauge transformations of the trivalent
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basis states). Consequently, it is often possible to start with an incomplete subset of the basic data and derive the
rest using nothing more than these consistency relations.

There are several important gauge invariant quantities worth describing here. The first is the quantum dimension
of charge a, given by

aaa -1

do = da = |[F3™] 0] - (155)

Quantum dimensions can be shown to satisfy the relation
dody =Y N§de. (156)

ceC
The second is the topological spin of charge a, given by
dC aa aaa aa\*

On=0s=> R =d, [Faae] o (RG™)”. (157)

These two (gauge invariant) quantities are particularly important, because it is often the case that the fusion algebra,
together with the quantum dimensions and topological spins (or even a subset of them) can uniquely identify an anyon
model.

Once it is known that the braiding statistics of quasiparticles is given by analytic continuation of the wavefunctions
given by CFT conformal blocks, we do not need to explicitly perform analytic continuation directly on the wavefunc-
tions. Rather, one can instead obtain all the basic data directly from known properties of the CFT. For example,
the topological spin is simply given by 6, = e?2""« where h, is the (holomorphic) conformal scaling dimension of the
primary field corresponding to topological charge a, while the F- and R-symbols can be obtained from the operator
product expansions (the R-symbols can simply be read off). For a complementary discussion of how the structure of
topological phases can be decoded from wavefunctions — in particular, from their pattern of zeroes — see Refs. 94,95.

1. Ising

As an example of an application of this consistency, we consider starting with nothing more than the Ising fusion
algebra

IxI=1, Ixyp=v, Ixo=og, (158)
Yyxyp=I1, Yxo=0  ocxo=1+1.

This fusion algebra is believed to describe the v = 1 bosonic MR state (i.e. M = 1, for which one has the identifications
Yo =TIy =1,01 =0, and Iy = ¢g = v) and also the closely related SU(2)2 Chern-Simons theory (equating I = 0,
o= %, and ¥ = 1). In the next subsection, we will show that this identification is correct. Given this fusion algebra,
one can solve the consistency conditions to find exactly 8 different anyon models (up to gauge transformations)?%:9t.
These 8 different anyon models are completely distinguished by their values of 0, = ¢?27(27+1/16 where j =0,...,7
for the 8 different theories (e.g. Ising anyons have j = 0 and SU(2)2 has j = 1). Hence, knowing only the fusion
algebra one can use consistency to determine the theory up to this 8-fold degeneracy of theories.

Since we only need to supplement the Ising fusion algebra with the value of 6, in order to completely identify the
anyon model describing such a system, we should examine it more closely to determine what is left to compute. But
first we note that one can easily determine the quantum dimensions to be df =dy =1 and d, = V2 from Eq. (156).
Now we can write out the definition

1

0o = 7 (R{ + RY7) = V2[F2°%),; (R7%)". (159)

From this we see that all we need is Rf” and either R{ or [F777] ;.
2. Putative Anyon Model for the Moore-Read Pfaffian State

One can similarly analyze the anyon model which is generally assumed to correspond to the MR Pfaffian state. In
the next subsection, we will compute the F and R matrices to show that this identification is correct. We define the
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topological charges through the corresponding CFT operators of the quasiparticles, which are the product of an Ising
sector operator with a U(1) bosonic charge sector vertex operator

i J ;_J ;_J
I; =e'Vam¥®, ;= tpe' Vam ¥ o;=oce'Va ¥ (160)

where j must be even for I; and 1;, and odd for ¢;. Furthermore, the charge Iy corresponds to vacuum, while s
corresponds to the underlying particle of the system, e.g. the electron or atom. Consequently, when M is odd, we
identify the bosonic underlying particle with vacuum, i.e. ¥opr = Ip. When M is even, the underlying particle (the
electron) is a fermion, so we cannot identify it with vacuum (though one can introduce a Zs grading and put it in a
doublet with vacuum). Instead, for M even we identify a pair of electrons with vacuum, i.e. ¥anr X thopr = Iaps = Io.
Thus, we have the fusion rules

Ij XIk:I[j+k]7 Ij X’Q/Jk:wbqu], Ij X Ok = O[j4k]» (161)
Vi X e = Ijjpn), 0 X ok =0k, 05 X Ok = Ijjn) + Ppin)
where we have defined the short-hand [j] = jmod4M. For M odd, one has the additional identifications I; = v} 12n,
¥ = Ijjyon), and o5 = o[jyon. In this way, there are 6M distinct topological charge types for M even and

3M topological charge types for M odd. Given these fusion rules, the quantum dimensions can be found to be
dr; = dy; =1 (for j even) and d,, = V2 (for j odd) from Eq. 156. The topological spins are

6, = RPY = [F}_j[’jlﬂ} (Rj’;j’j) (162)
j 3J Iolo
ewj — R}l’;‘jﬂ’j — {F;i.j¢7j¢j}l ; (R}Zi;jwj) (163)
040
1 o0 o0 o;0_;0; 0—j05\*
o, = (R7 +RYT) = V2 [Fg LMO (Ry7)". (164)

As mentioned above, the 8 consistent anyon models permitted for the M = 1 MR fusion algebra can be uniquely
distinguished by their value of 6,,. For M = 2 (corresponding to the v = 1/2 fermionic MR state), it was found
in Refs. 91,96 that given the corresponding fusion algebra, there are 32 different possible anyon models that satisfy
the consistency conditions and that these 32 different anyon models can be uniquely identified by their topological
spins. In fact, closer inspection reveals that they can be uniquely identified merely by their values of 6,, and 6y,.
Moreover, it can be shown? that this is true for general M, i.e. that 6,, and 0, uniquely identifies the anyon models
corresponding to the MR fusion algebra.

C. Identifying the anyon model

Once the anyon model corresponding to a state is known, one can use it to compute the braiding statistics of an
arbitrary n-quasiparticle wavefunction. Thus, we now turn to the wavefunctions of the MR Pfaffian state, to extract
the quantities necessary to identify the corresponding anyon model.

We now give the charge e/2M quasiholes in this system the label o7. At the moment, this labeling is completely
innocent, but we note that o; has the same quantum dimension as the similarly-named quasiparticle of the previous
subsection since d,, = /2 and, as discussed in Section IX A, there are (1/2)" states for n even quasiparticles.
Now consider the wavefunctions ¥y and ¥, defined in Eq. 26. These wavefunctions are linear combinations of the
wavefunctions in Eq. 28. Suppose that, in ¥y, we bring the o; quasiholes at 77 and 7y close together and take the
quasiholes at 3 and 74 far away. Then there is a localized excitation at n; =~ n2. Let us call this localized excitation
I>. Suppose we do the same thing with Wq; we call the resulting excitation 5. A priori, we do not know if I and
19 are distinct excitations or are topologically-equivalent (or, perhaps, are different superpositions of excitations).
However, from the 4-particle braiding matrices computed in Section VIII through plasma analogy arguments, we
know that if the quasihole at 73 is taken around the excitation at 11 =~ 72, the resulting phase in ¥; differs from that
in ¥y by —1. Thus, it is correct to assign two different labels to the corresponding excitations; the labels I and 9
are as good a choice as any.

We now compute the F-symbols and the fusion algebra. This can be done with four-quasihole wavefunctions.
The F-matrix is a unitary transformation between two different bases of the two-dimensional Hilbert space of four
quasiparticle states. One basis is given by ¥y and W1, in which the o1s at 1; and 72 fuse to I and 19, respectively.
From the computation of matrix elements in Section VIII, we see that these wavefunctions provide an orthonormal
basis:

(Wo|Wp) = (U1 [W1) =1,  (To|¥1) = (¥1|Pg) = 0. (165)
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(Strictly speaking, we have shown that ¥, and ¥, are orthogonal and have the same norm, which is simply an
ng-independent constant in the limit that the n,s are all far apart. Thus, to normalize them, we need to divide
both wavefunctions by their common norm.) The F-matrix is a change of basis from this orthonormal basis to an
orthonormal basis |\I!671> in which the o quasiparticles at 7 and 74 fuse to I, 1. Since 1, 2, 3, and 4 are an arbitrary
labeling of the quasiparticles, the states in which 1 and 4 fuse to I, 12 are given by changing the labels to obtain:

1
11 1 M Z|77u|2
‘1’6,1 (M1, M2, 13, M43 215 - -+, 2N) = - Nav' * (\7}% (‘I’(13)(24) + \/E‘I’(12)(34)) T . (166)

Then, using the identity Eq. (29), we have:

/ ot (mampa)® 1 -2 ek 3 Il
\I/O,l - Nuv m 1+ ﬁ \11(13)(24) F \/E \11(14)(23) pu=1 (167)
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Thus, from Eq. (168), we conclude that:
111 1
[Fo 7 ] 0 = = [ ] (169)
I3 ab _
\/5 1 1 ab

where a,b = I, 1. One can similarly compute all the F-symbols directly from wavefunctions with no more than four
quasiparticles.

We note that we computed the F-symbols directly from the wavefunctions, with no appeal to orthogonality or
the plasma analogy, so it might at first appear that orthogonality played no role here. However, it is important to
establish that the associativity encoded in the F-symbols is unitary, since we are describing quantum mechanical
systems. For this, the orthogonality result (obtained from the plasma analogy) is crucial, since it establishes that the
wavefunctions in question provide orthonormal bases that are related by this F-symbol, which can thus be interpreted
as a unitary change of basis transformation.

We now compute the R-symbols. With the definitions of I and ¥y given above, we can read these off from the four-
quasihole wavefunctions ¥y and ¥y, since our plasma analogy has shown that the braiding statistics is simply given by
analytic continuation of the wavefunctions. Thus, as found in Eq. (30) for the counter-clockwise exchange 11 < 12, we
have R77' = ei”(ﬁ_é), R = ¢ (757 +%). We note that these R-symbols can also be obtained from the analytic
continuation of the wavefunctions ¥y and ¥} in Eq. (167) corresponding thecounter-clockwise exchange 12 = ns.
However, once we know that the braiding statistics is given by explicit analytic continuation of the wavefunctions, we
can save ourselves the trouble of explicitly computing the R-symbols from wavefunctions, since we know the analytic
continuation of the wavefunctions is determined by the CFT through its operator product expansion.



34

If we give the label o911 to a charge e/2M quasihole with k& Laughlin quasiholes at the same point and similarly
define I, 19, then these equations can be generalized to:

T = et (%) (170)
he = omdry) ()

Similarly, one can compute the remaining R-symbols from analytic continuation by additionally introducing quasi-
particles carrying topological charge I; and/or ¢ into the wavefunction, since the screening properties can easily be
shown to still apply (as long as M is not too large). The results are

o= e (172)
Ry = _eimdar (173)
d = By = (174)
O (175)
RgiVe = RYros = (4=, (176)

As previously mentioned, there is some ambiguity in these quantities, since they are not all gauge invariant. However,
we can use them to obtain

. 42

0, = e?msm (177)
. 42 1

6, — 2 (dntd) (178)
. i2

0, = ¢ (dmts), (179)

This can be used to specify the corresponding anyon model. In fact, as previously mentioned, only a subset of
this information is absolutely necessary to uniquely identify the anyon model. Hence, the fusion and braiding of the
MR state can be completely determined through consistency using only the fusion algebra and the plasma argument
applied to the wavefunctions with at most four o quasiparticles.

In fact, the two-quasiparticle wavefunctions are sufficient to compute the R-matrices, provided that we allow the
electron number to be either even or odd as needed. Consider the wavefunction obtained by taking the o; quasiholes
at m1 and 72 close together and keeping the quasiholes at 13 and 74 far away in the state Uo. We labeled the resulting
excitation at 7y & 72 by I>. If we note that the same wavefunction (up to normalization) arises as the only possible
wavefunction of two o1 quasiholes in a system with an even number of electrons, then we can conclude that two oy
quasiholes must fuse to I if the number of electrons is even. Thus, RE‘” is the Abelian braiding statistical phase
obtained for a two-quasihole state with an even number of electrons. Similarly, we note that the wavefunction obtained
by taking the o1 quasiholes at 1; and 72 close together and keeping the quasiholes at n3 and 74 far away in the state
VU, is the same wavefunction (up to normalization) as the only possible wavefunction of two o1 quasiholes in a system
with an odd number of electrons. Thus, RZ}Q‘” is the Abelian braiding statistical phase obtained for a two-quasihole
state with an even number of electrons.

X. ORTHOGONALITY FOR UNMATCHED QUASIPARTICLES

It is often assumed that the overlap between two wavefunctions that do not have the same types of quasiparticles
at (nearly) the same locations should vanish. For example, such an orthogonality postulate is used®” (sometimes
implicitly) in the determination of the braiding statistics and other properties of hierarchical states, such as the
Abelian Haldane-Halperin (HH) hierarchy states®®% built on the v = 1/m Laughlin states and the Bonderson-
Slingerland (BS) hierarchy states®, which can be built on arbitrary states, notably providing a non-Abelian hierarchy
over the v = 1/2 MR and anti-Pfaffian states. In fact, this orthogonality is of paramount importance, since it is
necessary to establish the interpretation of the wavefunctions as describing anyonic quasiparticles. Without it, we
would be missing the notion of a specific, distinguishable localized conserved quantum number (topological charge)
associated with the quasiparticle coordinate, i.e. property 1 of anyon models in Section IX B, and thus the rest of
the properties (fusion, braiding, etc.) that we can derive would lack a proper interpretation beyond some algebraic
relations between certain special wavefunctions. In this section, we will prove this orthogonality using the plasma
analogy.
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First we consider the wavefunctions in term of their Coulomb gas CFT formalism. Next we recognize that, as
described in Appendices A and D, the chiral vertex operators can be expressed in terms of electric and magnetic
Coulomb charges. Specifically,

') = 13020 (2, 2) (180)
corresponds to a particle carrying electric charge ¢ = /2 and magnetic charge m = a/2g. Similarly,

elad(2) — ei%¢(275)0_% (2, 2) (181)
corresponds to a particle carrying electric charge ¢ = «/2 and magnetic charge m = —a/2g. If the corre-

sponding holomorphic and antiholomorphic vertex operators have coinciding positions, they produce an operator
elow(2) giad(2) — iad(2:2) corresponding to a particle carrying electric charge o and no magnetic charge. If quasiparti-
cle coordinates are not matched up appropriately between two wavefunctions, then, in the plasma analogy, they will
leave stray (uncanceled) magnetic charges in the plasma. Since magnetic charge is confined in screening plasmas, this
makes it clear that the overlap between wavefunctions described by a plasma analogy will vanish unless they have
matching quasiparticles at nearly coinciding positions. More specifically, the overlaps will be zero up to O (e*’”/ 2)
corrections, where r is the largest separation between unmatched quasiparticles (i.e. between magnetic charges in the
plasma).

With this orthogonality established, one might wonder whether a stronger result can be established. Indeed, one can
attain stronger results for holes in the v = 1 filled Landau level and for single Laughlin-type quasihole wavefunctions.
We explain this in more detail in Appendix H, but note the results here that

G @) = S (7] e~ 1 (e PHILIE =20n00 ) — 0 (270)" S =D 6ten (e — ) (182)
p=1 p=1

TES, TESy

for n holes in the v = 1 filled Landau level, and
Iel (77777/) _ Cle_zllﬁ(‘ﬁ\2+|n/|2_2ﬁn/) _ Cl (27TM) 5%LLM (77 . 77/) (183)

for a Laughlin-type quasihole in any v = 1/M quantum Hall state with plasma analogy (for example, this holds for
the I excitation of the MR state).

Based on these examples, we conjecture that the overlap of wavefunctions that are not properly matched up in the
U(1) boson charge sector will actually vanish with Gaussian, rather than exponential, falloff. This is expected to result
from the neutralizing background that gives rise to the Gaussian terms in the wavefunctions. We also expect that
the overlaps will behave effectively as delta-functions, projected into the appropriate subspace, while keeping track
of the braiding statistics due to analytic continuation of the wavefunctions. This leads us to a general orthogonality
postulate for quantum Hall states of the form

Ga,ﬁ (ﬁuaanLG) ~ Ba,ﬁ (ﬁuaanLG) Z Z H 62 (Uw(#a) - n;ta) ) (184)

a€C €Sy, n=1

where there are n, quasiparticles of type (topological charge) a at coordinates 7,, in one wavefunction and at nILa
in the other wavefunction (the delta-functions are only between quasiparticles of matching topological charge), and
Bas (ﬁ#a,n;m) is a term that only keeps track of the braiding statistics due to exchange of the quasiparticles. For
example, Laughlin-type quasiholes would have

1

B () = I [("“ ~h _”'”)] - (155)

s | =l |, = )|

Eq. (184) clearly cannot be exact, since the right-hand side does not obey the necessary analytic properties mandated
by the wavefunctions one is taking overlaps between, but we expect the answer with the correct analytic properties
to have this effective form with respect to quasiparticle wavefunctions, up to exponentially suppressed corrections.

XI. BRAIDING IN THE ANTI-PFAFFIAN AND BONDERSON-SLINGERLAND HIERARCHY STATES

In Refs. 35,36, it was pointed out that the particle-hole conjugate of the MR Pfaffian state is a distinct state and
that, in the absence of Landau level mixing, it must be equal in energy to the MR state. Upon inclusion of Landau
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100,101~ A candidate wavefunction for this state can

level mixing, the anti-Pfaffian state appears to be lower in energy
be obtained by particle-hole conjugation!?? of the MR wavefunction.

In Ref. 66, it was shown that one can construct hierarchical states over the MR and anti-Pfaffian v = 1/2 states, and
that these Bonderson-Slingerland (BS) hierarchy states provide candidates for all the (remaining) observed second
Landau level plateaus. Moreover, it was numerically demonstrated®” that the BS candidate for v = 12/5 is a
competitive state, along with the RR and HH candidates.

Here we will show that the wavefunction orthogonality results obtained in this paper for the MR wavefunctions
imply the same orthogonality for the anti-Pfaffian and BS hierarchy wavefunctions obtained from them. Hence, the
braiding statistics of these states are similarly obtained through analytic continuation of the wavefunctions.

We begin by demonstrating that orthogonality of any two wavefunctions implies the orthogonality of their particle-
hole conjugate wavefunction. For a general wavefunction ¥(n,;z;) with quasiholes, one generates a particle-hole
conjugate wavefunction'? by filling one Landau level, introducing holes, and projecting the holes onto the wavefunc-
tions ¥ by multiplying by ¥ and integrating over the holes’ coordinates:

p (p- h) 77# z;) = /Hd {C n#;f_a) X H (o — &) H({a —2;) H (zi — zj) eizaglmtl' e_zi;ml (186)

a<b a,i 1<J

In this expression, one must obey the constraint
N=@"'=1)N - S+1+N (187)
where v and S are respectively the filling fraction and shift of ¥, while N éqh)

the quasiholes of W.
Consider the overlap for two arbitrary particle-hole conjugate wavefunctions:

G(p n) (nuu nu /Hd2zk \I](p b) (77 Zi )\I}é )(ﬁu; Zz) (188)

is the number of fluxes associated with
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Now we use Eq. (182) to re-write this as

GO () = / [Td%c € Wa(mu; &) V(:€,) | Co2m)™ > (=)™ [ [ 670r, (€ria) — &0

TESN,
= /Hd &c¥a nuvfa)wﬁ(nmga) Ch (27T)N1 G0 (M, M) (190)

where Go (1, 7,) is the overlap of the original two wavefunctions ¥, and ¥g (with N7 electrons).
It is now trivial to apply Eq. (190) to the anti-Pfaffian state, using our previously obtained results for G, g of the

MR state. (For the MR state at v = 1/2, one has S = 3 and N;qh) = n/2 for n fundamental non-Abelian quasiholes.)

A similar, but slightly more complicated, argument applies to hierarchical wavefunctions, such as those of the
Bonderson-Slingerland hierarchy states®® built on the MR Pfaffian state or the anti-Pfaffian state. In particular, the
wavefunctions for these states can be constructed by projecting Abelian quasiparticles of the MR or anti-Pfaffian state
into a Laughlin state, in a manner similar to the how holes of the filled Landau level were projected into the MR state
to create the anti-Pfaffian wavefunction. One can then similarly use the results from Section X on orthogonality of
wavefunctions with quasiparticles in different positions and the orthogonality postulate of Eq. (184).

For concreteness, let us examine the v = 2/5 BS hierarchy state®® formed by condensing Laughlin-type quasiparticles
(i.e. Iy excitations) of the v = 1/2 MR state. Wavefunctions of this state with non-Abelian quasiholes at positions
7, are given by
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BS _ B B B —10 2IMul® =1 S |ual?
wES () 2) /Hdzuc _7711)1/401—[(77H 1/4H 5/2 > >
H<V ta

a<b

=1 |ual?
% [T (wa = w) " T (e — e ”4H a—z)e ST UMR (02 (191)
n,a

a<b



37

where u, are the coordinates of the Ny = %N +1 charge e/2 Laughlin quasiholes which are projected into a Laughlin-
type wavefunction

1/40 1/4 5/2 — 15 2lnul? —1 S |ua?
@ (i ta) = I O =) TL O = wa) " ] (v et (192)

pn<v w,a a<b

with quasiholes at 7,. We take the inner product and use Eq. (184) to obtain

BS BS _ BS
G( )(,'7#777# /Hd22 \I/ 2/5( #’Zl) \Ijﬁ 2/5 (77#,21)
k

o [ TP i) ® (i m) | B @) Y TT 6% (i) = o) | 625G

TFESNl a
— M (i, 7) / T2 ® (5 w) ® (75 70)

= Gg/{%(nuaﬁu)(}@(nmﬁu)u (193)

where G?® is the overlap for the Laughlin-type state’s wavefunctions ®. Hence, the inner product is equal, up to an
overall constant and exponentially suppressed corrections, to that of the MR state times that of the Laughlin-type
state (which is simply constant). From this, it follows that Berry’s connection is trivial (up to Aharonov-Bohm terms)
and the braiding statistics of the BS hierarchy states are similarly obtained from direct analytic continuation of the
wavefunction.

XII. DISCUSSION

In this paper, we have constructed a new representation for the matrix elements between different MR Pfaffian
four-quasihole and six-quasihole states. This representation allowed us to conclude that the Berry’s matrix is trivial
in a particular basis — the basis given by conformal blocks in a ¢ = 1/2 + 1 CFT. This result implies that this CFT
encapsulates the topological properties of this quantum Hall state — in other words, that this CFT can be used to
compute braiding, fusion, etc. for quasiparticles in the MR Pfaffian state3*243 and, by a straightforward extension,
the anti-Pfaffian state®>3% and BS hierarchy states built on these®6. This was, of course, the hope right from the
beginning®*, but there was no proof, although there is strong evidence coming from a variety of arguments and
numerical calculations, as we review below. Our paper provides a proof.

We now consider the relation of our proof to previous results. In Ref. 43, a method was proposed to calculate the
desired matrix elements, in terms of correlation functions in a perturbed CFT. The basic idea is that the integrals
Eq. (1) can be written as the correlation functions of the operators corresponding to quasiholes if the operators which
correspond to electrons are put into the action of the CFT and treated as a perturbation. For instance, TrG, defined in
Eq. (111), is given by the product of the Ising model correlation function in Eq. (97) and the charge sector correlation
function in Eq. (109):

TG — /Hd22k <0,(7717 ﬁl)eiﬁamﬁl)g(n% ﬁ2)eiﬁ¢(ﬁ2ﬁ2)a(n37 ﬁs)eiﬁﬂﬁsﬁs)a(n% ﬁ4)eiﬁ¢(ﬁ4yﬁ4) ~
k
6(21, gl)ei\/%qb(zl,il) - .E(ZN, EN)ei\/%qb(zN,EN)e—ii%\}m Jd?z ¢(z,2)> (194)
Here, we have made the abbreviation ¢(z,z) = ¢(z) + @(Z). This can be re-written in the form

TG = /Hd Zi < (11 71) O (12, 12) Oy (113, 15) O (14, 7a) Oe(z1,71) ... Oclzy, 2y )e 2w | ¢ Z¢(Z’2)> (195)

where
Oy, 7) = o(n, NN and  O,(2,5) = e(z, 5)e'V F =2 (196)

This can now be rewritten in the following form, Eq. 8.3 of Ref. 43:

N

d 7) —i—i— 22 ¢(2,z
T& = tlg% dtN <Oq(7717771)0q(772,ﬁz)Oq(ﬁ37ﬁ3)Oq(W4,ﬁ4) ! 45 0ce2) g [ 20 )>



38

N

. d _ _ _ _ —i—1_ [d%z (2,2
- th—Iz%dt—N<Oq(7717771)0q(772,772)Oq(7737773)0q(774a774) e wwva | ( )>£H£+toc (197)

This equation implies that we should view ¢ [ d*z O.(z, %) as a perturbation of the Lagrangian of the Ising model +
a non-chiral boson and compute the correlation function of four O, operators in this perturbed theory. By taking
N derivatives of the correlation function with respect to the coupling constant ¢ for this perturbation, a correlation
function with N electron operators is obtained and, therefore, matrix elements for N-electron wavefunctions. The
integrals in Eq. (1) are exponentially-decaying at long distances if the renormalization group (RG) flow of the perturbed
CFT is to a massive fixed point. Although this approach is highly suggestive, it is unclear how to show that the
perturbed theory indeed flows to a massive fixed point. In Ref. 43, it was suggested that the perturbation has
negative scaling dimension since correlation functions of O, increase with distance as a result of the background
charge. However, it was pointed out in Ref. 52 that O, should be viewed as an operator of positive scaling dimension
(which is, in fact, an irrelevant perturbation for M > 2), with the background charge merely shifting the charge
neutrality condition. Thus, it is not clear how to show that the perturbation in Eq. (197) is relevant. This is even a
problem if this method is applied to the Laughlin states. Since all quantum Hall wavefunctions have a (Laughlin-like)
bosonic charge sector, they all suffer the same complication. Furthermore, a leading-order RG calculation can show
that the initial flow goes away from the conformal theory, but it is much harder to predict the fixed point at which
the flow ends; it is necessary for the infrared fixed point to be massive in order for this approach to succeed. For these
reasons, a Coulomb gas approach was initiated in Ref. 45; this approach has been brought to fruition here.

The method of Ref. 43 was recently discussed again by Read in an important paper®?. It was shown there that
this method can be applied more straightforwardly to the case of a chiral p-wave superconductor, which is described
by the Ising CFT. This state has no charge sector and the perturbed Ising CFT is simply a free massive Majorana
fermion. This result is important because it allows one to directly compute R7° and R7?, the two possible phases
that result when two he/2e vortices with fusion channel I and v, respectively, are exchanged in a counter-clockwise
fashion. This is a significant advance compared to approaches relying on the BCS wavefunction for this state6:47:49:50
which have only derived the ratio R77/ R77. Ref. 52 also presents an alternative calculation, based on a bosonization
procedure related to the one which we use in Appendix F. This calculation gives all of the needed matrix elements
for two, four, and six quasiholes for a chiral p-wave superconductor (i.e. pure Ising CFT with no charge sector).

A recent Monte Carlo evaluation® of the matrix elements between MR Pfaffian two-quasihole states with even-
and odd-numbers of electrons is consistent with R7'?* = 1 (which was already obtained in an earlier numerical

calculation®®) and R7!?" = i for relatively large system sizes N ~ 150. Numerical diagonalization®® of the 3-body

Hamiltonian in the presence of pinning potentials for the quasiparticles is also consistent, for small systems (N ~ 16),
with these R-matrices and also with the fusion rules of the ¢ =1/2+1 CFT. (The calculations of Refs. 53 and 54 are
very similar, in principle. The difference — aside from the difference in system sizes — is that wavefunction overlaps are
computed by Monte Carlo evaluation of overlap integrals in Ref. 53. In Ref. 54, different wavefunctions are computed
in an orbital basis by exact diagonalization of the Hamiltonian with pinning potentials; the overlaps are then obtained
from the inner products of the corresponding vectors in this basis.)

It should be straightforward to extend the numerical calculations of Refs. 48,53,54 to compute the F-matrices as
well and, thereby, fully determine the braiding properties of quasiholes using the logic of Section IX B. It should also
be possible to extend those numerical calculations to the six-quasihole case and, thereby, fully determine braiding
without making any assumptions beyond the gap.

Finally, quasiparticle braiding has recently been computed®® using coherent states in bases obtained from the
“thin-torus” quasi-one-dimensional limit of the ¥ = 1 bosonic version of the MR Pfaffian state. The key step in this
derivation is changing between the basis obtained from the limit in which the torus is thin in one direction to the
dual basis obtained from the limit in which it is thin in the other direction. The relation between these two bases
(which one might recognize as the modular S-duality) is constrained by their properties under magnetic translation.
The change of basis is not computed directed, but rather is determined by consistency. However, this only determines
the change of basis and subsequent braiding relations up to an 8-fold degeneracy. This is precisely the same 8-fold
degeneracy of anyon models that are consistent with the Ising fusion algebra (i.e. are solutions to the pentagon and
hexagon equations)'??, as described in Section IXB. Thus, the results obtained by this method are equivalent to
assuming no more than the fusion algebra (or, equivalently, the modular S-matrix!?*) and locality.

It should be noted that an alternative approach to quasiparticle braiding in this state relies on a mapping between
the MR Pfaffian state and a chiral p-wave superconductor. Wavefunction analytic continuation has been computed in
the latter state directly from the BCS wavefunction®474950 "and the Berry’s matrix has been computed® up to an
overall phase (these studies find the ratio {7 /R77 = i but cannot determine R77 itself; in this respect, our calculation
gives more information, as does the calculation of Ref. 52). However, the mapping between the MR Pfaffian state and
a chiral p-wave superconductor®? is not exact. While the approximate mapping between the two is highly suggestive,
the relationship between the two states is, strictly speaking, established by computing quasiparticle braiding in both
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and comparing the result (i.e. comparing universal quantities in both states). This is done by comparing the results of
this paper with the combined results of Refs. 46,47,49,50. Finally, the statistics of vortices in the non-Abelian phase
of Kitaev’s honeycomb lattice model®®, which exhibits Ising topological order, has recently been computed through
an explicit numerical computation of the Berry’s matrix!'%3.

The next step in extending our work would be an adaptation of our representation to the Read-Rezayi (parafermion)
states. To accomplish that, we need a Coulomb gas construction for parafermions. This construction, based on the
related Coulomb gas construction for the SU(N ), WZW models, is known rather well!®* 119 but it has not yet been
developed to a point at which an explicit representation of the desired wavefunctions, with excitations, can be written
as a partition function of a two-dimensional plasma. We suggest this as a subject for future work.
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Appendix A: The free boson and the Coulomb gas

This section sets the conventions and the normalizations for free bosons used throughout this paper.
Consider a free boson field (compact such that ¢ = ¢ 4+ 27) with the action

s=2L /d% (V). (A1)
4
The correlation function of ¢ is given by, up to an additive constant
_ _ In|z —w
(9(2.2) o, 0)) = =1 (A2

The electric operators are given by e*4%#(#x:2k)  Their correlation function is

; . 1
< [Jerootnm) > = exp (5 > arain |z, — Zz|> : (A3)
K

k<l

where one must have charge neutrality >, ¢z = 0. We can also consider magnetic operators. They can be thought
of as vortices in the field ¢, such that ¢ changes by 2mm when going around a magnetic charge m. Let us denote
magnetic operators by O,,. For electric operators located at positions z; and magnetic operators at positions wg, the
correlation function is'!!

< H eiqk¢(zk75k) H Oma (wa, ’J)a) > =

k

1 .
exp | — Z qrq 1n |z — 2| + meamb In |w, — wp| + ¢ quma arg (z, —wy) |, (A4)
k<l a<b ka

where Y, qr = >, mq = 0.
Throughout the paper, we also use the holomorphic field ¢(z), such that

In(z — w)

(o) = -

(A5)

We can write ¢(z, z) = p(z) + ¢(2) and treat ¢(z, z) as the sum of two independent fields ¢(z) and @(z). As a result,

<Heiak</’(zk) > — H(Zk _ Zl)alzc;l ' (A6)

k k<l
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We notice that, just as exp [igd(z, Z)] = exp [iq (¢(z) + §(Z))], we also have O,,(z, Z) = exp [img (¢(z) — $(Z))]. Hence,
we can write

¢ = (5N (2,7) (A7)
plap(z) _ ei%<25(z72)(')_2i (Z,g), (A8)

9
In other words, the holomorphic/antiholomorphic vertex operator with coefficient a corresponds to an operator

carrying electric charge ¢ = /2 and magnetic charge m = +«/2g.
For further reference, we also show how to calculate the important correlation function

. . apo; —m= S agv [d2zlog(zy—2)
<Hem’“9"('z")e—“’fd2z #(z) > = H(zk —) e P [z los : (A9)
k

k<l

The integral over the logarithm can be calculated under the following assumptions. First of all, we take the domain
over which z is integrated to be a disk. This means the imaginary part of the logarithm integrates to zero for symmetry
reasons. As for its real part, we observe that

V2log |z| = 2m62(z, 2), (A10)

where V2 is the Laplacian and §2(z, 2) is the two dimensional delta function. This allows us to calculate this integral
by solving the corresponding Laplace equation

Vi/d%log |lw— z| =2, (A11)
which gives
/d2210g |lw—z| = g lw|? . (A12)

Taken together, this gives

—rr aklzel?
<H€mk“"(zk)e“’fd2z@(z) > = H(Zk - zz)agi;le s 3 oxlad . (A13)

k k<l

The value of g is often not particularly important (for example, when considering electric charges only). In the
CFT Coulomb gas formalism convention that we follow, we set g = 1/4. In other cases, however, we keep g general.

Appendix B: Mathur’s Procedure for Relating Products of Contour Integrals to 2D Integrals

The purpose of this appendix is to review Mathur’s trick which expresses sums of products of conformal blocks in
terms of a 2D integral (i.e. as the classical Boltzmann weight for a plasma). Consider a 2D integral of the form

/D 0w o (1) Qap fo () (B1)

We will assume that fo(0)Qapsfs(w) is single-valued in D so that this integral is well-defined. Let us suppose that
D is a simply-connected region with no singularities. Then, we can re-write the integral over the interior of D in the
form

[ @ a@@uatito) = [ o fut)Qug ([ ant o) (B2)

P

where P is any point in the interior of D. Since there are no singularities in D, the integral from D to w is independent
of the path. Then, since f, (@) depends only on w and not w,

/D d*w fo(@)Qapfs(w) = /Ddzwai<

w

/wdw'fa(w)Qaﬁfﬁ(w')>

P
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FIG. 2: The plane is divided into annuli, such as the annulus A2 shown here, bounded by Ca, S2, —Ca, —S5, as described in
the text.

- %ﬁp dw/:dw'fa(w)@aﬁfﬁ(w’)
= %ng A fo(0)Qap (/wdw'fﬁ(w')) (B3)

P
The penultimate step involves an integration by parts. Since x = (w + @)/2, y = (w — @)/2i, the complex derivative
is defined by 0g = (9,9 — i9yg)/2. Thus,

/d2wag:/ dwdy(@wg—if)yg)ﬂ:l/dyg—i/d:vgzﬁj{ dw g (B4)
D D 2 2 2 Jop

We are interested in integrals of the form Eq. (B1) in which f,(w), fo(w) are conformal blocks. Thus, we expect
them to depend on the coordinates z1, 22, . . ., 2, of all of the other fields besides the one at w, and it will be singular
when w approaches any z;. In the expressions that concern us, w is the coordinate of a screening charge and the
zi are the coordinates of the other screening charges, the electrons, and the quasiholes. In order to avoid these
singularities, we split the complex plane into annuli Ay with inner and outer radii |z;x_1| and |z|. We additional
define the points zyp = 0 and z,,41 = o0, so that the annuli cover the entire complex plane. Each of these annuli
contains no singularities. However, they are not simply-connected. Therefore, we cut the annulus Ay open along a
line from zx_1 and zg, as shown in Fig. 2. We then have a simply-connected region bounded by the union of the
curves C, Sk, —Cx—1, —S;. The circular contour —Cx_1 runs from P2 to Pg, while Cj runs from P} to P2. Then
according to Eq. (B3),

/Ak d*w fo(0)Qapfa(w) = %]{Mk d fa(w)Qaﬁ/Pkldw'fﬁ(w')

! 5 7o (@ ey b o o
= §/dewfa(’w)Qaﬁ/P)idw fﬁ(w)+§,/gkdwfa(w)Qaﬁ/13£dw fa(w")

+ B /Ckl dw fa(ﬁ))Qaﬁ\/P]idw’fﬁ(w/) + 5 /S/k dw f_a(m)Qaﬁ/P]% dw' f3(w') (B5)
Let us now define
Pl w P’
JCE/P d@fa(@)Qaﬁ/P dw' fa(w') ; (Ic)az/P dw fo(w) (B6)

where C' is a contour from P to P’ Then, we can re-write the four terms on the right-hand side of the second equality
in Eq. (B5) in the form:

/ d?f)fa(ﬂ})Qaﬁ/ dw/fﬁ(u/) = Jo,
Chk P}
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/sk dw fa(w)Qaﬁ/PZdw'fﬁ(w’) /sk dw fo(0)Qagp (/:gdw'fﬁ(w') + /P:dw’fﬁ(w')>

k

= (I_Sk)aQaB(ICk)B + Js,
_ o N o P} ) / w o /
‘/Ck1 dwfa(w)Qaﬁ/Pldw fﬁ(w) = /Ckl d’LUfa(’LU)Qaﬁ (/Pl dw fﬁ(’LU)-i-/Péd’w fﬁ(w ))

k k

= _(jck—l)aQaﬁ(IS;c)ﬁ - JC;C,1

/ 0 a()Qus /P ::dw’f@(w') -/ 0 £ /P ;”dwl o)

= —Jg, (B7)

Thus, we have:
[ 0 @Qup o) = § e = Je ) + 5 s, = Tsg] + 5[ (s )a@ustTen)s = (e )aQuallsy)s] (B9

When we sum over annuli, the Jo, — Jo,_, terms will cancel. Now consider the next two sets of square brackets
on the right-hand-side of Eq. (B8). If f,(w) is taken in a counterclockwise direction from a point w on S}, to the
corresponding point on Sy, then it is transformed by the monodromy matrix M:

(falw))s, = Mas (f5(w)), (89)
Since fo(0)Qapfa(w) is single-valued, M satisfies
MIQM =Q (B10)

Consequently, Jg, = Js;. This leaves only the terms in the third set of square brackets on the right-hand-side of
Eq. (B8).
Since there are no singularities in Ag,

(Ick)a + (Isk)a - (Ick—l)a - (ISL)OZ =0 (Bll)

Meanwhile,

(Isp)a = Map(Is;)s (B12)
Combining these two equations, we have

IS,’C = (1 - M)il (Ick - Ick—l)
ISk = (MT - 1>71 (Ick - Ick—l) (Bl?’)
Here, we have used matrix notation and suppressed the indices. Substituting these expressions into the third set of
square brackets on the right-hand side of Eq. (B8), we find that the cross-terms cancel so that we are left with

S [ fa)Quafatw) = 53 (1o, QU1 = M) e, + ey, Q1 = M) e, ] (B14)
k k

k

Here, we have added a subscript k to M to emphasize that this is the monodromy matrix which results from deforming
S}, to Si. By applying Eq. (B14) repeatedly to each screening charge integral, we obtain the desired sum of products
of contour integrals. We can re-group terms to bring it to the form:

Z/A B*w fo(0)Qapfa(w) = %Z (1, Q(1 — My) 'Ic,, + I, Q(1 — Myi1) ™' c, | (B15)
k k k

Note that, by construction, both the left- and right-hand sides are single-valued.

We now specialize to the case of the Ising model. Consider first the squared norm of the correlation function of
2 9 fields (or, equivalently, the correlation function of 2 energy operators). The generalization to N 1 fields (where
N is even) gives the square of the Pfaffian, which is a factor in the square of the ground state wavefunction. The
basic structure is already apparent for just 2 1 fields, however, so we will begin with this simple case. Let us put the
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two electron operators at 0, z. We will call the screening operator coordinates wi, we. There is a single conformal
block so, with appropriate choice of normalization, we can simply take @ = 1. When a screening operator e*-% is
taken around an electron’s vertex operator ¢’®31% = ¢~@~¥ or around another screening operator, it changes by —1.
Thus, the monodromy My, is +1, depending on whether an even or odd number of operators is contained within Cj.
Consider the left-hand side of Eq. (87) for 2 electrons

2
. ) ) . 2
/d2w1 d2w2 ‘<e—za7</)(0) e—za?ga(z)ezafga(wl) eza?ga(wg)>’ _ N/d2w1 d2w2 |w1 _ ’U}2|3 |Z|3 H |wi|_3 |wl . Z|_3
i=1

(B16)
where A is a normalization constant. Let us show that it is equal to the right-hand side of Eq. (87) by applying
Eq. (B15). First, we use Eq. (B15) to reduce the ws integral for fixed wy. There are two cases, |w1| < |z| and
|wi] > |z]. For |wi] < |z], Eq. (B15) tells us that:

2

/d2’LU2 ‘<e—io¢7</)(0) e—ia?ga(z)eiafcp(wl) €ia*¢(w2)>‘ _

1 _ 4=
e 5[(1—MZ) Y- (1= M) Iy e, +

5 [(1=Mo)™ = (1= M) "] I I, (B17)

Here, C} is the circle |w| = |wi| — € and C, is the circle |w| = |z| —e. M; is the monodromy of the holomorphic
conformal block

<6_m,¢<0) i -9 (2) gia_p(w1) ez‘a,w<w2>> (B18)

when wy encircles the origin with 0 < |wa| < |w;|. Since such circle encloses the electron at the origin, e ~**-#(0),
My = —1. M, is the monodromy when ws encircles the origin with |ws| < |wz| < |z|. Since such a circle encloses both
the electron at the origin, e~-#) and the screening operator el@-#(w1) this monodromy is M, = 1. Finally, M
is the monodromy when ws encircles the origin with |ws| > |z|; since such a circle encloses the electron operators,
e -0 and ¢71-%(2) and the screening operator ¢**-#(1) this monodromy is M, = 1. Hence, for |w;| < |z, we
have
_ _ _ _ 2
/d2w2 <efmc7<p(0) efzafap(z,)ezafap(wl) eza?«p(w2)>’ _
lwi| <[z

2

(=M 1] ’<e—iaw(0) oic_(2) fdw ez‘aw(w>eia«:<w1>> n
C

1

<e—i0tsa(0) j{ dup i P (W) gmic_o(2) gia_p(wn) >
C.

This expression is divergent since M, = 1, but can be regulated this expression by letting M, =1+ §. The § — 0
divergences will cancel, so we will drop these divergent terms. For |wq| > |z|, we obtain a similar expression, but with
M, =M, =-1and M; = 1:

/ d2w2

N | =,

2

L))

% (B19)

(om0 ¢iop(a) gla-otm) g o(u) ‘2 —
s>

+
. 2
(! -1 —ia_p(0) jia_p(wr) ia_p(w) ,—ia_p(z)
“[E -1 =M (e e dwe e +
2 C.
. 2
YRR ‘<emw(0) o—ia_p(2) %dw gia_p(w) gia_p(wi) > (B20)
Cy
We can now perform the w; integral. For instance,
2
/ d2’LU1 <eiaap(0) efiaiap(z) %dw eiaiap(w)eiafap(wl) > _
Jwi|<|z| Ch
. 2
% (1= M)~ —3]- }<€_ia‘p(0) e_io‘*“"(z)%dw gla-e(w) y{dw/ eio-#(w) > (B21)
Cz Cz
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Since w is always enclosed when w; encircles the origin (by definition, C; is the circle at radius |wy| — €), the only
singularity which gives a contribution is the one at z. When w; lies on the contour C, the contour C'; becomes the
same contour (but point split, so that it is at infinitesimally smaller radius.) Thus,

/ d2’LU1 d2w2
lwi|<|z|

<e—io¢<p(0) e—ia?ga(z)%dw eia?ga(w) fdw/ eiaga(w/)>
C C

z z

(mto=9(0) g p(e) giopt) eia,w<w2>>’2 _

2

Adding the similar contribution which results from |wi| < |z|, we have

/d2w1 42w, ‘<e—ia,sa(o) e—io_p(z,) gia_p(wr) eia,w(w2)>‘2 _

2
1 '<e—i0¢w(0) oia_(2) 7{ dup i #(w) 7{ du’ i @) >’ (B23)
8 C C

z z

This is precisely the two-1 version of Eq. (87). From the preceding derivation, we can now see how the general N-1
case works. Since the monodromy for taking a screening operator around an 1 operator is —1, there will only be a non-
trivial contribution from the contour associated with every second v operator. Consequently, as in Eq. (B23), there
will be two screening operator contour integrals attached to every second 1 operator, precisely as on the right-hand
side of Eq. (87).

Turning to conformal blocks with o fields, we consider first the combination that gives us the trace of the overlap
matrix, namely the correlation function of (7, 77) operators and N energy operators. For this combination, Qag = dags-
The monodromy matrices are again diagonal: the monodromy for a screening charge to go around an electron operator
is —1; around a quasihole, it is £i. In a similar manner to the steps that led to Eq. (B23), the diagonality of @ and
M simplifies matters and leads to Eq. (105). Correlation functions with both order and disorder operators, which
give us the off-diagonal elements and the difference between the diagonal elements of the overlap matrix, are a little
more complicated because @ is no longer diagonal. They are considered in detail in the next Appendix.

Appendix C: Correlation function of two order and two disorder operators in the Ising model

As explained in Section VIII we can take advantage of Eqs. (121), (122), (123), (124), (125), and (127) to represent
the correlation function of two order and two disorder operators in the Ising model in terms of the following Coulomb
gas correlator

(s ) p(nz, 12)o (03, 13)o (114, ) ) = (C1)

; Y- iy Y- S VE - ) -
/d2w < e—ﬁw(m)—m%w(m) 617380(772)—ﬁ80(772) ez@%(ns)-ﬂ@s&(ns) ez@%(m)-i—z%gcp(m) e—z‘é«p(w)—z%gp(w) > + coc.

Evaluating the correlation function results in the following expression, a particular case of Eq. (132),

oolw

_1r 3 L _1 _1 3
Cune, m) (2, M2)o(n3,M3)0 (N4, a) ) = (m3ma) * (M13714) ° (N23724) 5 (M23724) " % [ — M2~ * (13 — ma|?

< [ duwlw-m) @ m) (=m0 ml -l - m T e (€2)

Our goal is to calculate the integral over w and show that the result of integration indeed coincides with this correlation
function, as given, for example, in Ref. 87.

The first step of the calculation, as standard in practical calculations of four point correlation functions, is to use
global conformal invariance to assign specific values to three of the variables:

m=, 772207 3 = 00, 774:1 (03)

x remains arbitrary and is effectively the only free parameter the correlation function depends on. When taking the
limit 73 — oo, we multiply the correlation function Eq. (C2) by (773773)§ to ensure a finite result, since the conformal
dimension of the order and disorder operators is 1/16. Without loss of generality, we take x to be a real variable
(which can be analytically continued to the complex plane later if needed) satisfying

0<z<l (C4)
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FIG. 3: The integration contours in Eq. (C11).

This results in the following expression for the correlation function (we ignore the overall phase and replace x — 1
with 1 — & to simplify further calculations)

fi=(0-2) 2 (w2
fo = 1=2)fa ¥ (w=-a)”

as well as the following matrix

Then Eq. (C5) can be rewritten in the following compact way using matrix notation

/ Pw fQF. (C9)

We are now in a position to use the techniques developed by Mathur in Ref. 65 specifically to compute integrals of this
sort. In that paper, it was shown that an expression in the form of Eq. (C9) can be re-written in the form of Eq. (B15)
(these are, respectively, Eq. (2.4) and Eq. (2.19) of Ref. 65, where there is a slight typo in Mathur’s Eq. (2.19), in
that the index i — 1 there should actually be ¢ + 1). Hence, Eq. (C9) becomes

% [—f(l)Q(l C M) U 4 TOQ(1 = My) D — TPQ (1 — My) T I £ TAQ (1 — M) 1(2)} . (C10)

Here I(M) and I® are contour integrals defined according to
I :74 dw fo, 12 :74 dw fa. (C11)
|w|=z Jw|=1

The contours of integration are shown on Fig. 3. M;, My and M3 are the analytic continuation matrices of the
functions f, defined in the following way. Take the function f just above the real axis, analytically continue it over w
along a big circle centered at zero to the values just below the real axis. The new value f¢ is then given by

fe=Mf, 0<w<uz fo=Mf, x <w<]1; fo=Msf,z>1. (C12)
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In our case, these matrices are diagonal and can be calculated in a straightforward fashion, to give

M1:<i Q),M2:<_1 O),M3:<_i 0_). (C13)
0 2 0 -1 0 —

All that remains is to compute the integrals Eq. C11 and substitute into Eq. C10 to find the answer. The appropriate
integrals are computed by deforming the contours from |w| =z to 0 < w < z, and from |w| =1 to 1 < w < co. The
resulting integrals are then standard and can be expressed in terms of hypergeometric functions®!12. We find,

Il(l) = (1—&6)_%,@_%% dw(w—x)iw_%(w—l)_%
lw|=z

_ o t+i TG 4313
T (o IO F<4’4’2’ >
_ 1+ F(%)F(%)\/ﬁ 1-VI—z=F, e

_ i PETGE) (111
(-2 T3 F( 442 )
1-i  T(HT(3) 1 _
BT EERS TE 1+VI—z=FR, (C15)

12(1) = (1—:1:)%:1:*§f dw (w—a:)f%wi(w— 1)7%
|lw|=z

313 1
2 I (17175,:12) = _Il( ) = —Fl, (016)

= (L-a)ia s (1—e3?)/lmdw(w_x)iwi(w—1)i
e T T (3 L)
T (o) TG \012
1—i TGP (111 \_ o
- ((l—x)x)% F(%) E _Z,Z’§7x) _112 = Fo. (C17)

Employing vector notation, we can now write

0 = <Fl ) I <F0> , (C18)
) Fy

Substuting I, M and Q into Eq. (C10) we finally find

(e, m)p(n2, 12)o (3, M3)0 (N4, Ma) ) = % [FoFo — FLFy] . (C19)
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This is indeed the right answer for this correlation function. Not only does it match the expected form in Eqgs. (117),
(118), and (119), it also coincides with the explicit expression for this correlation function worked out in Ref. 87.

Appendix D: Screening in a two-dimensional two-component plasma

In this section, we examine the screening properties of a two-dimensional two-component plasma using field theo-
retical analysis (see, e.g. Ref. 113). The interaction energy of a number of electric charges g located in 2D is given
by

E:quqlln|zk—zl|. (D1)
k<l

Suppose we have a 2D plasma of a large but equal number of electric charges of magnitude ¢ and —¢q at temperature
T. The partition function of this plasma can be written as

— % 3 aquqInfzp—2
Z:/Hd%ke Tia (D2)
k

where q; are either q or —gq.
With the help of Eq. (A3), we observe that this same partition function can be rewritten as

7 /H o < [ cinetera > (D3)
k

l

while making the identification
T=yg. (D4)

This identification of T" with g is not particularly necessary. We could have multiplied all the electric charges by an
arbitrary factor, and simultaneously multiplied the temperature by the square root of this factor. This would keep
the partition function in Eq. (D3) exactly the same. However, T' = g is a convenient choice that we use in this paper.

The partition function of such a plasma is most easily computed in the grand canonical ensemble, using methods
developed originally in the context of the Kosterlitz-Thouless transition®?. For completeness, we present the derivation
here. The partition function in the grand canonical ensemble looks like

Z = Z Z %/H d* 2z, <eXP liZQI¢(Zl7gl)] >/\”. (D5)
n=1q=%q k=1 =1

Here ) is the fugacity, the parameter whose logarithm gives the chemical potential of the charges. We can now sum
over g, = +q and over n to find'*

[ D e e J #2(T8) 2 [ d*= cos(a)

‘ J D¢ e~ [ #=(V)?

(D6)

The behavior of this plasma depends crucially on whether A is a relevant or irrelevant perturbation. Since the
correlation function

, _ . _ 1
<ezq¢<z,z> e~ a9 (w®) > = —a (D7)
zZ—w|9

the dimension of this perturbation is

2

—9_ L
Av=2-o- (D8)

The perturbation is relevant if Ay > 0 or, equivalently, ¢ < y/4g. Otherwise, it is irrelevant.
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If the perturbation is irrelevant, then the plasma does not screen. If it is relevant, the plasma screens. In the latter
case, the correlation function of two electric operators is a constant if they are farther away from each other than the
correlation (screening) length ¢ of the plasma

/D¢ eiqlqﬁ(zl,il)eiqu)(zz,ig) e—ﬁ fd2z(v¢)2+2)\fd2z cos(qo) ~ Cg + ()(e—\zl—zﬂ/@g)7 (Dg)

where Cs is a constant independent of z; and z3. To see this, we simply observe that if A is a relevant perturbation,
typical values of ¢ are restricted to the minima of the cosine, and so ¢ fluctuates very little about this value.

And indeed, upon identifying g with the temperature of the plasma, we see that it is at high temperature that
the plasma screens. At low temperature, we expect that charges of opposite magnitude get combined into neutral
particles and the plasma stops screening.

Even more interesting is the behavior of the magnetic operators in the screened phase. Their correlator goes to
zero at large distances

/’D¢ Om, (217 51)(9777,2 (227 22) e ix S d?2(V)? 42X [ d*zcos(qd) ., O(e—|21—zz|/fz) ) (DlO)

This corresponds to the well known fact that magnetic charges are confined in the electrically-screening phase. To
see why this is so, recall that the operator O, (21,%1) creates a vortex in the field ¢, so that ¢ winds by 27 in
going around (z,Zz). Since, as was pointed out earlier, ¢ is restricted to the minima of the cosine in the screening
phase, two magnetic monopoles are necessarily connected by a string where ¢ has to rapidly change by 27 in the
direction perpendicular to it. The energy cost of such a configuration is proportional to the length of the string. The
confinement of magnetic charges is essentially a version of the Meissner effect

Appendix E: Debye Screening Length of General Plasmas

The considerations of the previous Appendix tell us whether or not a two-component plasma screens. When a
plasma does screen (either one or two component, or even more general plasmas with multiple types of Coulomb
interactions), we would like to know what its screening length is. Deep within the screening phase, we can use the
Debye-Hiickel theory!'® theory. We review this theory here, and generalize it to plasmas with multiple types of
Coulomb interactions. We consider the case where there are m different types of Coulomb interactions and S different
particle species. The jth species particles has density n; (77) and carries the kth type of Coulomb charge q§k). We
start with the Poisson equation

VI (7) = - ) (7) (E1)

for the kth electric potential ¢(®) (77) and charge density p®) (77). We take the convention in which the Coulomb
energy in D spatial dimensions between two point charges ¢; and go at 71 and 7 g, respectively, takes the form

—qiq2log |71 — T2 for D =2
¢ = : (E2)
= a for D >3
s
which corresponds to
1 f -
5 or D=2
€0 = . (E?))
r(2s2
4aD/T for D >3

Next, we assume that the system is in thermal equilibrium, so the particle densities are given by a Boltzmann
distribution with respect to the Coulomb energies

—> 1 - —>
n; (7) = n” exp [—T > qe® (7 >] : (E4)
k=1
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(0)

where n; " is the homogeneous density of the jth species of particles (far away from test particles).

Charge neutrality for the kth type of Coulomb charge can be obtained either by balancing charge among the
s (k) (0)
j=14 ;. =0

charge density (i (k) (7)) = — Zf 1 qj(k) (0)) In either case, charge neutrality allows us to write

l.e. pncutrahzlng
p B () = qu)[ (7) - 5_0)}7 (E5)

different species of particles to sum to zero (i.e. Y.’ ) or through a uniform neutralizing background

giving zero charge density where the potential vanishes.
Combining Egs. (E1), (E4), and (E5), we obtain the generalized Poisson-Boltzmann equation

V2™ ( qu {1 — exp l—— Z oW ( 1 } . (E6)

This differential equation for ¢(*) is obviously non-linear, but is approximately linear when /where the plasma is weakly

coupled (i.e. the Coulomb energies are small compared to the temperature) so that > ;" qjl)(b b (7") < T. In this
regime, we can expand the exponential

1< ¢ 1< ¢
exp | = > ¢\ p® (7))] ~1-5) ¢\ o0 (7) (E7)
1=1 1=1
to obtain the linear approximation of Eq. (E4)
V2" (F) ~ Y Aug (7) (E8)
=1
Ly NONONO
0) (k) (I
A = eO—TZ i 4G (E9)
j=
which generalizes the Debye-Hiickel equation. A is a symmetric, real, positive-definite matrix, so all of its eigenvalues
A (where a = 1,...,m) are positive. It is now straightforward to solve this differential equation by changing to a
basis in which A is diagonal, giving m independent diffusion equations
VIO (7) = X (7)), (E10)

where ¢(@) = >k S.xp®), for S the similarity transformation that diagonalizes A, i.e. SAS™' = diag[\i,..., Apn].
Requiring the potentials ¢(*) to go to zero at infinity, we know the solutions must generally have an exponentially

decaying behavior, with decay lengths ¢, = Aq 2 We define the longest decay length to be the Debye screening
length of the plasma

‘p —max{/\ 1/2} (E11)

We now consider several examples relevant to this paper:

1. The One-Component Plasma

For a one-component plasma, there is one species of particles with charge @@ and a neutralizing background, which
gives
n(0@Q?
EoT '

For the v = 1/M Laughlin states, the corresponding plasma is a two-dimensional one-component plasma with T' = ¢

and QQ = /2Mg. This gives

A:

(E12)

2

B
where n(0) = v/2nl% is the electron density of the quantum Hall fluid. Thus, the Debye screening length for a
Laughlin state is ¢; = £5//2.
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2. The Two-Component Plasma

For a two-component plasma, there are two species of particles with charge @ and —@Q, respectively, which gives

0)H2
A= % (E14)

For the p-wave superconductor, the corresponding plasma is a two-dimensional two-component plasma with T'= g
and @ = /3¢g. This gives

A = 1270 (E15)

where n(9) is the fermion density. Thus, the Debye screening length is ¢y = [127m(0)} 71/2.

3. The Moore-Read Pfaffian States’ Plasma

For the v = 1/M MR Pfaffian states, the corresponding two-dimensional plasma has temperature T' = g, two types
of Coulomb interactions, and two particle species: the first with charge Q) = /2Mg and Q® = /3y, the second
with charge —Q(®) = —,/3¢. There is also a neutralizing background for Coulomb charge of type 1. This gives

Ao 2@ QM) Q<1>Q<2; _ 12 /M (E16)
T QUWQR® 2(Q®) 0% | J6/M 6/M

where n(®) = v /2703 is the electron density of the quantum Hall fluid, which must also be the density of the screening
charges. The two eigenvalues of this A are Ay = (M +3EVM?2+ 9) /M{%. Thus, the Debye screening length is

M 1/2
0y = 5. E17
b (M+3—\/M2+9> B (E17)

For M =2 thisis {p ~ 1.2/p.

Appendix F: Conformal Blocks of n o fields and N ¢ fields: a basis of n quasihole wavefunctions in which
braiding properties are manifest

In this section, we compute the conformal blocks which correspond to n-quasihole (and N-electron) wavefunctions.
The 4-quasihole case was computed in Ref. 43; here we extend this result to arbitrary even n . From the discussion
above, it is clear that we only need these conformal blocks in the two-, four-, and six-quasihole cases. However, for
completeness, we compute them for arbitrary numbers of quasiholes. These wavefunctions have the nice property of
furnishing, through their explicit analytic continuation, representations of the n-quasihole braid groups.

The basic strategy is to use Refs. 116,117 to compute

<01020'102 ...0102¢1¢1...¢1> (Fl)

Here, we have two chiral Majorana fermions 1, 12 with their two spin fields o, 02. Since 07 and o9 are completely
independent, this is equal to the product of

<0’10’1 ...0'11/)11/)1...¢1> (F2)

and

<0’2...02> (F?))

The bosonization formulas derived in Refs. 116,117 allow us to compute all of the conformal blocks of Egs. (F1) and
(F3), thereby giving us the desired conformal blocks of Eq. (F2). According to Refs. 116,117, if we have two chiral
Majorana fermions, 11, ¥2, we can combine them into a single Dirac fermion which can be bosonized:

€' = 1 + ity (F4)
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so that 17 = cos . Bosonizing chiral spin fields is trickier. The individual spin fields do not have a simple expression,
but the product of two factors of o105 can be written in the form:

o1(m) oa(m) o1(n2)oa(nz) = e?P(m)/2 o=iv(n2)/2 1 o—iv(m)/2 Sip(n2)/2 (F5)

In a conformal block in which a given set of fields o105 - 0109 fuse to 1 -1 we take the + sign; if they fuse to ¥y - ¥,
we take the — sign.
Thus, we can compute the square of a conformal block of n ¢ fields by computing:
(oo .. .a>2 Z (_1)T-p<ei(fl)"1 (P1=92)/2 pi(=1)"2(p3—0a)/2 61‘(71)%/2(%717%)/2> (F6)

(p17p27~~~)pn/2) -
r,=0,1

We have employed the shorthand ¢, = ¢(1,) and (—1)"? = (—1)%3"3Pi. The subscript (py, py, . .. ,Py/2) on the
left-hand-side is used to specify the conformal block of this correlation function which we are computing: p, = 0,1
denotes that the (2i — 1) and 2i*" o fields fuse to I or 1, respectively. There is an overall parity constraint
>.pi = 0(mod2) for Eq. (F6), since there are no additional 1 field insertions in this correlation function. The two
values 7, = 0,1 correspond to whether we have used the first or second term on the right-hand-side of Eq. (F5) in
the bosonic correlation function on the right-hand-side of Eq. (F6) (which is equivalent to the usage of r; = 0,1 in
Section IX). Thus, we have

H. MN2i—1,25—1 M24,25

2 i< . r—7/2
e R INCS | i (F7)

1}7721‘—1,2]‘ r,=0,1 k<l

where

Nok—1.21 Mo —
P 2k—1,21 Tl21—1,2K (F8)

Nak—1,21—1 "2k, 21
This generalizes the formulas for the four-o conformal blocks in Ref. 87, which has only two terms in curly brackets.
Now consider the correlation function

<01020'102 ...0102¢1¢1...¢1> (Fg)

with N Majorana fermion fields 1)1 = cosp. We will initially consider the even N electron number case and briefly
mention the odd N case at the end of this section. This can be computed in the same way as above by choosing half
of the fermions to be €%, the other half to be e~ and then summing over all permutations, which gives the Pfaffian.
Hence, we obtain:

Bl

H N2i—1,25—1 T2i,25
1<g

P1sPg5---5P =
(Py:Pgses n/z) Hn2i71,2j
]

(01020102 ...0102¢191 ... 11)

- r,—7r/2 7
Z (_1) P H ‘TL,IZC i \I](1+T113+T27>~)(2*T11477“21"') (FlO)
r;=0,1 k<l

where

1 1
~ 1 — 7 —z:\27t — 7 —2:\2 72 ) )
U1, 34y, ) (2 dery,) = Pf{ (771 12 J) (773— mij) (R j)} (F11)

ZiT & \NM2— % T — % Na— Zi M3 — 25
Including the charge sector of the v = 1/M MR Pfaffian wavefunctions and dividing by (oo ... U>(pl pasepy ) WE
PareerDs, 1o

finally obtain:

1

H Noi—1,2j—1 M2i,25 \ - | } —1/2
v I S (_1)7‘»]) xkr,lcfrl 2
(P1:P2y Py /) 1}7721‘—1,23‘ Ti_ZOJ g ,
TP Ir—ri1/2 ﬁ _81W Z|77u‘2
X Z (=1) H%,z ‘I’(1+r1,3+r2,...)(2—r1,4—r2,...) Hmw e H (F12)

r.=0,1 k<l n<v

7
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where

1 2
_ s )iz JM >zl
\I](lJr’r’l,3+’I"2,...)(27T1,47’?2,...) = \I](lJr’r’l,3+’I"2,...)(277"1,477"2,...) X H (77 - Zl H - Z_] ’

1<j

(Mgr, =2)Magr, —2i) - —1qer,, —2i) Moy —25) Mgy, —25) - (M y, —25)+(5) P
- < 1 2 * zl’fzjl : ) ) H(ZZ - ZJ)M e ' (Fl?’)
i<

are electron wavefunctions with normalizations that do not explicitly contain the braiding statistics. This

equation expresses the 22! basis vectors \IJ(p v 1) with N even in terms of the 22~! basis vectors
12y /2

V(14r, 34r,,..)(2—r 4—ry,...)- Lhe basis vectors W14, 31, )2-r 4-r,,..) are intuitive and easy to write down (and
were, therefore, written down in Ref. 43). However, they are not orthonormal and their braiding properties are com-
plicated. Meanwhile, according to the result shown in this paper that Berry’s matrices are trivial in the conformal
block basis, the basis vectors ¥ (PP ) have simple braiding properties given by the branch cuts in their definition

Eq. (F12).

In order to compute wavefunctions for an odd number IV of electrons, we can compute the wavefunction for N — 1
electrons and n + 2 quasiholes as before, and then obtain the desired wavefunction by taking 1,41 — 7nt2 = 21,
dividing by the appropriate power of 7,41 — 7n42, and correcting the charge sector terms so that z; corresponds to
an electron coordinate:

eiP 2

- N —1 2
\I](pzw-npnp)(m’""77";21"'" )= H w = 1) H (=1 _Zz)M (ol
p=1 =2
x lim e (77+%) @ ( =z + = 21; ) (F14)
€50 (;D17 Ppyal) My sMnyMnt1 = 21 T € Nn42 = 21522, .-, ZN

The p;s which index the odd N electron number wavefunction on the left-hand-side satisfy the parity constraint
S = 1(mod?2).

Note added As we were completing this manuscript, we learned that the conformal blocks and associated electron
wavefunctions computed in this Appendix were obtained recently by a slightly different method by E. Ardonne and
G. Sierral!®,

Appendix G: Incomplete Direct Approach to Plasma Analogy for n Quasiparticles

In this section, we present a more direct approach to constructing the plasma analogy for n quasiparticle wave-
functions. Unfortunately, the argument is incomplete, but presenting the argument serves to clarify the obstacle in
proceeding in this manner, and why we needed to use the methods involving disorder operators.

We consider the conformal blocks with n o operators (which correspond to n fundamental quasiholes). There are
2% ~1 such conformal blocks, which we denote by:

Folnu; zi) = (a(m)amz) ... o(mn-1)a(mn)(21) ... P(2n)), (G1)

where o = (7r1, ces ,7rn/2), for m; = 0,1 with the overall constraint m,, /o = 0 for N even and m,,, = 1 for N odd. We
can represent these in the following way (defining w9 = 0):

n/2
Frrsemnya) (s 7i) = <H Vor ™7 gy 1)V (7723‘)‘/},210(21)‘/3010(22)-~V},21O(ZN—1)V},010(ZN)> (G2)

n/2
duN_1 % duN
C

= Hf dwjf dul% d’U/Q% dim% duy . . %
Cinoa N_1

n/2
<H Vi (naj—1 et mim)e o R0 (g, yeimse - olwsen)
j=1

x Vgl (z)ete-dl)eta—d(ual Vi (zy) V301°(2N—1)ei“*¢(“N*1)ei“*¢(“N)‘/e,(i0(ZN)> (G3)

n/2

H% dwjy{ dulf duz]{ dw]{ duy . . ]{ duzv_lf AUN firy,.omp ) (Wai wis s 2:) (G4)
C. C

N-—-1 ZN-—-1
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where C;, is the contour at radius |z| centered on the origin, r; = N2j—1-m;_;, and we have defined

n/2
frrviimnys) = <H Vol (1121 )€/t =)= 0Ll Y0 (g eimo - o (i)
=1

X VAP (za)eie= o) gl V0 () LV (zy g el 0 o=yl ) ) (G5)

There are N screening operators with coordinate u; for the ¢ fields and n/2 screening operators with coordinates wj,
for the o fields, and the conformal blocks are determined by the placement of the w, ¢ screening charge contours.
Specifically, m; = 0, 1 indicates that the contour for w; is at radius |772j,1,7r].71 ‘ Strictly speaking, f, does not encode
the fusion channel without the knowledge of these contours, but we will nonetheless use the subscript label to remind
us of the contour placements.

We want to compute the overlap

N
Ga,p (77#777&) = / H d2zkﬁa(ﬁu§éi)—7:ﬁ(nmzi)
k_
n/2

=1
N
:/Hd?zk]—[?{ dwjf dw;f du’lf du;f duéj{ dug...j{
k=1 j=17Cr; v Cx Cx Cg Cg c
Xf dﬂlf dﬁg% dﬂg% dﬂ4%
C., C., C.y C.y c

n/2

= Hj{c dwj]{c dw}ra,ﬁ (Was Wey Tpas M) (G7)
j=17¢r; "

du'y_, 7{) du'y

ZN-—1 ZN -1

dﬂNflf dun fo (Wa; Uis M %) fa (Whsuh;ne; zi) (G6)
c

ZN—1 ZN-—-1

!/ _ / /
where 1 = N2j—1-n!_, corresponds to 3 = (7}, ... ,wn/2), and

N
Fa,ﬁ (’waaw;;ﬁuunu) = /Hd22kf dullf dulg% dué]{ duﬁl%
Pt c., ., Cay -y c
X% d’ﬁl% d’agf d’agf d’ﬁ4f
Cx Czy Ciy Coy C

Now let us see if we can convert the pairs of u}, @; contour integrals into d?u; integrals. If we can do so, then we
can deduce the properties of I'y g and G g via plasma analogy. We follow Mathur’s steps, starting from the integral

duﬁv_l% du'y

ZN -1 Cany

dﬂN—l% dun fo (Wa; U3 Ty Zi) f5 (Wl wlsn; 2i) . (G8)
c

ZN-—1 ZN -1

/d2m.../d2wfa (0j5 Uis s i) fo (W) wi; 15 2) - (G9)

In this case, we are not considering screening operators of non-Abelian fields, and thus monodromies will not take one
to a different conformal block, so we do not need the bilinear form notation. Also, we are not restricting our attention
to diagonal components, so the plasma potential will not be monodromy invariant (i.e. not single-valued), but this is
not necessarily a problem as long as we keep track of monodromies. We will show that this expression decomposes
into

/d2u1-../d2u]vfa (Was Wi3 T Zi) f3 (o s M 2i)
= (contours all at radii |2;|) + (at least one contour at radius|n,|) + J-terms at branch cuts. (G10)

The terms with the contours all at the radii |z;| are equal to 'y g (W), Wa; My, 7,) (up to some constant). This is
because the contributions to this term from integrals with contours on the wrong z; will vanish, leaving only I', g.
This is known from Ref. 64, since contours in the unallowed configurations give rise to overall multiplicative terms

with canceling phases. The terms with at least one contour at 77, will vanish after taking the H;Z 21 o dw; fc dw}
T r;

contour integrations, because this results in unallowed configurations of screening contours (i.e. too many screening
charges on the V2; operators). Most of the J-terms will cancel each other, just as in Mathur’s construction, except
for the ones on either side of a branch cut. The branch cuts occur when w, # w/. (We note that wy and w} can
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actually be treated the same as the wu; screening charges, since its contour placement is uniquely specified). We want
to show that, in the end, the J-terms vanish or cancel, at least after performing the dw!, and dw, integrations.
If we could make the J-terms vanish, then Eq. (G7) would become

n/2
G ) = [T s - twl oy (@t (G1)
7=17C Cr
where one can now apply the plasma analogy to
N N }
Lop (Wa, Wos Ty M) = / H & 2 d®up fo (003 Wi5 s 26) [ (W) ws; s 2:) = / H &z dPure” T =" (G12)
k=1 k=1

Here, T = g and ® describes the two-dimensional Coulomb interaction between N charge Q = \/3g particles at z;, N
charge —@ particles at u;, n charge /2 particles at 7,, 5 particles with electric charge —Q/2 and magnetic charge
—Q/2g at w;,, and § particles with electric charge —()/2 and magnetic charge Q/2g at w,. Hence, F' is the free
energy of a classical two-dimensional two-component plasma at temperature T' of N charge ) particles and N charge
—Q particles, with n charge /2 test particles at 7, & test particles with electric charge —@Q/2 and magnetic charge
—Q/2g at w), and § test particles with electric charge —()/2 and magnetic charge /29 at w,. By confinement of
magnetic charge in a screening plasma, we know that Eq. (G12) will vanish unless w, = w/,, which shows that the
result is proportional to 0.3, as desired, since a # (3 requires w, # w;, for at least one a.

We now proceed by seeing what happens for a single u screening charge. We partition the plane into a number of
annular regions D; such that the positions of the other coordinates where there are potentially singularities or branch
cuts are left outside of D;. Leaving the other coordinates implicit, we have for a region D

2ufa (a _! i fo () f5 (u
| udat@ ot =5 [ duda @) f ) (G13)
where
fa(u) = /P du' fz (u'). (G14)
We define
Pl — ~
IS, = /P dif () f (1) (G15)
”
IBC :/P dufg (u) (G16)

for C' a contour running from P to P’. Now taking the same steps as Mathur, we get
o i _ _
/D d*uf. (@) fs (u) = 3 I+ IS IS + ISy — 1215 — I3 — T3 (G17)

M, — My
(1= M) (1= Mg)

[Jfé — B+ I = I = (1= Ma) T IS — (1= M) ISRIGR + 12157 |(G18)

i

2

where we used Igl + Igl - IBC2 — IgQ =0 and Igl = MQIEQ, and now M, and Mg are not equal for the regions D;

between w,,1 to w’, i.e. from radius |ny;| — € to |n2;41| — €) when m; # 7, but are otherwise equal. This is not a

J+ 7+1 J 7+ J J

problem, because (as previously mentioned) this only gives us an extra term with a contour at 72; and one at 7241,
but these give a vanishing result when one evaluates the dw; 1 and dw’, ; contour integrals.

The J-terms are however a more difficult problem. We know that these will cancel as long as w; = w’, since then

p g J VR

Jo% = J(fé and Jo%l from region D is equal to Jgg from region D ;. However, when w; # w?, there is a branch cut

running between w;; and w},; and the J-term on the two sides of the cut do not cancel each other. Thus, we are
stuck with a J-term integrated around these branch cuts, and no obvious way to cancel them out.

Appendix H: Explicit Examples of Orthogonality for Unmatched Quasiparticles

In this appendix, we provide the derivation of the overlap Eq. (182) for wavefunctions describing the v = 1 filled
Landau level with n holes and of the overlap Eq. (183) for wavefunctions describing an arbitrary quantum Hall state
(that has a plasma analogy) with one Laughlin-type quasihole.
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1. v =1 Integer Quantum Hall State

We first consider the v = 1 filled Landau level state, which can be solved exactly. The wavefunction for one filled
Landau level of N electrons with n holes is

Wy (=) = [T =) [0 — 20 [ (i =y e 20 (H1)

p<v ) i<j

Taking the inner product of two such wavefunctions with holes not necessarily at the same positions, one finds

G (77;“77“ /Hd Zk\III (77#721) \Ill (n;uzz)

/Hdzzk H i) (n;b . 771/})] H [(ﬁ# — %) (77; _ Zz)] H 2 — Zj|2 e_%g(\ml +[ml,| )_%;Izl-l

n<v 0 1<j
- Z (_1)WHe—%(\nwm\2+\77L|2—277ﬂwn;)
TESH o
=C12m)" Y (D[ ter ey — 1)) » (H2)
TESH o

where C} is the (unspecified) normalization constant. For this, we note that one can think of wavefunction with N
electrons and n holes as one filled Landau level of N + n particles, which is a Slater determinant state. Thus, the
integral over the N electron coordinates z; gives the 2n-point particle correlation function, which factorizes into a
product of 2-point functions summed over permutations, as per Wick’s theorem. Finally, we used the fact that the

(normalized) 2-point function!!®
e ) g (o (13)
is the lowest Landau level projection of the delta-function, in the sense that
[ St = ) 1 (e I gy e 1T (H4)
for any holomorphic function f(z). We also note that
i (121212 —222") _ —%1z—2'1? 4 (52'—22") _ ,—}le—= \zeiélm[iz’L (H5)

so the 2-point function has Gaussian decay with the distance between z and z’. Hence, we find that
191 O 2)|I° = 1+ O (e Pemmel/a6s) (F6)

This is a somewhat stronger result than given by the plasma analogy, which nominally involves O(e~lm—"w1/f)
corrections.
One could also arrive at the result of Eq. (H2) by noting that

-3 2 |zl
L (7u,m,) = /Hd2zkH —zl)} 1_[|zZ - zj|2 e (HT)
i<j
is holomorphic in 77;“ antiholomorphic in 7, and
C (i0sm) = T (s s ) =T (1) =T (1) (H8)

for any m € S,. By the plasma analogy, we know that G (7j,,7n,) = C1 + O (e"”“*mwl) and thus can uniquely
obtain the result of Eq. (182), i.e. that

—+ S (Il ")

G unl) = [ [ —7) (n,— )] e (D))
L () = Co [ [ =) (=) D (= Hez"ww (H9)
p<v TES,

where (7 can now be identified as the undetermined constant from the plasma analogy, by using only the plasma
analogy and the analytic properties of T'.
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2. Laughlin-type Quasihole

For the v = 1/M Laughlin states, Laughlin demonstrated such an orthogonality for the single quasihole wavefunction
using the plasma analogy and analyticity2?. Specifically, he showed that

Gl = [ [[aty me)v, ofiz)
k

- — iz (Il ") =3 = |z
=/HdzzkH[(n—Zi)(ﬁ/—Zz')]H|Zz'—Zj #Me il )+
k i i<j
= Cye~mr (I +In'P=2an') (H10)
2
where C = H\Ijﬁ (m; 2;) ’ . For this, he noted that, except for the Gaussian factors exp (—ﬁ |77|2 — o7 |77/|2), the
inner product is holomorphic in 1’ and antiholomorphic in 7, and the plasma analogy indicates that G(7,n) = C;.
These properties uniquely determine the result of the inner product. One similarly has that

1
2 M

emaw (It P =2m0') _ g2 (g (H11)

is a projection of the delta-function into a lowest Landau level with a re-scaled magnetic length of ZSBM) =V Mg, ie.

/ &2y 820, (=) f () e a1 = f () ez ' (H12)

for any holomorphic function f(n).
The same argument applies to wavefunctions with one Laughlin-type quasihole for any state with a plasma analogy
(e.g. the I5 excitation in the MR state). Specifically, one has

G ) = [ T[daty, mz) v, o =)
k
B /Hd2zk [T —z2) (0 == e (WP +1oT°) ‘\Pﬁ (2)
k [

— Oy e~ aw (Il +n'PP=2an") (H13)

2

where W1 (z;) is the ground-state wavefunction and ¥ 1 (n; z;) the wavefunction with one Laughlin-type quasihole
at 7.

It is difficult to generalize these methods of obtaining explicit overlap results that go beyond the qualitative behavior
obtained in Section X for cases that involve multiple Laughlin-type quasiparticles or different types of quasiparticles.
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More generally, in the standard basis, one should label every fusion channel, i.e. also have a label for the collective topological
charge of the 1°° through (2§ + 1) fields. However, for the Ising o fields, these fusion label are always equal to o as a
consequence of the simple fusion algebra, so we do not bother to label them.

For example, tensor product (fusion) of two adjoint representations of SU(3) give 8 ® 8 =27 ® 10 ® 10 ® 8 ¢ 8 ® 1, which
therefore has N5 = 2.

In fact, these are the only modular non-Abelian anyon models with 3 topological charge types.

We note that when the topological S-matrix, Se = (3, d7) ~1/2 > Ngbdce@—g)b, is unitary, the theory is called “modular”
and obeys the relation Ng, = Y= SazSt2Ses /S0



