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Abstract

Andreev reflection at the interface between a half-metallic ferromagnet and a spin-singlet su-
perconductor is possible only if it is accompanied by a spin flip. Here we calculate the Andreev
reflection amplitudes for the case that the spin flip originates from a spatially non-uniform magneti-
zation direction in the half metal. We calculate both the microscopic Andreev reflection amplitude
for a single reflection event and an effective Andreev reflection amplitude describing the effect
of multiple Andreev reflections in a ballistic thin film geometry. It is shown that the angle and
energy dependence of the Andreev reflection amplitude strongly depends on the orientation of the
gradient of the magnetization with respect to the interface. We calculate the resulting effects on
the subgap conductance as well as Josephson current for a few exemplary cases. Establishing a
connection between the scattering approach employed here and earlier work that employs the qua-
siclassical formalism, we connect the symmetry properties of the Andreev reflection amplitudes to

the symmetry properties of the anomalous Green function in the half metal.

PACS numbers: 74.45.+¢,74.78.Na,75.70.Cn



I. INTRODUCTION

Superconductors extend their order into adjacent normal-metals via the mechanism of
Andreev reflection:' An electron incident on the superconductor-normal-metal interface is
phase-coherently reflected as a hole, and vice versa.? Half-metallic ferromagnets (half metals)
are normal metals that support quasiparticle excitations of only one spin orientation. If
superconducting correlations are to extend from a spin-singlet superconductor into a half-
metallic ferromagnet, the azimuthal spin-rotation symmetry around the magnetization axis
needs to be broken near the superconductor—half-metal interface, so that electrons can be
Andreev reflected into holes in the same spin band.

In standard ferromagnets (which have majority as well as minority carriers), such a combi-
nation of spin-flip and Andreev reflection was shown theoretically® ® and experimentally” °
to lead to a superconductor proximity effect with a range comparable to that in normal

metals. In the literature, magnetic domain walls,> ®!*1 helical structures intrinsic to the

ferromagnetic material,'* 7 artificially structured multilayers with noncollinear magnetiza-

18-22 3

tion directions in different layers, and a precessing magnetization direction?® were ad-
dressed as possible microscopic origins of the broken spin-rotation symmetry. Although the
possibility of spin-flip Andreev reflection (with similar origins) also exists for half-metal—

2024729 and a sizeable Josephson current has been observed in

superconductor interfaces,
junctions involving a half-metallic ferromagnet,3*3! the Andreev reflection mechanism at
half-metal-superconductor interfaces was found to be more delicate than in the case of
standard ferromagnets.?

The underlying reason for the differences between a ferromagnet—superconductor (FS)
interface and a half-metal-superconductor (HS) interface is that, if no orbital symmetries
are broken, the latter admits a description in terms of an effective 2 x 2 scattering matrix,
whereas the former requires at least a 4 x4 scattering matrix, to account for the spin degree of
freedom. Mathematical constraints on 2 x 2 matrices following from current conservation and
particle-hole symmetry then force the Andreev reflection amplitude 7,(¢) of an HS junction
to be generically zero at the Fermi level £ = 0, whereas there is no such strong restriction
on the Andreev reflection amplitudes for an FS junction. As shown in Ref. 29, the fact that

The(0) = 0 for an HS junction has little consequences for the strength of the proximity effect

at distances below the superconducting coherence length &g, but leads to a suppression of the



proximity effect at larger distances in comparison to a normal-metal-superconductor (NS)
junction.?® For example, the zero-temperature critical current in a ballistic SHS junction of
length L > &g is a factor ~ (L/&g)? smaller than in an otherwise comparable SFS junction.?”
(The experiments of Refs. 30,31, which observe a sizeable Josephson effect in SHS junctions,
have L ~ &g, so that they need not be affected by this effect.)

If orbital symmetries are broken, the mathematical constraints leading to the condition
The(€) = 0 at € = 0 are no longer operative. Examples of broken orbital symmetries that
allow for a finite Andreev reflection amplitude m,.(g) at € = 0 are a magnetization gradient
parallel to the interface, spin-orbit coupling in the superconductor, unconventional symmetry
of the superconducting order parameter — which all break inversion symmetry with respect
to the interface normal —, or impurity scattering. Andreev reflection in the presence of a
magnetization gradient parallel to the interface, which is relevant for a domain wall in the
half metal, was previously considered by us in Ref. 32 in the limiting case of a half metal
with infinite wavefunction decay rate x| of the minority carriers. This situation will be
analyzed in more detail here. We lift simplifying assumptions of Ref. 32, and compare the
generalized result to the case when the magnetization varies perpendicular to the interface,
where no orbital symmetry is broken. Andreev reflection at interfaces between a half metal
and a superconductor with unconventional pairing was considered by Linder et al. in Ref.
33. The other two scenarios for breaking orbital symmetries will be analyzed elsewhere.34-35

The scenario of a magnetization gradient parallel to the HS interface is particularly rele-
vant for a lateral superconductor—half-metal contact, for which the superconducting contact
is deposited on top of a half-metallic film. The experiments of Refs. 30,31 were performed
in such a lateral geometry. A lateral contact, with a domain wall in the half metal under
the contact area, is shown schematically in Fig. 1. For a phase-coherent lateral contact,
it is convenient to define an “effective” Andreev reflection amplitude 7¢T that represents
the effect of multiple Andreev reflections at the HS interface for a quasiparticle moving in
the thin half-metallic film, incident on a domain wall (or any other region with non-uniform
magnetization) from a region with uniform magnetization, see Fig. 1c. (The standard defini-
tion of the Andreev reflection amplitude 7}, is for single incidence of a quasiparticle onto the
superconductor interface. This is the situation shown in Fig. 1b.) Because one is interested
in currents flowing parallel to the interface in a lateral contact (see Fig. 1¢), it is the effective

amplitude ¢, not ry,,, which occurs in a calculation of, e.g., the subgap conductance or the
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FIG. 1: (Color online) (a) Lateral contact between a thin half-metallic film (H) and a supercon-
ductor (S). Andreev reflection at the HS interface is possible at those interface positions where the
magnetization direction (indicated by thin black arrows) is not uniform, such as a domain wall.
The situation shown in the figure is generic, since domain walls at the HS interface are bound to
occur if the HS contact is larger than the domain size in the half-metallic film. In this geometry,
there are two possible ways to define the Andreev reflection amplitude: The amplitude 7y, for a
single Andreev reflection (thick red arrows), appropriate for the interface between a semi-infinite
half metal and a superconductor (b), and the effective amplitude rﬁfg representing the combined
effect of multiple Andreev reflections in the same region of non-uniform magnetization for quasi-
particles moving in the half metallic film (c). In parts (b) and (c), the black arrows in the top
panel show the spatial variation of the magnetization direction, whereas red arrows in the bottom
panel show an example of a trajectory for an incoming electron (solid) and an Andreev reflected

hole (dashed).

Josephson current.3?

In this article, we calculate both the microscopic Andreev reflection amplitudes . and
the effective amplitude 7. We consider an HS interface with a low normal-state transmis-
sion probability, caused by the presence of a tunnel barrier or by the mismatch of Fermi

velocities on both sides of the junction. We do not consider the effect of impurity scattering.



For the calculation of 7y, this is not a serious shortcoming as Andreev reflection is local, and
only impurities in the immediate vicinity of the interface would play a role (up to distances
of the order of a Fermi wavelength). For the effective Andreev reflection amplitude r{ in
the thin-film geometry, the omission of impurity scattering limits the applicability of our
results to situations in which the mean free path is larger than the domain wall size l4 (or
even the contact size, if the region of non-uniform magnetization extends along the entire
lateral contact). In addition to the scenario of a magnetization gradient parallel to the HS
interface, we also consider the case that the magnetization gradient is perpendicular to the
HS surface as is relevant, e.g., if the half metal has different boundary and bulk anisotropies.

The calculation of the microscopic, single-reflection amplitude 7, will be presented first.
Hereto, we first review the restrictions of symmetry on Andreev reflection at a HS interface
in Sec. II. We then introduce the Hamiltonian and the wavefunctions for the case of a
uniform magnetization in Sec. III. The calculation of the Andreev reflection amplitudes in
the presence of a non-uniform magnetization then takes place in Sec. IV. The calculation of
the effective Andreev reflection amplitude r{ for a superconductor placed on top of a thin
half-metallic film is then presented in Sec. V. In Secs. IV and V we also discuss applications
of our results to the subgap conductance of an HS junction and the Josephson current in an
SHS junction. Finally, in Sec. VI, we discuss the relation of the scattering approach used in
this article and the Green function approach used in most of the literature. In particular,
we consider the anomalous Green function and its frequency dependence. We conclude in
Sec. VII. The appendix contains certain details of the calculations not presented in the main

text.

II. CONSTRAINTS IMPOSED BY UNITARITY AND PARTICLE-HOLE DE-
GENERACY

Although the considerations of this section are completely general, for definiteness we
choose coordinates such that the half-metal-superconductor interface is the plane z = 0. In
this section and in the following two sections, the half metal occupies the half space z < 0,
and the superconductor, which is taken to be of s-wave, spin-singlet type, occupies the half
space z > 0. This setup is shown schematically in Fig. 2.

Quasiparticles in the half metal are labeled by their wavevector k| = ke, + kye, parallel



FIG. 2: (Color online) Illustration of the scattering setup. Coordinates are chosen, such that
the half-metal-superconductor interface is the plane z = 0. Electron-like quasiparticles incident
on the HS interface are either reflected as an electron (normal reflection), or as a hole (Andreev
reflection). At a translationally invariant interface, the projection k| of the wavevector on the

interface is conserved upon reflection.

to the HS interface (e, and e, are unit vectors in the = and y directions, respectively) and by
their excitation energy €. We assume periodic boundary conditions in the x and y directions,
so that the wavevectors k| are discrete.

At excitation energies ¢ below the superconducting gap A, quasiparticles incident on
the half-metal-superconductor interface from the half-metallic side will be reflected back
into the half metal. This reflection can be either normal reflection or Andreev reflection,
for which electron-like quasiparticles are reflected as holes and vice versa. The reflection
process is described by a scattering matrix S(k|, ky; €), which takes the form

rce(kﬁ, kj;e) roh(kﬁ, kj;e)

S(k|, ky;¢) = : (1)

The(kh’ k”; 6) Thh(kha k”; 8)

where the subscripts e and h refer to electron-like and hole-like states. The scattering
amplitudes r., and r,. describe Andreev reflection processes.
The scattering matrix & (kh, k|;€) satisfies two constraints: Unitarity and particle-hole

symmetry. The latter condition reads

, 01 , (o1

The combination of unitarity and particle-hole degeneracy severely restricts the form of the



scattering matrix if there is translation invariance along the interface, which implies

S(kﬁ ) k||7 6) = S(kH? 8)51(1',1(” : (3)

Combination of Egs. (2) and (3) gives

Tee (K|, €) = Tan(—kj, —€)",

Teh(k”,{f) = The(—k”, —E)*. (4)

If the scattering problem is also invariant for a 7 rotation around the interface normal, so
that
S(kil,k”;&?) = S(—kﬁ, —k||;€), (5)

one finds, upon combining all symmetry properties,
Teo(k”; O)Teh(k”; 0) = 0 (6)

for the scattering matrix at the Fermi level ¢ = 0. Since r., # 0, except for a special choice

of parameters, this implies that generically one must have?”
Toh(k”; 0) = 0. (7)

These very general considerations pose a severe restriction on the magnitude and the
spatial extension of the proximity effect in half metals that is absent in ferromagnet—
superconductor junctions with otherwise comparable characteristics. A nonzero Andreev
reflection amplitude for a half-metal-superconductor junction can be obtained only by fine-
tuning device parameters such that the normal reflection amplitude becomes zero, or by
invoking processes that break the symmetries leading to Eq. (7). The former scenario was
discussed in Ref. 29 and will not be addressed here. Examples of symmetry-breaking pro-
cesses that result in a nonzero Andreev reflection amplitude are: lifting of particle-hole
degeneracy by a finite excitation energy £,293% breaking of the rotation symmetry around
the interface normal,®® breaking of the translation symmetry along the interface, or the
breaking of phase coherence.3” A domain wall for which the magnetization direction varies
in a direction parallel to the interface is an example of a perturbation that breaks the rota-
tion symmetry.3? However, a thin interface layer of different magnetic orientation than the

interior of the half metal (which is a model of a “spin-active interface”?*2"38) does not lift



the constraints leading to Eq. (7).2% The role of variations in the magnetization direction
will be considered in more detail in Sec. IV below.

A finite excitation energy e lifts the particle-hole degeneracy, and the Andreev reflection
amplitude 7., becomes nonzero. If no other symmetries are broken, the order of magnitude

of the Andreev reflection amplitudes at finite £ can be estimated as

ran(e)] ~ ——° sl ®)

min(A/7, E¢
where E is the Thouless energy of the interface layer where the singlet-triplet conversion
takes place, 7 is the transparency of the superconductor interface, A the superconducting
gap, and re,, ps the Andreev reflection amplitude of a ferromagnet—superconductor amplitude
of otherwise comparable characteristics. The first energy scale in the denominator comes
about because electrons and holes scattering off a normal-metal-superconductor interface
of transparency 7 at finite excitation energy ¢ experience an additional phase difference
~ +e7/A, which lifts the electron-hole degeneracy.® The second energy scale in the denom-
inator appears from phase differences acquired in the interface layer. The typical thickness
of this interface layer is of the order of minority decay length &, which implies that E¢ is
of the order of the Fermi energy. For tunneling interfaces one always has |ren ()] < |ren, rs|
and we conclude that the breaking of electron hole symmetry by finite excitation energies
is not an efficient route towards sizeable Andreev reflection in that case. The suppression
of Andreev reflection in half-metal-superconductor junctions (as compared to ferromagnet—
superconductor junctions) is absent only for transparent interfaces and excitation energies
of order A.

The e-dependence of 1, not only determines the conductance through the half-metal—

superconductor interface at finite bias,?:36

it also sets the scale for the Josephson effect
in a superconductor-half-metal-superconductor junction.*®# If the Thouless energy E; of
a Josephson junction of length L is large in comparison to A (“short junction limit”), the
Josephson current [ is carried by quasiparticle states with energies up to A. In this limit, the
symmetry considerations that suppressed Andreev reflection at € = 0 do not affect the order
of magnitude of I, and one concludes that otherwise comparable superconductor-half-metal—
superconductor and superconductor—ferromagnet—superconductor junctions have compara-

ble Josephson currents.?’ If, however, F; < A (“long junction limit”), only quasiparticle

states with energy below Ej contribute to I, so that [ is significantly suppressed com-



pared to the Josephson current in comparable superconductor—ferromagnet—superconductor
junctions.

In the remainder of this article, we present explicit model calculations of the Andreev
reflection amplitudes for the case that singlet-triplet conversion is mediated by a spatially

non-uniform magnetization in the half metal, as it appears, e.g., in a domain wall.

III. HAMILTONIAN AND SCATTERING STATES

A. Bogoliubov-de Gennes Hamiltonian

Quasiparticle excitations near the HS interface are described by the Bogoliubov-de Gennes

equation*?
H iAe?o
HY(r) =eVU(r), H= , . ’ ; (9)
—iAe_Zd)O'Q —-H*
where the four-component spinor
U(r) = (uy(r), uy(r), vi(r), v (r)" (10)

consists of wavefunctions u,(r) for the electron and v,(r) for the hole degrees of freedom.
The superconducting order parameter A(r)e® is nonzero only in the superconductor. We
will take A(r) = AO(z), where O(z) = 1if z > 0 and 0 otherwise. This step function model
is appropriate for tunneling interfaces of s-wave superconductors.?

For the single-particle Hamiltonian, we take the simplest model that contains the essential

features of the half-metal-superconductor interface,
H = h2V—V Zﬂo ) + hwd(2),
(11)

where

my if z <0,
m(z)=4 " (12)
mg if z > 0,

with myg and mg being the effective masses for the half metal and the superconductor,
respectively,
e if 2 <0,

o (2) = ' (13)
pus if 2 >0,



with ¢ =T, | and the potentials ppy, pmy, and pg representing the combined effect of the
chemical potential and band offsets for the majority and minority electrons in the half metal
and for the superconductor, respectively, and where w sets the strength of a delta-function

potential barrier at the interface. The operators

A 1 1 . .
PT:§—|—§m(r)-0', P =

m(r)- & (14)

project onto the majority and minority components, respectively, where m(r) is a unit vector
pointing along the magnetization direction in the half metal.

The potentials puy, pn), and pg are chosen such that pmy, ps > 0, and pp; < 0. As a
result, majority states in the half metal and in the normal state of the superconductor are

propagating states, with Fermi wavenumbers

1 1
ky = 7V 2mypny, ks = 7V 2mgps, (15)

respectively. The corresponding Fermi velocities are vy = hk;/my and vs = hks/msg, respec-

tively. Minority states in the half metal are evanescent with wavefunction decay rate

1
i = 7o/ 2 o |- (16)

(The wavefunction decay rate x| is the inverse of the wavefunction decay length £ used in
the previous section.) The strength w of the d-function potential is chosen such that the
transmission probability of the interface is much smaller than unity. It is in this limit only,
that the step-function model for the superconducting order parameter A used in Eq. (9) is

valid.*> We use the Andreev approximation A < ug throughout our calculation.

B. Scattering states for A =0

In order to introduce the relevant notation, we first consider solutions of the Bogoliubov-
de Gennes equation (9) in the normal state (i.e., with A = 0), for a spatially uniform
magnetization direction m = e, and at ¢ = 0. In this case, solutions of the Bogoliubov-de

Gennes equation (9) can be written as a product

U(r) = eik”'r\Ika (2), (17)

10



where k| = ke, + kye,. For z <0, the spinor wavefunction \Ika has the general form

CoTeik)TzZ + CgTe—ik)TzZ

1 0
\Ika(Z) = " "
\/m chTe_’ 127 4 CLTGZ 2%
0
0
1 Celeﬁlzz
+ )
VUlz 0
Chlelilzz
where
ke =k = K2 ke = /6] + Ky
and

Vyz = hsz/mH, V= h/{lz/mH.
In the superconductor, for z > 0, the general form of the spinor wavefunction is
dCTe—iksZz + dgTeik‘sZZ
1 dele_ikszz + d/Oleikszz

Uy, (2) =
I . . )
(S thezkszz + d£T6_ZkSZZ

dhleikszz _I_ dille—ikszz

where

kSz = 1/]6% — ‘k|‘|2, Vs, — h,]{?sZ/ms.

The amplitudes appearing in the above equations are related as

Cht rt 0 0 Cet
dgy | |t 00 dey
Cht oo Ch1 ’
bt 00 t*r* duy
Ce| ty 0

al’el B ri 0 de)

Chy 0 dy, |

bl 0 rf

11

(18)

(22)

(23)



with

" 2\/UTZUSZ

2iw + vy, + vs,

r o= —1+4+t\/v,/vss,
= —1+4+t\/vs. /12,
7’1 = _1+tl\/USz/Ulza

2\/UleSz (24)

2iw + v, + Vs,

The amplitudes r, v/, and ¢ are majority electron reflection and transmission amplitudes of
the half-metal-superconductor interface (with the superconductor in the normal state); the
amplitude ri is the minority electron reflection amplitude. The coefficient ¢;, parameterizes
the evanescent wave amplitude for minority electrons in the half metal. (There is no trans-
mission amplitude for minority electrons.) In terms of these amplitudes, the assumption of

a tunneling interface translates to |¢], |t < 1.

C. Scattering states for uniform magnetization

We now use the notation established in the previous subsection to construct retarded and
advanced scattering states for the half-metal-superconductor interface at finite excitation
energy €. The scattering states will be used for the perturbation-theory calculation of the
Andreev reflection amplitudes for a non-uniform magnetization in the next section.

As before, we consider a spatially uniform magnetization direction m = e3. For each
wavevector kj, there is an electron-like and a hole-like scattering state, which we label
|k, e)® and |k, h)® for the retarded states and |k, e)* and |kj, h)* for the advanced states.
A retarded scattering state is called “electron-like” or “hole-like” if the incoming part is
electron-like or hole-like, respectively, whereas one considers the outgoing part of the wave-
function for an advanced scattering state. In general, the outgoing part of a retarded scat-
tering state will be of mixed electron/hole type, as well as the incoming part of an advanced
scattering state. For the states constructed below, however, there is no mixing between
electron-like and hole-like parts in the propagating components, since there is no Andreev
reflection at an HS interface if the magnetization is uniform. Only the evanescent parts of

the scattering states will be of mixed electron/hole type.

12



The scattering states are constructed from the general form of the spinor wavefunction

Wy, (z) at finite excitation energy ¢ and with nonzero superconducting order parameter A,

which reads

for z < 0, and

copet1=(8)7 4 c;Te_isz(e)z

1 0
\I/k (Z) = . ;
I \/@ Ch’re_lkTZ(_e)z + C{,ITeZkTZ(_e)Z
0
0
1 Co enlz(e)z
. | | (25)
VU2 0
Chlenlz(—e)z
z
ks, 2—ksz(€)z d
e ’
Uy (2) = ————
k”( ) (. _d/le—in(f)—iqb
dy
_ikSzZ_’sz(a)Z d
TER i — L (26)
Vs —dl€+m(€)_l¢

dT e—l—in(e) —id

for z > 0. Here we defined

ki.(e) = ky. +e/hvys, (27)
K12(8) = Kz —e/hvy, (28)
n(e) = arccos(e/A), (29)
() (30)

= (VA? = 22)/hs..

(In Egs. (27), (28), and (30) we kept the leading terms in a small-¢ expansion only.) Solution

of the Bogoliubov-de Gennes equation (9) in the Andreev approximation then gives the

13



following relations between the coefficients

t2
.
Cep = |7 + 622'17(5)T1 — ! Cets

tt| ein(e)—i¢

Cnl = e2in(€)r/l — 2 Cel
t
dT - 62i77(€)7"1 — ! Cety
y tr’le%”(e)
T 622'17(5)T1 — ! Cety

t*2
/ o *
Gy = |7 2O — e Ch1,

t*trein(a)—i-iqb
Ce| = _€2i77(5)T1* o Ch1,
t*rl*ein(a)-i-i(j)
g = et
! €2i77(5)7n/l* e ht
£ ein(e)+io
d = —S . (31)

e2in(e) T/l* — pl*

With the help of the above wavefunctions, we construct the retarded scattering states

k|, e)® and |k, h)® as the state with wavefunction

1 )
<r|k||,e)R = — Uy ,C(z)e’k”'r,
Wny I
1 )
(rfky, ) = —===Wy n(2)e™I, (32)
Wny I

where W, and W, are the dimensions of the HS interface in the x and y directions, the
spinor wavefunction Wy, o(z) is given by Eqgs. (25) and (26) with cet = 1, ¢ = 0, all other
coefficients being determined by Eqgs. (31), and the spinor wavefunction Wy, n(z) is given
by Egs. (25) and (26) with ¢y = 0, ¢, = 1. Similarly, the advanced scattering states
ky,e)* and |kj,h)* are then defined as the states for which ¢/, = 1, ¢, = 0 and ¢; = 0,
o | = 1, respectively, again with all other coefficients determined by Eqs. (31). The factors
1//W,W, in Eq. (32) ensure that retarded and advanced scattering states are normalized
to unit incoming or outgoing flux in the 2 direction, respectively. The lengths W, and W, do
not appear in the final expressions for the Andreev reflection amplitudes. These scattering
states are at the basis of the calculation of the Andreev reflection amplitudes in the presence

of a non-uniform magnetization, which is described in the next section.

14



IV. ANDREEV REFLECTION IN THE PRESENCE OF A NON-UNIFORM
MAGNETIZATION DIRECTION

A. Slow variations of the magnetization direction

A spatial variation of the magnetization direction in the half metal breaks the remaining
symmetries in spin space and allows for Andreev reflection at the half-metal-superconductor
interface. Here we consider a continuous and slow variation of the the magnetization direc-
tion m(r). An example of such a continuous change is a domain wall, for which the net
change of the magnetization angle is 7, smeared out over a length [ much larger than the
microscopic lengths kg?, ki ! and lﬁl_l. However, smaller rotation angles are possible, too,
e.g. induced by strain at the interface due to lattice mismatches.*

To be specific, we choose a right-handed set of unit vectors e;, es, and e3 in spin space
(which need not coincide with the coordinates used for the orbital degrees of freedom) and

consider a variation of the magnetization direction m of the form
m(r) = (e cos ¢y, + € 8in ¢y, ) sin b, (r) + €3 cos Oy, (r). (33)

Such variations of the magnetization direction are sufficient to model domain walls, but they
do not allow for certain continuous changes of the magnetization at a fixed polar angle, as
it occurs in helical magnets. (The full expressions for arbitrary variations of m are given in

App. A.) We then employ a gauge transformation that rotates m to the es-direction,
H— Ur)HU(r), Ur)= , (34)

with
U(I‘) _ 6i6m(m(r)><e3)-cr/2 sin Om (35)

This gauge transformation adds a spin-dependent gauge potential

A(r) = iU'VU
= 2(02 COS Oy, — 07 8N ¢y, ) VO (36)

to the Hamiltonian H 5 but it does not affect the singlet superconducting order parameter,

since Utioa AU = iosA. To lowest order in the rate of change of the angle ,,, we then find

15



that the perturbation V to the Hamiltonian H reads

A~

V = i(09 cos ¢y, — 01 8in ¢y )

K2 B2
x (V@-%V+V%-Ve). (37)

Since we take the length scale [4 for variations of the gradient of the magnetization angle
Om to be large in comparison to the microscopic length scales ki L kg L and KIl, we may
neglect spatial variations of the perturbation V in the direction parallel to the interface. In
this approximation translation symmetry along the interface is preserved (after the gauge
transformation) and the scattering matrix S(k|, ky;¢) is diagonal, see Eq. (3). To lowest
order in the rate of change of 6,,,, the Andreev reflection amplitudes may then be calculated

in perturbation theory. Using the scattering states defined in the previous section, one finds

ro(ky,2) = —%A(k||,h,5|V|k”,e,5)R,
ran(ky,2) = —%A(k||,e,e|V|k”,h, )R (38)
where A
vV ") (39)
0 7

We now present calculations of the Andreev reflection amplitudes for two special cases:
Variation of the angle 6, in a direction perpendicular to the superconductor interface, as
illustrated in Fig. 3a, and variation of #,, in a direction parallel to the superconductor inter-
face, which is illustrated in Fig. 3b. These two cases differ with respect to the symmetries
discussed in Sec. II: The rotation symmetry around an axis normal to the interface is pre-
served in the former case, whereas it is broken in the latter case. We will see that this
difference has profound consequences for the Andreev reflection amplitude.

A variation perpendicular to the interface is relevant e.g., if the interface anisotropy at
the half-metal-superconductor interface differs from the anisotropy in the bulk of the half

metal. Calculating the Andreev reflection amplitude, we find, to leading orders in |t| and
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FIG. 3: (Color online) Illustration of a magnetization gradient perpendicular to the HS interface

(a) and parallel to the HS interface (b).
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The dependence of this result on the interface parameters agrees with what was derived in

’/’hc(k”;é?) = — (V@m . ez)

(40)

Sec. II using general considerations. Note that in the limit x| — oo, in which the minority
carriers are completely expelled from the half metal, the Andreev reflection amplitude 7y,
vanishes. The appearance of the azimuthal magnetization angle ¢,, as a shift of the super-
conducting phase ¢ was found previously in Refs. 20,29 for the interface between a magnetic
multilayer and a superconductor.

The divergence for ¢ — £A in Eq. (40) is an artifact of the expansion in the transmission
amplitudes ¢ and ¢; and has to be cut off for 1 — (¢/A)? < max(|¢t|*, |tt;]?). This means that
the immediate vicinity of £A has to be excluded from the region of validity of Eq. (40),
so that Eq. (40) is valid for 1 — (¢/A)? > max(|t|*, |tt,]|?) only. The same condition will
be required for the validity of Eqs. (41) and (44) below, as well as the expressions derived
from them. (We note that similar restrictions also apply to an expansion in the transmission
coefficient for a normal-metal-superconductor interface, see, e.g., Ref. 39.)

A variation of the magnetization direction in which V@, is parallel to the superconductor
interface breaks the rotation symmetry around an axis normal to the interface, thus allowing,

in principle, for a nonzero Andreev reflection amplitude at the Fermi level € = 0.3? Here we
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elaborate on our previous calculation of this effect and generalize the results of Ref. 32 to
the case of a finite minority wavefunction decay rate x| in the half metal. Calculating the

Andreev reflection amplitude according to Eq. (38), we then find, again to leading orders in

|t and [¢],
e_i(¢_¢m)A
The(kn%E) = —ﬁ(v%'kn)
2
% ‘t| 4 szRettl ' (41>

0z 2 )
The first term in Eq. (41) comes from the overlap integral in Eq. (38) inside the supercon-
ductor, whereas the second term comes from the overlap integral in the half metal. The
existence of a finite contribution to r, from inside the superconductor is responsible for the
fact that rpe remains nonzero in the limit x; — oo if 8, varies parallel to the interface. In

both cases, the amplitude for the conversion of holes into electrons is given by
Ten (K5 €) = mhe(—k|; =€),

as discussed in Sec. II. For a general direction of V6, the Andreev reflection amplitudes
are the sums of the contributions of Eqs. (40) and (41) above.

We note that the presence of Andreev reflection at the Fermi energy for a domain wall
with V@, parallel to the interface is accompanied by a nontrivial angle dependence of the
Andreev reflection amplitudes 7o, and r,.: If V@, is parallel to the interface, r, and ey,
are even functions of €, but odd functions of k. On the other hand, if Vf,, is normal to
the interface, rp. and re, are odd functions of €, but even functions of k). Similar behavior

has been noticed previously for the anomalous Green functions.?”46

B. Spin-active interfaces

As a second example of a spatially varying magnetization direction, we now investigate
a simplified model of a thin ferromagnetic or half-metallic layer located at the interface, the
magnetization of which is misaligned with respect to the bulk of the half-metal. In this
model of what is more generally referred to as a “spin-active interface”,?*2"38 we take the
magnetization direction to be the unit vector ez in the entire half metal and consider a

perturbation to the Hamiltonian H of the form

~ ~

V = hin - 66(2), (42)
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where

m = (e cos ¢y, + €y 8in ¢y, ) sin by, + €3 cos Oy, (43)

Spin-flip Andreev reflection at such “spin-active” HS interfaces has been considered previ-
ously in Refs. 27-29. Using Eq. (38) to calculate the Andreev reflection amplitude to first
order in A and taking the limit of a tunneling interface, |tt||> < 1, we then find
_ieAMttl |2e=U9=0m) gin O,

2hv |, (A? — £2)
The proportionality to the square of the tunneling probability is in agreement with the

The(Kj5€) =

(44)

general considerations of Sec. II. The opposite limit of an ideal interface (|t| = |¢;| = 1) was

considered in Ref. 29.

C. Applications: Conductance and Josephson current

The Andreev reflection amplitudes 7, and rq, enter directly into the calculation of the
subgap conductance G' of an HS junction and the Josephson current I of an SHS junction.
Below, we calculate G' and I for the two special cases of a magnetization gradient V6, that
is perpendicular and parallel to the interface considered above. To be precise, in the first case
we take 0, to be a function of the coordinate z only, with a finite derivative df,,/dz = lgl
at the interface, whereas in the second case we take 6, to be a function of the coordinate x

only, with the = dependence given by the common domain wall profile!”
Om(z) = arctan[sinh(wz/lq)]. (45)

Thus, in both cases lq is the length scale related to the rate of change of the magnetization
angle 6,,.

Even for our simplified model Hamiltonian, the number of parameters in the expres-
sions for the Andreev reflection amplitudes is so large, that no compact exressions for
the conductance can be obtained. We therefore make the simplifying assumptions that
my = ms = m and that w, A/hk; < v; < v}, vs. In this limit, one has t &~ 2,/v;, /vs and
t| &~ 2,/vvs/(iv| +vs), so that the interface transmission coefficients are much smaller than
unity even in the absence of the delta-function potential barrier.

The subgap conductance G(V) is given by the expression??

2¢% 1
G(V) = ——2/dl’dy/ dk||‘7”h0(k||,6v>‘2, (46)
h 4m ky <kq
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where the integration over the coordinates x and y extends along the HS interface. (The

appearance of a reflection amplitude 7, that simultaneously depends on the momentum k|

and position at the interface is justified by the slow variation of the magnetization direc-

tion with position — See the discussion in subsection IV A.) In the limit described in the
paragraph following Eq. (45), one then finds the subgap conductance

eVA 2

GV) = gWW,| —— 47

( ) g1 y<A2—(6V)2) ( )

for the first case of V6, perpendicular to the HS interface, where

2¢% 1 vy

i S 4
h I3 27r(vf + v3)? (48)

g1 =

has the dimensions of conductance per area. For the second special case of V,, parallel to

the HS interface one finds

A2
— = 4
G(V) g2Wyld7TA2 V) (49)
with
2
2*1 ) vl 402
92 = TE 247?@1111% (v_g * Uf + vg (50>

The main difference between the two cases is that G(V') is proportional to V2 and to W, W, /I3

2936 whereas in the second scenario G(V') approaches a constant in

in the former scenario,
the limit V' — 0, which is proportional to W, /l4.%?

For the first case of V8, perpendicular to the interface, a deviation from this asymptotic
voltage dependence occurs in the limit of extremely low voltages or, alternatively, in the limit
of a strong tunnel barrier at the HS interface. In that case, the Andreev reflection amplitude
The 18 dominated by the second term in Eq. (40), which diverges for angles of incidence close
to /2. This divergence is an artifact of the Andreev approximation, and the validity of
Eq. (40) is restricted to those angles of incidence for which & < h?k?,/2m. Cutting off the
resulting logarithmic divergence of the conductance divergence, while otherwise employing

the same approximations as before, gives

(VAyvs |
pHA2 = (eV)2)of  leV]

G ~ 2,W,W, (51)

Equation (51) replaces Eq. (47) for voltages that are low enough that the conductance of
Eq. (51) exceeds that of Eq. (47). However, it should be noted that effects not taken into
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FIG. 4: (Color online) Schematic of an SHS junction with a magnetization gradient perpendicular
to the HS interfaces (a) or parallel to the HS interface (b). The magnetization angle 6y, is chosen

to be a symmetric function of z.

account here, such as scattering off impurities near the HS interface, are expected to give
rise to a finite value of G in the limit V' — 0, which will in all practical cases mask the
asymptotic logarithmic voltage dependence of Eq. (51).

The second application we consider is the Josephson current in an SHS junction. We
consider the geometry shown in Fig. 4. The superconductors occupy the space z > L/2
and z < —L/2, and the phases of the order parameters of the two superconductors are ¢ /2
and —¢/2, respectively. We consider the so-called “long-junction limit” of junction length
L > hvy/A and restrict our discussion to the temperature range hvy/L < kT < A. In

this case, the Josephson current in an SHS junction without impurity scattering is given by

the expression®-4!
dekgT 1 d
I = — | dady== dkye—2msTL/hvy.
B 42 do <y I
x Reren(kyj, imksT)ry. (k) , inksT), (52)

where re, is the Andreev reflection amplitude for the upper HS interface and rj, is the
Andreev reflection amplitude for the lower HS interface. In Eq. (52), the Andreev reflection
amplitudes are taken at the interface positions (x + Lk,/2ky,,y £ Lk,/2k., =L/2)T. We
take periodic boundary conditions in the x and y directions, which is a good approximation
if the junction length L < W,, W,. We further assume that the magnetization profile is
symmetric with respect to a reflection in the plane z = 0, 0,(2) = 0,(—2). With this
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assumption, 71, (ky, e) = rue(ky, £)e’®. We then find the Josephson current

o 8(7Tk3]3T)2h’UTgl Wny

AoT2 e—27rkBTL/hUT sin ¢ (53)
e

for the first case (V#6,, perpendicular to the interface, as in Fig. 4a), where we omitted
corrections that are small in the limit kg7 > hv;/L. For the second case (V#0,, parallel to
the interface, as in Fig. 4b), one finds

I — _24(hUT)292Wyld o~ 2mksTL/hvy

6]{ZBTL2
x F(hvywL/kgTI3) sin ¢, (54)

where the function F' is defined as
<36—C2/a

Fla) = ¢% / ac (55)

and has the limits F'(0) = 1 and F(a) ~ 77/2/2a*? for a > 1. The qualitatively different

temperature and junction length dependences of these expressions clearly distinguish the

two different magnetization profiles in the half metal.

V. THIN FILM GEOMETRY
A. Andreev reflection amplitudes

A modification of the scattering problem arises in a lateral contact geometry as in Fig.
la. For this geometry a formulation with scattering states describing quasiparticles moving
in the plane of the half metallic film is more relevant than the formulation of the previous
sections in terms of scattering states of quasiparticles incident on the HS interface.

The geometry we consider is shown in detail in Fig. 5. As before, the half-metal-
superconductor interface is the plane z = 0. The superconductor occupies the half space
z > 0, whereas the half metallic film is in the region —d < z < 0. The Hamiltonian is
given by Eq. (9), and hard-wall boundary conditions are applied at z = —d. We choose our
coordinates such, that (locally) the magnetization direction does not depend on the coordi-
nate y, so that the wavevector component k, is conserved. As in the previous sections, we
consider the limit of a tunneling interface, and present our results to leading order in the

transmission probability.
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FIG. 5: (Color online) Hlustration of the thin-film geometry. The coordinates are chosen such
that the magnetization direction does not change in the y direction (perpendicular to the plane of

the drawing).

We first construct the scattering states in the presence of a uniform magnetization di-
rection m = e3. With the help of periodic boundary conditions in the y direction with
period W,, the scattering states are normalized to unit flux in the z direction. There are
electron-like and hole-like scattering states |k, s;e) and |k, s;h), each labeled by the dis-
crete wavevector components k; = (0, k,, k,0)" and k. = (0, ky, k1.n)" of the majority
quasiparticles in H and by the integers s = +1 for indicates scattering states propagating in
the positive (s = 1) and negative (s = —1) x direction. Because of the hard-wall boundary
conditions at z = —d, only k;, > 0 need to be considered. In the limit x;d > 1 the hard-
wall boundary conditions at z = —d are inconsequential for the minority carriers, and the

corresponding wavefunctions read,

. UTZ 1ky(€)sx+1
\Ilkls,e(r) = — _2,UT W d\I]kH,e(Z)e ke (e)sz+ kyy’
a Wy
— UE —iky (—€)sx+ik
Ui s = s v,
ki ,h(r) L QUT:chd kll,h(z)e

(56)

where Wy, o(2) and Wy () are given in Eq. (32),

ko(e) = (/B2 — K3, — k2 + e /oy, (57)

and the allowed wavenumbers ki, are determined from the condition that the wavefunctions

vanish at z = —d, which implies the condition (compare with Eq. (31))

t2
2k, ed + m — arg (r + 7/> = 271n,, (58)

eyl —r
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for electron-like scattering states, and analogously for hole-like states

. t*2
2sz,hd + T — arg <7” + m) = 27mz, (59)
where n, = 1,2,.... In the limit of a tunneling interface, one has r — —1 and |t| < 1, so

that these conditions simplify to

sz = Tr;lz + O(|t|)> n, = 1>2a s (60)

For the purposes of our calculations higher-order terms in |¢| need to be kept in order to find
a finite overlap between the different scattering states, however. The normalization factors
in Eq. (56) are valid in the limit of a tunneling interface only.

We now consider the effect of a region in which the magnetization direction is not spatially
uniform. In this case, scattering between the electron-like and hole-like quasiparticle states is
possible. To lowest order in the rate of change of the magnetization direction, the Andreev
reflection amplitudes ¢ and & for a quasiparticle incident on a region of nonuniform

magnetization can be calculated in perturbation theory as

K s ks e) = —%( ' s h|V[kys;e),
P s kusie) = — (K s eV[ks:h), (61)

where V is given in Egs. (37) and (39) above. With these equations, the problem of calcu-
lating Andreev reflection coefficients is brought into a form similar to that of the previous
section.

In principle, the perturbation V depends on the coordinate z, even if the magnetization
angle 6, does not. [This can be seen, e.g., from Eq. (37).] Because of this, the scattering
matrix need not be diagonal in the transverse wavevector k. However, if the length scale
lq for variations of the gradient V6, in the z direction (i.e., in the plane of the thin film)
is large in comparison to the film thickness d, the resulting conservation of the momentum
components k, and k, up to shifts of order 1/l4 < 1/d, together with energy conservation,
constrains the possible values of the transverse momentum k.. If, in addition, the film
thickness d is much smaller than the superconducting coherence length {5 = hvg/A, one then

finds that the off-diagonal elements of the Andreev reflection amplitude (K s’ k|, s;¢)
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are much smaller than the diagonal elements, so that one may set

Tﬁg( /J_S/ukls;g) = T}Clg(kJ_vs;g)ék’J_,kJ_és’,—s
r(K s’ kys;e) = rﬁf(kbs;s)ékl,kléy’_s. (62)

(The Kronecker delta 6y s follows from the conservation of k, in this limit.) This is the
case that we consider in the remainder of this section.
We now give explicit expressions for the case that the magnetization direction m has the

spatial dependence (33) with 6y, a function of x and z only. In that case one finds

rif(k s;e) = QZTd/d:crhe(:c; k||;5)62i€s””/h”“, (63)

where ry(z; k| €) is the Andreev reflection amplitude of Sec. IV, evaluated with the mag-
netization gradient V6, at position x. The prefactor vy,/2vy,d in Eq. (63) expresses the
geometric enhancement of the reflection amplitude from the coherent superposition of multi-
ple reflections at the half-metal-superconductor interface.?? The complex exponential factor
accounts for the phase differences acquired by electrons and holes between these reflections.
The in-plane wavevector k| = sk, (0)e, + kye,; the small difference between the wavenumber
k.(¢) of the incoming electron and the wavenumber k,(—¢) of the Andreev reflected hole
is inconsequential for the calculation of 7y, in the Andreev approximation ksés > 1. The

corresponding hole-to-electron amplitude rg, is
Ten(kis;€) = mhe(kys; —€)%, (64)

where k; = (0, —k,, k,)T.

We now discuss the cases of a magnetization gradient V,, parallel and perpendicular to
the HS interface separately, see Fig. 6. If V6, is parallel to the HS interface, as is relevant for
a domain wall in H, the range of x coordinates for which V@, differs appreciably from zero
typically has a finite size ~ [4. In this situation the effective Andreev reflection amplitudes
ref and 7T describe the Andreev reflection of quasiparticles off the region of nonuniform
magnetization (i.e., off the domain wall). If [4 is much smaller than the superconducting
coherence length &g, the 2 dependence of the complex exponential e?=%/™1= in Eq. (63) can

be neglected. Since me(x; ky; €) is proportional to df,, /dz, the integral over x gives the total
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FIG. 6: Illustration of a lateral HS contact with a magnetization gradient that is perpendicular

to the HS interface (left) or perpendicular to the HS interface (right).

change 86,, of the magnetization angle 6,,, and one finds*?

_UTZe_i(‘b_‘f’m)skx(O)A

eff
rie(kis;e) = 00
he( + ) QUTxd\/ A2 — g2
t|? JRett
« |t visRethy . (65)

w2 )
In this limit, the Andreev reflection amplitude no longer depends on the size l4 of the domain
wall, nor on the precise x dependence of the magnetization angle ,,.32 In the opposite limit
that the domain wall size [4 is large in comparison to the superconducting coherence length,
the reflection amplitude at ¢ = 0 is still given by Eq. (65) above, but Andreev reflection is
suppressed for excitation energies ¢ above the Thouless energy Ej, = hvy,/lq of the domain
wall. The precise functional form of the suppression depends on the domain wall profile.
For the domain wall profile of Eq. (45) the suppression at finite excitation energy ¢ is by a
factor 1/ cosh(elq/hvyy,).

If, on the other hand, V6, is perpendicular to the interface, as is the case, e.g., if the
interface anisotropy at the HS interface differs from the bulk anisotropy in H, or for a spin-
active interface, the region of nonuniform magnetization typically extends along the entire
length W, of the contact. For energies ¢ below the Thouless energy hv;/W, of the contact
one then finds the effective Andreev reflection amplitudes
ice” @~ Pm)y W, A (00, /02)

2k, Ut dV/ A2 — €2
tt|?

8VAZ — 22

(v}, —vi,)Rett,

+
hky= (v}, +07,) /01012
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for the case of interface anisotropy and

ichv, W, Altt||2e="=%m) sin 6,
4h'Ulz'UT:cd(A2 — 82)

rhe (kisie) = — (67)

for the case of a spin-active interface. At finite excitation energy e, the Andreev reflection

cieWa /vy,

amplitudes are suppressed by a factor (hvy,/eW,)sin(Wye/hvy,) with respect to

the expressions shown above.

B. Applications: Conductance and Josephson current

As an application, we again consider the conductance of a lateral HS junction and the
Josephson current in a lateral SHS junction. We again consider a setup in which that the
magnetization angle 6, depends on the x and z coordinates only, and present results for the
cases that the gradient V@, is perpendicular and parallel to the interface, see Fig. 6.

The expressions for conductance and Josephson current are the same as those in Sec. IV C,
but with the Andreev reflection amplitudes ry,, and 7, replaced by r¢f and rf respectively.
For the subgap conductance, one thus finds

262 W, d
Gy =22y / dk . |1k, eV, (68)
k‘J_<kT

h 4?2

where the Andreev reflection amplitude rf(k,;e) is for quasiparticles incident from the
right, see Fig. 6. Considering the same magnetization profiles and the same limiting case
for the parameters appearing in the microscopic expressions for r,, as in Sec. IV C, we find
that the subgap conductance of a lateral HS junction is
2 A 2
o) = 2t [ ey )
with g; given by Eq. (48) above, if V@, is perpendicular to the HS interface. Equation (69)

is valid for voltages eV > hv; /W, that are above the Thouless energy of the contact. We
note that in a sufficiently wide lateral contact (such that the condition eV > hv, /W, is
met for all bias voltages of interest), there is no suppression of the subgap conductance at
low bias because of the constructive interference of multiple reflections off the HS interface,
even if the magnetization gradient is perpendicular to the interface. For the case that V0,
is parallel to the interface we find

3migW,l3  A?

V) = —6a A2 (eV)

2F(6Vld/h’UT). (70)
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FIG. 7: (Color online) Illustration of a lateral SHS junction with a spatially nonuniform magneti-
zation in the half metal. Two magnetization profiles are considered in the text: the gradient V0,
of the magnetization angle perpendicular to the HS interface (top) and parallel to the HS interface

(bottom).

Here g5 is given by Eq. (50) above and the function F' is defined as

P e (G Vi
F(a) =6 /1 e il (71)

and has the limits F(0) = 1 and F(a) ~ 24e72%/a® if a > 1.
For the Josephson current we consider a lateral junction as shown schematically in Fig.
7. In terms of the effective reflection amplitudes ref and r¢f, the Josephson current at high

temperatures hvy/L, hvy /W, < kgT < A is given by the expression

] = — 4€kBT Wyd i dkl€_27rkBTL/th”
W ar? do Jy, o,
x Rer® (ky, irkgT)r{T(k, ,inksT) (72)

where 7¢f(k, ,¢)" is the Andreev amplitude for the right contact, see Fig. 7. As in Sec.
IV C, we consider a symmetric spatial dependence of the magnetization angle, 6,,(x) =
Om(—x), so that the Andreev reflection amplitudes at the right and left contacts are related as
ref(ky;e) = r(k, ;). If the magnetization gradient is perpendicular to the HS interface,

one then finds

3Wy91(th)5 —97kpTL/kw;
= ST P LA™ L/t gin ¢, (73)
whereas
992Wyl3(th)3 —97kpTL /vy ¢
= el C M sin. (74)
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if the magnetization gradient is parallel to the HS surface, where g; and g, are given in Egs.
(48) and (50). The length L in Eq. (73) is the distance between the superconducting contacts,
while the length L in Eq. (74) is the distance between the domain walls, which may be
slightly larger. Equation (74) is derived for the temperature range hv /L < kg1 < hvy/lq.
(If kgT Z hvy/l4, the Josephson current is dominated by the tail of the domain wall at the
edge of the lateral contact, and no simple expression can be given.) We thus conclude that
in a lateral contact the cases of parallel and perpendicular magnetization gradients results
in remarkably similar temperature and length dependences of the Josephson current in the

long junction limit.

VI. GREEN FUNCTIONS

Most of the existing theoretical literature on the superconducting proximity effect in
ferromagnets and half metals makes use of the Green function approach, with or without
quasiclassical approximation. In the Green function approach, the induced superconducting
correlations in the half metal are characterized using the “anomalous Green function”. The
symmetries of this Green function in the spin, orbital and, in particular, frequency domains
are used to classify the various forms of the proximity effect.®%2746 In this section, we
investigate the relation between the scattering approach used here and the Green function
approach. (The symmetry in the frequency domain does not play an important role for
the scattering approach, because all information is encoded in “retarded” structures in the
scattering approach.)

The fundamental equation for the Green function G(r,r’;i2) is the Gorkov equation
(iQ — H)G(r,r';iQ) = 6(r — '), (75)

where H is the Bogoliubov-de Gennes Hamiltonian of Eq. (9) and € the Matsubara frequency.
Like the Hamiltonian H, the Green function G has a 4 x 4 matrix structure, corresponding
to the electron/hole and majority /minority spin degrees of freedom. The anomalous Green
function is the electron-hole (eh) block of G. In a half metal, only the majority component
is relevant, so one has

F(r,r';iQ) = Get ny(r, 1’5 i92). (76)
We first calculate the anomalous Green function F'(r,r';i€2) in the vicinity of the interface
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between a semi-infinite half metal and a superconductor. This is the geometry considered
in Sec. IV. In order to calculate F(r,r’;i{2) we Fourier transform the Gorkov equation
(75) to the coordinates x and y, and solve the remaining one-dimensional problem using
the solutions of the Bogoliubov-de Gennes equation calculated in Sec. IV. For €2 > 0 and
coordinates z, 2z’ < 0 (i.e., for coordinates inside the half metal), this procedure expresses
the anomalous Green function F'(r,r’;i2) in terms of the (outgoing) electron component of

the exact hole-like retarded scattering state, and one finds

F(r,r';iQ) =

e~ thz(z—2" ) Fike (z—a")+iky (y—y')—|Q(|2]+|2"])
/ d,dk, ran (k2 iQ2), Q> @77)

1
(2m)?

ZT”L’UTZ

where

ko= k2 — k2 — k2. (78)

Similarly, for 2 < 0, the anomalous Green function F'(r,r’;€2) is found to be proportional

to the (incoming) electron component of the exact hole-like advanced scattering state,

e 1 e gk (=) Fika(z—a')Fiky (y—y' )~ |2 (12| +]2'] Al O e
(I',I'7Z ) - _W/ Wiy 'éhUTz The( ||7Z| |) ’ @ )
These expressions can be cast in the form
. 1 ik-(r—r’ .
F(r,r';iQ) = 2(2m)% /dk@ T f(k, Ry i) (er — pimy), (80)

where R = 3(r + 1), e, = h*k? /2my, and

Teh(k”;i‘QD if £, <0 and Q > 0,
Fk,RyiQ) = 2e 20IRel/n s & (k3 d|9)* if k. > 0 and Q < 0, (81)

0 otherwise.

The function f may be identified with the anomalous Green function in the quasiclassical
theory.*® Note that f is nonzero only if the wavevector k points away from the superconduc-
tor interface if > 0 (corresponding to a hole moving towards the superconductor, retarded
case), or if k points towards the superconductor if 2 < 0 (corresponding to an electron
moving towards the superconductor, advanced case).

Because of the delta function in Eq. (80), the function f is meaningful for wavevectors k

with |k| = k; only. Following the literature, we analyze moments of f, taken with respect
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to its angular dependence on k, and determine whether these are even or odd functions of
the Matsubara frequency ). The moments are defined through the relation
FOGRQ) = Vi(ex) fim (R 892), (82)
I,m
where Y}, is a spherical harmonic and ex = k/k the unit vector in the direction k. We
restrict the discussion below to [ =0 and [ = 1.

In order to determine the parity of the moments f;,,, we note that
Teh(kﬂv Z‘QD = The(_kHu 7’|Q|)*7

see Sec. II. If the magnetization gradient is perpendicular to the half-metal-superconductor
interface, 7he(—kj,¢[€2]) is an odd function of frequency, proportional to 2 for small frequen-
cies, but an even function of k|, see Eq. (40). Hence fy is an odd function of €2, proportional
to Q for small frequencies.*¥6 The moment fi, is an even function of §2, proportional to ||
for small €2. The functions fi,, with m = +1 are both zero. If the magnetization gradient
is parallel to the half-metal-superconductor interface, rn.(—kj,|€2]) is an even function of
frequency, with a finite value for 2 — 0, but an odd function of k|, see Eq. (41). This
implies that fyo and fig are both zero, whereas fi,, with m = £1 are even functions of 2,
with a finite nonzero value in the limit 2 — 0.

The moments f,, calculated via the scattering approach obey the general symmetries
imposed by the Pauli principle: For proximity effects induced by an s-wave, spin-singlet
superconductor, the anomalous Green function f,,,(i€2) in a half metal is an odd function
of Q for even [ and an even function of Q2 for odd 1.2746 Although fuo(i€2) — 0 for Q — 0 in
the two cases discussed above, the requirement that the s-wave amplitude fyo(i€2) be an odd
function of Q2 does not necessarily imply that foo(i€2) always vanishes in this limit. Indeed,
in junctions between a superconductor and a standard (not half-metallic) ferromagnet, it
is known that the triplet component of fuo(i€2) approaches a finite value if Q@ — 0. (To
be precise, the triplet component of foo(i€2) o sign (i€2) for small Q for a ferromagnet, in

order to satisfy the antisymmetry constraint.3:26:16)

For junctions involving a half metal, an
example of such a singular frequency dependence is given by the case of a lateral contact to
a thin half-metallic film case, which we now discuss.

As in Sec. V, we consider the case that the magnetization direction does not depend on

y, and that the region of nonuniform magnetization is limited to the vicinity of x = 0. We
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assume that the inequalities described in the paragraph following Eq. (61) are obeyed, so
that the thin-film reflection matrix r{f is diagonal in the transverse-mode indices n and n'.
We calculate the anomalous Green function F(r,r’;i2) for the case that the coordinates r
and r’ are on the positive-z side of the region with non-uniform magnetization. Expanding
the Green function in transverse modes, one then finds

F(r,r';iQ) = ﬁ dk sin(k,z) sin(kzz')eik”'(r_r/)fn(k”, R;iQ)0(e, — pmy),  (83)

where

reff(k,:4dQ)  ifk,>0and Q >0,
fulky, R;iQ) = 2e 210®ee)/Mvie s & ol () 41O if k, <0and Q <0,  (84)

0 otherwise.

The moments f;,, with m 4+ [ odd vanish in the thin film geometry because they are odd in

k.. Hence, we expand f,(kj, R;i2) in moments as

Folk RiiQ) = Y Yi(ex) fim (R i€2), (85)

l+m even

where ey is the unit vector pointing in the direction of k. In the thin-film geometry, the
lowest moment fyy is not only nonzero for magnetization gradients perpendicular to the
surface, but also for magnetization gradients parallel to the surface. In both cases fyy is an
odd function of the frequency €2, but fy is discontinuous at Q = 0, fypo x sign(2). (For
the case of magnetization gradient perpendicular to the HS interface, the 2 dependence of
foo(i€2) is modified for energies below the Thouless energy hv, /W, of the lateral contact.)
The fact that the s-wave amplitude foo(i€2) may have a finite limit in the limit Q — 0
is a striking difference between the thin-film geometry and the regular geometry with a
half-infinite half metal. Thus, our calculation identifies geometry as an important second
factor in determining the symmetries of the anomalous Green’s function — in addition to

the Pauli principle.

VII. CONCLUSION

In this article we have calculated the Andreev reflection amplitudes of a half-metal—

superconductor (HS) junction with a spatially nonuniform magnetization direction in the
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half metal. General symmetry considerations enforce that the Andreev reflection amplitude
The 1S zero at the Fermi level € = 0, except if inversion symmetry around the normal to the
HS interface is broken.?*? On the other hand, if that is the case, 7 is an odd function of
the wavevector component k|| parallel to the interface. These general results were confirmed
by explicit calculations of r,, for magnetization gradients parallel and perpendicular to the
interface, and they were applied to calculations of the subgap condutance and the Joseph-
son effect in impurity-free HS and SHS junctions. With one exception, the voltage and
temperature dependences of the conductance and the Josephson current showed remarkable
differences between the cases with and without inversion-symmetry, where the precise form
of these differences depends on the contact geometry. (The exception is the Josephson cur-
rent in a lateral SHS junction, which shows little differences between the scenarios with and
without inversion symmetry.)

Impurity scattering has not been included in the calculations presented here. As discussed
in the introduction, this is not a serious shortcoming for the microscopic Andreev reflection
amplitude re, (the amplitude for a single reflection of a quasiparticle incident on the HS
interface) if the disorder is weak (mean free path [ much larger than the Fermi wavelengths
in the superconductor or in the half metal, and than the wavefunction decay length in the half
metal), because Andreev reflection is a process that takes place on these microscopic length
scales.? Hence, the microscopic reflection amplitudes 7., of Sec. IV can be used as a valid
starting point for a scattering theory of a disordered HS junction. The same situation occurs
at normal-metal-superconductor (NS) interfaces, where the Andreev reflection amplitudes of
a clean NS interface are combined with standard theoretical methods for disordered normal
metals in order to construct a theory of a disordered NS junction.*?

However, disorder has a profound effect on the type and magnitude of the induced su-
perconducting correlations in the half metal, which are mediated by the effect of multiple
Andreev reflections. This includes the calculation of the effective Andreev reflection ampli-
tude 7 in the thin-film geometry, which represents the coherent effect of multiple Andreev
reflections. In the absence of disorder, the wavevector component kj parallel to the HS
interface is conserved, and multiple Andreev reflections at the HS interface always add
constructively.?? With disorder, k| is no longer conserved. Because the sign of the Andreev
reflection amplitudes 7., depends on the angle between k|| and the gradient of the magneti-

zation angle, interference between multiple reflection events need no longer be constructive.
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In particular, the p-wave superconducting correlations induced by a magnetization gradient
parallel to the HS interface are strongly sensitive to disorder, and unable to survive for
large distances away from the superconductor.*® A detailed study of disorder effects in a
lateral contact between a thin half-metallic film and a superconductor is left for a future
publication.

We close by noting that very recently half-metal-superconductor hybrid systems
have garnered attention as possible candidates for the creation of Majorana fermion
excitations,’® which are considered promising candidates to implement topological quan-

51,52 While the system considered here is too elementary to be useful for

tum computing.
quantum computation, the fundamental ingredients present here — spin-flip scattering,
half-metallicity, and s-wave superconducting order — are precisely the same as those ap-
pearing in the proposals for Majorana fermion excitations.?® Further analysis of common
and distinguishing features is thus desirable.

We gratefully acknowledge stimulating discussions with Benjamin Beri, Norman Birge,
Mathias Duckheim, Francis Wilken, Dan Ralph, and Boris Spivak. This work was supported
by the Cornell Center for Materials Research under NSF Grant No. 0520404 and by the

Alexander von Humboldt Foundation.

Appendix A: Explicit calculation of the gauge transformation

In this appendix we consider a general variation the magnetization direction, described
by variations of both polar angles 6,, and ¢,,. If both 6,, and ¢, are position dependent,
the transformation given in Eq. (35) leads to the gauge potential

A = g [(0 cOS Py — 01 SIN Py ) V Oy,

— (01 €08 Py SIN Oy, + 08I0 Py SiN O, ) V iy

—03(1 —co80,) V] . (A1)

In the calculation of Sec. IV only the terms proportional to V6, were included. There are
three terms proportional to V¢,,. Of these, the term proportional to o3 does not contribute
to spin-flip Andreev reflection. Repeating the calculation of Sec. IV with the two remaining
terms proportional to V¢, gives the results (40) and (41) for gradients perpendicular and
parallel to the interface, respectively, with the replacement V6, — V6, +isin0,Vo,. In
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the general case that the magnetization gradient has components parallel and perpendicular

to the interface, the Andreev reflection amplitudes of Egs. (40) and (41) must be added.
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