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Abstract

We report new developments and corresponding calculations in the first-principles theory of multiphonon

processes in solids, enabling direct calculations of nonradiative capture cross sections of both thermalized

and hot carriers by defects in semiconductors. We present an improved derivation of the theory, implement

an efficient time-domain integration scheme that enables summing over all possible multiphonon configu-

rations for dissipating the energy released by the carrier capture, and extend the time-domain formulation

to allow changes in phonon frequencies before and after capture. We examine zeroth-order and first-order

nonequilibrium contributions to the electron-capture cross section of a triply-hydrogenated vacancy in Si

and the first-order equilibrium hole-capture coefficient of a CN substitutional impurity in GaN. In Si, we find

that the zeroth-order term is two orders of magnitude larger than the first-order term. In GaN, the present

results are within range of the sparse available experimental data at high temperatures but below the single

experimental point at low temperatures. We see an improvement over previous calculations and a decreased

temperature dependence that we attribute to the inclusion of all phonon modes.
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I. INTRODUCTION

Electron wave functions in solids are functions of not only the electron coordinates but of the

nuclear coordinates as well. This dependence is the fundamental reason for electron-phonon cou-

pling. The Born-Oppenheimer approximation (BOA), also known as the adiabatic approximation,

is usually adopted in first-principles calculations. In the BOA, the nuclear coordinates are “frozen,”

and only the electron coordinates are treated explicitly. The solutions are electronic quantum states

that only depend on the nuclear coordinates parametrically. The sum of the total energy of each

electronic configuration and corresponding energy of nucleus-nucleus interactions as a function of

the nuclear coordinates forms a separate potential energy surface that, together with the kinetic-

energy operator, define the Hamiltonian of the nuclear system. The dynamics along such surfaces

is considered “adiabatic.” When this total energy is expanded to second order in nuclear displace-

ments, the solutions of the corresponding Hamiltonian problem are the vibrational quanta that we

call phonons.

Considering the change in the electronic wave functions with changes in nuclear positions

amounts to the inclusion of terms beyond the BOA, known as nonadiabatic terms. Such terms can

cause electrons to transition from one potential energy surface to another. When mediated by the

creation or annihilation of a single phonon quantum, these transitions amount to the well-known

electron-phonon scattering that limits the conductivity of metals and the mobilities of electrons

and holes in semiconductors.

When a defect is present in a semiconductor, an electron or hole can transition from a band state

to a localized defect state in the energy gap, with the transition energy dissipated to the lattice

by multiphonon processes. Typically, such “carrier capture” and the inverse process of “carrier

emission” occur routinely under equilibrium conditions. Experiments like deep-level transient

spectroscopy (DLTS)1 measure the corresponding capture and emission coefficients. In devices,

it is common to have so-called hot electrons or holes with high energies outside the Fermi-Dirac

distribution that can also be captured. A hot carrier can also undergo inelastic scattering into a

lower-energy band state while the transition energy is dissipated primarily to the defect, which

undergoes a transformation (e.g., a bound hydrogen atom is released or the defect transits to a

metastable state.2)

Theories for carrier capture by defects were developed and debated beginning in 1950, contin-

uing into the 1980’s.3–6 These theories were based on the assumption that multiphonon-mediated
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carrier capture can be caused only by nonadiabatic terms (i.e., terms in the total Hamiltonian that

are dropped in the adiabatic approximation). In 1950, Huang and Rhys3 carried out analytical

calculations by using a single phonon mode to approximate multiphonon processes. In 2014,

Alkauskas et al.7 reported the first density-functional-theory (DFT)-based calculations of capture

coefficients at a defect in a semiconductor. They adopted the conventional assumption that the

first-order nonadiabatic term is responsible for the carrier capture and used a single, specially-

selected effective phonon mode to carry out the multiphonon sum.

The following year, 2015, we reported the discovery that, though the nonadiabatic term is

needed to cause carrier capture by a defect under equilibrium conditions, it is possible to obtain a

Franck-Condon-like carrier capture within the adiabatic limit under non-equilibrium conditions8

(i.e., in the presence of an electrical current or hot carriers, which is typical in both electronic

and optoelectronic devices under operating conditions). Within the harmonic approximation, the

adiabatic transitions only occur if the defect relaxes after the carrier-capture event. Instead of con-

sidering a single phonon mode, we introduced a Monte Carlo sampling method to sum the con-

tributions from multiphonon configurations with an increasing number of distinct phonon modes

until convergence. We reported results for the adiabatic term for a model defect in Si: a vacancy

in which all but one of the four Si dangling bonds are hydrogenated. Converged results were ob-

tained using twelve distinct phonon modes. For the nonadiabatic term, however, we only provided

an estimate for the ratio between the magnitudes of the adiabatic term and the nonadiabatic term,

without actually calculating the nonadiabatic term.

We have since found that the Monte Carlo scheme that was used for the calculation of the

adiabatic term8 would overwhelm today’s supercomputers if directly applied to computing the

first-order term. However, we now note that in a 1981 paper Huang6 showed that the so-called

first-order nonadiabatic transition8 is in fact contained within the adiabatic approximation. Thus,

what we referred to as zeroth-order (adiabatic) and first-order (nonadiabatic) contributions8 are

in fact both adiabatic. In the remainder of the paper, we will simply refer to the two terms as

zeroth-order and first-order. Their definitions will become clear in the mathematical exposition.

We should also point out that there is no zeroth-order contribution to equilibrium capture.

The goal of the present paper is as follows. First, we report an improved derivation of the the-

ory developed in our previous work8 and replace the Monte Carlo sampling method with a faster

and more accurate time-domain-integration method9 that allows participation of all modes in the

dissipation via multiphonon processes of the energy released during capture. We also generalize
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the time-domain formalism to allow the phonon frequencies to change after capture. We then cal-

culate the zeroth-order and first-order nonequilibrium contributions to the electron-capture cross

section of a triply-hydrogenated vacancy in Si, studied in our previous paper,8 and the first-order

equilibrium hole-capture coefficient of a CN substitutional impurity in GaN, which is one of the

defects investigated by Alkauskas et al.7

For electron capture by a triply-hydrogenated vacancy in Si, we find that the first-order term

is roughly two orders of magnitude smaller than the zeroth-order term, compared to the roughly

four orders of magnitude we estimated in Ref. 8. For hole capture by CN impurities in GaN, we

find that, by including all phonon modes in the calculation, the first-order term of the new theory

has a weaker temperature dependence than the previous calculation,7 bringing it closer to available

experimental data, which show nearly no dependence on temperature. More extensive and more

accurate experimental data would be highly desirable to fully validate the theory.

II. THEORY AND METHOD

A. Theoretical framework

The theoretical framework largely follows that of Ref. 8. Here, we provide a more streamlined

and complete account of the theory that underlies the present calculations, fully enabling readers

to derive all of the equations that are used for computation. Changes will be noted during the

exposition.

We begin with the total many-electron Hamiltonian for a crystal containing the defect,

H = He +HI. (1)

The electronic part He is a function of the set of all electronic positions {rα} and the set of all

nuclear positions {Rk} due to the Coulomb interaction between the electrons and the ions:

He({rα}, {Rk}) = Ke({rα}) + Vee({rα}) + Ve I({rα}, {Rk}). (2)

The ionic part HI is only a function of {Rk}:

HI({Rk}) = KI({Rk}) + VI I({Rk}), (3)

where Ke and KI are the electronic and ionic kinetic energies and Vee, VI I, and Ve I are the electron-

electron, ion-ion, and electron-ion interaction potentials, respectively. The eigenvalue equation for
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the full Hamiltonian is

H({rα}, {Rk})|Ψ⟩ = ET|Ψ⟩, (4)

where the wave function |Ψ⟩ describes all electrons and nuclei in the solid and ET is the total

energy of the system. The corresponding Hamiltonian and electronic and ionic positions for the

pristine crystal (without the defect) is indicated by a superscript 0:

H0({r0α}, {R0
k}) = H0

e ({r0α}, {R0
k}) +H0

I ({R0
k}). (5)

The Born-Oppenheimer approximation (BOA) allows us to separate the total wave function

into an electronic and an ionic wave function. The electronic eigenvalue problems for the perfect

and defect-containing crystals are then given by

H0
e ({r0α}, {R0

k})|Φ0
l ⟩ = E0

l ({R0
k})|Φ0

l ⟩ (6)

and

He({rα}, {Rk})|Φl⟩ = El({Rk})|Φl⟩, (7)

respectively. Here, the electronic wave functions depend only parametrically on the nuclear co-

ordinates (i.e., the derivatives of the electronic wave functions with respect to the nuclear coordi-

nates are neglected). We adopt density functional theory (DFT) and the Kohn-Sham formalism to

simplify the above many-electron problems into systems of non-interacting particles. Within the

Kohn-Sham formalism, the electronic wave function is given by a Slater determinant of noninter-

acting, single-particle orbitals. The defect electronic wave function can then be written

|Φl⟩ =
1√
N !

|det{ϕ1 · · ·ϕN}⟩, (8)

where N is the total number of electrons.

The corresponding eigenvalue problem for the ions is

[HI({Rk}) + El({Rk})] |Xln⟩ = ET
ln|Xln⟩. (9)

Here, the eigenvalue ET
ln is the total energy of the system, with l labeling the electronic states and

n labeling ionic (phonon) states. The product of the electronic and ionic wave functions, |Ψln⟩ =

|Φl⟩|Xln⟩, is viewed as the BOA solution to Eq. (4), and provides a basis for the calculation of the

transition rate for multiphonon carrier capture by a defect.

We now regroup the terms in the ionic eigenvalue problem to get

[KI({Rk}) +Wl({Rk})] |Xln⟩ = ET
ln|Xln⟩, (10)
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where the total potential energy for the ions is defined as

Wl({Rk}) ≡ VII({Rk}) + El({Rk}). (11)

For a given electronic state l, we can expand this potential around the equilibrium positions {R(l)
k }

and subtract out the equilibrium potential Wl({R(l)
k }) from both sides in Eq. (10). If we retain only

the second-order term in the potential expansion (harmonic approximation), Eq. (10) describes the

vibrating nuclei as a set of coupled harmonic oscillators. We adopt the usual approach of treating

the ions as classical particles, which allows us to construct and diagonalize the dynamical matrix

into normal modes, each of which is represented by a Hamiltonian,

Hj =
1

2
q̇2j +

1

2
ωjq

2
j , (12)

defined in terms of the canonical displacement qj . The eigenvalue problems of these single-

phonon-mode Hamiltonians are

Hj|χnj
⟩ =

(
nj +

1

2

)
ℏωj|χnj

⟩, (13)

where nj is the occupation number of mode j. We denote the initial phonon configuration as

n ≡ {n1, n2, .., nN}. Since the phonon modes are independent harmonic oscillators, the initial-

state phonon wave function |Xin⟩ is the product of the single-oscillator wave functions |χnj
⟩:

|Xin⟩ =
N∏
j=1

|χnj
⟩. (14)

In general, after capture there is a change in the phonon frequencies to ω′
j and a shift in the

equilibrium positions, ∆qj , so that the final, displaced Hamiltonian of phonon mode j is

H ′
j =

1

2
q̇2j +

1

2
ω′
j
2
(qj +∆qj)

2, (15)

and the corresponding eigenvalue problem is

H ′
j|χ′

n′
j
⟩ =

(
n′
j +

1

2

)
ℏω′

j|χ′
n′
j
⟩. (16)

The Duschinsky matrix is approximated by a permutation matrix. n′ ≡ {n′
1, n

′
2, .., n

′
N} defines a

single possible final-state phonon configuration with wave function

|Xfn′⟩ =
N∏
j=1

|χ′
n′
j
⟩. (17)
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The total phonon energies Θn and Θ′
n′ of the initial and final phonon configurations n and n′ are

written as

Θn =
N∑
j=1

(
nj +

1

2

)
ℏωj (18)

and

Θ′
n′ =

N∑
j=1

(
n′
j +

1

2

)
ℏω′

j (19)

We assume that the initial phonon frequencies ωj are the same for the different initial band states,

but we allow for a change in the frequencies to ω′
j after capture. Because we consider a change

in the equilibrium positions after capture, the initial and final phonons must be defined by expan-

sions around the different equilibrium positions to account for a complete conservation of energy,

including the relaxation energy. Doing so leads to

ET
in = Θn +Wi({R(i)

k }) (20)

and

ET
fn′ = Θ′

n′ +Wf ({R(f)
k }). (21)

These total energies must be the same. This energy conservation will be reflected in the δ function

in Fermi’s golden-rule formula for the transition rate as the energy difference

ET
fn′ − ET

in = Θ′
n′ −Θn +Wif , (22)

where the notation

Wif ≡ Wf ({R(f)
k })−Wi({R(i)

k }) (23)

is used for brevity.

B. Total transition rate

We consider a carrier that approaches an isolated defect from far away and is suddenly per-

turbed by the defect. As in scattering theory, this incoming carrier is described by a single band-

state wave function in a pristine crystal. On the other hand, the defect state that the electron finally

transitions into and all other single-electron states that do not participate in the scattering/capture

process belong to states of the defected solid. To facilitate derivations involving states belonging

to different solids, we introduce an auxiliary set of complete basis, |Φ̃l⟩, using

H̃e({rα}, {Rk})|Φ̃l⟩ = Ẽl({Rk})|Φ̃l⟩, (24)
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where an “unperturbed Hamiltonian” H̃e({rα}, {Rk}) will be defined below. This basis must have

the following properties. First, one of the states, |Φ̃i⟩, corresponds to the initial electronic state

and contains the band state occupied by the incoming carrier, which is approximately |ϕ0
i ⟩:

|Φ̃i⟩ ≈
1√
N !

|det{ϕ1 · · ·ϕ0
i · · ·ϕN}⟩. (25)

Second, another state, |Φ̃f⟩, corresponds to the final electronic state,

|Φ̃f⟩ ≈ |Φf⟩ =
1√
N !

|det{ϕ′
1 · · ·ϕ′

f · · ·ϕ′
N}⟩, (26)

where |ϕ′
f⟩ is the single-electron wave function of the defect level that captures the carrier, and the

superscript ′ is used to denote all the single-electron wave functions in the final electronic state.

To ensure that the sudden turn-on of the defect potential, ∆H ≡ He − H0
e , affects only the

incoming-carrier wave function |ϕ0
i ⟩ but not any other single-electron wave functions, the per-

turbing Hamiltonian HBO
1 is defined as the coupling matrix elements of the defect potential ∆H

between the initial (i) and final (f ) states:8

HBO
1 = |Φ̃i⟩⟨Φ̃i|∆H|Φ̃f⟩⟨Φ̃f |+ |Φ̃f⟩⟨Φ̃f |∆H|Φ̃i⟩⟨Φ̃i|. (27)

The full basis set |Φ̃l⟩ in Eq. (24) is then defined as the eigenstates of the “unperturbed” Hamilto-

nian,

H̃e ≡ He −HBO
1 . (28)

In this definition, HBO
1 is treated as a Förster-like10 perturbation. Note that the basis, |Φ̃l⟩, is only

needed to help with the derivation and is never computed.

Electron-phonon coupling is usually defined through a series expansion of the defect Hamilto-

nian He around the equilibrium nuclear positions of the initial electronic configuration (dropping

the dependence on the electronic coordinates here for brevity):

He({Rk}) = He({R(i)
k }) +

∑
k′

(Rk′ − R
(i)
k′ ) · ∇Rk′

He

∣∣∣
{R(i)

k }
+ · · · , (29)

with

Hep ≡ He({Rk})−He({R(i)
k }). (30)

Note that, despite the naming convention, this electron-phonon-coupling term is still within the

Born-Oppenheimer approximation because it just represents part of the series expansion of the

electronic Hamiltonian. However, Huang6 showed that, to first order, the perturbation from linear
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electron-phonon coupling on the static, frozen-phonon wave functions is equivalent to the pertur-

bation due to the nonadiabatic derivatives left out of the Born-Oppenheimer approximation when

the wave functions are expanded as

|Φl({Rk})⟩ = |Φl({R(i)
k })⟩+

∑
l′

κl′l|Φl′({R(i)
k })⟩, (31)

where

κl′l ≡
⟨Φl′({R(i)

k })|Hep|Φl({R(i)
k })⟩

E ′
l′({R

(i)
k })− E ′

l({R
(i)
k })

, (32)

with the energies E ′
l({R

(i)
k }) shifted from El({R(i)

k }) by the diagonal contribution of Hep.

In order to consider the two perturbations on the same unperturbed states |Φ̃l⟩, we must define

H̃ep in terms of H̃e that is logically equivalent to Hep in terms of He (Appendix B shows that the

resulting linear electronic matrix element is equal to that of the usual system with states |Φl⟩ and

Hamiltonian He). To first order, the total transition rate out of an initial state |Φ̃i⟩|Xin⟩ into some

final state |Φ̃f⟩|Xfn′⟩ with the carrier in the defect and an arbitrary phonon configuration is given

by Fermi’s golden rule:

Γin =
2π

ℏ
∑
fn′

|⟨Xfn′ |⟨Φ̃f |(HBO
1 + H̃ep)|Φ̃i⟩|Xin⟩|2δ(Θ′

n′ −Θn +Wif ). (33)

For the first term, we plug in the equivalent version of Eq. (31) in terms of |Φ̃l⟩ and H̃e and expand

the electronic matrix element to first order in all perturbations to get

⟨Φ̃f ({Rk})|HBO
1 ({Rk})|Φ̃i({Rk})⟩ ≈ ⟨Φ̃f ({R(i)

k })|HBO
1 ({R(i)

k })|Φ̃i({R(i)
k })⟩. (34)

Combining this with a linear approximation of H̃ep for the second term gives the total result

Γin =
2π

ℏ
∑
fn′

∣∣∣MBO
e ({R(i)

k })
∣∣∣2 |⟨Xfn′|Xin⟩|2 δ(Θ′

n′ −Θn +Wif )

+
2π

ℏ
∑
fn′

∣∣∣∣∣∑
k′

⟨Φ̃f ({R(i)
k })|

[
∇Rk′

H̃e

]
{R(i)

k }
|Φ̃i({R(i)

k })⟩ · ⟨Xfn′ |(Rk′ −R
(i)
k′ )|Xin⟩

∣∣∣∣∣
2

× δ(Θ′
n′ −Θn +Wif ), (35)

where MBO
e ({R(i)

k }) = ⟨Φ̃f ({R(i)
k })|HBO

1 ({R(i)
k })|Φ̃i({R(i)

k })⟩. The first term in Eq. (35) is a

zeroth-order contribution and the second term is a first-order contribution, where order refers to

the power of Rk′ − R
(i)
k′ in the phonon matrix element.8 The present derivation ensures internal

consistency in the two terms, which removes the extra term shown in Eq. (19) in Ref. 8. In Ref. 8,
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the zeroth-order and first-order terms were designated as adiabatic and nonadiabatic, respectively.

The above derivation by Huang,6 however, reveals that both terms are fully within the adiabatic,

Born-Oppenheimer approximation because the derivatives of the electronic wave functions with

respect to nuclear coordinates are converted to derivatives of the electronic Hamiltonian.

The theory of capture and how the electronic transition interacts with the phonon vibrations is

fundamentally many-body. However, as shown in the appendices and in the sections below, the

electronic matrix elements are all evaluated with single-electron wave functions. It is conventional,

therefore, to refer to the single-electron wave functions as electronic states. From now on, we

adopt this convention and refer to the many-electron states as electronic configurations, as will be

defined later.

C. Zeroth-order transition rate from time-domain integration

The zeroth-order transition rate is

Γ
(0)
in =

2π

ℏ

∣∣∣MBO
e ({R(i)

k })
∣∣∣2∑

fn′

|⟨Xfn′ |Xin⟩|2 δ(Θ′
n′ −Θn +Wif ). (36)

This transition rate can be expressed in terms of the line-shape function F
(0)
i :

Γ
(0)
i =

2π

ℏ
g|MBO

e ({R(i)
k })|2F (0)

i , (37)

where F
(0)
i is derived in Appendix C. The initial-phonon-state index n is dropped because it is

assumed to be the thermal equilibrium distribution by default. The degeneracy factor g results

from summing over (nearly) degenerate final electronic states.7 For the two examples considered

in this work, g = 4 for GaN:CN (Ref. 7) and g = 1 for the model Si dangling bond.

To reach faster convergence, the transition rates are converted to an integration over time, as

detailed in Appendix C. The kernel of the time integration is a generalization of the so-called

“generating function,”11–14 to the case of different initial and final phonon frequencies:

G(0)(t) = exp

[
i
∑
j

D
(0)
j (t)

]
, (38)

where

D
(0)
j (t) = −2

[
iS−1

j Aj(t)− S ′
j
−1

cot(ω′
jt/2)

]−1

, (39)

Aj(t) =
eiωjt(n̄j + 1) + n̄j

eiωjt(n̄j + 1)− n̄j

, (40)
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Sj =
ωj

2ℏ
(∆qj)

2 (41)

is the Huang-Rhys factor, and

n̄j =
1

eβℏωj − 1
(42)

is the Bose-Einstein distribution. This more general form simplifies to the previous time-domain

formulation9,11 when ωj = ω′
j , as shown in Appendix C. A Lorentzian smearing, corresponding

to the lifetime broadening, is added to the electronic energy levels to ensure convergence. In the

time domain, the smearing appears as a factor e−γt in the integrand. The final expression for the

zeroth-order transition rate is

Γ
(0)
i =

2

ℏ2
g
∣∣∣MBO

e ({R(i)
k })

∣∣∣2 Re
∫ +∞

0

G(0)(t)e
iWif t

ℏ −γtdt. (43)

To evaluate the electronic matrix element, Appendix A shows that

MBO
e ({R(i)

k }) ≡ ⟨Φ̃f ({R(i)
k })|HBO

1 ({R(i)
k })|Φ̃i({R(i)

k })⟩

≈ ⟨ϕ′
f |ϕ0

i ⟩
[
Ef ({R(i)

k })− Ei({R(i)
k })

]
.

(44)

The last expression involves an overlap integral of two known Kohn-Sham orbitals and an elec-

tronic energy difference, which are both readily available from DFT calculations. The evaluation

of the overlap integral is described in detail in Appendix C of Ref. 8.

D. First-order transition rate

The first-order transition rate can be written in terms of the phonon eigenmodes qj:

Γ
(1)
in =

2π

ℏ
∑
fn′

∣∣∣∣∣∑
j

Mj⟨Xfn′ |qj|Xin⟩

∣∣∣∣∣
2

δ(Θ′
n′ −Θn +Wif ). (45)

In this expression, the first-order electronic matrix elements Mj are defined in terms of the many-

electron wave functions |Φi⟩ and |Φf⟩ in the relaxed initial positions and are derived in Appendix

B to be

Mj = ⟨Φf |∂qjHe|Φi⟩. (46)

The single-electron expression for Mj is more complex than that for the zeroth-order, whereby we

refer the reader to Appendix B.

We can expand the norm square of the sum in Eq. (45) as∣∣∣∣∣∑
j

Mj⟨Xfn′ |qj|Xin⟩

∣∣∣∣∣
2

=
∑
jj′

Mj⟨Xfn′ |qj|Xin⟩M∗
j′⟨Xin|q∗j′ |Xfn′⟩. (47)
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The canonical coordinates qj have the form cje
−iωjt, where cj = |cj|eiφj are time-independent

complex constants, whose phases φj are randomly distributed. The phases cancel when j = j′,

but the cross terms contain a phase difference ei(φj−φj′ ). Over many random configurations (or,

equivalently, a sufficiently long time during which many phonons are created and annihilated),

these cross terms average to zero, so we can write the transition rate as

Γ
(1)
in =

2π

ℏ
∑
fn′

∑
j

|Mj⟨Xfn′ |qj|Xin⟩|2 δ(Θ′
n′ −Θn +Wif ). (48)

Following the same procedure as for the computation of the zeroth-order transition rate, the

first-order term is converted into an integration over time:

Γ
(1)
i =

2

ℏ2
gRe

∫ +∞

0

∑
j′

G
(1)
j′ (t)

Zj′

[∏
j ̸=j′

G
(0)
j (t)

Zj

]
ei

Wif
ℏ t dt, (49)

where

G
(1)
j′ (t) = |Mj′|2

∑
n′
j′

∑
nj′

|⟨χ′
n′
j′
|qj′ |χnj′

⟩|2ei(n
′
j′ω

′
j′−nj′ωj′ )te−β(nj′+

1
2
)ℏωj′ . (50)

The transition rate in Eq. (49) can alternatively be written as

Γ
(1)
i =

2

ℏ2
gRe

∫ +∞

0

[
∂

∂λ

N∏
j=1

G
(0)
j (t) + λG

(1)
j (t)

Zj

∣∣∣∣
λ→0

]
ei

Wif
ℏ t dt. (51)

We evaluate G
(1)
j (t) in a similar manner as G(0)

j (t) and find

G
(1)
j (t) = |Mj|2G(0)

j (t)D
(1)
j (t), (52)

where

D
(1)
j (t)

= −
[
∆qj
2Sj

]2
D

(0)
j (t)

{
D

(0)
j (t)[Aj(t)]

2 − 1

2

ωj

ω′
j

[
Aj(t) cot

ω′
jt

2
−

ωj cot(ω
′
jt/2)− iω′

jAj(t)

ωjAj(t) + iω′
j cot(ω

′
jt/2)

]}
.

(53)

Plugging back into Eq. (51), simplifying, and inserting the same Lorentzian smearing as in the

zeroth-order term, we finally obtain

Γ
(1)
i =

2

ℏ2
gRe

∫ +∞

0

[∑
j

|Mj|2D(1)
j (t)

]
G(0)(t)e

iWif t

ℏ −γtdt. (54)
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III. COMPUTATIONAL CONSIDERATIONS

All electronic-structure and phonon calculations are performed in identical supercells that cor-

respond to the initial and final atomic and electronic configurations of the capture process. In

particular, for the cases we study in this paper, the supercells are neutral: In the initial configura-

tion, a carrier is in a band state while the point defect is in a nominally charged state so that, when

the carrier transitions into a defect energy level in the gap, the point defect is in the neutral state in

the resulting final configuration. The final configuration is the ground state of the system, whereby

the appropriate electronic structure calculations are based on ground-state DFT. In contrast, the

initial configuration is an excited state of the same system, whereby constrained-DFT calculations

are appropriate. The total DFT energies of the initial and final configurations are precisely the

energies Wi and Wf , respectively, in Eq. (23) that appear in the δ function of the Fermi golden

rule, as in Eq. (33) and other subsequent expressions for transition rates.

More specifically, in the case of Si in the initial configuration, an electron is in a conduction-

band state while the dangling bond is in a nominally positively charged state, i.e., both the spin-up

and spin-down defect energy levels in the gap are empty. During the capture process, the electron

transitions into one of these two empty levels, so that, in the final configuration, one of the two

energy levels in the gap is occupied and the dangling bond is in its neutral state. Similarly, in the

case of GaN in the initial configuration, a hole is in a valence-band state while the CN defect is

in a nominally negatively-charged state, i.e., all of the six p-like defect energy levels in the gap

are occupied. During the capture process, the hole transitions into one of these occupied energy

levels, so that, in the final configuration, one of the six defect levels in the gap is empty and the CN

defect is in its neutral state.

All calculations are based on DFT with Projector Augmented Wave (PAW) pseudopotentials15,16

and are performed using the computer code VASP.16–19 In the Si calculations, the Perdew-Burke-

Ernzerhof (PBE) form20 of the generalized-gradient-approximation is used to get the wave func-

tions and conduction-band eigenvalues across multiple k-points. These eigenvalues are used only

for the energies of conduction-band states relative to the band minimum. We also use the PBE

functional for relaxations and phonon calculations. On the other hand, we use the hybrid func-

tional of Heyd, Scuseria, and Ernzerhof (HSE)21 to get accurate total energies, from which the

capture transition energy is obtained, and the bound-state defect energy level. The functional is

adapted by tuning to α = 0.23 to reproduce the experimental band gap. For GaN, we use HSE for
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all relaxation, electronic structure, and phonon calculations with α = 0.31, which reproduces the

experimental band gap and produces the same lattice relaxation around the C impurity as in Ref.

7.

Neither pure Si nor pure GaN is magnetic. However, in any carrier-capture process, the defect

has an unpaired spin in either the initial or final state. Therefore, all defect calculations are spin-

polarized. The free carrier in the initial state also has a spin; however, its interaction with the defect

spin is negligible. In a finite-size supercell, a spin-polarized free carrier would artificially interact

with the defect spin because of the confinement of the supercell. To remove this artifact, free

carriers are treated as non-spin-polarized (i.e., with equal occupation of 0.5 in both spin channels).

In all calculations, we completely turn off symmetry.

We get the total potential energies Wi({R(i)
k }) and Wf ({R(f)

k }) directly from the VASP total-

energies output in the initial and final relaxed configurations, for which we use constrained-DFT

and ground-state-DFT calculations, respectively, in neutral supercells. One should ideally do sep-

arate total-energy calculations with the carrier in each initial band state. Such an undertaking,

however, is not practical. Instead, we approximate the potential energy difference Wif as

Wif ≈ Wf ({R(f)
k })−

[
Wref({R(i)

k }) + εi − εref

]
, (55)

where the total energy is calculated only for a single reference initial state for each system, as

described below. The assumption here is that the ion-ion interaction potential does not change

significantly between band states so that the additional energy is only the eigenvalue energy dif-

ference between each initial band state and the reference band state.

In the case of Si in the initial configuration, the electronic-structure calculation for the reference

configuration is carried out in the constrained-DFT scheme with the electron at the bottom of the

conduction band. The resulting total energy is then Wref. Since in the case of Si we calculate

non-equilibrium capture coefficients for electrons that approach the defect in a perfect-crystal

Bloch state, the eigenvalue difference εi − εref is obtained from a perfect-crystal calculation, with

εref being the energy of the conduction-band minimum. In the final-state configuration, the band

electron occupies the defect level in the energy gap, i.e., the defect is neutral and a standard ground-

state-DFT calculation is performed.

In the case of GaN in the initial configuration, the reference configuration is defined as a hole in

the third highest valence state at the Γ point. The choice of the third highest valence band is made

because it allows easier convergence than the top two bands that are closer in energy. Rather than
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converging the Γ point self-consistently, however, it is more accurate to converge the 2 × 2 × 2

Monkhorst-Pack (MP) k-point mesh, then calculate the Γ-point eigenvalues and wave functions

from that charge density. The electronic-structure calculations are once more performed using

the constrained-DFT scheme, with the hole evenly split among the third highest valence states of

the 2 × 2 × 2 MP k points, then the total energy is adjusted by the energy difference between

the third highest band of those k points versus that of the Γ point to get the total energy of the

Γ-point reference configuration. The energies of the three hole states are then calculated from the

reference configuration by adding the relevant eigenvalue differences. The final results are the

Boltzmann-weighted average over the three hole states:

Γ(1)(T ) =

∑
i Γ

(1)
i (T )eWif/kBT∑
i e

Wif/kBT
, (56)

where Wif is negative, representing energy transfer into the phonon vibrations. In the final config-

uration, the excess electron on the defect is removed and the valence band states are fully occupied,

i.e., the defect is neutral and a standard ground-state-DFT calculation is performed. Since in GaN

we are calculating the hole capture coefficient under equilibrium conditions in order to compare

with available experiments and prior calculations, the eigenvalue differences are evaluated in the

presence of the defect. The band eigenvalues from the ground-state system are most accurate, so

we use those for all calculations where only band eigenvalues are needed.

Due to hybridization with the valence and conduction bands in both Si and GaN, the bound state

in the gap has a nonzero dispersion in the Brillouin zone. The dispersion in Si is of order 0.1 eV in

the PBE calculation and should be smaller with HSE, whereas in the case of GaN, because of the

smaller supercell but larger band gap, the dispersion is comparable, of order 0.2 eV. This ficticious

dispersion is a finite-cell artifact that goes to zero with larger supercells. Here, the defect-band

state at the Γ-point is adopted as the defect energy level in the gap and is used for all total energies

and eigenvalue differences that involve the defect level.

To calculate the zeroth-order electronic matrix elements given in Eq. (44), we need to isolate the

electronic-only energy difference Ef ({R(i)
k }) − Ei({R(i)

k }). We utilize the total potential energy

difference

Wf ({R(i)
k })−Wi({R(i)

k }) =
[
VII({R(i)

k }) + Ef ({R(i)
k })

]
−
[
VII({R(i)

k }) + Ei({R(i)
k })

]
(57)

= Ef ({R(i)
k })− Ei({R(i)

k }) (58)

taken directly from the total energy output by VASP. We utilize an approximation similar to that
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used for the energy argument in the δ function to consider many initial band states:

Wf ({R(i)
k })−Wi({R(i)

k }) ≈ Wf ({R(i)
k })−

[
Wref({R(i)

k }) + εi − εref

]
. (59)

The calculation of the first-order electronic matrix elements in terms of one-electron wave-

functions and their derivatives with respect to q entails two parts: the calculation of the pertinent

phonon states to perform the derivatives and the calculation of the electronic matrix elements

themselves. For the phonons, we use Phonopy22 with VASP as the force calculator. For the cal-

culation of the electronic matrix elements, the reduction from many-electron to one-electron wave

functions is carried out in Appendix B.

The process of expressing the first-order many-electron matrix elements in Eq. (46) in terms

of one-electron wave functions imposes a requirement that the one-electron wave functions must

be eigenfunctions of the same Hamiltonian, namely the same electronic configuration. We show

in Appendix B that using the single-electron states from the initial configuration yield simpler

equations than using those of the final configuration. We then transform the matrix element

into a single-electron overlap multiplied by an eigenvalue difference εi − εf . We show in Ap-

pendix B that the two possible choices for the single-electron overlap – initial-configuration and

final-configuration wavefunctions – are in fact equivalent to first order. We opted for the final-

configuration wave functions, which are obtained by a ground-state calculation of the neutral

defect. DFT is a ground-state variational theory, so the ground-state electronic configuration is

generally more accurate than constrained DFT calculations. This choice also has added bonuses:

a Sommerfeld factor7 to correct for small-supercell effects is not warranted because the defect is

neutral, and only a single set of calculations needs to be performed for the single final configura-

tion rather than all three of the initial configurations that we consider. On the other hand, no such

simplification exists for the eigenvalue difference. Therefore, its evaluation remains in the relaxed

initial configuration. As in Eqs. (55) and (59), we calculate these initial-configuration eigenvalue

differences using a single reference state and adjust for the splitting between the different initial

states using the more accurate final-state eigenvalue differences:

εi − εf = (εref − εf )
initial + (εi − εref)

final. (60)

The value of the Lorentzian smearing, ℏγ ≈ 1 meV, for the Si system is taken from the theo-

retical estimate of the lifetime broadening of electrons in the Si conduction band due to Coulomb

interactions.23 For the GaN system, we use ℏγ ≈ 3.7 meV, based on an experimental measure-

ment of the half width at half maximum of the band edge peak in the GaN photoluminescence
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spectrum.24 The convergence criterion for the time-domain integral is set to e−γt ≤ 10−4 for Si and

e−γt ≤ 10−5 for GaN. The time step was decreased to convergence, resulting in dt = 2.1 × 10−9

ps for Si and dt = 5 × 10−9 ps for GaN. The oscillatory nature of the integrand is limited by the

highest possible phonon frequency, which is independent of temperature.

IV. RESULTS

A. Electron capture by triply-hydrogenated vacancy in Si

In the previously published work8 the zeroth-order electron-capture cross section by a nomi-

nally positively-charged defect in this system at 300 K was calculated using a Monte-Carlo sam-

pling method for phonon configurations. Here we use the more accurate time-domain integration

to calculate both the zeroth- and first-order terms.

In all calculations, we use a 4 × 4 × 4 supercell of the 8-atom conventional fcc unit cell,

comprising 512 atomic sites, and a plane-wave energy cutoff of 400 eV. For relaxations and the

first-order matrix elements, we use only the Γ k point. For the zeroth-order electronic matrix

element MBO
e ({R(i)

k }), we use a 3× 3× 3 Γ-centered k-point mesh to obtain matrix elements for

more energy levels.

We calculate the electron-capture cross section for a range of initial states i using the relation-

ship

σi =
ΓiΩ

vg,i
, (61)

where Ω is the volume over which the wave functions are normalized, i.e., the supercell volume,

and vg,i = 1/ℏ|∇kεi(k)| is the group velocity of the incident electron in the perfect crystal. To

estimate the group velocity at a given k point, we calculate the energy eigenvalues at four nearby

k points, with δk = −0.02, −0.01, 0.00, and 0.01 2π/a, where δk = 0.00 is the original k point.

Four k points are needed to properly line up the energy bands as they cross and can be linear

or quadratic. When band crossing occurs, the bands can be matched correctly using symmetry

considerations. The derivative of energy with respect to k in each direction kx, ky, and kz and

computed using a least-squares fit. As a check, numerical derivatives produce group velocities

that are consistent with the point-group symmetries.

The final cross section as a function of the initial state is jagged due to having discrete band

levels in a finite supercell. To smooth the curve, we apply Gaussian broadening, where each point
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at a calculated eigenenergy is smeared according to a Gaussian function with a width η based on

the group velocity vg,i at that energy:

η = ℏvg,i∆k, (62)

where ∆k is the distance between points in the k-mesh.

FIG. 1. Zeroth- and first-order contribution to electron-capture cross section (σi) of a triply-hydrogenated,

positively charged vacancy in Si (a model dangling bond) as a function of the transition energy, namely the

total electronic energy difference Ef ({R
(i)
k })− Ei({R(i)

k }) as defined in Eq. (58).

The capture cross section as a function of the electronic transition energy Ef ({R(i)
k }) −

Ei({R(i)
k }) is shown in Fig. 1. The zeroth-order calculation incorporates several improvements

over the previous work.8 In the present work, we include more accurate energies using a hybrid

exchange functional, spin polarization, and the same neutral supercell for the initial and final

atomic and electronic configurations of the capture process. We also implement an improved

phonon line-shape function using the time-integration method, which sums over all possible

phonon configurations, and we use independent, rather than averaged, matrix elements for each

band state. The electron group velocity is also more accurate as it is calculated directly from the

band structure.

With these improvements, the calculated cross section at the conduction band minimum is

roughly an order of magnitude smaller than the previous value,8 but it has the same qualitative
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features, including the exponential decay of the cross section as a function of the incident electron

energy.8 The results also show that the cross section is dominated by the zeroth-order contribution,

as previously estimated in Ref. 8.

B. Hole capture by substitutional carbon in GaN

The yellow luminescence band in high-purity, n-type GaN is attributed to hole capture by

negatively-charged isolated CN defects.7,25 More specifically, photogenerated holes in the valence

bands are captured by the defects (the hole capture of interest here), making the defects neutral.

Recombination of the trapped holes with conduction-band electrons emits the yellow lumines-

cence. The hole-capture coefficient can be experimentally measured from the yellow luminescence

spectrum.26–29

In order to compare directly with the results from Alkauskas et al.,7 we use a 96-atom 3×2×2

supercell of the wurtzite conventional unit cell (see example of supercell structure in Zhao et

al.30) with their cell parameters a = 3.20 Å, c = 5.19 Å, and u = 0.377. The relaxation and

phonon calculations are performed using a 2× 2× 2 Monkhorst-Pack (MP) k-point mesh with an

energy cutoff of 400 eV for the plane waves. These choices reproduce the relaxation around the

C impurity found by Alkauskas et al.7 For the calculation of the total-energy differences and the

band-energy splittings at the Γ point, we carried out a Γ-point calculation using the self-consistent

charge density obtained in the more accurate 2×2×2 MP mesh, instead of calculating the Γ point

alone self-consistently. However, for computational feasibility, the first-order matrix elements are

calculated using a Γ-only k-point mesh and a plane-wave cutoff of 600 eV for increased accuracy

in the wave function derivatives.

The top of the GaN valence bands comprises a doublet and a singlet. The presence of a point

defect with large lattice relaxation splits the doublet into two singlets (increasing the supercell size,

which is not currently feasible, would reduce this splitting). The calculated Wif for the capture of

a hole at the highest, second highest, and third highest valence band states are 0.92 eV, 0.94 eV,

and 1.17 eV, where the splitting of 0.02 eV between the top two levels is an artifact of the finite-

size supercell. We only calculated hole capture from these three split levels in order to compare

our results directly with those of Alkauskas et al.7

To compare our results with experimental data,26–29 we calculate the hole-capture coefficient
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Cp, which is equal to the transition rate divided by the CN-defect concentration, or, equivalently,

Cp = ΓΩ, (63)

where Ω is the volume over which the wave functions are normalized (i.e., the supercell volume).

Assuming that convergence with respect to supercell size is reached, in the limit of a single hole

captured in a single defect, Cp in Eq. (63) represents the theoretical value to be compared with

experimental data, even though the experimental defect concentrations are much smaller than the

theoretical concentration in the supercell calculations.

The experimental values26–29 of the hole-capture coefficient range from 0.4×10−7 to 7.7×10−7

cm3/s with an average of 3.3×10−7 cm3/s in four samples in the temperature range of 500 to 600

K, and 3.3×10−7 cm3/s at 100 K. The hole-capture coefficients estimated from experiments show

a negligible temperature dependence. The experimental values of the hole-capture coefficient are

estimated from analysis of photoluminescence intensities. In photoluminescence, hole capture is

considered to be an equilibrium process, in which the zeroth-order term is zero, so only the first-

order equilibrium term is included in Fig. 2. The results show that the hole-capture coefficient

features an increase of around an order of magnitude from 50 K to 800 K, in good agreement with

the high-temperature experimental data (500 K to 800K), but a little over an order of magnitude

lower than the single experimental point available at lower temperatures. It is worth noting that

the approximation of using the same set of phonon frequencies in the initial and final state does

impact the magnitude and temperature dependence of the capture coefficient. The difference is

very small at low temperatures and approaches an order of magnitude at higher temperatures, as

shown in Fig. 3.

We compare the present equilibrium hole-capture coefficient to that calculated by Alkauskas

et al.,7 as shown in Fig. 2. The present capture coefficient is larger by more than an order of

magnitude at low temperatures but within a factor 4 at high temperatures, being closer overall to

the sparse experimental data. It also shows a much weaker temperature dependence. In order to

understand the differences between the two results, we consider the most significant differences

between the two treatments.

The first major difference between the two calculations is the inclusion of all phonons in the

multiphonon configurations by which the transition energy is dissipated instead of a single effec-

tive phonon mode. The existence of significantly more multiphonon configurations to dissipate

the transition energy is the major contributor to the overall larger capture-coefficient values in the
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FIG. 2. The equilibrium hole-capture coefficient for C impurities at N sites in GaN. The hole-capture

coefficient reported by A. Alkauskas et al.7 at Wif = 1.02 eV (∆E in their notation) is also displayed in

purple. Reported experimental values of capture coefficients are displayed as empty symbols, and dotted

lines indicate the range of temperatures in which they are reliable.26–29 The four different symbols in the

dashed-line rectangle are data extracted from four different samples.

present calculations. Moreover, the weaker temperature dependence of the present results at low

temperatures is caused by the fact that there always exist many phonons at temperatures below

kBT .

A second major difference between the two calculations is that, in the present formulation,

inclusion of the Sommerfeld correction is not necessary. As shown in Appendix B, the calculation

of the overlaps using either the final- or initial-configuration wave functions is equivalent to first

order. Thus, our results shown in Fig. 2 do not contain a Sommerfeld correction.

A final minor difference between the current multiphonon formulation and the single-phonon-

mode scheme of Ref. 7 is the lack of sensitivity to the accuracy of the calculated transition energy

∆E. Whereas in that scheme a 10% change in ∆E induces one-to-two orders of magnitude change

in the capture coefficient, we find that in the present multiphonon scheme such a change induces a

change of only a factor ∼2 (Fig. 4).
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FIG. 3. Comparison plot of the hole-capture coefficient calculated using the phonon frequencies of the

initial and final configurations (ωj ̸= ω′
j) and invoking the approximation of using the phonon frequencies

of the final configuration for both configurations (ωj = ω′
j)

FIG. 4. Comparison between the calculated ∆E = 0.92 eV and a hypothetical ∆E = 1.02 eV, showing

minimal sensitivity to uncertainties in the defect energy level
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V. SUMMARY

In summary, we have developed a first-principles methodology to study nonradiative carrier

capture by defects in semiconductors using a comprehensive theory of inelastic multiphonon

carrier-capture processes, identifying both zeroth-order and first-order contributions, with both

terms (to first order, as shown by Huang6) being within the adiabatic, Born-Oppenheimer approx-

imation. An accurate, fast-converging time-integration method is implemented to calculate the

phonon line-shape function. We present results for a triply-hydrogenated vacancy in Si and a CN

substitutional impurity in GaN.

For Si, we calculate both the zeroth-order and first-order nonequilibrium contributions to the

carrier-capture process and compare the relative magnitude of each. We see good agreement with

our previous results.8 For the CN substitutional impurity in GaN, we calculate the equilibrium cap-

ture coefficient, for which only the first-order contribution is nonzero, to compare with available

sparse experimental data26–29 and previous first-principles calculations.7 We find a larger capture

coefficient, closer to the experimental data, and a decrease in the temperature dependence, both of

which can be attributed to the inclusion of all phonons in constructing multiphonon configurations

to dissipate the transition energy. Discrepancies between the theoretical and experimental results

still remain, especially at low temperatures. Additional experiments are needed to test the theories.

From our investigation, we believe that increasing the accuracy of the electronic energies

through the use of larger supercells would have the largest impact on improving the calculations.

However, scaling to larger supercells while still using the more accurate hybrid functionals is cur-

rently limited by computational feasibility. The primary limiting factors for supercell size are

the phonon calculation and, for the first-order term, derivatives of electronic wavefunctions with

respect to each phonon mode, especially using high-level exchange functionals. Each of these

steps require 3N − 3 number of DFT calculations, where N is the number of atoms in the super-

cell. Given that a typical DFT calculation scales as O(N3), the total computational time scales

as O(N4). Consequently, extending the model to more complex defect structures faces the fun-

damental challenge common to all electronic structure calculations: accelerating the O(N3) DFT

step.
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Appendix A: Zeroth-order electronic matrix elements

The zeroth-order matrix element is defined as

MBO
e = ⟨Φ̃f |HBO

1 |Φ̃i⟩. (A1)

The wave functions |Φ̃l⟩ are not directly available for computation, so we must transform the

matrix element to use only the defect wave functions |Φl⟩ and the perfect-crystal wave functions

|Φ0
l ⟩. The defect wave functions |Φl⟩ can be written as a first-order perturbative expansion in terms

of |Φ̃l⟩:

|Φl⟩ ≈ |Φ̃l⟩+
∑
l′ ̸=l

⟨Φ̃l′|HBO
1 |Φ̃l⟩

Ẽl − Ẽl′
|Φ̃l′⟩ (A2)

or

|Φl⟩ ≈ |Φ̃l⟩+
∆Hif

Ẽl − Ẽi

δfl|Φ̃i⟩ −
∆Hfi

Ẽf − Ẽl

δil|Φ̃f⟩, (A3)

where

∆Hfi = ⟨Φ̃f |∆H|Φ̃i⟩ = ⟨Φ̃f |HBO
1 |Φ̃i⟩ (A4)

is the zeroth-order electronic matrix element. Using this relationship and Eq. (A3), we find that

⟨Φ̃f |HBO
1 |Φ̃i⟩ = ⟨Φf |Φ̃i⟩(Ẽf − Ẽi). (A5)

Making use of Eqs. (25) and (26), we obtain

⟨Φf |Φ̃i⟩ ≈
1

N !
⟨det{ϕ′

1 · · ·ϕ′
f · · ·ϕ′

N}|det{ϕ1 · · ·ϕ0
i · · ·ϕN}⟩. (A6)
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Because the perturbation between the Förster wave functions and the defect wave functions is only

the coupling between the initial and final many-electron states, we can make the approximation

that all of the other states are unchanged under the perturbation and remain orthonormal to ϕ0
i .

Because of the orthonormality, for any single permutation on the left, only the identical permuta-

tion on the right survives and the only remaining inner product is ⟨ϕ′
f |ϕ0

i ⟩. We can then cancel the

factor of 1/N ! out front, giving

⟨Φ̃f |HBO
1 |Φ̃i⟩ = ⟨ϕ′

f |ϕ0
i ⟩(Ẽf − Ẽi). (A7)

Finally, the total electronic energy difference Ẽf − Ẽi can be approximated as the total electronic

energy difference from the defect system Ef − Ei:

⟨Φ̃f |HBO
1 |Φ̃i⟩ = ⟨ϕ′

f |ϕ0
i ⟩(Ef − Ei). (A8)

Appendix B: First-order electronic matrix element

In order to perform practical calculations of the first-order matrix element, we must show that

it can be transformed from being in terms of the Förster wave functions and Hamiltonian, |Φ̃l⟩ and

H̃e, to being in terms of the defect wave functions and Hamiltonian, |Φl⟩ and He, of the initial ion

positions:

⟨Φf ({R(i)
k })|∇Rk′

He|Φi({R(i)
k })⟩ = ⟨Φ̃f ({R(i)

k })|∇Rk′
H̃e|Φ̃i({R(i)

k })⟩. (B1)

Moving forward, we drop notating the dependence on R
(i)
k for brevity. From the expansion of |Φl⟩

in terms of |Φ̃l⟩ from Appendix A, we can write

⟨Φf |∇Rk′
He|Φi⟩ =

(
⟨Φ̃f |+

∆Hfi

Ẽf − Ẽi

⟨Φ̃i|

)
∇Rk′

He

(
|Φ̃i⟩ −

∆Hfi

Ẽf − Ẽi

|Φ̃f⟩

)
. (B2)

Expanding and keeping terms that are linear in the matrix elements ∆Hfi and ⟨Φ̃l|∇Rk′
He|Φ̃l′⟩

gives

⟨Φf |∇Rk′
He|Φi⟩ ≈ ⟨Φ̃f |∇Rk′

He|Φ̃i⟩. (B3)

We know that He = H̃e +HBO
1 , so

⟨Φf |∇Rk′
He|Φi⟩ = ⟨Φ̃f |∇Rk′

H̃e|Φ̃i⟩+ ⟨Φ̃f |∇Rk′
HBO

1 |Φ̃i⟩. (B4)
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Expanding ⟨Φ̃f |∇Rk′
HBO

1 |Φ̃i⟩ gives only terms that are second-order in perturbations ∆H and

H̃ep, so we can neglect that term and say that

⟨Φf |∇Rk′
He|Φi⟩ ≈ ⟨Φ̃f |∇Rk′

H̃e|Φ̃i⟩. (B5)

Going back to the full first-order matrix element, we can transition directly from the electron-

phonon coupling operator being in terms of the coordinates Rk,

Hep = He({Rk})−He({R(i)
k }), (B6)

to being in terms of the generalized coordinates qj ,

Hep = He({qj})−He({qj = 0}). (B7)

Plugging the linear term of this expansion into the first-order term would then give

Γ
(1)
in =

2π

ℏ
∑
fn′

∣∣∣∣∣∑
j

Mj⟨Xfn′ |qj|Xin⟩

∣∣∣∣∣
2

δ(Θ′
n′ −Θn +Wif ), (B8)

where

Mj ≡ ⟨Φf |∂qjHe|Φi⟩. (B9)

Following the typical density-functional-theory formalism, the wave functions can be written as

Slater determinants and the Hamiltonian can be written as a sum of fictitious, non-interacting,

single-particle Hamiltonians, giving

⟨Φf |∂qjHe|Φi⟩ = ⟨ϕf |∂qjhe|ϕi⟩+
N−1∑
l=1

⟨ϕl|∂qjhe|ϕl⟩, (B10)

where |ϕl⟩ are the single-particle orbitals from the same Hamiltonian he. To eliminate the last

term in Eq. (B10), we choose he to be that of the initial configuration. This choice allows us to

use the Helmann-Feynman theorem, whereby the second term represents the total force on all of

the non-transitioning particles, which is zero. Consequently, we can equivalently write Mj in the

single-particle form

Mj = ⟨ϕf |∂qjhe|ϕi⟩, (B11)

where |ϕi⟩ and |ϕf⟩ are single-electron wave functions from the relaxed initial configuration.

In order to evaluate Mj , we first look at a perturbative expansion of the final wave functions and

manipulate that to get to an alternate form of Mj . We can approximate the final wave functions
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after some infinitesimal displacement δqj of the atoms from the initial positions along the phonon

eigenvector of mode j as

|ϕj
f⟩ ≈ |ϕf⟩+

∑
l ̸=f

⟨ϕl|(∂qjhe)δqj|ϕf⟩
εl − εf

|ϕl⟩. (B12)

We can then evaluate

⟨ϕj
f |ϕi⟩ = ⟨ϕf |ϕi⟩+

∑
l ̸=f

⟨ϕf |(∂qjhe)δqj|ϕl⟩
εl − εf

⟨ϕl|ϕi⟩

⟨ϕj
f |ϕi⟩ = ⟨ϕf |ϕi⟩+

⟨ϕf |(∂qjhe)δqj|ϕi⟩
εi − εf

. (B13)

Numerically, the overlap ⟨ϕf |ϕi⟩ is not identically zero, so we preserve that term for increased

numerical accuracy. The overlaps in the sum are higher order, so the terms with ⟨ϕl|ϕi⟩ and l ̸= i

can be safely neglected. Eq. (B13) can be rearranged to get

Mj = ⟨ϕf |∂qjhe|ϕi⟩ =
εi − εf
δqj

(
⟨ϕj

f |ϕi⟩ − ⟨ϕf |ϕi⟩
)
. (B14)

The constrained DFT calculations needed for the overlaps from the initial configuration are diffi-

cult to converge over all of the phonon modes, and a separate set of calculations would be needed

for each possible initial state. The final, ground-state configuration, however, is easier to con-

verge and benefits from increased numerical accuracy as DFT is a ground-state variational theory.

Below, we show that to first order the overlaps from either configuration are equivalent.

We relate the initial-configuration single-electron Hamiltonian he and the final-configuration

single-electron Hamiltonian h′
e through

h′
e = he +∆he, (B15)

where |ϕl⟩ are eigenfunctions of he and |ϕ′
l⟩ are those of h′

e. We relate the wave functions for the

states i and f of the two configurations using perturbation theory:

|ϕ′
i⟩ = |ϕi⟩+

∑
l ̸=i

⟨ϕl|∆he|ϕi⟩
εl − εi

|ϕl⟩. (B16)

The Hamiltonian for |ϕ′j
f ⟩ is h′

e + (∂jh
′
e)δqj = he +∆he + (∂jhe)δqj + (∂j∆he)δqj . We treat the

term (∂j∆he)δqj as higher-order and drop it. The wave function is then

|ϕ′j
f ⟩ = |ϕf⟩+

∑
l ̸=f

⟨ϕl|∆he + (∂jhe)δqj|ϕf⟩
εl − εf

|ϕl⟩ = |ϕj
f⟩+

∑
l ̸=f

⟨ϕl|∆he|ϕf⟩
εl − εf

|ϕl⟩. (B17)
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Using these to perform the inner product and keeping only terms to first order, we find

⟨ϕ′j
f |ϕ

′
i⟩ ≈ ⟨ϕj

f |ϕi⟩. (B18)

Thus, either the initial- or final-configuration wave functions can be used to calculate the matrix

elements. Replacing the overlaps in Eq. (B14) with the final-configuration, ground-state overlaps

gives

Mj =
εi − εf
δqj

(
⟨ϕ′j

f |ϕ
′
i⟩ − ⟨ϕ′

f |ϕ′
i⟩
)
. (B19)

Note that the eigenvalue difference should still come from the relaxed initial configuration and

the initial relaxed positions should still be the starting point for the displacement, as the the per-

turbation expansion was carried out in the relaxed initial configuration. The physically-but-not-

numerically zero overlap ⟨ϕf |ϕi⟩ is replaced with the equivalent overlap from the final configura-

tion for consistency.

Appendix C: Integration method for the line-shape functions

The zeroth-order line-shape function for a single initial phonon configuration is defined as

F
(0)
in =

∑
n′

|⟨Xfn′|Xin⟩|2 δ(Θ′
n′ −Θn +Wif ). (C1)

Expanding the wave functions and accounting for the thermal distribution of initial phonons, we

have the total zeroth-order line shape function,

F
(0)
i =

∑
{n′

j}

∑
{nj}

[
N∏
j=1

e−β(nj+
1
2
)ℏωj

Zj

∣∣∣⟨χ′
n′
j
|χnj

⟩
∣∣∣2] δ(Θ′

{n′
j}
−Θ{nj} +Wif ), (C2)

where

Zj =
∞∑

nj=0

e−β(nj+
1
2
)ℏωj (C3)

is the partition function of phonon mode j. Here, we change notation from n, n′ to {nj}, {n′
j} to

show explicitly that the sum over the initial and final phonon states is over all possible initial and

final configurations. Following Ref. 9, the δ function can be rewritten as a time integration using

a Fourier transform:

δ(ω) =
1

2π

∫ +∞

−∞
eiωtdt =

1

π
Re

∫ +∞

0

eiωtdt. (C4)
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The zeroth-order line-shape function then becomes

F
(0)
i =

1

πℏ
Re

∫ +∞

0

∑
{n′

j}

∑
{nj}

[
N∏
j=1

e−β(nj+
1
2
)ℏωj

Zj

∣∣∣⟨χ′
n′
j
|χnj

⟩
∣∣∣2] eiΘ′

{n′
j
}−Θ{nj}

ℏ tei
Wif
ℏ t dt. (C5)

Using Eqs. (18) and (19), we can bring the phonon-energy exponential and the summations over

the phonon configurations inside the product:

F
(0)
i =

1

πℏ
Re

∫ +∞

0

N∏
j=1

 1

Zj

∑
n′
j

∑
nj

∣∣∣⟨χ′
n′
j
|χnj

⟩
∣∣∣2 ei(n′

jω
′
j−njωj)te−β(nj+

1
2
)ℏωj

 ei
Wif
ℏ t dt, (C6)

where the energy of the entire configuration becomes the energy of a single mode with a given

number of phonons and we allow the phonon frequencies to be different between the initial (ωj)

and final (ω′
j) configurations. Note that because the initial sums were over all possible configura-

tions, no new cross terms are introduced.

Define the product part of the integrand as

G(0)(t) ≡
N∏
j=1

G
(0)
j (t), (C7)

where

G
(0)
j (t) =

1

Zj

∑
n′
j

∑
nj

∣∣∣⟨χ′
n′
j
|χnj

⟩
∣∣∣2 ei(n′

jω
′
j−njωj)te−β(nj+

1
2
)ℏωj . (C8)

Using the definition of the single-mode Hamiltonians, Hj and H ′
j , given in Eqs. (12)-(16), Eq. (C8)

can be expressed as a trace:

G
(0)
j (t) =

1

Zj

Tr(e
iĤ′

jt

ℏ e−
iĤjt

ℏ −βĤj). (C9)

Given the fact that the trace is invariant under a change of basis, Eq. (C9) can be rewritten in the

normal-mode q-coordinate basis in the final-state configuration of the defect after carrier capture:

G
(0)
j (t) =

1

Zj

∫ +∞

−∞
dq⟨q|e

iĤ′
jt

ℏ e−
iĤjt

ℏ −βĤj |q⟩

=
1

Zj

∫ +∞

−∞
dq

∫ +∞

−∞
dq′⟨q|e

iĤ′
jt

ℏ |q′⟩⟨q′|e−
iĤjt

ℏ −βĤj |q⟩.
(C10)

Each term in the integral represents a quantum propagator K(q, q′; t) = ⟨q|Û(t)|q′⟩, where Û(t)

in the Schrödinger picture is e−iHt/ℏ. The propagator of a one-dimensional quantum harmonic

oscillator is the Mehler kernel (without m because we use q instead of x):

⟨q|e−iĤt/ℏ|q′⟩ =
[

ω

2πiℏ sin(ωt)

] 1
2

exp

[
iω

2ℏ
(q2 + q′2) cos(ωt)− 2qq′

sin(ωt)

]
. (C11)
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A similar expression was used by Kubo and Toyozawa.11 Equation (C10) then leads to

G
(0)
j (t) =

1

Zj

∫ +∞

−∞
dq

∫ +∞

−∞
dq′
[

ωj

2πiℏ sin(ωjT1)

] 1
2
[

ω′
j

2πiℏ sin(ω′
jT2)

] 1
2

×

exp

[
iωj

2ℏ
(q2 + q′2) cos(ωjT1)− 2qq′

sin(ωjT1)

]
×

exp

{
iω′

j

2ℏ
[(q +∆qj)

2 + (q′ +∆qj)
2] cos(ω′

jT2)− 2(q +∆qj)(q
′ +∆qj)

sin(ω′
jT2)

}
,

(C12)

where

T1 = t− iℏβ, T2 = −t. (C13)

Using the Gaussian integral∫ +∞

−∞
exp

(
1

2
iax2 + iJx

)
dx =

(
2πi

a

) 1
2

exp

(
−iJ2

2a

)
, (C14)

the integration is evaluated to yield

G
(0)
j (t) = exp

[
iD

(0)
j (t)

]
, (C15)

where

D
(0)
j (t) = −2

[
iS−1

j Aj(t)− S ′
j
−1

cot(ω′
jt/2)

]−1

, (C16)

Aj(t) =
eiωjt(n̄j + 1) + n̄j

eiωjt(n̄j + 1)− n̄j

, (C17)

the average phonon distribution functions are

n̄j =
1

eβℏωj − 1
, (C18)

and the Huang-Rhys factors Sj and S ′
j are defined as

Sj =
ωj

2ℏ
(∆qj)

2 (C19)

and

S ′
j =

ω′
j

2ℏ
(∆qj)

2, (C20)

with ∆qj being a projection of the change between the initial and final relaxed atomic positions

on the phonon eigenvectors. The pre-factor 1/Zj in G
(0)
j (t) is canceled due to the requirement that

when ∆qj = 0, G(0)
j (t) = 1. When ωj = ω′

j , G
(0)
j (t) is simplified to

G
(0)
j (t) = exp

{
Sj

[
(n̄j + 1)eiωjt + n̄je

−iωjt − (2n̄j + 1)
]}

, (C21)
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Plugging Eq. (C21) back into Eq. (C7) gives Eq. (38).

Likewise, the first order term is derived from

G
(1)
j′ (t) = |Mj′ |2

∑
n′
j′

∑
nj′

|⟨χ′
n′
j′
|qj′ |χnj′

⟩|2ei(n
′
j′ω

′
j′−nj′ωj′ )te−β(nj′+

1
2
)ℏωj′ . (C22)

Following a similar procedure as for the zeroth order term, this is evaluated as

G
(1)
j (t) = |Mj|2G(0)

j (t)D
(1)
j (t), (C23)

where

D
(1)
j (t)

= −
[
∆qj
2Sj

]2
D

(0)
j (t)

{
D

(0)
j (t)[Aj(t)]

2 − 1

2

ωj

ω′
j

[
Aj(t) cot

ω′
jt

2
−

ωj cot(ω
′
jt/2)− iω′

jAj(t)

ωjAj(t) + iω′
j cot(ω

′
jt/2)

]}
.

(C24)

For ω′
j = ωj , D

(1)
j (t) reduces to

D
(1)
j (t) =

ℏ
2ωj

{
n̄je

−iωjt + (n̄j + 1)eiωjt + Sj

[
1 + n̄je

−iωjt − (n̄j + 1)eiωjt
]2}

. (C25)
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