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At low temperatures, the transport coefficients in the disordered electron gas acquire quantum
corrections as a result of the complex interplay of disorder and interactions. The interaction correc-
tions to the electric conductivity have their origin in virtual processes with typical electronic energies
far exceeding the temperature. Here, we study interaction corrections §.5 to the thermopower S of
the two-dimensional disordered electron gas with long-range Coulomb interactions. We show that
while both real and virtual processes contribute to these corrections, the real processes are dominant
and lead to a logarithmic temperature dependence of §5/S with §5/S < 0.

Introduction.— The low-temperature transport prop-
erties of disordered electron liquids have fascinated re-
searchers for decades [IH3], for a recent review see Ref. [4].
Transport anomalies in quantum critical metals have re-
cently triggered a renewed interest in the intricate inter-
play of disorder and electron-electron interactions char-
acteristic for these systems [5HR]. Despite the long re-
search history on disordered electronic systems, theo-
retical studies of interaction corrections to thermoelec-
tric transport are rather rare [9 [10]. Yet, compared to
electric and thermal transport, the thermoelectric trans-
port coefficient offers complementary information as it
probes different aspects of the electron dynamics. In this
manuscript, we investigate thermoelectric transport at
low temperatures in the context of the two-dimensional
disordered electron gas with long-range Coulomb inter-
actions.

The charge current j and the heat current ji flowing
in a system of electrons in response to an electric field
E or a temperature gradient VT are characterized by a
matrix of transport coefficients [T, [12] as

(B)=(a)(Sr) o

In a conventional Fermi liquid, the electric conductivity
o and the thermal conductivity k fulfill the Wiedemann-
Franz law [13] x = LoT at low temperatures T, where
L = n%/3e? is the Lorenz number, and e is the electron
charge [14]. The off-diagonal matrix elements in Eq.
differ only by a factor of temperature, a manifestation of
the Onsager relation known from non-equilibrium statis-
tical mechanics [I5HI7]. The coefficient « governs ther-
moelectric response. In experiment, it can be found from
measurements of the Seebeck coefficient S = a/o, which
is also known as thermopower.

Due to the combined effect of disorder and interactions,
the electric conductivity of the disordered electron gas
acquires quantum corrections at low temperatures [TH3] .
These interaction corrections become particularly strong
when the temperature is small compared to the impurity
scattering rate T' < 1/7. The inequality T < 1/7 char-
acterizes the diffusive transport regime, which we will
focus on in this manuscript. In two dimensions (2d),
the correction to the electric conductivity caused by the

Coulomb interaction is logarithmic and takes the univer-
sal form [I]
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This correction originates from virtual processes with
electronic energies in the interval (T',1/7), the energy in-
terval that also underlies the renormalization group (RG)
analysis of the disordered electron gas [2] [18].

The thermal conductivity x acquires interaction cor-
rections from the RG energy interval as well [19], in accor-
dance with the Wiedemann-Franz law. In addition, loga-
rithmic corrections to k arise from real processes, specif-
ically from the sub-thermal energy interval (7?/Dx2,T),
where kg is the inverse screening radius and D is the dif-
fusion coefficient [20H26]. These corrections violate the
Wiedemann-Franz law by increasing the thermal conduc-
tivity disproportionately
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where I" = plog(Dr?/T), p = 1/(4n%1yD) is the dimen-
sionless resistance, vy is the density of states per spin
direction, and the classical Drude result ¢ = 22D im-
plies 60 /0 = —plog1/T7. It is worth mentioning that
in a model system where particles interact via short-
range Fermi liquid-type amplitudes, logarithmic correc-
tions arise from the RG energy interval only, and the
Wiedemann-Franz law holds [19] 27].

Results.— In this manuscript, we develop a theory of
interaction corrections to the thermopower of the 2d dis-
ordered electron gas with long-range Coulomb interac-
tions [28]. We show that the thermopower S acquires
logarithmic corrections from the RG energy interval as
well as from subthermal energies. We find the following
result
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The logarithmic corrections represented by do /o origi-
nate from the RG energy interval, and those entering
via I" from subthermal energies. In view of the localiz-
ing character of the interaction corrections to the electric



conductivity, o /o < 0, and due to I" > 0, the two cor-
rections to the thermopower partially cancel. Remark-
ably, the correction from the subthermal energy interval
dominates and thereby determines the overall sign of §.5.
Thus, real processes carry a larger weight for the correc-
tions to the thermopower than virtual processes. This is
in sharp contrast to the electric conductivity, for which
the corrections are caused by virtual processes only, while
real processes do not contribute at all. Overall, the result
for the interaction corrections to the thermopower can be
written as
E
%z—%plogf <0, (5)
where E = (Dr2)*/371/3 serves as an effective energy
scale. Corrections to the thermopower from the RG en-
ergy interval have been addressed in the seminal work
of Ref. [I0]. However, our results differ from those ob-
tained in this reference, as well as the earlier Ref. [9] (see
remark [29]). In particular, the role of the sub-thermal
energy interval was not recognized in these previous stud-
ies. Here, we find that corrections from the sub-thermal
energy interval change the overall sign of the correction to
the thermopower compared to the prediction of Ref. [10].
The role of particle-hole asymmetry.— There is a cru-
cial difference between the diagonal elements of the ma-
trix of transport coefficients in Eq. , and the off-
diagonal ones describing thermoelectricity. Thermoelec-
tric transport is a sensitive probe of particle-hole symme-
try in electronic systems [I1]. Since the response of par-
ticles to a non-uniform temperature is independent of the
sign of their charge, the resulting thermopower vanishes
in particle-hole symmetric systems. This implies that
the energy-dependence of parameters like the density of
states, electron velocity and the momentum relaxation
time, which requires particle-hole asymmetry, becomes
crucial. For instance, in metals these parameters are al-
most constant as a function of energy up to corrections of
the order of T/, where p is the chemical potential. The
role of particle-hole asymmetry for thermoelectric trans-
port is already visible in Drude-Boltzmann transport the-
ory, where a = (272/3)eT (v.D.)". In this expression, v,
and D, denote the frequency-dependent density of states
and diffusion coefficient, respectively, and the prime in-
dicates a derivative with respect to frequency. In 2d,
and for a quadratic dispersion, the density of states and
the disorder scattering time 7 are approximately constant
[10, B0]. Correspondingly, the thermoelectric transport
coefficient « is governed by the frequency-dependence of
the diffusion coefficient, which in turn reflects the fre-
quency dependence of the electron velocity, D, = v27/2.
The crucial role played by particle-hole asymmetry im-
plies that a calculation of the thermopower has to be per-
formed at a higher accuracy compared to electric or ther-
mal conductivities. For the same reason, the most power-
ful analytical tools developed for the description of elec-
tronic transport in disordered systems, the conventional
nonlinear sigma model (NLoM) approach [2, BT, B2] or

the quasiclassical Green’s function technique [33], are not
straightforwardly applicable. We therefore make use of
a recently derived generalized NLoM for interacting sys-
tems, which includes particle-hole asymmetry [30].

Structure of the correlation function.— Our calcula-
tion of the transport coefficients is based on the heat
density-density correlation function X, as in Ref. [I0].
It is instructive to discuss the compatibility of the in-
teraction corrections with the general structure of Xy,
which is strongly constraint by particle and energy con-
servation laws. The retarded heat density-density cor-
relation function is defined as ypn(z1,z2) = —i6(t1 —
t){([k(x1), 2(22)])r, where 7 is the density operator,
k=h— un is the heat density operator, with Hamiltonian
density h and chemical potential p, 2 = (r,t) combines
spatial coordinates r and time ¢, and (... )7 denotes ther-
mal averaging. As a function of momentum q and fre-
quency w, the disorder averaged correlation function in
the diffusive regime takes the following form [10, [34]
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In this equation, D,, and D; are the diffusion coeffi-
cients for charge and heat, respectively, while L is con-
nected to the transport coefficient @ and the Seebeck
coefficient S as o = eL/T, S = eL/(cT). The static
part of the correlation function is related to a thermo-
dynamic susceptibility, xif, = —T9rn. The conserva-
tion laws for particle number and energy impose the
constraint xg,(q = 0,w — 0) = 0. For the 2d dis-
ordered electron gas with quadratic dispersion, and in
the absence of interactions, the parameters are given as
D, = Dy = Dy, xit, = 0, and L = TeoD., where
Do = v%7/2, DL = Do/, and ¢y = 272Tvy/3 is the
specific heat. In the presence of interaction corrections,
the static part of the correlation function x3! depends on
the parameter z familiar from the renormalization of the
Finkel’stein model [2] as x§, = —coT0,z [10, 30]. With
this relation at hand, the leading order quantum correc-
tions to the parameters D,,, Dy, and L can be found from
the dynamical part of the correlation function.

The diffusion coefficients D,, and D, are well known
from studies of electric and thermal transport 2], 18] [19]
277, [39]. The heat density-heat density correlation func-
tion takes the form ypi(q,w) = —TeDrq?/(Drq? — iw),
where ¢ is the specific heat, and allows to determine
the thermal conductivity as k = ¢Dy [19, 27, B9].
The charge diffusion coefficient, in turn, is known from
the density-density correlation function x,,(q,w) =
—9,n D,q?/(D,q? — iw), which is related to the electric
conductivity as o = e20,n D, [2, [I8]. These relations
provide tight constraints for the calculation of xg,. Our
result for D,, = Dy + dD, where 6D/Dy = —plog1/T't,
is fully consistent with the known RG result, D,, = D/z;
[2, 18], when applied to the Coulomb-only model, since
z1 = 1 in the absence of Fermi-liquid renormalizations.
The case of the heat diffusion coefficient D}, is more sub-
tle. Here, we obtain [34] Dy = (Do+6D)/(1+32)+1"/2,
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which is consistent with previous results for the diffu-
sion of heat in the disordered electron liquid [25 [26].
The first term in the expression for Dy reflects the re-
lation Dy = D/z obtained from the RG energy inter-
val [19, 27, 39), with 6z = —plog1/Tr. The second
term, which originates from subthermal energies, is re-
sponsible for the violation of the Wiedemann-Franz law
in Eq. ( . [25] 26]. The coefficient L characterizing ther-
moelectric transport is obtained as L = L (1 — %I Ih)
with I = plog1/T7, which leads us to Eq. . We will
discuss the different types of corrections to L in more de-
tail after introducing the formalism underlying our cal-
culation.

NLo M approach.— The use of the NLoM formalism
for the calculation of x, requires a generalization of the
Finkel’stein model [2] to include particle-hole asymmetry.
It is further convenient to equip the model with potentials
that can serve as source fields for generating the correla-
tion function yr,, namely a scalar potential coupling to
the density, and Luttinger’s gravitational potential [40]
coupling to the heat density. The generalized Keldysh
NLoM for the disordered electron gas with particle-hole
asymmetry in the presence of the scalar potential ¢ and
gravitational potential n can be written as the sum of
two terms [30], S = Sp[X] + Su[Q], where

Sp[X] = 4y [ 24 41'5;@} (7)
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The fields X and @ are matrices in Keldysh space car-
rying two spin and two frequency indices [30, 4] [42].
The field Q is familiar from the conventional NLoM
formalism without particle-hole asymmetry [2, B1, B2]
and fulﬁlls the constraint Q2 = 1. It takes the form

Q =U 0'3U where UU 1 and &3 denotes the third
Pauli matrlx in Keldysh space. The field X is related
to Q as =Q+ 1D’(VQ) In Eq. (@), we also
used the notation X = X — 63. The trace opera-
tion “tr” accounts for all degrees of freedom including
the integration in r, unless written explicitly. The fre-
quency operator &7, is defined as £}, = %{é — @, 5\}, where
A =1/(1+17). The matrix structure of the scalar fields
is defined as in gbl = Ek:mcpfc’yk, where 41 = 69 and
42 = &1 are Pauli matrices in Keldysh space. The scalar
fields also acquire a matrix structure in frequency space
via (Pr)eer = Pre—er. Information about the occupation
of states is encoded in the matrix

. (1 F; . €
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which enters the action through §X = 46X 4. The stat-
ically screened Coulomb interaction is denoted as V. In

momentum space, it reads as Vi(q) = 27Te2/(|q\ + Ks).

The part of the action denoted as Sp[X] stands for the
conventional Finkel’stein model [2], supplemented with
source fields, and extended to include particle-hole asym-
metry through the replacement ) — X. The noninter-
acting part of Sp, in the absence of sources, takes the
form Sp[Q] = ZLtr[D:(VQ)? + 4iéQ)]. This action dif-
fers from the conventional model for noninteracting sys-
tems only by the frequency-dependence of the diffusion
coefficient. Correspondingly, the frequency-dependent
diffuson D, = (D.q* — iw)~', where ¢ is the center
of mass frequency of the contributing retarded and ad-
vanced Green’s functions, will form the basis of our per-
turbative calculation. In a microscopic derivation, Sp[X]
is found from a gradient expansion around the metallic
saddle point &3 without account of the massive modes
and includes up to four gradients. By contrast, Sy is
obtained from a cumulant expansion including the cou-
pling of soft and massive modes [30, 43]. It is worth
noting that both Srp and S); contain a term with four
gradients, of the same form, albeit with different coeffi-
cients. In our calculation, the (combined) four-gradient
term will contribute to Hikami-boxes, generalized to in-
clude particle-hole asymmetry.

Due to the approximate constancy of the density of
states, the terms representing particle-hole asymmetry
in the NLoM are all proportional to the derivative of the
diffusion coefficient D.. These terms also differ from the
terms present in the conventional model by their symme-
try. The conventional Finkel’stein model in the absence
of sources is invariant under the transformation @ — Q’,
where leaz = —0961Q" ., __,6102, 61 is a Pauli matrix
in Keldysh space, and o2 acts in spin space [30]. Each
term in the action has a partner term in the generalized
model, obtained via the replacement ) — X (with an ad-
ditional change of coefficients for the four-gradient term
due to the presence of Syy), which is proportlonal to DL
and odd under the transformation Q — @’. This has im-
portant consequences. Extending the symmetry analysis
to the source terms [30], one finds that a nonvanishing
result for xx, can only be obtained by including terms
with D, in the analysis.

Calculation.— The correlation functions yg, in the dif-
fusive limit can be obtained from the Keldysh partition
function Z = [ DQexp(iS) as the functional deriva-
tive Xin(w1,22) = (i/2)62Z/6n2(21)dp1(x2) evaluated
at 7 = ¢ = 0. The particle-hole asymmetry is explicit
through the D’-dependence of the action. The general-
ized NLSM with source fields 7 and ¢ therefore allows
us to formulate a systematic linear response theory for
the thermoelectric transport coefficient. The static part
of the correlation function has already been analyzed in
Refs. [10] and [30]. Here, we will focus on the dynamical
part.

A first order expansion of £ in 7o and ¢; is suf-
ficient for finding the dynamical part of the heat
density-density correlation function, XZ%" = Xkn — X0t
For the perturbative calculation, we employ a one-
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FIG. 1. Interaction corrections to the diffuson [46]. Solid
lines represent electronic Green’s functions, wiggly lines the
dynamically screened Coulomb interaction, and shaded rect-
angles or arcs the diffuson D.(q,w). The full circle indicates
heat density vertices and is shown on the left, the density
vertex is on the right. Each diagram represents a class of two
(in the case of (b) four) symmetry-related diagrams.

parameter family of parameterizations of the @ matrix
with unit Jacobian, @ = &3f(P), where f(z) = (z/2 +

1+ (1 —MN)x2/4)?/(1— \z?/4) [44]. The independence
of the results for the correlation function on the param-
eter A serves as useful consistency check [45]. Relevant
diagrams for the corrections to the diffusion propagator
are displayed in Fig.[l] Diagrammatic representations for
the heat vertex corrections and charge vertex corrections
are included in the supplemental material [34]. While the
vertex corrections are crucial for establishing the struc-
ture of the correlation function X, in Eq. (6]), the cor-
rections to L (and thereby to a and S) are found from
the diagrams displayed in Fig. . For each diagram, an
expansion in DZ is required in order to obtain a finite re-
sult. This expansion may originate from different terms,
namely from diffusons D ,,, from the generalized Hikami
box terms through Tr[D.V2Q] or DD.Tr[V2Q(VQ)?],
or from source and interaction terms that become D!-
dependent via the replacement Q — X. The advantage
of the described method is that the particle-hole asym-
metry is explicit, so that a systematic expansion can be
achieved straightforwardly. On the other hand, each di-
agram gives rise to several distinct contributions, which
need to be added consistently. Fortunately, the struc-
ture of the correlation function imposes tight constraints
on the calculation. In particular, the results for D,, and
Dy, obtained from the calculation of yx, can be checked
against those known from studies of x,, and xr as dis-
cussed above.

The result for da can conveniently be expressed
through the corrections to the frequency-dependent dif-
fusion coefficient [34],

dav = ecodD., 6D, =35DM +6DP 6D (10)
with ¢ < T assumed. The first two terms in this sum
are contributions from the RG interval of energies. In

particular, 6D§1), is a generalization of the conventional
interaction correction D to the diffusion coefficient re-

lated to Fig. [[fc) [47]
0D =1iD
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In this formula, the combination of distribution functions
A; = Feyy — Fo—, favors large frequencies v > T'. The

correction 5D§1) includes 0D, but also incorporates the
frequency-dependence of the bare diffusion coefficient as

6D = iD. / Ac Vi, DK (D, )% (12)

The correction dD is universal in the sense that it does
not depend on D. Correspondingly, if we replace Vkli, by

Vil = (Ve(k) + i pe) ™" with My = 200D.k*D,

in the equation for 6D§1), so that all diffusion coefficients
on the right hand side depend on the same frequency ¢,

then 5D§1) coincides with 6 D. We can therefore write

D =6D —iD. | A.,0WE, _D.X*(Dg,)® (13)
k,v

with 6V = Vi _— VB . Since §VE is already of
first order in e, we frlay neélect the e dependence of all
other terms in the expression, expand to first order in
g, and evaluate the resulting logarithmic integral (in the
universal limit V ~ T171)

5D£1) _ 5D — 5D:: AE,VI/VkI?l/Dk2Dﬁ7U =
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This correction was absent in Ref. [10].

The second term in the expression for 6 D in Eq. ,
5DE(;2), is obtained from the generalized Hikami-box di-
agrams Fig. a) and Fig. b). The contribution of
Fig. 1(a) has its origin in the total four-gradient term
in the action, §S4°* = —Sy;. It takes the form

Ao E DK*DE (15)
k,v

€

5D£.2a) — iD/

with A,, = F.4, + F._,. The contribution of the di-
agram in Fig. 1(b) arises through the D.-dependence

of 6X in the interaction part of Sg [X], sD3Y
—3D. fk,u A57,,Vk1?ka2’Dﬁ’y = —26D2%) We confirmed
that in a conventional diagrammatic calculation the total
correction
1
6D = 5D 4 5D = —ngd (16)

is entirely obtained from a careful expansion of the
Hikami-box diagram with account of the particle-hole
asymmetry [34]. This correction has also been identified
in Ref. [I0], with the same result.

The term §D" in Eq. represents the interaction
corrections from the sub-thermal energy interval. All the



diagrams displayed in Fig. [1| contribute to these correc-
tions [34]. Here, we discuss one of the contributions,

5D which is obtained from diagrams e)(h)

5Dg(a) = _ZD; AE,V%Vvkl?utpk,l/ = _D;EIh' (]‘7)
k,v

It is worth elaborating on the specific form of the in-
tegrand. Under the integral, the function AE)Z, =
Feqr + Fo—, restricts the range of relevant frequencies
to |[v| £ T. For momenta k fulfilling the inequalities
|v|/Dkrs < k < \/|v|/D, the imaginary part of the in-
teraction can be approximated as i‘stI?V ~ —iﬁ.
It is this bare 1/Dk? singularity that gives rise to the
logarithmic correction. The same range of momenta is
also responsible for the double-logarithmic temperature-
dependence of the tunneling density of states [48] as well
as spurious double-logarithmic contributions that appear
at intermediate steps of the calculation for the correla-
tion function. In contrast to these examples, both |v| and
DKk? in the expression for 5D? () are bound to be smaller
than 7. This is why only a single logarithm arises, and
the contribution falls outside of the RG range of energies.

The total correction from the subthermal energy in-
terval coincides with (SD?(")7 namely §D! = —DleI"
[34]. After combining this result with 5D£1) and 5D§2),
Eq. leads directly to

300 h

oo
—=—-— 1" 1
« 4 o (18)

We see that both types of logarithmic corrections con-
tribute to a decrease of da/a. Our main result for the
interaction correction to the thermopower 45/S, stated
in Eq. , follows immediately.

Discussion.— (i) As argued in Ref. [49], weak localiza-

tion effects do not affect « at first order in the dimen-
sionless resistance p. As long as quantum corrections
remain small, the temperature-dependence of /T can
therefore be expected to be dominated by the interac-
tion corrections discussed in this manuscript. Weak lo-
calization corrections do contribute to the thermopower
S = a/o through do. These corrections have been stud-
ied via their magnetic field dependence in Ref. [50].
(ii) Thermopower measurements are well within experi-
mental capabilities [50H52]. Refs. [51] and [52] primarily
addressed strong correlation effects in the vicinity of the
metal-insulator transition. Finding the thermopower on
the metallic side of the metal-insulator transition the-
oretically will require an extension of the presented ap-
proach to a full RG analysis, combined with a calculation
of subthermal corrections with the renormalized action,
a program previously implemented for the thermal con-
ductivity [25] 26 [39].
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