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Multi-orbital electronic models hosting a non-trivial band-topology in the regime of strong electronic inter-
actions are an ideal playground for exploring a host of complex phenomenology. We consider here a sign-
problem-free and time-reversal symmetric model with isolated topological (chern) bands involving both spin
and valley degrees of freedom in the presence of a class of repulsive electronic interactions. Using a combina-
tion of numerically exact quantum Monte Carlo computations and analytical field-theoretic considerations we
analyze the phase-diagram as a function of the flat-band filling, temperature and relative interaction strength.
The low-energy physics is described in terms of a set of intertwined orders — a spin-valley hall (SVH) insulator
and a spin-singlet superconductor (SC). Our low-temperature phase diagram can be understood in terms of an
effective SO(4) pseudo-spin non-linear sigma model. Our work paves the way for building more refined and
minimal models of realistic materials, including moiré systems, to study the universal aspects of competing
insulating phases and superconductivity in the presence of non-trivial band-topology.

Introduction.- Correlated quantum materials in the inter-
mediate to strong coupling regime often feature a panoply of
ordering tendencies leading to complex phase diagrams. The
most famous and extensively studied example is that of the
cuprate high-temperature superconductor — a doped Mott in-
sulator which exhibits numerous electronic phases with spon-
taneously broken symmetries as a result of the frustration be-
tween the tendency towards delocalization and the interaction-
induced localization [1]. While the detailed microscopic
mechanisms responsible for the emergence of this complex-
ity is not fully understood, the landscape of competing and
intertwined orders has been clarified to a large degree using a
variety of points of view [2-6].

The discovery of two-dimensional moiré materials [7, 8]
has brought a fresh set of challenging theoretical questions to
the forefront, involving the physics of interactions projected
to a set of isolated nearly flat bands. The projected interac-
tions drive the tendency towards delocalization, as a result
of the nontrivial Bloch wavefunctions associated with the flat
bands, and localization in the vicinity of commensurate fill-
ings. The quantum geometric tensor associated with these
isolated bands is believed to play an important role in much
of the essential phenomenology [9-11]. In the absence of a
well developed set of theoretical tools and a “small” parame-
ter that can tackle the generic problem of partially filled, inter-
acting narrow bandwidth (topological) bands, studying even
simplified models with carefully designed interactions using
complementary techniques can offer new insights and serve
as a building block for understanding more realistic models.
Specifically, the fate of nearly flat-bands with multiple spin
and valley degrees of freedom and projected interactions of-
fers an interesting playground to study the interplay of various
ordering tendencies, including superconductivity.

With this goal in mind, we will focus on a model of spin-
ful topological (chern) bands that preserve time-reversal sym-
metry (TRS) and carry a “valley” degree of freedom. We
will study the effect of competing exchange interactions de-
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FIG. 1.  Superconducting phase diagrams for |Jy| = Ja/2 with:

(@) Ja/t = 2.5 and F = 0.2, showing a slight suppression of the
superconducting T3¢ near v = 2, (b) Jo/t = 5 and F = 0.009,
and (c) Jo/t = 2.5 and F = 0.009, where the zoomed-in blue-shaded
region shows the competing SVH insulating state (red solid line) near
vy = 2. The lightly doped regions near v = 2 exhibit a regime with
coexisting SC and SVH order for T < min(T5¢, T5VH); see Fig. 2.
(d) The top panel shows a schematic of the SVH insulator at v = 2
with the shaded regions denoting fully filled electronic bands. The
bottom panel is a schematic for the coexisting SVH and SC phases
for v = 2 + ¢v, where the excess electrons (black circles) form spin-
singlet Cooper pairs (red dashed line).

rived, in principle, from a repulsive interaction but designed
such that the model does not suffer from the infamous sign-
problem. This will allow us to obtain the phase diagram for
the repulsive model over a wide range of temperature, filling,
and other microscopic tuning parameters using determinant
quantum Monte Carlo (QMC); whereas most of the recent
QMC work tied to flat bands has focused on purely attractive
interactions [12—16, 38]. Interestingly, we will also be able to
obtain the form of the low-energy effective field theory that



governs the dynamics and fluctuations tied to the intertwined
order-parameters in the projected Hilbert-space, offering com-
plementary analytical insights into the same problem.

Model. - We consider a two-dimensional interacting model
of topological bands with Chern number, C = +1, that pre-
serves TRS. The non-interacting bands are obtained micro-
scopically in a model of electrons hopping on the sites of a
square lattice [12, 17], where the degrees of freedom consist
of spin (o0 =T, ]), valley (r = +) and sublattice (7 = A, B),
respectively. The non-interacting part of the Hamiltonian per

spin, H, () can be written in momentum space as [12],
kin’

HY) = Z¢k[30kano+3k,a n|toYx, (1)

where (//k = (ka+,ka+,ka ,ka ) and fk denotes the
electron creation operator on sublattice n with valley 7. Here,

By ks and By, are matrices determined entirely by the hop-
ping parameters on the underlying lattice, which we assume to
include a first (7) and a staggered second (¢, = t/ V2) neighbor
hoppings with a 7—flux per square plaquette [18]. Addition-
ally, by including further (e.g. fifth #5) neighbor hoppings, the
flatness ratio ¥ = W/Eg,, (W =bandwidth, Ey,, =bandgap)
can be tuned to be small. By including two copies of Hl((‘;l) in
a time-invariant fashion [18], under the operation 7~ = io, K
where K denotes complex conjugation, we arrive at a model
with a set of degenerate topological bands carrying spin and
valley with C = o. Note that the non-interacting part of
the Hamiltonian has a SU(2)yajiey XU(1)gpinXU(1). symmetry,
which is broken explicitly down to U(1)yaptey XU (1)spinXU(1)c
by the interaction we introduce below.

Our choice of interactions will be inspired by the physics of
quantum Hall-type ferromagnetism in spinful Landau levels
[19-22]. We will focus on the competing effects of an intra-
valley Hund’s-type ferromagnetic interaction with Jg < 0,
and an inter-valley antiferromagnetic interaction with J, > 0,
and study the competition between possible valley symmetry-
breaking phases and superconductivity in a model with two
time-reversed Chern sectors, as introduced above. The inter-
actions take the following form,

Hinleraction = Hintra—valley + H, inter-valley » (Za)
Hintra—valley = JH Z S; : S:, (2b)
rT==+
+ _
Hinter—valley = JA Z Sr . Sr s (ZC)
r

where the “spin” operator is defined as

Z f:r,(yo-aﬁfl',‘r,ﬁ' (3)
ap=T1,]

We have combined the two-dimensional spatial coordinate
and the sublattice index (77) into r. Note that we have only in-
cluded an on-site interaction in the full microscopic Hamilto-
nian (which generates further-neighbor interactions upon pro-
jection to the lower flat-bands).

Quantum Monte Carlo.- The model introduced above
possesses an anti-unitary TRS, 77 = it,0,%, which enables
a sign-problem-free quantum Monte-Carlo computation at ar-
bitrary filling fraction v [18, 23] as long as J5 > 2|Jy|. The
partition function for the model defined by Eqgs. 1 and 2 is
evaluated using a Trotter decomposition with A7 = 8/Ntrotters
where the interaction is factorized via a discrete Hubbard-
Stratonovich transformation and the auxiliary fields are sam-
pled stochastically using single spin-flip updates [18]. In the
remainder of this manuscript, we will primarily focus on the
problem with J5 = 2|Jyl; this parameter choice corresponds
to maximizing the contribution due to Hunds’ interaction rel-
ative to the antiferromagnetic exchange, where the Hunds’
coupling is expected to be naturally induced from an on-site
intra-valley Hubbard repulsion. To address the relative impor-
tance of the bare band dispersion vs. (projected) interactions,
we will present results for a flatness ratio, ¥ = 0.009, 0.2,
and Jo/t = 2.5 = 5; the gap to the remote-bands, Eg,, ~ 41.
To obtain the phase diagram as a function of temperature and
band-filling, we tune the chemical potential u(7) such that
S {ney /L* = v, where v denotes the filling of the Chern
bands and n, = ., f:’m Jfrro 1s the local electron density
(L? =system-size).

Superconductivity and intertwined orders.- Let us be-
gin by discussing the results for the model with & = 0.2
(ts = 0) and Ja/t = 2.5; the bands have some dispersion but
the interaction scale is small compared to Eg,,. We find the
ground state to be a superconductor over the entire range of
fillings, and the transition temperature (75C) vanishes when
v — 0%, 47 (see Fig. 1a). We compute the temperature-
dependent superfluid stiffness, D(T), as the transverse elec-
tromagnetic response at vanishing Matsubara frequency [24],

% <[_Kxx -
where A, (w,, g) is paramagnetic current-current correlation,
and K, = <62H [A]/0A2] A40> is the diamagnetic contribu-
tion, with A the probe vector potential. The superconduct-
ing transition temperature, TCSC, is then determined as TCSC =
aD(T — T3¢7)/2 [25].

Interestingly, we notice a clear suppression of T5¢ near
v = 2. To compute the tendencies towards pairing and other
orders, we introduce the thermodynamic susceptibilities for
an observable O,

D = Axx(w, =0, qy = 0, qx — O)]> > “4)

Xo = dr(0"(1)0(r = 0)). 5)

L2
The first observable of interest is associated with a spin-
singlet, on-site s—wave pairing operator,

- Pt P
Age = Z[Cr,+Tcr,—L = Cry Gl (©)
r
which also pairs across valleys. The other operator of interest
diagnoses the tendency towards an intra-valley ferromagnetic
polarization (« [nq; — ny ], T = +) and an inter-valley anti-
ferromagnetic order (o< [n41 + n_;]). We define the associated



spin-valley Hall (SVH) order parameter as,
Agyh = Z[”r,ﬁ + Ny —Ar+| — nr,—T]- (7

r

Note that if this observable develops an expectation value near
v = 2, it preserves the global TRS. For the data in Fig. 1a, we
have computed the spin-valley Hall susceptibility, and a finite-
size scaling suggests that the system fails to develop this com-
peting order even though T5¢ undergoes a downward renor-
malization (presumably due to enhanced SVH fluctuations)
[18]. This is our first indication that SC and SVH orders are
intertwined in this model, but depending on values of micro-
scopic parameters one of the two orders becomes energetically
favorable.

To investigate further the possibility of enhancing the ten-
dency to form an insulating ground state at the commensurate
filling of v = 2, we focus next on a much flatter band with
F =0.009 (&5 = (1 — \/E)t/4) and two different values of the
interaction. For Ja/t = 5, the suppression of T5€ near v = 2
disappears, and the ground-state remains a superconductor for
all fillings (Fig. 1b). In spite of the bands being much flatter, it
is worth noting that Jo = 5t 2 Egqp, leading to a mixing with
the degrees of freedom from the dispersive remote bands. The
model is no longer in the “projection-only” limit, leading to a
reduction in the associated strong-coupling effect tied to just
the flat-band Hilbert space[18].
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FIG. 2. (a) RG-invariant correlation lengths, rsyy (solid line) and

rsc (dashed line) as a function of v at 8J5 = 60 for J,/t = 2.5 and
F = 0.009 with |[Jy| = Ja/2. For both hole and electron doping
relative to v = 2, there exists a regime where both SC and SVH
phases coexist for v3¢ < v < vSVH_ (b) Histogram of SVH order
parameter, (Asyy), and equal-time correlation function, Ssc(g = 0),
measured per Monte-Carlo snapshot for v = 1.97 and BJx = 60
indicates their microscopic coexistence. (c) The same RG-invariant
correlation lengths as a function of Jy/Ja atv =2 and T = 0. There
exists a regime of microscopic coexistence of SC and SVH phases
for J&! < Ju < J2. (d) A schematic T — Jy phase-diagram expressed
using the pseudo-spin effective model [26].

Finally, keeping ¥ = 0.009 and decreasing the interaction
strength to J5 = 2.5t < Eg,p, we find a complete suppression

of T5¢ — 0 atv = 2 (Fig. 1¢). Using finite-size scaling for ysc
and ysvy, and by carrying out a T = 0 projective QMC calcu-
lation, we provide unambiguous evidence for the ground state
being an interaction-induced SVH insulator [18]; see vertical
orange line in Fig. lc. This indicates that effectively project-
ing to only the degrees of freedom in the lower “flatter”” bands
enhances the commensuration effects at integer filling, in con-
trast to the previous two cases. We turn next to studying the
effect of doping carriers away from the v = 2 insulator on the
many-body phase diagram; see Fig. 1d.

It is worth noting that while the v = 2 insulator is incom-
pressible, any doping away from this limit will lead to a com-
pressible phase. Moreover, given the prevalence of supercon-
ductivity in the model in the absence of the insulating regime,
it is likely that the doped model displays superconducting cor-
relations. Thus, the following scenarios for the phase-diagram
are possible when v = 2 + 6v: (i) a first-order transition be-
tween the SVH insulator and superconductivity at infinitesi-
mal v, (ii) phase separation between the SVH insulator and
SC over a range of intermediate dv, and (iii) a phase with mi-
croscopically co-existent SVH order and SC. To diagnose the
competition between SVH and SC phases, we focus on the
renormalization group (RG)-invariant correlation length, ro,
obtained from the equal-time correlation function S ¢(q) as

— éo _ 1 S 0(g=0)
r0 = 7 = 3D \ SOy ~ b (8a)
So(q) = 1 Lop e T(ONNOM).  (8D)

By extracting T5VH (purple triangles) and 7€ (black cir-
cles) in Fig.1c at a fixed filling in the vicinity of v = 2, we
find that both orders are present below T < min(73VH, 75€),
We note that the slight “bending” of T5VH with decreasing
temperature inside the superconducting phase is likely due to
the competition between the two orders.

We have analyzed the correlation length for SVH and SC
as a function of filling fraction v at a fixed temperature SJ5 =
60.0, as shown in Fig.2a. Our finite size scaling analysis sug-
gests that there exists a range of v on either side of v = 2,
where SVH order survives and T5€ o [6v].

To address the question of microscopic co-existence Vvs.
phase separation, we analyze the histogram of SVH order pa-
rameter, (Agvy), and equal-time correlation function, Ssc(q =
0), measured per Monte-Carlo snapshot, instead of ensemble-
averaged observables. The histogram for v = 1.97 and
BJa = 60, is shown in Fig. 2b. If the system had a tendency
to phase-separate, the Monte-Carlo snapshots would show ei-
ther SVH or SC order, appearing as “blobs” along the axes
in the histogram. One the other hand, an off-diagonal peak
of the histogram in Fig.2b suggests that within each Monte-
Carlo snapshot, both SVH and SC orders co-exist, indicating
a coexistence between SVH and SC orders for v = 1.97 and
BJa = 60.

Instead of tuning the filling near v = 2 at a fixed value of
|Jul/Ja and driving transitions between the different phases,
we can gain complementary insights into the strong-coupling



limit by varying the ratio of interactions at a fixed v = 2. A
finite-size scaling analysis [27] of the correlation length ratios
obtained from our T = 0 projective simulations are shown in
Fig.2c. Atv = 2 we find a coexistence of SVH and SC orders
between |JI°{1|/JA =0.295(3) and IJI°_12|/JA = 0.342(4). To help
unify our understanding of these competing phases and their
phase-transitions, let us turn next to an analytical approach
that helps tie together the numerical phenomenology.

Analytical Results.- Given the orders we found in our
QMC computations, it is natural to address the nature of
the effective field theory for a “super-spin” [28-30] that de-
scribes the phases and possible phase-transitions in the low-
energy Hilbert space; such approaches have been used ear-
lier in the context of orders in the cuprates [31-34]. We
introduce the Nambu spinors, gt = (CIT,CiT,C+ 1,c-1), and
the Pauli matrices, u,, which act on the particle-hole sub-
space. The three-dimensional pseudo-spin vector operator,
n = (Re[Asc], -Im[Asc], Asvu), encodes the competing or-
ders of interest and can be expressed as bilinears of V:

1 .
n = =¥V u,7,'¥ = Re[Agc],

2
1.
ny = 5'{",%7')(‘1’ = —-Im[Agc],
1.
n3 = ET'TZ\I" = ASVH~ (9)

Naively, one might expect the low-energy theory to be de-
scribed purely in terms of n, until one notices that these set of
operators do not form a closed group. The minimal group that
contains the {n,, @ = 1,2, 3} as generators, is SO(4). The re-
maining three generators, {L,} act as the angular momentum
of n, and are given by,

1
Ll — _lelT#yTylP = Re[AvSCL

1
L, = E\PT wty'P = —Im[Ayscl,

1

1
_ _wpt - _ _
Ly= ¥ = 2(§ Neor 2), (10)

T,0

where the additional order parameter,

Ar,vSC = [Cr,—lcr,+T + Cr,—TCr,+l]- (11)

The above pseudo-spin operators can be mapped to the spin
operators on a bipartite lattice [26, 35] where the L, represent
the uniform magnetization, while the n, are equivalent to the
staggered magnetization in the @ direction of the spin model,
respectively [18].

Projecting the interactions in Eq. 2 to the lower flat-bands,
we obtain the following low-energy effective Hamiltonian,

Heg = ) [G(U(,Li,r + vanﬁ,r) + yL3,r]
o (12)
+ Z Fr,r’[U;La,rLa,r’ + Vl’lna,rna,r’],

rr,a

where the coefficients are given by,

U1=U2=J5—A+%’ U3:_%+% (13a)
Vi=vam-$he B vi--$ho8 a3
Ui _ Ué _ %A Ué _ 3|£H‘ (13c)
Vi=Vy= =¥y = Wl (13d)

Here, u acts as a pseudo magnetic-field. Note that the model
does not have any (emergent) SO(4) symmetry, but it nev-
ertheless provides an organizing framework to describe the
various order-parameter fluctuations. The coefficients G and
F,, are positive and can be obtained in terms of the Wannier
functions constructed out of the lower flat-band Bloch wave-
functions; their precise form is unimportant for describing the
phases and phase-transitions at 7 = 0, which we turn to next.

When ¢ = 0, the effective Hamiltonian in Eq.12 hosts an
anisotropy-tuned easy-axis to easy-plane transition with de-
creasing |Jul|/Ja, as seen in our numerical data in Fig. 2c. The
pseudospin-flop transition has been studied theoretically in
classic papers [26, 35]; a schematic phase diagram as a func-
tion of Jy/Ja and T appears in Fig. 2d. Let us now elaborate
further on the connections between the pseudospin model and
the numerically obtained phase-diagram at T = 0. For v = 2,
the uniform polarization (L3) = 0 vanishes across the entire
phase diagram. When Jy/Ja = 0, the competition between
the isotropic on-site term and the long-range interactions gen-
erated by Fy, lead to an easy-plane Neel state with (n; ) # 0,
suggesting that the ground state is a spin-singlet superconduc-
tor (Fig. 2d).
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FIG. 3. Scaling collapse analysis of the anisotropy-tuned transition
at T = 0 and v = 2.0 for (a) the onset of SVH order, described by a
(2 + 1)—dimensional Ising theory, (b) the loss of SC order, associated
with a (2 + 1)—dimensional XY transition. The RG invariant tuning
parameter is defined as Jrg = [(Jyg — JICJ)/JEI]L'/VRG, with Jf; labeled
in the respective panels.

The gapped SC ground state remains stable with increasing
|Jg| < |Jﬁ1|, across which there appears a continuous quan-
tum phase transition to a phase with coexisting SVH and SC
orders. In the pseudospin language, for |J5/| < |Jul < |Jg1,



they tilt away from the xy—plane, such that both the SC or-
der parameter (n;,) # 0 and SVH order parameter {n3) # 0.
Increasing |Jg| beyond |J1C{2| turns the easy-plane anisotropy
in Eq.12 to an easy-axis anisotropy, where SC disappears
({m2) = 0) and only the SVH order parameter survives
(n3) # 0. The chemical potential tuned transitions between
the SVH and SC phases can also be described within the
above picture in terms of an external magnetic-field tuned
pseudospin-flop transition [26, 35]; see [18] for a detailed dis-
cussion of the differences from the present case.

To finally address the universality class associated with the
distinct anisotropy-tuned phase transitions [26, 35] for T =
Oand v = 2 at JIC_I1 and JIC{Z, we perform a scaling collapse
analysis in Fig. 3. The onset of SVH order in the presence
of a background SC order at Jy = Jfll (where the fermions
are already gapped) belongs in the (2 + 1)-dimensional Ising
universality class; the correlation-length critical exponent in
Fig. 3a is consistent with Ising criticality. Similarly, the loss
of SC at Jy = inlz in the absence of any gapless fermions
belongs in the (2 + 1)-dimensional XY universality class, as
can be seen from the rescaled data in Fig. 3b.

Outlook.- We have studied the effects of competing intra-
valley ferromagnetic and inter-valley antiferromagnetic inter-
actions — derived from a purely repulsive electronic interac-
tion — projected to a set of isolated topological flat bands.
The low-energy physics is described by a set of intertwined
orders involving a spin-valley Hall insulator and superconduc-
tor near the commensurate filling of v = 2. Clearly, this com-
petition also rules out the prospect of any applicable lower
bounds on the superconducting 75€ [15], in contrast with
analogous suggestions for models with on-site attractive in-
teractions [36-38]. In the symmetry broken phases, we have
also identified the effective field theory for the intertwined or-
ders, and pinned down the universal theories for the associated
phase transitions. The universal physics near the finite temper-
ature multicritical point deserves a more careful study in the
future, as the normal metallic phase without any symmetry-
breaking orders involves gapless fermions coupled to the crit-
ical order-parameter fluctuations.

Our findings have a number of conceptual similarities with
the phenomenology of correlated insulators and superconduc-
tivity, when doped away from the commensurate fillings, in
moiré graphene. A recent moiré-inspired numerical study
has also highlighted the role of competing orders for models
of topological multi-orbital flat-bands with the full repulsive
density-density interactions [39]. It has not escaped our at-
tention, that our model shares superficial similarities with a
model displaying skyrmion mediated pairing as well [28-30].
However, our current model does not yield skyrmionic excita-
tions within a Chern sector as the cheapest excitation. Other
variations of the above model may be able to host a quantum
Hall-like ferromagnetic ground state at integer filling and pos-
sibly a skyrmion-mediated superconducting phase, which we
leave for future study. In addition, investigating various prox-
ies for electrical transport near the symmetry-breaking transi-
tions remains an exciting avenue.
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