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“Half moons”, distinctive crescent patterns in the dynamical structure factor, have been identified
in inelastic neutron scattering experiments for a wide range of frustrated magnets. In an earlier
paper [H. Yan et al., Phys. Rev. B 98, 140402(R) (2018)] we have shown how these features are
linked to the local constraints realized in classical spin liquids. Here we explore their implication
for the topology of magnon bands. The presence of half moons indicates a separation of magnetic
degrees of freedom into irrotational and incompressible components. Where bands satisfying these
constraints meet, it is at a singular point encoding Berry curvature of £27. Interactions which mix
the bands open a gap, resolving the singularity, and leading to bands with finite Berry curvature,
accompanied by characteristic changes to half-moon motifs. These results imply that inelastic
neutron scattering can, in some cases, be used to make rigorous inference about the topological

nature of magnon bands.

The realisation that bands of electrons can be clas-
sified using topological indices provided both a monu-
mental shock, and an enormous stimulus to research in
condensed matter physics. First studied as “Chern In-
sulators”, in the context of the Integer Quantum Hall
effect [1-4], and later revived in the context of Graphene
[5, 6], work on topological bands of electrons has grown to
encompass a large and active field of research on topolog-
ical semi—metals, insulators and superconductors [7, 8].
More recently, magnetic insulators have also entered the
stage, through the realization that bands of magnetic ex-
citations can also carry topological indices. A prime ex-
ample is provided by the “Shastry—Sutherland” magnet
SrCuz(BOs3)2 [9], where Dzyaloshinski-Moriya interac-
tions both enable triplon excitations to form a dispersing
band, and act as a pseudo—magnetic field for these exci-
tations, endowing them with a finite Chern number [10].

Work on topological bands in magnets has evolved into
an active subfield in its own right [10-42], with important
themes including the taxonomy of bosonic Chern insula-
tors [21, 35], the analysis of interactions [15, 20, 24], and
closing the gap between theory and experiment [18, 43—
52]. This last point, however, presents a serious chal-
lenge. In the case of topological insulators, both the
quantization of the Hall response, and the character of
surface states, provide information about the topology of
the underlying electron bands, with surface states eas-
ily accessible through tunneling or photoemission exper-
iments [7, 8]. Equivalent surface states exist in topo-
logical bands of magnons [13] and triplons [10], but at
present there is no established technique for measuring
them. Meanwhile, the corresponding thermal Hall and
Nernst effects, while sensitive to Berry phases, are not
quantized [43, 45, 47], and notoriously difficult to mea-
sure. It is therefore of great interest to know whether
topological bands of excitations in magnetic insulators
have other, more—easily accessible fingerprints in experi-

(b1)
total BC = +(—)2

total BC = —(+)27

(a) Topologically critical

(b) Bands with Berry

curvature

FIG. 1. Systematic modification of pinch—point and half-
moon features in a system with topological bands. a) Case
with topologically critical bands, considered in [53]. Pinch
points are inscribed on both flat and dispersing bands, which
meet in the zone center. Cuts through the dispersing band at
fixed energy reveal crescent—shaped half-moon features. The
band—touching point is singular, and has a localized Berry
curvature (BC) of £2x. b) The introduction of interactions
which mix states in the two bands opens a gap, eliminating
the singular correlations at the band—touching point, and en-
dowing each band with BC of +27.

ment.

In this work, we explore signatures of band—topology
which are accesible in conventional, bulk, inelastic neu-
tron scattering, in a broad class of frustrated magnets.
Building on earlier work [53], we investigate the interplay
between the widely observed “pinch—point” and “half-
moon” motifs, and the Berry curvature of associated
band-excitations. Pinch—points and half-moons arise
as a consequence of “fragmentation” — the separation
of magnetic degrees of freedom into components with
divergence-free (incompressible) and curl-free (irrota-
tional) character [53-55]. Where bands with divergence—
free and curl-free character meet, pinch—point and half-



moon features converge on a singular point with incipi-
ent Berry curvature of 27 [Fig. 1a]. If interactions mix
states belonging to these two bands, a gap opens, elim-
inating the singularity, and endowing each band with a
Berry curvature +2x7. This is accompanied by charac-
teristic changes in pinch—point and half-moon features
approaching the avoided band—touching [Fig. 1b].

We demonstrate these effects for magnon bands in
a model of spin-1/2 moments on the Kagome-lattice,
where anisotropic exchange interactions provide the driv-
ing force for band topology. None the less, the resulting
phenomenology is very general, and we discuss a range of
kagome and pyrochlore systems where pinch points and
half moons herald a topological band structure, as well as
developing detailed predictions for the Kagome ferromag-
net Cu(1,3-bdc) [56]. These results provide an explicit
connection between the problem of a singular touching
between flat and quadratically dispersing bands, previ-
ously studied in the context of topological electron bands
[67—64], and spectral features routinely measured in frus-
trated magnets.

The Model. In magnets, as in systems with itin-
erant electrons, topological bands usually originate in
spin—orbit coupling. This commonly takes the form of
Dzyaloshinski-Moriya (DM) interaction with many of the
most widely—studied frustrated lattices having a corner—
sharing geometry which permits anisotropic exchange, in-
cluding DM interactions [10, 12-19, 21-24, 65, 66]. As
a representative example, we consider a spin—1/2 mag-
net with anisotropic exchange interactions on the first—
neighbor bonds of a kagome lattice [Fig. 2]. The point—
group symmetry of this lattice is Dgp [67, 68], and the
existence of a mirror plane restricts anisotropic interac-
tions to transverse spin components, so that the most
general model is

H=J.) (S/S7+SYSY)+.0.) SiS;
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where h* is an applied magnetic field, n;; is a unit vector
in the direction of the bond ¢j, and

L= (57SY - SYSY, SPSY 4+ SYSY), 2)

[69]. In what follows we will emphasize DM interactions
D, setting J, = J, = J and K, = 0. None the less,
the conclusions we reach about the relationship between
“half moons” and Berry curvature are completely gen-
eral, and hold regardless of which type of anisotropy
is considered. A complete analysis, including K, is
given in Supplemental Material [70] (see also references
[35, 53, 67, 68, 71, 72] therein).

We focus on single-magnon excitations about a fully
polarized state, stabilized by either ferromagnetic (FM)
exchange interactions J < 0, or magnetic field A* > J.

FIG. 2. Kagome lattice, showing geometry of corner—sharing
triangles, and convention for labeling sites (A,B,C) within 3—
site primitive unit cell. Inset: Black circulating arrows indi-
cate the sense in which bonds are counted for Dzyaloshinskii—
Moriya (DM) interactions.

For sufficiently large spin—wave gap (guaranteed by high
magnetic field), these will be well-described by a non—
interacting theory [15, 20, 24], which we can access

through the equation of motion (EoM) —ihatai,q

[H, af\ q] for the magnon creation operator

1 — _qrs
ag,q = ﬁ Z(ﬁkvisi eI, (3)

where A = 1,2, 3 is the band index, and all information
about band topology is encoded in ¢y ;.

Symmetry analysis and Helmholtz decomposition. In
order to make connection with singular features in scat-
tering (half moons), we now decompose magnetic excita-
tions ¢y ; into incompressible (divergence—free) and irro-
tational (curl-free) components. These correspond to ir-
reducible representations (irreps) of spins on the triangu-
lar units which form the building—blocks of the Kagome
lattice
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where the convention for labelling lattice sites is given

in Fig. 2. In the long—wavelength limit (¢ — 0 =T"), this
allows us to describe magnons, Eq (3), in terms of fields
mg and ®p,. We then employ the Helmholtz—Hodge
decomposition [73], writing

me = m@ + mé. (5)

where V-m@" =0,V -m@" =0, and V, = (-9,,0:)
is the two-dimensional curl. From the Heisenberg EoM
—i0ymg = [H, mg| we find

—iatmg“f' = womCE“” - i\/gDzm‘éi" , (6a)
—i0ymg¥ = —psV(V - mE") + wom¥ — iv3D,mg"
(6b)

where wyg = h — 3J, ps = éJ, and we set A = 1.
Origin of half moons. In the absence of anisotropic ex-
change, i.e. for D, = 0, excitations with incompressible
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FIG. 3. Relationship between singular features in the dynamical structure factor S(q,w), and Berry curvature in Kagome lattice
magnets with and without Dzyaloshinskii-Moriya (DM) interactions. (a) Spin—wave dispersion of Heisenberg antiferromagnet
(HAF) on a Kagome lattice in high magnetic field. The colorscale shows how each band contributes to S(q,w). Pinch points,
singular for q — T, are inscribed on the flat band at w = 2, and the dispersing band which touches it. (b) Berry curvature
associated with spin—wave bands. Curvature is localised at the topologically—critical band—touching points, shown with red
circles, and is zero elsewhere. (c¢) Dispersion in the presence of finite DM interaction, D, = 0.1, showing how the mixing of
states between bands opens gaps at band—touching points. (d) Berry curvature generated by DM interaction, through mixing
of states. Integrated accross the Brillouin zone (BZ), this leads to bands with the Chern numbers C =1, 0, —1. (e) Dynamical
structure factor S(q,w) at w = 2.0, for D, = 0, showing pinch points inscribed on flat band. Red hexagon denotes the BZ
considered in (a)—(d). (f) Equivalent results for w = 2.5, showing half moons associated with dispersing band. [cf. Fig. 1a].
(g) Structure factor for w = 1.85, D, = 0.1, showing how the mixing of states between bands eliminates the pinch—point
singularity for q — I'. (h) Equivalent results for w = 2.0, showing elimination of singular features on the dispersing band.
(i) Equivalent results for w = 2.5, showing survival of half moons away from zone center. [cf. Fig. 1b]. All results were obtained
within linear spin wave (LSW) theory for Eq. (1), for parameters J = 1, g.h* = 5. Results in (e)—(i) have been convoluted
with a Gaussian of FHWM = 0.1 J to mimic experimental resolution.

and irrotational character are decoupled [53, 74]. Solving At g = 0 the flat and dispersing bands become degen-
Eq. (6a) by Fourier transformation —id, — ¢, we find erate, touching quadratically. This band touching is ac-

a flat band of incompressible excitations companied by a singularity in the associated Bloch func-
wl tions [Eq. (8)], reflecting the topology of localized states
w™(q) = wo , (7)  [58, 6264, 75].

We are now in a position to calculate dynamical struc-

with corresponding eigenvector ture factors. Writing ¢ = ¢ (cos 6, sin ) we find

mg"(q) = (—ay, @)/q - (8)

Meanwhile, making use of the identity V(V - miv) =
VIVmdV, we can solve Eq. (6b) to find a quadratically— (11)
dispersing band of irrotational excitations

55 (g,) o 3 [0+ A% (0) ()] 6w — wi (@)

where v = 4 indexes the irrotational and incompressible
9) modes, respectively; a, 8 = x,y;

cos(20) sin(20) |
sin(20) —cos(20)| °

w™(q) = wo +psq”
with eigenvector A(9) = (12)

~ div

meg”(q) = (¢z:qy)/q - (10) and, for D, =0, f(q) = 1.



For D, = 0, the limit S¢%(q — 0,w) is a function of 6,
and therefore singular. This form of singularity is well-
known in the context of spin—liquids, where it is referred
to as a “pinch—point” [53, 76]. For the flat band asso-
ciated with incompressible excitations, the pinch point
is directly visible in the dynamical structure factor at
w = wp [53, 74]. Meanwhile, for the dispersing band
of irrotational excitations, the pinch—point manifests as
“half-moons” on constant—energy cuts for w > wp [53].
These effects are illustrated schematically in Fig. la. [77].

Exactly the same phenomenology is found in direct cal-
culations from the microscopic model Eq. (1). In Fig. 3
we present results of linear spin wave (LSW) theory,
showing the flat band and dispersing bands found for
J =1, h =5, D, =0 [Fig. 3a]. The pinch point on
the flat band is exhibited in Fig. 3e, while half moons
associated with the dispersing band are shown in Fig. 3f.
Details of these calculations are given in the Supplemen-
tal Materials [78].

Opening of gap and elimination of singularity. The
new feature which arises in the presence of anisotropic ex-
change interactions is the mixing of incompressible and
irrotational excitations. Solving Eq. (6a), Eq. (6b) for
D, #0, we find that the quadratic band—touching at
q = 0 is replaced by a gap

A =2V3|D,|, (13)

between bands with dispersion

1 1
wi(q) = wo + 5p5q2 + 5\/A2 + p?;q‘1 . (14)

Hybridization also eliminates singular correlations for
q — 0; the dynamical structure factor is given by
Eq. (11), but with

2
q
4><(q0) , ¢ < qo

1,¢>q

flg) = ; (15)

where gy = /|A/ps| ~ v/|D./J| determines the scale at
which correlations cross over from a pinch—point struc-
ture at large ¢, to a non—singular behaviour for ¢ — 0.

As a consequence the pinch—points and half-moons ob-
served for D, = 0 vanish for ¢ < ¢o. Nonetheless, half-
moon features remain visible for ¢ > g, and can also
be resolved on the formerly—flat band associated with in-
compressible excitations, as a consequence of its finite
dispersion. This phenomenology is illustrated schemati-
cally in Fig. 1b, and for LSW calculations in Fig. 3¢ and
Fig. 3g-3i

Berry phase effects and band—topology. The Helmholtz
decomposition, Eq. (5) also has important implications
for band topology. In the absence anisotropic exchange
interactions, each of the eigenvectors Eq. (8) and Eq. (10)
winds exactly once around the singular point, g = 0. As
a consequence, their quadratic band—touching is topo-
logically critical, encoding Berry curvature of £27 at the
singularity [35, 57, 59-62]. Introducing an interaction

which mixes the incompressible and irrotational excita-
tions, such as D,, resolves the singularity at I', opens a
gap, and injects Berry curvature of £27 into each band.

We can explore these effects in more detail by noting
that the EoM, Eq. (6), describe an effective two—level
system, familiar from earlier work on topological elec-

trons [57, 59-62]
Heft(q) = €oll2 + d(q) - o, (16)

where I is a 2 x 2 identity matrix, o is a vector of Pauli
matrices, €9 = wo + ££¢?, and

Q2 — ¢
d(q) = (psqmqy,\/@z,ps - 5 y) .17

The Berry curvature associated with d(q) is
Apsq?
%+ P

This curvature integrates to £27, and is concentrated in
the vicinity of ¢ = 0. In the absence of other sources of
Berry curvature, this will endow magnon bands with inte-
ger Chern number C' = £1. This phenomenology, linked
to a quadratic band—touching, should be contrasted with
the widely—studied case of linear band—crossings (Dirac
cones), which encode Berry curvature £ [79].

It is also possible to calculate both Berry curvature and
Chern numbers within LSW theory. Results for D, = 0.1
are shown in Fig. 3d. Once the third band is taken into
account, magnon bands also receive a net contribution
of Berry phase 2 x £ from the linear band—crossings at
K and K’ [Fig. 3b]. For D, >0, K| = 0, this leads to
bands with Chern numbers C' = —1,0, 1.

Inference of Berry Curvature from spectral features.
We now address the question of what we could have in-
ferred about the topology of magnon bands from uni-
versal features in S(q,w) alone. In a model with only
two Magnon bands, the observation of half-moons ap-
proaching an avoided band—touching would be enough to
completely characterise band topology, up to the sign of
Chern numbers C' = +1. However the Kagome-lattice
model we consider supports three band of magnons, and
we must also take into account contributions to Berry
phase coming from the third band; in particular the lin-
ear band—crossings at K and K'.

The universal features associated with linear band-
crossings are already well-characterised, comprising a
single arc in S(q,w), which swaps orientation above and
below the (avoided) band-touching point [80]. This phe-
nomenology can be found in LSW calculations for Eq. (1)
[70], and it is possible to infer Berry curvature +7 at K
and K’ from spectral features near these points.

Combining these results, we can safely infer the exis-
tence of topological magnon bands in the Kagome lattice
model, Eq. (1), from spectral features alone [81]. None
the less, the sign of the contribution to Berry phase com-
ing from each band—touching/bond—crossing point de-
pends on details of interactions, and cannot be inferred

1. R .
wE(q) = :Fid(aqmd X Og,d) = F2

ry

(18)
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Half-moon features signalling topological bands in the Kagome lattice ferromagnet Cu[l,3-bdc]. (a) Magnon band

structure for parameters taken from fits to experiment [56], showing (approximately) flat band at high energies, and gaps to
dispersing bands at lower energies. Because of the FM sign of J, magnon bands are inverted relative to predictions shown
in Fig 3. (b) Corresponding dynamical structure factor S(q,w), plotted on an irreducible wedge of the Brillouin Zone. (c)
Half-moon features associated with topological band at intermediate energy, as revealed by S(g,w = 2.4 meV). (d) Angle-
integrated structure factor S(|q|,w), for comparison with experiment [56]. (e) S(|g|,w = 2.4 meV), showing double peak as a
consequence of the half-moon features. Results were calculated within linear spin wave theory for Eq. (1), with J = 0.6 meV,
D, =0.09 meV, g, =2.2and h =7 T. Structure factors have been convoluted with a Gaussian of FWHM 0.15 meV to mimic

experimental resolution.

solely from the existence of half-moons/arcs in S(g,w).
For this reason, additional information is required to as-
sign a unique set of Chern numbers to these bands. This
could sought from thermal Hall measurements, which are
sensitive to the sign of Berry curvature [43, 45] or, where
models are sufficiently well-constrained, from fits to non—
universal features in scattering.

Application to experiment. With these results in mind,
it is interesting to revisit existing scattering data for
frustrated magnets, and ask what we learn about pos-
sible topological band structures in these materials. One
example is Cu(1,3-bdc) which realises a structurally—
perfect Kagome lattice [82]. Neutron scattering exper-
iments on Cu(1,3-bdc) [56] reveal a ferromagnetic (FM)
ground state, and dispersing magnon bands. These are
well-described by model with first—neighbour FM ex-
change and DM interactions, known to support a topo-
logical band structure. In Fig. 4 we present LSW predic-
tions for Cu(1,3-bdc), for parameters taken from experi-
ment. Half-moon features are resolved near to an avoided
band—touching at w ~ 2.5 meV, shown in Figs. 4(b,c).

Published spectra for Cu(1,3-bdc) were measured on
powder samples [56]. In this case, half moons manifest
as a double peak in predictions for the angle-integrated
structure factor S(|g|,w) at fixed energy [Fig. 4e]. This
double peak originates in the way in which annuli of dif-
ferent |q| intersect half-moon features in reciprocal space
[Fig. 4c|, and for this specific crystal structure, is a ro-
bust consequence of the local constraint. More gener-
ally, however, angle-resolved measurements of S(g,w) are
preferable, since they eliminate any potential uncertainty
about the origin of a double peak.

Unambiguous observations of half-moon and pinch-
point features already exist for a number of pyrochlore
magnets. Perhaps the clearest example is found in
NdyZroO7 [53, 74, 83], where half moons are associated

with a quadratic band touching. A very similar phe-
nomonology is observed in NdyHf;07 [84]. Band topol-
ogy was not previously discussed in either case, but from
the available spectral evidence, we can classify both sys-
tems as at least topologically critical. An example of
a system known to posses a gapped, topological band
structure is Lus VoO7 [85, 86]. In this case, half moon fea-
tures are also observed above an avoided quadratic band
touching [87]. We anticipate that a similar phenomenol-
ogy should be observed in the bilayer breathing Kagome
magnet Ca;oCr7;Oag, for which single crystals are avail-
able [88]. In this case, published models of the high-
field saturated state support flat magnon bands with a
quadratic band touching [89, 90], and a topological band
structure is also to be expected.

Another interesting avenue to explore would be corre-
lations within topological bands of electrons. The phe-
nomenology of half moons and Chern numbers developed
in this work applies equally to electrons, and “Kagome
metals” such as FesgSny [91] and CoSn [92] are already
under study; similar topological bands are argued to be
possible in conducting MOF’s [93]. In this context, it
would be interesting to revisit, for example, ARPES ex-
periments on CoSn [92], where a flat band is observed a
little below the Fermi energy, and reinterpret data in the
terms of [Eq. (11)] [94].

Conclusions. Topological bands of excitations are a
ubiquitous feature of systems with both itinerant and
localised electrons, originating in the Berry curvature
of the underlying band states. In this work, we have
shown that the existence of pinch—points and half-moons
in dynamical structure factors approaching an (avoided)
quadratic band—touching point guarantees a net source
of Berry curvature +27. The link between Berry cur-
vature and spectral features is provided by the effective
two—level model, Eq. (16), which describes the coupling



between excitations with incompressible and irrotational
character, and is characterised by a vector d [Eq. (18)],
that winds twice around the band—touching point. These
results imply a robust connection between singular fea-
tures in scattering and Berry curvature [Fig. 1] which
can, in some cases, be used to unambiguously determine
the topological nature of bands from spectral features
alone. This picture is applicable to magnon bands in a
wide range of frustrated magnets, and is also relevant to
topological bands of electrons on frustrated lattices.
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