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Abstract 18 

We report the large-amplitude coherent soft phonon dynamics dominated by 19 

anharmonicity for ferroelectric semiconductor near topological transitions In-doped 20 

(Sn,Pb)Te using high-field terahertz spectroscopy. The phonon frequency is dramatically 21 

increased through intense terahertz excitation of soft phonon having large dielectric 22 

response. The atomic displacement and phonon anharmonicity, which are quantitively 23 

retrieved from the field-strength-dependent response, are the most enhanced near the 24 

ferroelectric transition; the displacement is as large as the spontaneous ferroelectric 25 

distortion and anharmonic positional free energy for phonon reaches up to 75 % of the 26 

total one. The present findings are crucial for nonlinear phononics including terahertz 27 

control of emergent topological phases. 28 

  29 
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Elementary excitation is the fundamental concept describing low-energy quasi particles 30 

in crystalline solids, providing the clear understanding of many physical properties of 31 

materials. For example, the quantized lattice vibration, i.e. phonon, is important for 32 

transport phenomena and low-energy optical responses [1]. For some particular 33 

phenomena, anharmonicity of phonon arising from higher-order term of potential surface 34 

plays an essential role beyond the harmonic approximation; the structural phase 35 

transitions and the thermal conductivity are eminently illustrative of anharmonicity. 36 

While the thermal expansion, scattering and infrared measurements only observe the 37 

averaged anharmonicity along all related coordinates, the anharmonicity along the 38 

specific coordinate has rarely been examined so far; the direct experimental observation 39 

and quantitative theoretical prediction of phonon anharmonicity are still challenging. The 40 

recent advance in the generation of intense terahertz field provides another approach to 41 

this issue [2-6]. The intense resonant terahertz excitation can generate the large-amplitude 42 

lattice vibration reaching anharmonic regime, and the deviation from harmonic response 43 

triggers various nonlinear phenomena. The nonlinear spectral information including the 44 

shift of vibration frequency reflects the anharmonicity, enabling the quantitative 45 

evaluation of positional free energy. Such a transient large lattice deformation also leads 46 

to the coherent control of lattice structural and electronic phases [7-11]. The elucidation 47 

of phonon dynamics in anharmonic regime provides an insight into these highly nonlinear 48 

responses of quantum materials.  49 

Among various phonon modes, the soft transverse optical (TO) phonon directly 50 

coupled to the ferroelectric instability is one intriguing target [12,13], because the 51 

inherently large dielectric constant exceeding 103 in terahertz region provides the strong 52 

interaction with light. Accordingly, the intense terahertz field can create the soft phonon 53 
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oscillating with large amplitude through the resonant excitation. So far, a few studies on 54 

nonlinear coherent soft phonon dynamics have been reported only on the paraelectric 55 

SrTiO3 [3,5]. Thus, the fundamental nature such as the impact of ferroelectric transition 56 

on the nonlinear response of phonon remains still elusive. In addition, the ferroelectric 57 

semimetals provide intriguing states of matter such as the Weyl semimetal state beyond 58 

the conventional ferroelectrics [14].   59 

In this work, we show the nonlinear coherent response of the soft phonon in the 60 

ferroelectric semiconductor In-doped (Sn,Pb)Te thin film having a variety of topological 61 

electronic phases. We focus on the composition near the topological transition with 62 

enhanced dielectric response, which is advantageous for pursuing the large phonon 63 

response. The resonant excitation of the soft phonon by the intense terahertz field induces 64 

the large frequency shift of the phonon, which is the most enhanced near the ferroelectric 65 

transition temperature. These nonlinear responses can be well accounted for by 66 

considering the equation of motion under the harmonic and quartic anharmonic positional 67 

free energy for phonon. This theoretical analysis quantitatively reveals the variation of 68 

the positional free energy near the ferroelectric transition and large atomic displacement 69 

induced by the terahertz light irradiation.  70 

 (Sn,Pb)Te is the well-known IV-VI semiconductor that crystallizes in a rocksalt 71 

structure with ferroelectric instability [Fig. 1(a)]. The end compound SnTe shows the 72 

ferroelectric transition with the polar distortion along <111> axes [15-19]. The displacive-73 

type ferroelectric instability causes the softening of TO phonons, which show the 74 

frequency lowering towards the ferroelectric transition and one of their displacement 75 

patterns is frozen below the transition temperature. These soft TO phonons have 76 

noticeably smaller energy (~ 2 meV) than the longitudinal optical phonon (~ 17 meV). 77 
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This large LT splitting enhances the dielectric response, which can be measured by using 78 

terahertz spectroscopy even for semimetallic samples with conduction charge [19]. The 79 

other end compound PbTe is known as the incipient ferroelectric in bulk form, where the 80 

temperature dependence of phonon energy and phonon dispersion have been studied by 81 

various techniques, suggesting the strong phonon anharmonicity [20-26]. We also note 82 

that this solid solution system shows various topological electronic phases depending on 83 

the ferroelectricity and Sn/Pb composition. Inbetween the topological crystalline insulator 84 

for SnTe and the trivial insulator for PbTe, the Weyl semimetal state shows up with help 85 

of inversion symmetry breaking triggered by the ferroelectric transition [27-31]. 86 

We used the high-quality (111)-oriented (Sn0.3Pb0.7)0.91In0.09Te epitaxial thin 87 

films fabricated on InP(111)A substrate by molecular beam epitaxy [Fig. 1(a); see 88 

Supplementary Note 1 [32]]. The recent terahertz optical spectroscopy has revealed that 89 

the in-plane terahertz response is dominated by the large soft phonon and conduction 90 

charge in In-free (Sn,Pb)Te thin films [19]. The ferroelectricity in the epitaxial films is 91 

stabilized as compared with the bulk case and the spontaneous polarization points along 92 

the out-of-plane direction for all the compositions including PbTe. The dielectric response 93 

of soft phonon is enhanced at around the present Sn/Pb ratio (~ 3/7) [19], at which the 94 

bandgap closing associated with the topological transition is suggested. The 9 % indium 95 

doping in the present sample tunes the Fermi level position and suppresses the metallic 96 

conduction (below the conductivity of ~ 30 -1cm-1; see Fig. S1 [32]). Accordingly, the 97 

charge response due to intraband excitations is negligibly small as compared to the TO 98 

soft-phonon resonance, whose peak intensity is higher than 400  -1cm-1, in the terahertz 99 

region [Fig. S2 [32]].  100 

The ferroelectric transition and soft phonon dynamics in the linear response 101 
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regime for the present (Sn0.3Pb0.7)0.91In0.09Te film are characterized by using the terahertz 102 

time-domain spectroscopy with weak terahertz-field excitation. The terahertz light is 103 

incident normal to the film plane [Fig. 1(a)] and the peak terahertz field ETHz used here is 104 

typically ~ 0.1 kV/cm (see also Supplementary Note 2 [32]). Figure 1(b) shows the 105 

imaginary part of the terahertz dielectric spectra, Im (). The clear resonance peak of 106 

TO phonon having in-plane polarization is observed similar to the In-free samples [19]. 107 

As the temperature is decreased, this in-plane-polarized mode shows substantial softening 108 

from 3.8 meV to 1.5 meV, and subsequently hardening; the phonon energy is determined 109 

from the peak energy of Im (). This frequency anomaly is ascribed to the ferroelectric 110 

transition with out-of-plane spontaneous polarization as discussed in Ref. [19]; the 111 

transition temperature TC is ~ 70 K. Note that, among (almost) degenerated TO soft 112 

phonons in the paraelectric pseudo-cubic phase, only the out-of-plane-polarized mode is 113 

eventually frozen below TC owing to the epitaxial strain. The unfrozen in-plane-polarized 114 

soft phonons measured in the present study stay below 2 meV, giving rise to the enhanced 115 

DC dielectric constant ~ 3000 at low temperatures [Fig. S3 [32]]. We note that, as 116 

compared to the In-free sample with the same Sn/Pb composition, the TC ~ 70 K and 117 

magnitude of dielectric response are almost unchanged by In doping [19]. 118 

Having established the linear response, we pursue the nonlinear response. We 119 

measure the nonlinear terahertz dielectric spectra by performing the terahertz time-120 

domain spectroscopy under the intense terahertz pulses generated by the tilted-pulse front 121 

method [33] (see also Supplementary Note 2 [32]). The peak terahertz electric field ETHz 122 

is 630 kV/cm at maximum and spectral width (1 – 7 meV) overlaps with resonance energy 123 

of the soft phonon in this system [Figs. 1(c) and 1(d)]. We find that the absolute value of 124 

complex transmittance spectra, |t()|, strongly depends on the terahertz field strength [Fig. 125 
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1(e)]. The dip-like structure corresponding to the phonon resonance obviously shifts 126 

towards the higher-energy region (black triangles, Fig. 1(e)). This clear field-strength-127 

dependent response manifests the deviation from the harmonic approximation in the 128 

linear response regime, and accordingly suggests that the coherent oscillation of soft 129 

phonon enters the anharmonic regime in higher amplitude of terahertz field. We note that 130 

the possible laser-heating effect can be excluded as discussed in Supplementary Note 3 131 

[32]. 132 

To quantitatively examine this nonlinear response, below we introduce the 133 

effective dielectric spectra eff(). This dielectric function is calculated in the same 134 

manner as the () but implicitly includes the field-dependent component. In the linear 135 

response regime, the phonon resonance shows the dispersive and peak structures in the 136 

real and imaginary parts of (), respectively (0.1 kV/cm (black line) in Figs. 2(a) and 137 

2(b); see also Fig. S3(a) [32]). As the terahertz field strength is increased, this resonance 138 

structure shifts towards the high-energy region [Figs. 2(a) and 2(b)]; the resonance energy, 139 

the peak in Im eff() [Fig. 2(b)], is elevated to shift from 1.7 meV for the weak-field limit 140 

(ETHz ~ 0.1 kV/cm) to 3.1 meV for the highest field (ETHz = 630 kV/cm).  141 

The observed field-strength-dependent response can be well accounted for by 142 

considering the positional free energy for phonon including anharmonicity [Fig. 2(c), 143 

inset] [3,5]. Hereafter, we consider the lattice dynamics along the normal mode coordinate 144 

Q of soft mode under the temperature dependent positional free energy Vph. This is 145 

composed of the lowest and second lowest order terms as, 146 

𝑉ph =
1

2
𝑀∗𝜔𝑇

2𝑄2 +
1

4
𝑀∗𝜆𝑄4.  147 

T, M*, and  respectively represent the angular frequency of phonon, reduced mass, and 148 

quartic anharmonic constant; we used M* = 73.7m0 (m0: proton mass). The second term 149 
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represents the quartic anharmonic free energy. Note that, due to the possible existence of 150 

randomly distributed 180-degree-rotated or opposite polar multi-domains for the present 151 

thin film, the in-plane second-order effect arising from the Q3 term is likely to be 152 

cancelled out in total and can be omitted (for more details, see also Supplementary Note 153 

4 [32]). For the large-amplitude oscillation, this anharmonic term induces the frequency 154 

shift. The equation of motion with respect to Q is given by, 155 

𝑑2𝑄

𝑑𝑡2
+ 𝛾

𝑑𝑄

𝑑𝑡
+ 𝜔𝑇

2𝑄 + 𝜆𝑄3 =
𝑍∗𝑒𝐸film(𝑡)

𝑀∗
,  156 

where Z*, e, t and Efilm(t) are the Born effective charge, elementary charge, time, and 157 

terahertz electric field inside the film, respectively. We adopted Z* = 7.0, T = 1.7 meV, 158 

and  = 1.6 meV, which are estimated from the dielectric spectra in the linear response 159 

regime. Here, the Efilm(t) is given as [5], 160 

𝐸film(𝑡) =
1

𝑛s + 1
(2𝐸THz(𝑡) −

𝑑

𝜀0𝑐

𝜕𝑃(𝑡)

𝜕𝑡
) .  161 

The electric polarization P(t) = 4Z*eQ/a3 (a ≃ 6.4 Å: lattice constant [30]) contains four 162 

oscillators in a unit cell. 𝑛s, 𝑑, 𝜀0 and 𝑐 are refractive index of substrate, film thickness, 163 

dielectric constant of vacuum and speed of light, respectively.  164 

By inputting the experimental terahertz waveform [Fig. 1(d)] into ETHz(t), we 165 

numerically solve these equations using the Runge-Kutta method and calculate the field-166 

strength-dependent eff() from the Fourier transformation of P(t) and ETHz(t). The 167 

unknown parameter here is the  in the quartic term, which is determined so as to 168 

reproduce the field-strength-dependent energy shift. The best fit at 10 K is obtained by 169 

setting  = 0.4 pm-2THz2 [Fig. S4 [32]]; we also find the good correspondence of spectral 170 

characteristics between the experimental and calculated eff() [Fig. 2]. These results 171 

clearly demonstrate the essential role of anharmonic free energy for the spectral variation 172 
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of soft phonon under intense terahertz field. Note that the Born effective charge and 173 

damping parameter are assumed to be constants under high terahertz field. Under our 174 

experimental conditions, we did not discern clear signature of such the field-induced 175 

change of those parameters.  176 

We summarize the terahertz-field-strength dependence of Im eff() spectra at 177 

each temperature in Figs. 3(a-d). The prominent energy shift is observed for 10 K [Fig. 178 

3(a)] and 80 K [Fig. 3(b)]. As the temperature is increased, we discern the modest energy 179 

shift at 150 K [Fig. 3(c)] and little one at 300 K [Fig. 3(d)]. To examine this temperature 180 

dependence quantitatively, we plot the normalized phonon energy shift, which is defined 181 

as the resonance energy in the highest field (~ 630 kV/cm) divided by that for the linear 182 

response regime, in Fig. 3(e). The nonlinear response is the most pronounced at around 183 

the TC  70 K and mostly suppressed at 300 K, indicating the strong correlation with the 184 

ferroelectric instability.  185 

By performing the same numerical analysis shown above, we obtained the 186 

temperature variation of the Vph [Figs. 4(a) and 4(b)], which shows the noticeable change 187 

with temperature; with decreasing the temperature, the Vph tends to deviate from the 188 

harmonic Q2 dependence and to be dominated by the anharmonic quartic term [Fig. 4(a)]. 189 

The anharmonic term () shows weak temperature dependence in contrast to the harmonic 190 

term (T
2) [Fig. 4(b)], so that this temperature variation of Vph is almost derived from that 191 

of harmonic term. We map the energy ratio of the quartic anharmonic term to the quadratic 192 

harmonic one as 𝐾 =

1

4
𝑀∗𝜆𝑄4

1

2
𝑀∗𝜔𝑇

2𝑄2
⁄   on the temperature-Q plane [Fig. 4(c)], in 193 

which the colored area is limited to the range of actual displacement Q realized by the 194 

highest terahertz field. The anharmonic regime satisfying K > 1 is the most enhanced near 195 
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the TC, as indicated by the red dotted curves representing the boundary between the 196 

harmonic and anharmonic regimes (K = 1). Near TC, the anharmonic energy exceeds three 197 

times larger than the harmonic one under the highest terahertz field (K > 3), indicating 198 

that the lattice dynamics is governed by anharmonicity. Thus, the anharmonicity is 199 

indispensable to estimate the lattice deformation under the intense terahertz field; it is 200 

clearly found that the anharmonic term substantially reduces the amplitude of lattice 201 

deformation by comparing the Vph with/without anharmonic term for the soft mode 202 

(solid/dashed line in Fig. S5 [32]). Note that its strong temperature dependence implicitly 203 

represents the mode-mode coupling between soft mode and other thermally excited 204 

phonons.  205 

The transient change of the nearest neighbor atomic distance, which is 206 

approximately given by Q in the present (slightly rhombohedrally distorted) diatomic 207 

rocksalt structure, has a maximum also near the TC (see the solid circles in Fig. 4(a) and 208 

enlarged colored area in Fig. 4(c)); the largest displacement is 9 pm [Fig. 4(d)], which is 209 

3 % of the nearest neighbor atomic distance (320 pm) and comparable to the ferroelectric 210 

distortion in bulk SnTe [16]. The weakened restoring force of the harmonic free energy 211 

for soft phonon, which exhibits the enhanced dielectric response, gives rise to such large 212 

shift of ions through resonant terahertz field.  213 

Our present results experimentally reveal the positional free energy along the 214 

normal mode coordinate of optical phonon up to quartic term by the high-field terahertz 215 

spectroscopy. It is notable that the terahertz field driven displacement observed here is 216 

more efficient as compared to the early works for LiNbO3 and SrTiO3 thin film [2,3]. The 217 

displacement of 14 pm for oxygen ion is observed for LiNbO3 under the higher terahertz 218 

field of 20 MV/cm. For the SrTiO3 film, the displacement of Ti ion is as small as 1.3 pm 219 
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for terahertz field of 880 kV/cm. Thus, the terahertz field-induced displacement in our 220 

work (9 pm for 630 kV/cm) is in the largest class so far, and the substantially high 221 

efficiency for the terahertz-field-induced coherent lattice deformation is clearly 222 

demonstrated. Also, while the energy fraction of positional free energy for the largest 223 

deformation is still dominated by the harmonic term in early works [2,3,5], the quartic 224 

anharmonic term dominates 75 % of free energy at maximum in the present study [Fig. 225 

4(c)], indicating that the anharmonic term is indispensable for considering the large-226 

amplitude soft mode. These results clearly indicate that the soft mode with strong 227 

dielectric response can be utilized for the highly efficient coherent control of lattice 228 

especially near the ferroelectric transition point, where the quadratic term takes a 229 

minimum. 230 

The insight into the transient lattice deformation under terahertz irradiation will 231 

be of crucial importance for realizing the terahertz-field-induced phononic control of the 232 

topological electronic states in the present system [9,10,22]. In PbTe, the lattice 233 

deformation induced by the soft phonon is theoretically suggested to induce the change 234 

of the direct bandgap at the L point of the Brillouin zone [22]. Therefore, the large atomic 235 

displacement observed here can be exploited for the ultrafast control of the band inversion 236 

and even of the degeneracy of topological crossing points sensitive to the inversion 237 

symmetry breaking [14]. In particular, near the topological transitions, various 238 

topological and nontopological phases including Weyl semimetal compete with subtle 239 

balance of relevant parameters [14,28-30], so that dramatic control of electronic phase 240 

would be feasible through the coherent soft phonon excitation.  241 

In conclusion, we have investigated the nonlinear terahertz response derived from 242 

the soft phonon excitation in the ferroelectric semiconductor In-doped (Sn,Pb)Te thin film. 243 
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The direct excitation of the soft phonon using the intense terahertz field induces the 244 

dramatic shift of the phonon energy, which is the most enhanced near the TC. These 245 

nonlinear responses can be well accounted for by considering the quartic anharmonicity 246 

for the soft phonon. While the nonlinear phonon response attracts much attention in the 247 

context of nonlinear phononics in recent years [2-11], the present work demonstrates the 248 

coherent phonon dynamics in fully anharmonic regime. Our findings establish the 249 

comprehensive understanding of the soft phonon dynamics including the nonlinear 250 

response regime and pave the way for the terahertz control of states of matter such as 251 

topological electronic phases. 252 

This work was supported by JST grants (JPMJFR212X, JPMJCR1874) and by 253 

JSPS/MEXT Grant-in-Aid for Scientific Research (21H01796, 22H04470). 254 
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Figures 356 

 357 

FIG. 1: (a) Crystal structure of (Sn,Pb)Te. (b) Contour map of the imaginary part of the 358 

dielectric spectra Im () in the weak-terahertz-field limit. The red open circles indicate 359 

the phonon energies. The vertical dotted line denotes the ferroelectric transition 360 

temperature TC. (c) The power spectrum of the incident intense terahertz light. (d) The 361 

time waveform of the terahertz field. (e) The terahertz-field-strength dependence of 362 

absolute value of complex transmittance, |t()|. The dip-like structures are indicated by 363 

black triangles for clarity.  364 
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 365 

FIG. 2: (a,b) The real (a) and imaginary (b) parts of effective dielectric spectra eff() at 366 

each peak terahertz field at 10 K. (c,d) The model calculation of the effective dielectric 367 

spectra eff(); the real (c) and imaginary (d) parts. (inset of (c)) Schematic illustration of 368 

the positional free energy for phonon including the quartic anharmonic term in addition 369 

to the harmonic term. 370 

  371 
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 372 

FIG. 3: (a-d) Color coded spectra of Im eff() under strong terahertz field at 10 K (a), 80 373 

K (b), 150 K (c), and 300 K (d). The red open circles represent the resonance energies of 374 

the soft phonon. (e) The temperature dependence of the resonance energy at the highest 375 

terahertz field (ETHz = 630 kV/cm) normalized by that at the lowest terahertz field (ETHz 376 

~ 0.1 kV/cm). The gray bar represents the TC ~ 70 K. The error bar represents the 377 

statistical error in ten measurements.  378 
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 379 

 380 

FIG. 4: (a) The positional free energy for phonon retrieved from the effective dielectric 381 

spectra. The solid circles represent the maximal displacement induced by the terahertz 382 

field. (b) Temperature dependence of T
2 and . These are coefficients for the harmonic 383 

quadratic and anharmonic quartic terms. (c) The contour map of the anharmonicity K. 384 

The colored area is limited to the range of actual displacement Q realized by the highest 385 

terahertz field. The red dotted curve shows the boundary between the harmonic and 386 

anharmonic regimes, where K = 1. The black horizontal dotted line is the ferroelectric 387 

transition temperature TC ~ 70 K. (d) The time evolution of calculated atomic 388 

displacement at 80 K (blue curve) and incident terahertz light field (red curve). 389 


