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Nascent quantum computers motivate the exploration of quantum many-body systems in nontra-
ditional scenarios. For example, it has become natural to explore the dynamics of systems evolving
under both unitary evolution and measurement. Such systems can undergo dynamical phase tran-
sitions in the entanglement properties of quantum trajectories conditional on the measurement
outcomes. Here, we explore dynamics in which one attempts to (locally) use those measurement
outcomes to steer the system toward a target state, and we study the resulting phase diagram as
a function of the measurement and feedback rates. Steering succeeds when the measurement and
feedback rates exceed a threshold, yielding an absorbing-state transition in the trajectory-averaged
density matrix. We argue that the absorbing-state transition generally occurs at different critical
parameters from the entanglement transition in individual trajectories and has distinct critical prop-
erties. The efficacy of steering depends on the nature of the target state: in particular, for local
dynamics targeting long-range correlated states, steering is necessarily slow and the entanglement
and steering transitions are well separated in parameter space.

Entanglement and Absorbing-State Transitions in Interactive Quantum Dynamics

Phases and criticality in quantum many-body dynam-
ics are topics of fundamental interest. For unitary dy-
namics, various questions have been explored, such as the
growth of entanglement [1-3], the emergence of hydrody-
namics [4-6], or the effects of disorder [7-9]. Recently,
motivated by advances in quantum computing hardware,
“monitored” quantum systems subject to repeated lo-
cal measurements have also come under intense investi-
gation [10, 11]. These systems were shown to display
the surprising phenomenon of entanglement phase tran-
sitions as a function of measurement rate [12-20]. Such
phase transitions are only visible in the properties of in-
dividual quantum trajectories [21] corresponding to spe-
cific sequences of measurement outcomes, so they bear a
prohibitive post-selection cost that is exponential in the
space-time volume (with exceptions in Clifford dynam-
ics [22, 23], spacetime-dual dynamics [24-26], or replac-
ing measurements with swaps into an environment [27]).
Monitored dynamics can be enriched by using the mea-
surement outcomes, say, for adaptively controlling the
subsequent dynamics [28-34]. Error correction is one ex-
ample of such interactive quantum dynamics with a tran-
sition as a function of the error rate [35]. Understanding
novel dynamical phenomena in interactive evolution is an
active area of inquiry, especially topical in light of exper-
imental advances in building devices capable of quantum
control via measurements and feedback.

In this work, we consider interactive quantum dynam-
ics with unitary evolution and measurements, where the
measurement outcomes are used to apply local unitaries
that steer the system towards target states [36-38]. The
target states are absorbing states, so that the dynam-
ics can evolve to the target state, but cannot leave it.
We discuss steering both to trivial product states and to
entangled symmetry-protected topological (SPT) states.
Our dynamics only uses local feedback (in contrast to
non-local classical communication), i.e., each feedback
operation depends only on the measurement immediately
preceding it at the same location. Therefore, the av-
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FIG. 1. Monitored quantum circuits with feedback and
schematic depictions of their associated phase diagrams. (a)
A quantum circuit model with |11 --- 1) as its target state
(see text). Sketch of the phase diagrams for interactive dy-
namics targeting (b) the all-up state and (c) an SPT cluster
state. The two phase boundaries are close/widely separated
near pr = 1 in b/c respectively. The absorbing-state phase
transition curves in (b,c) satisfy pmps = const. (d) A table of
the properties of the three phases.

erage density matrix dynamics is described by a time-
independent local quantum channel. Unlike the quan-
tum channels that occur in the standard (non-adaptive)
measurement-induced transition, our channel is not uni-
tal, so its steady state need not be the maximally mixed
state. The channels we consider can in fact undergo an
absorbing-state phase transition [39-46] separating an
‘absorbing phase’ in which a pure zero-entropy target
state is reached in a time at most polynomial in system
size, from an ‘active phase’ in which it is not.

We study interactive quantum dynamics as a function
of the measurement rate, p,,, and the fraction of mea-
surements that are followed by feedback, p¢. This yields
a phase diagram with two transitions: an entanglement



phase transition in individual trajectories, driven by pp,,
and an absorbing-state transition in the average density
matrix, driven by the total rate of feedback events p,, p¢
(Fig. 1). We provide numerical evidence and analytical
arguments that these do not coincide in general. When
we target a trivial polarized product state and use max-
imally efficient feedback, ps = 1, the transitions occur at
sufficiently close p,, that we cannot numerically distin-
guish the locations of the critical points. Nevertheless,
we find that quantities associated with the trajectory-
averaged density matrix scale with directed-percolation
critical exponents that are completely different from the
exponents associated with the entanglement transition
in individual trajectories. This finding is natural if one
posits two separate transitions, but implies a drastic vi-
olation of one-parameter scaling otherwise.

Errors above a target state with short-range correla-
tions can be locally corrected, allowing for efficient local
feedback. For target states with long-range correlations,
such as a ferromagnet or a topologically ordered state, er-
ror correction requires pairing up domain walls or anyons
over long distances, which requires long-range classical
communication [47-49]. Absent such communication, the
error correction dynamics is described by a local quantum
channel, which has a light cone. Steering from a product
state to a long-range correlated state therefore takes a
time that diverges with system size, even at p, = pr = 1
where all trajectories are area-law entangled. To explore
these consequences of locality, we study dynamics target-
ing a symmetry-protected topological (SPT) state using
both symmetric and symmetry-breaking operations. In
the former case, but not the latter, the entanglement and
absorbing-state transitions are well separated, consistent
with the logic above.

Polarized Absorbing State— We first consider a
spin-1/2 model with the target state [i¢) = |11 -+ 1).
The model comprises two-site nearest-neighbor unitary
gates applied in a brickwork fashion in a 1D system of
length L with periodic boundary conditions. Each gate
is block-diagonal and locally leaves the [11) state invari-
ant, but acts as a Haar-random unitary U(3) in the 3x3
block of states spanned by {|1), [{1),[J4)}. The unitary
dynamics leaves |¢;) invariant, but is otherwise chaotic.
Each gate in the circuit is sampled independently. Un-
less otherwise stated, we always begin with the system
in the |}J - -+ |) state. In between the unitary layers, we
measure the Pauli Z; operator on each site with prob-
ability py,. If the outcome is 41, locally corresponding
to the [1), state, we do nothing. If the outcome is —1,
a corrective unitary X; is applied with probability ps to
steer the system towards |¢;) [Fig. 1(a)]. As a chan-
nel, this measure-and-correct operation is equivalent to a
qubit reset, which is accessible on current hardware [46].
A given quantum trajectory, |¢(t)) is labeled by the
sequence of measurement outcomes, 173, encountered at
each position until time ¢; the label also implicitly in-
cludes the action of feedback events conditioned on the
outcomes. We denote the density matrix obtained by av-

eraging over trajectories, feedback events, and choices of
random circuits as p.

We describe the phase diagram of this model in Fig. 1
using properties of trajectories and properties of p at
times linear in system size. When the total rate of feed-
back operations p,,ps exceeds a critical value p. ~ 0.1,
p approaches the absorbing state (phase III). Here, ev-
ery trajectory approaches the same unentangled target
state. When pypr < pe, p remains mixed up to times ex-
ponential in L. However, individual trajectories exhibit
two phases, even at pr = 0: a volume-law phase (phase I)
and an area-law phase (phase II). In phase II, each tra-
jectory stays active and visits different area-law states, so
p remains high-entropy. We will argue below that phase
IT intervenes between phase I and III, even when ps = 1.

Absorbing State Transition— The absorbing-state
transition is visible in p, and observable via conventional
expectation values. In [50], we show that the diagonal
elements of p evolve under the transfer matrix of a clas-
sical stochastic process, while the off-diagonal elements
vanish after one complete time step. This mapping gives
us access to much larger system sizes and allows us to
convincingly demonstrate that this absorbing-state tran-
sition is in the directed percolation universality class. In
the classical process, the effect of the averaged measure-
ments is to locally send | to 1T with probability pmps,
while the effect of the averaged unitaries is to mix the
local configurations 1), |1, and 11 with equal probabil-
ity 1/3 [50]. Note that the averaged dynamics are now
described by only a single parameter p = py,p¢ describ-
ing the total rate of measurements with feedback. This
stochastic process has an all-up absorbing state, and un-
dergoes an absorbing-state transition characterized by
the behavior of “defects”, i.e., down-spins. The density
of defects
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serves as an order parameter that rapidly approaches
zero (exponentially in time) in the absorbing phase, but
reaches a long-lived nonzero value in the non-absorbing
phase (for times exponential in L). In Fig. 2(a), we see
that the density of defects is nonzero below p. ~ .1 and
vanishes above p.. The curve p,pr = p. =~ .1 defines the
absorbing-state critical line depicted in Fig. 1(c). Note
that a non-zero ny implies an extensive entropy for p,
with the entropy density being maximal at ngy = 0.5 and
decreasing as p. is approached.

For a classical stochastic process with a single absorb-
ing state, a non-disordered transfer matrix, and no ad-
ditional symmetries, the critical properties are expected
to be in the directed percolation (DP) universality class.
We confirm this expectation in Fig. 2(b,c), using tech-
niques discussed in Ref. [51]. We expect that ng satisfies
the following critical scaling:
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FIG. 2. Absorbing-state phase transition. (a) The sample-
averaged defect density ng as a function of p = pmps. Be-
tween 10% - 2 10% samples were averaged for each data point
shown. Values were computed via the mapping to a classical
stochastic model and initialized with random bitstrings. (b)
The running estimate of critical exponent ¢ as a function of
inverse time 1/t. The critical p. is estimated to be the value
of p for which the curve remains constant as 1/t — 0, and an
estimate for § is that constant value. (c) Scaling collapse of
ngq data to the form of Eq. 1. The critical exponents are those
of directed percolation.

where v = zv) and z is the dynamical scaling expo-
nent. To probe the values of § and p., we define a
time-dependent estimate 0(t) so that ng(t) ~ 1/t°®),
and extract d(¢) from the quantity log,[naq(t)/nq(10t)].
We expect that at the critical point, and for ¢'/% /L
sufficiently small, §(¢) is constant, while it vanishes in
the non-absorbing phase and diverges in the absorbing
phase. Fig. 2(b) shows a value of § consistent with di-
rected percolation’s dpp = .159, and a critical probability
pe = .09085(5). We see scaling collapse of these curves in
Fig. 2(c) using this p., dpp, and vpp|| = 1.73. Thus, as
anticipated, our model’s absorbing-state transition falls
under the directed percolation universality class.

Entanglement Phase Transition— We now locate and
characterize the entanglement phase transition via ex-
act simulations of quantum trajectories for L < 24. We
first consider the cut pf = pn through the phase dia-
gram in Fig. 1(c); the feedback along this cut is weak
enough that the entanglement phase transition is numer-
ically well separated from the absorbing-state transition.
We benchmark the entanglement transition against pre-
vious analyses of models without feedback. We use the
tripartite quantum mutual information I3 = Sg, +Sq, +
SQs = 5010Q: — 50205 — SQsuQ: + 5Q1UQ.UQ,, Which
was argued to be constant at the critical point and show
a crossing [15, 52]. Here Sy is the von Neumann entan-
glement entropy of subsystem A, and @,, is the n® con-
tiguous quarter of the system. We evaluate I3 at t = 2L,
anticipating that the entanglement transition will have
dynamical exponent z = 1 [17, 18, 53]. The crossing of
I3 yields the critical point pf, = p§ = 0.130(5), which
is well-separated from the absorbing-state phase transi-
tion at pn = pr = /pc = V0.09085 = 0.3014 found
above (Fig. 2). We perform a scaling collapse near the
critical point, and the critical exponent v = 1.1(2) ob-
tained is consistent with previous estimates of v for the
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FIG. 3. Tripartite quantum mutual information. The data

are averaged over 5-10% - 5- 102 circuit realizations and quan-
tum trajectories in simulations of full-wavefunction evolution,
and over times ¢t = 2L and 2L + % to avoid even-odd effects.
The top row corresponds to the cut pf = pm, and the bottom
to pr = 1. Vertical dashed lines mark estimates of the criti-
cal points: pg, =2 0.130(5) (a) and p§, =2 0.090(5) (c). Panels
(b) and (d) show the finite-size scaling collapse of the form
I3 = fl(pm — p&)LY"], with v = 1.1(2).

entanglement transition in monitored circuits with Haar-
random gates [52]. With this estimate of p¢,, we ver-
ify [50] that the dynamics at p¢, are consistent with the
exponent z = 1 by examining the purification of an initial
mixed state [15, 32, 54]. Thus, along the line ps = pp,
the entanglement and absorbing-state transitions are well
separated, and the former displays the same critical prop-
erties as monitored circuits without feedback.

We now consider the case of full-strength feedback
and vary p, while pf = 1 is fixed. In this case, every
measure-and-feedback operation leaves the spin in the
[1) state; hence measurements not only drive trajectories
to low-entanglement states, but also specifically towards
the polarized state. As a result, the entanglement and
absorbing-state transitions come closer together and a
similar analysis of I3 locates the entanglement transition
at pS = 0.090(5) [see Fig. 3(c)], numerically indistin-
guishable from the location of the absorbing-state tran-
sition found above (Fig. 2). A natural question is then
whether the two phase transitions coalesce as pf — 1, or
remain distinct critical phenomena. In order to see that
the two transitions remain distinct, we determine their
dynamical exponents z [55]. We extract z for the en-
tanglement transition using the purification setup [50]—
which examines the entropy S of a system initially in a
mixture of two random orthogonal states—and for the
absorbing-state transition using the density of defects
ng. In Fig. 4 we show both S and ng data for times
t 2 L*. The entropy continues to scale like S ~ f(¢/L),
ie., z = 1.0(1), and nq scales according to 6 = 0.16(8)
and z = 1.6(1) corresponding to directed percolation.
The picture that emerges is one in which the two phase
transitions can become close in p,, at strong feedback
(pr = 1); however, they remain distinct critical phenom-
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FIG. 4. Dynamical critical scaling along pr = 1. The system
is initialized in a mixed state with 1 bit of entropy as described
in the SM. Data points are averages of 2-10? - 5-10% samples.
(a) The second Rényi entropy of the density matrix S vs.
scaled time. Data collapse is consistent with the scaling form
S = f(t/L). (b) The scaled density of defects vs. scaled
time. Data collapse is consistent with ng = t~°®(0,t/L?) at
the critical point [Eq. 1]. The z values are not consistent in
(a) and (b), indicating distinct critical phenomena.

ena that happen on parametrically different time-scales
as indicated by the different z values.

Argument for Separate Transitions— We now ar-
gue more directly that a sliver of Phase II generically sep-
arates the two transitions, provided that the absorbing-
state transition is continuous. We perform a Stinespring
dilation [35] of the channel at py = 1, such that each
measurement consists of swapping out one of the system
spins for an ancilla spin prepared in |1). The steady-state
entropy of p is the entanglement between the system and
ancilla qubits; meanwhile, the entanglement entropy of
trajectories is that of the system’s wavefunction once we
measure all the ancillas. Consider the dynamics when
ng < 1. “Live” (spin-}) regions are dilute, and colli-
sions between them are rare. However, processes where
a qubit in the live region is swapped into the environment
are common, since py, is O(1). Suppose the live region
is initially entangled with the rest of the system. Before
it encounters a neighbor, it undergoes many measure-
ment /feedback processes. Therefore, the rest of the sys-
tem is now entangled with the live region together with
the qubits that were swapped out. Collisions are rare, so
the number of swapped-out qubits exceeds the number
of qubits that remain in the live region. By the decou-
pling principle [56], the live region is decoupled from the
rest of the system: instead, the rest of the system is now
entangled with the environment. Since decoupling hap-
pens between collisions, large-scale entanglement cannot
build up and the system remains in an area-law phase.
Crucially, the rate of collisions (set by ng) can be made
arbitrarily small relative to the rate of swaps (set by p,),
by going near the absorbing-state transition [57].

SPT Absorbing State— In principle, the approach
described above can be generalized to steer a system to
any pure state that is the unique state annihilated by
a set of projectors. However, the efficacy of such steer-
ing depends on the nature of correlations in the target
state: as noted in the introduction, local quantum chan-

nels have light cones and cannot prepare states with long-
range correlations in finite time starting from a product
state. Feedback operations targeting states with long-
range correlations are inherently less efficient, since they
generically move defects instead of eliminating them.
One might expect, therefore, that the entanglement and
absorbing-state transitions should be well-separated for
such target states even at pr = 1.

We have tested this intuition for dynamics tar-
geting the cluster state (ground state of H =
— > ZiXiy1Zi42), which is an SPT state; under unitary
dynamics, this state can be prepared in O(1) depth if the
protecting Z X Zs symmetry (that is a product of X; on
even/odd sites) is broken, while it requires depth O(L)
in the presence of the symmetry. An appealing feature of
the cluster state is that it allows steering protocols of two
types: (a) those in which the feedback completely breaks
the protecting symmetry, allowing individual defects to
be annihilated, and (b) those in which the feedback re-
spects a parity symmetry that constrains defects to be
annihilated in pairs. The details of the interactive dy-
namics are described in [50]; the results can be summa-
rized as follows. In case (a), the phase diagram and dy-
namics closely resemble the product-state example, while
case (b) has the following salient differences. First, the
entanglement and absorbing-state transitions are widely
separated even for pf = 1 [Fig. 1(d)]. Second, the
absorbing-state transition belongs to the “parity conserv-
ing” universality class [50]. Even in the absorbing phase,
the approach to steady state takes a time that scales as
L? because of the diffusion-limited recombination of de-
fects. This conclusion does not rely on SPT symmetry,
and we expect it to generalize to other models involv-
ing pairwise annihilation of defects, including in higher
dimensional systems with more exotic anyonic defects.
Third, in the area-law non-absorbing regime, individual
trajectories possess “spin-glass” SPT order [19, 58, 59],
but the average over measurement outcomes washes out
this order. Finally, with the parity symmetry, if we allow
nonlocal communication so defects can be paired up more
efficiently, directed-percolation universality is restored.

Discussion— In this work we explored the dynamics
of single trajectories and the trajectory-averaged density
matrix for a family of interactive quantum circuits with
measurements and feedback. We found distinct phase
transitions for single-trajectory and trajectory-averaged
quantities, and argued that in general these transitions
should belong to distinct universality classes and occur
at distinct critical measurement rates. The feedback al-
lowed in our setup was based on local information about
the state; thus it was much more restrictive than the
types of feedback that are allowed in general LOCC pro-
tocols or in quantum error correction. An interesting di-
rection for future work is to explore the consequences of
relaxing this locality constraint, and allowing for general
forms of interactive dynamics that cannot be captured by
local quantum channels (and therefore obey weaker lo-
cality constraints). It would also be interesting to under-



stand cases where the two transitions may coincide [31],
and the relevance of feedback to these transitions in an
RG sense.

Note Added— In the final stages of completion of this
work, we became aware of related work which appeared
on the arXiv and was subsequently published as [60]. Our
results agree where they overlap.
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