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Motivated by the recent discovery of odd-parity multipolar antiferromagnetic order in CeRhyAsa,
we examine the coexistence of such translation invariant Kramers’ degenerate magnetic states and
superconductivity. We show that the presence of such magnetic states generically suppresses super-
conductivity, whether it be spin-singlet or spin-triplet unless the magnetic state drives a symmetry-
required pair density wave (PDW) superconducting order. We apply our results to CeRhaAso,
where no pair density wave order appears; and to the loop current order in the cuprates, where such
pair density wave superconductivity must appear together with Bogoliubov Fermi surfaces. In the
former case, we explain why superconductivity is not suppressed.

Introduction The discovery of likely field-induced odd-parity superconductivity in CeRhoAsy [I] has generated a
great deal of interest [2HI6]. Subsequent to this, in addition to quadrupolar order [§], CeRhyAsy; has been found
to host odd-parity multipolar antiferromagnetic (AFM) order [I7, [I8]. In particular, nuclear quadrupolar resonance
(NQR) and nuclear magnetic resonance (NMR) have observed that this order develops at a temperature below the
superconducting transition temperature (7,). The symmetry of such a state is unusual since it independently breaks
parity (P) and time reversal (7) symmetries but is invariant under the action of their product P7. Since PT is
still preserved, electronic states retain the well-known two-fold Kramers’ degeneracy, hence we shall refer to such
magnetic states as Kramers’ degenerate magnets. Such order has been referred to as odd parity multipole order [19)]
and magnetic toroidal order [20} 2] in different contexts. Since neither P nor 7 symmetries are present, the electronic
dispersion & does not satisfy the usual relation & = £_g. The asymmetry between & and £_g (& # £_g) naturally
opens up the question of what effect Kramers’ degenerate magnetic order has on the superconducting state. This
question has been addressed previously for multi-band systems [19] 22] and also for loop current order in cuprates
[23H25]. Superconductivity is usually a low energy scale phenomenon, thus it is desirable to develop a general single-
band theory to capture the interplay of Kramers’ degenerate order and superconductivity. Here we provide such a
general theoretical framework that allows us to encompass arbitrary energy dispersions and gap functions, allowing
us to draw broad conclusions.

Our theory shows that both spin-singlet and spin-triplet superconductivity are strongly suppressed by such an
order (such states can still survive in one-dimensional systems [I9]). This theory is exact in the weak-coupling
limit. Here T,o is an input parameter. Once T, is given, changes in the critical temperature due to the Kramers’
degenerate magnetic order are quantitatively well described [26]. Our approach is akin to Anderson’s theorem which
says magnetic order destroys s-wave superconductivity as the Cooper pairs are formed from time-reversal partners.
For Kramers’ degenerate order considered here both time-reversal symmetry and inversion symmetry are broken and
hence there will be a generic suppression of both spin-singlet and spin-triplet superconductivity. However, if the
magnetic state belongs to a special symmetry class then superconductivity can still appear. In particular, if the
magnetic state belongs to a vector representation of the point group, then a symmetry-dictated pair density wave
(PDW) superconducting state is stabilized. Furthermore, we find this magnetic order often implies the existence of
Fermi surfaces in the superconducting states. Such Fermi surfaces are called Bogoliubov Fermi surfaces (BFS). When
the magnetic state leads to symmetry-required PDW superconductivity, we find that the PDW order reduces the
size of the Bogoliubov Fermi surfaces, providing a natural microscopic mechanism for the appearance of such PDW
order. We apply this framework to superconductivity coexisting with odd-parity multipolar AFM order in CeRhyAs,
and coexisting with the loop current order in the cuprates. In a recent paper we also apply the general framework
developed here to obtain a nematic BFS in the tetragonal phase of FeSe;_,S, [2I]. Such a BFS has recently been
observed in ARPES measurements for FeSe;_,S, [27].

0dd parity energy dispersion As discussed above, Kramers’ degenerate magnetic order gives rise to asymmetry
between the electronic dispersions & and £_j. This asymmetry is the key ingredient in our theory and we define
&_k = (§e—E_k)/2 to quantify this. The k dependence of {_ . is governed by the symmetry of the Kramers’ degenerate
magnetic order [20]. Since these magnetic orders are translation invariant, they correspond to odd-parity irreducible
representations of the crystallographic point group. Therefore, {_ ; can be constructed by forming products of
momentum components k; that belong to the corresponding irreducible representation of the crystallographic point
group. Some examples of the predicted form of {_ j can be found in [19] 22], 2834] and the recent experimental
observation of this has been reported in MnsAu [28]. Here we discuss what form £_ j takes for the observed odd-
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FIG. 1. Band dispersions for CeRhaAsz. Top Energy dispersion for CeRhaAsy with ky = 0‘;”, k., = 0‘3”, t1 =5, tex = 0.1,
teo = 0.1, agr = 0.3, A = 0.3 and with ¢ = 1 and u = —3.4. Note that the dispersion is symmetric about k; = mw. The black
band corresponds to &1k, while the red band corresponds to £2,,. Bottom Energy dispersion for CeRhaAsy after the addition
of Kramers’ degenerate order with M, = 0.5. Notice the asymmetry of the dispersion around k, = 7.

parity AFM order in CeRhyAss and for the loop current order in the cuprates.
In CeRhyAss, with space group P4/nmm, there are two Ce atoms per unit cell. Including a single Kramers’ doublet
on each Ce site leads to the tight-binding Hamiltonian [IJ,

HO = €00,kT000 + €20,kT2z00 + €40,kTy00 + €2a,kT20z + €2y, kTz0y + €22,kT202

k. ke k .k, ks k
= [t1(cos kg + cosky) — plToog + te 1 cos 5 €os - cos ?ynao + 2 8in 5 o8 - cos ?yTyO'O

+ ap(sinky,0, — sink,7.0,) + Asin k. (cosk, — cosky) sink, sinky7.0.. (1)

The 7; Pauli matrices encode the Ce site basis, and the o; Pauli matrices encode the spin basis. Here g and A are
the Rashba and Ising spin-orbit couplings. This has the following energy dispersion

— 2 2 2 2 2
612;’@ = €00,k + \/Ex(),k + 6y(),lc + 621‘,]4 + Ezy.k + ezz.,k' (2)

This Hamiltonian gives rise to two bands where 1,2 refers to the + and - bands respectively, each of which has a
pseudospin degeneracy with the property that & 26 = &1 2,k -



To Eq. |1l we add the minimal coupling to the odd-parity AFM order. This order is of opposite sign on the two
Ce sites in the unit cell and the Ce moments are oriented along the z axis [I7, [I8]. Consequently, we write this
coupling as H. = M,7,0,. The resulting Hamiltonian gives rise to two doubly-degenerate (the two-fold degeneracy is
a pseudospin degeneracy) bands. Treating H. as a perturbation to Hy yields

M Xsink,(cosk, — cosk,)sink,sink, _
= 2 2 2 2 7 O (3)
\/ezo,k + 6yO,k + €zcv,k: + ezy,k + 6zz,k

where G denotes the pseudospin degeneracy and the + denotes that {_ j has a different sign on the two bands &; 2 &.
A key feature of the £_ j is that even though it has the same form for both pseudospin partners, it is generated through
the spin-orbit coupling term A. Formally, {_ x has a momentum structure that belongs to the Ay, representation of
the Dy, point group. We illustrate the momentum asymmetry of {_ j by plotting the change to &; 2 due to the
presence of Kramers’ degenerate order in Fig. [I| for momenta near the Brillouin zone boundary.

The form of £_  for loop current order in the cuprates has been derived earlier and takes the form [23] B5H38]

é_k =2J [sink, —sink, — sin (k; — ky)] 0. (4)

-k =

where J is the strength of the order. Physically, this term originates from orbital currents that form closed loops
within the CuOg unit cell. In this case, unlike for CeRhyAsy above, spin-orbit coupling does not play a role in the
origin of £_ . Formally, for the loop current order, the momentum structure of £_ ; belongs to the E,, representation
of the D4 point group. In contrast to the odd-parity multipole AFM order in CeRhyAsy, here the momentum
structure of {_ i belongs to a vector representation of the Dy point group. This, as we shall see later, leads to the
stabilization of PDW superconductivity for the cuprates.

General Theory The Kramers’ degeneracy that is retained with the presence of Kramers’ degenerate magnetic order
allows a single band theory for superconductivity [39, [40]. In the weak coupling limit, this can be formulated for
arbitrary Fermi surfaces, gap functions, and {_ j and this further will allow this physics to be treated within the
framework of quasi-classical theory, a powerful framework within which to examine superconductivity [26]. We
consider the following single-band Hamiltonian

1
H:ZEkCLSCkS+§ Z Vaﬁa/ﬁl (k,k/) C]-t;+%,acik+%’Bc—k"‘r%,ﬁ/ck‘/"r%,a/ (5)
ks kk’'aBa’ B’

where the operator c};S (cks) creates (annihilates) electrons with momentum k and spin s; s, «, 8,0/, 8/ =1, ; q is the
center-of-mass momentum of the Cooper pairs; e =& — 0 = &4 + -k — 1, and &4 g = (€ +E—k)/2 is the usual k
symmetric dispersion included for single-band theories, u is the chemical potential. The role of Kramers’ degenerate
magnetic order is included through the addition of £_ ,. Here we explicitly include the Cooper pair center of mass
momentum since later we find that symmetry requires this must be nonzero for Kramers’ degenerate magnetic order
belonging to a vector representation of the point group.

Prior to presenting the results of our analysis, we note that generally Kramers’ degenerate magnetic order leads
to mixing between even parity, pseudospin-singlet, and odd parity, pseudospin-triplet, superconductivity. This can
be understood from the Ginzburg-Landau (GL) theory. In particular, consider an even parity order parameter ¢, an
odd parity order parameter 7, and a Kramers’ degenerate magnetic order parameter M. Then symmetry allows the
following term iM (¢yn* —n*) in the GL free energy, which ensures a singlet-triplet mixed order parameter of the form
1 + in. However, in the single band limit we consider here, it is possible to show that this pseudospin singlet-triplet
mixing vanishes if we assume that the pairing interactions are not changed by the Kramers’ degenerate magnetic
order. This is justified if £&_ x has a much smaller energy scale than the electronic bandwidth which we assume
here. Hence we consider each pairing channel independently. For pseudospin singlet order, we take V,ga/g (k:, k:/) =
s [frio2] s [fk/iogm,ﬁ, while for pseudospin triplet order we take Vagarg: (k, k') = — % [dy, - Tios],g [di - UiJQ]L,g,
and assume that both fi and djg can be chosen real - in practice this applies to singly degenerate superconducting
irreducible representations. It is not difficult to generalize this to higher-dimensional irreducible representations.

In the mean-field limit superconductivity is described by the following Bogliubov-de Gennes Hamiltonian

i xra T8 kpg — Ak, q )
H e ’ 2 *-, 2 9 ) 6
e ( Al -kt — & kg T (6)

This leads to the following free energy

2
Qs —Q, = {—2k3 Tzk:ln {cosh (BE;"])] + |AVZ| } - {—2k3 Tzk:hl [cosh <BEk2qO)] } ) (7)
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where By g = (Ae)k,g+ /€4 g + [Aqfrl” with (Ae),q = 1 <5k+% - €,k+g) and €pq = 1 (EkJrg + €,k+%), Frk g0 =

(Ae)g,q + ei g Vs is the pairing interaction. Eq. |7] applies to pseudospin-singlet order, for the pseudospin-triplet
order, | fk|2 is replaced by |dk|2. Minimizing this free energy with respect to |Aq| and g leads to the gap equation
and the condition on g that ensures a vanishing supercurrent

In (TT0> = <27TkBT|fk2 Rei ((15 - h:;,) >k (8)

n=0

8(A€)k7q 2 > 1 B
< oq 1! Im§5(5+mn+i(m)k,q)>k_o ©)

where § = \/(hwn + i(As)k,q)2 + |Aq|2 |fx?, and w, is the Matsubara frequency which satisfies hw, = (2n +
1)wkpT,n € Z. Throughout this work, we adopt the convention that the average over the Fermi surface <| fk|2>k =1.

This average over the Fermi surface is weighted by the momentum-dependent density of states. By numerically solving
this set of equations, we can find the gap and the optimal q as functions of T'. As shown in the Appendix, the Green’s
function and the anomalous Green’s function are

h (€_k+% + Zha}n> (o)

(s_k+g + Zhwn) (€k+g - ih/“’n) + (K, @)[?

G- (10)

hA
(eonrg = imwn) (v + i) + [k, )P

(11)

where oy is the identity matrix and Ais the gap matrix. As can be also seen in the Appendix, for the pseudospin-triplet
Y (K, q)|? is replaced by |d(k,q)|*

To gain an understanding of the role of the Kramers’ degenerate magnetic order, we initially consider T' near T..
The equation determining the critical temperature T is

(7ig) = (e (2) e[ (3 it ), @

where Ty is the critical temperature for (Ag)g q = 0, the digamma function ¢(z) = —y + >~ (n%_l — %—i—z>7 and

7 is the Euler-Mascheroni constant. Assuming |q| < |k|, we have (Ag)gq = -k + 2 - V& k. The expression

P (%) — Re [1/} (% + 12(362’%;‘})} is intrinsically negative, which yields T¢ < T,. From the monotonic decreasing

dependence of the Digamma function, we find that T¢ is decreasing with increasing |(A¢)g q|. Eventually, T2 will
become zero, i.e., superconductivity is destroyed. Using the asymptotic expansion of the Digamma function, the
critical value for |(Ag)g,q| corresponding to T, = 0 is given by

(e (%)X:w(;) (13)

We conclude that once the magnitude of (Ae)g,q becomes on the order of kgT,o superconductivity is destroyed.
We note that the usual Pauli limiting field, Hp, for an s-wave superconductor is given by upHp = Ao/ V2, hence,
throughout this paper, we choose to express (Ae)g q in units of ugpHp to provide some context. Importantly, since
(Ag)g,q depends not only on §_ g, but also on g, it is possible that (A¢)g q can become small even if £_ j is larger

than the superconducting gap. To illustrate this, it is useful to consider an example with {; » = % and £_ p = ak,.

Then, (Ae)g,q = aky + % (gzkz + gyky). The choice ¢ = (¢z,qy) = (72’;:2”‘,0) will cancel the _ j term making

(A€)g,q = 0. Therefore, the critical temperature remains unchanged from T,y in spite of a {_  that can be much
larger than the gap.




To understand in more detail how a PDW state with a non-zero g can resurrect a suppressed 7, due to {_ x, we
carry out a small (Ae)g, q expansion. The critical temperature is then determined by

TN  7¢(3) 2 h?(q - v)?
. (To> = kT <|fk| [_§2"“ 4 _hg’kq'vbk

where v(k) = LVE, g is the velocity. Only the third term (—h¢_ xq - v) can be positive and hence increase T9.
Thus, the existence of a PDW state depends on a nonzero average <|fk|2 [—hé- kq - 'u]> . Since the components
k

of the velocity v belong to a vector representation of the point group, the only way to get this average nonzero
is to require that the momentum structure of £_ j also belongs to a vector representation. This implies that the
Kramers’ degenerate magnetic order belongs to a vector representation of the point group. Indeed, when the Kramers’
degenerate magnetic order belongs to a vector representation, symmetry implies that the Ginzburg-Landau free energy
contains a non-vanishing Lifshitz invariant of the form } v; [¢ (D))" +¢* (Dja)] with Dj = —iV; — 2eA;, which
guarantees the appearance of a PDW state with non-zero g. This symmetry-dictated PDW order typically takes the
form 1) = 19e’?" with a single-plane wave, unlike the multiple plane-wave solutions often associated with PDW order
[41]. The existence of Lifshitz invariants, and the concomitant finite momentum PDW pairing, is important for the
superconducting diode effect [42H45]. This suggests that superconductivity coexisting with the Kramers’ degenerate
magnetic order provides a route toward creating the superconducting diode effect.

In addition to generating PDW states, Kramers’ degenerate magnetic order can also lead to novel low-energy
excitation spectra. In particular, by finding the poles of the Green’s function GG, we can obtain the quasiparticle

dispersion
E = (A0)kg £/ o + |1 Dgful” (14)

In principle, because of the appearance of (A¢)g q in this expression, Bogoliubov Fermi surfaces (BFS) can exist.
These BF'S are given by E = 0 and appear for k where (A¢)g 4 is larger than |Ag fi|. Indeed, these are guaranteed to
appear when there are gap nodes present i.e. fi =0 (or |dg| = 0) provided that (Ae)g,q does not also vanish on these
nodes. When this occurs, (Ae), 4 inflates the nodes of the original gap functions into Bogoliubov Fermi surfaces [46-
49]. In a recent paper [2I] we carry out a detailed analysis of the existence of Bogoliubov Fermi surfaces in FeSe; _,S,.

Application to CeRhyAss In addition to Eq. |§| for £_ i, we require a description of the normal state to apply our
results to CeRhaoAsy. DFT results [7, 50] yield a Fermi surface as depicted in Fig. They further reveal that the
majority of the density of states (DOS) (~ 80%) is concentrated on the Fermi surface structures near the X-M line,
which we refer to as beans. Here we include only those beans and, for simplicity, ignore the c-axis dependence of £ g
(this assumption does not qualitatively change our results). Furthermore, we assume that a d,2_,2 gap structure as
depicted in Fig. [2] appears when no magnetic field is applied. This assumption also does not qualitatively change the
results unless the gap function has nodes on the beans. We briefly comment on this possibility later. To describe
these beans, we develop a power series expansion in powers of 0k, 0k, centered about the minima of the band along
the XM line. Explicitly considering a bean centered at (ky, k,) = (Z 0.4

a’ a

), we have the dispersion

Evge = @ (0ks)* + B (0ky)* + 71 (6k0)? (Oky) + 72 (5k,)” . (15)

Mirror symmetry prevents terms odd in dk, appearing in this expression. We also expand £_ j in Eq. [3|around the
centers of the beans. For the pocket centered at (k;, ky), we take {_ p = Adkgasink, where

- —M_A[1+ cos(l@)} | 16)
aR

The numerical solution of the linearized gap equation is shown in Fig.|3| Because the Kramers’ degenerate magnetic
order does not belong to a vector representation, a PDW state is not required by symmetry in this case. Thus when
&_ r becomes sufficiently large, superconductivity is suppressed as seen in Fig. However, this is not observed in
experiment [I7] 18], i.e. there is no change seen to superconductivity upon entering the magnetic state, which raises
the question, how does superconductivity still survive? Here we suggest that the explanation for this persistence hinges
on the value of A defined in Eq. This depends strongly on the ratio of the Ising coupling (\) to the Rashba spin-
orbit coupling (ag). An upper bound to this ratio, and hence A, can be estimated using Density Functional Theory
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FIG. 2. Sketch of the normal state Fermi surface of CeRhoAsy for k., = 0 found from renormalized DFT calculations. The
majority of the density of states sits on the beans. The d,2_,2 pairing symmetry considered here is denoted by the A values
as shown.

(DFT) calculations [5I]. In particular, for Kramers’ degenerate bands, the band splitting by a Zeeman field can be
quantified by calculating effective g-factors. These g factors have been calculated by DFT and quantify the energy
splitting between Kramers’ doublets for fields applied along the x,y, and z directions. Comparing the DFT results to
the effective g-factors calculated from Eq. [l| reveals that {_ x generated by the Kramers’ degenerate magnetic order

is too small to suppress superconductivity. More specifically, the effective g factor for a particular field orientation h
2 2 2
€ro k€0t (€3, D)

Pl i )
exo‘k—"_eyo‘k—‘re“i,k

and momentum k is given by [52] gﬁ h= where €3k = (€20 k, €2y .k, €22, k). Lhe ratio of relevance

~2
T, g . ..
for \ is =s—=%,—. Near the beans, this ratio is
gk-,w+gk,y

G2 Sk )2[cos? (k, /2)(t2 2(k,/2) 4+ 2, sin%(k,/2)) + sin®(k, ) a2 A2 /M2]
_ gk,z~2 - (ks )?[cos?(ky/2)(t2 1 cos? (k= /2) | ;,QNSm (k2/2)) + sin”(ky)agk A* /M S 32 (17)
Jic,w T ey a% sin® (k)

We further estimate M, ~ upHp, where Hp is the usual Pauli limiting field since the temperature scale for M, is of
the order of the critical temperature of superconductivity. From DFT it is found that, after averaging over the Fermi

surface of the beans, \/gﬁ,z/(gﬁ’m —|—g§7y) ~ 0.2 [51], hence ;giili < 0.1 (where we have used that akp ~ 0.5). The

ratio of akp is determined by the size of the beans to the size of the Brillouin zone. The condition ﬁ‘% < 0.11is

shown as the shaded region in Fig. We note that the actual value of \ is likely much smaller due to the use of
the final inequality in Eq. Thus superconductivity persists despite the presence of Kramers’ degenerate magnetic
order. Recent ARPES measurements [53] [64] have found quasi 2-d Fermi surfaces with a large density of states near
the zone boundary consistent with the beans considered in this manuscript. While the detailed structure of the Fermi
surfaces obtained the ARPES measurements may be different than that considered here, nevertheless the arguments
outlined above giving rise to a small X will still stand and superconductivity will still persist.

While the pairing state we consider above has dg2_,2 symmetry, it is nodeless on the Fermi surface beans which
do not intersect the d,2_,» nodes. However, the d,2_,» gap will have nodes along the I'-centered Fermi surfaces,
possibly allowing for Bogoliubov Fermi surfaces to appear in the superconducting state. However, these nodes will
not be inflated to Bogoliubov Fermi surfaces since (Ae)j vanishes on the nodes of the d,2_,2 gap. We can further
consider other gap functions with nodes to see if Bogoliubov Fermi surfaces are expected. For example, nodes can
appear on the beans for a d,,-like gap. The beans will then have nodes where they intersect the Brillouin Zone face.
However, these nodes will also not be inflated to form Bogoliubov Fermi surfaces because again (Ae)g vanishes on
these nodes. Consequently, we do not expect Bogoliubov Fermi surfaces to appear as a consequence of the Kramers’
degenerate magnetic order in CeRhyAsy for any pairing symmetry.

Application to loop current order in cuprates The normal state is given by the dispersion & = —2¢ (cos kg + cos ky) —
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FIG. 3. Transition temperature as a function of the antisymmetric coupling parameter A in CeRhoAsy. The parameter a is
the lattice constant, kr = , /ﬁ is the natural unit for dk, and dk,. We choose the values a = (1'215>2, B = (0_;5)2, uw=0.7,

and v1 = 0.75, 72 = —0.9. The Pauli limiting field energy scale ugHp = Ao/\/i, where Ag = 1.764kpTo.
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FIG. 4. Transition temperature as a function of the loop current order parameter for both ¢ = 0 and finite q theories. The
Pauli limiting field energy scale g Hp = Ao/v/2, where Ag = 1.764kpT.0. Using hopping parameter ¢ as the energy scale, we
choose t' = —0.25, 4 = —0.9. We can observe a nonmonotonic behavior in g = 0 plot. This kind of behavior typically suggests
the existence of a PDW state.

4t’ cos (ky) cos (ky), where t and ¢’ are the nearest and next nearest neighbor hoppings on the square 2D lattice [23]. Eq.
@above gives {_ . The gap function is taken to be Ak g = Ag fr = AqC (cos kg — cos ky) with normalization factor C

(determined by <| fk|2>k
general results imply that a PDW state is stabilized by the loop current order. In Fig. ] we compare the calculated
values for T, with and without the PDW order. Remarkably, the maximum J value for the PDW state is about 15
times larger than the g = 0 state. In addition, since the d-wave gap has nodes, the loop current order will give rise to
BFSs. As shown in Fig. [ we find that the BFSs are strongly shrunk due to the PDW order. The gain in condensation
energy due to the shrinking of the BFS provides an energetic mechanism to stabilize the PDW state. The properties
of such BFSs have been examined previously in the cuprates when there is no PDW order [23] 25 [55]. There it has
been discussed that specific heat measurements will reveal a residual Sommerfeld coefficient from the BFSs. However,

=1). Since the Kramers’ degenerate magnetic order belongs to a vector representation, our
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FIG. 5. Bogoliubov Fermi surfaces. The upper plot is for ¢ = 0, the lower plot is for g # 0.

in general, this cannot be distinguished from impurity effects unless, as shown in [56], it is possible to control the
impurity concentration. We note that a supercurrent can be used to experimentally probe the PDW state. In par-
ticular, the addition of a supercurrent will change the momentum of the PDW and hence change the size of the BF'Ss.

Conclusions We considered the interplay of P7T translation invariant Kramers’ degenerate magnetic order and su-
perconductivity. The absence of P and T symmetry leads to an asymmetry in the electronic dispersion relation
(&x # &_k). We develop a general single-band framework to capture the effect of the Kramers’ degenerate mag-
netic order on superconductivity. We find that when the magnetic states belong to a vector representation of the
point group, pair density wave states are stabilized. In the absence of such symmetries, superconductivity is gener-
ically suppressed. We apply our framework to CeRhsAss, where we explain why superconductivity persists in the
presence of Kramers’ degenerate magnetic order, as well as to the coexistence of loop current order and supercon-
ductivity in the cuprates where pair density wave superconductivity appears together with Bogoliubov Fermi surfaces.
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APPENDICES

Appendix A: Derivation of the Green’s functions

Starting from the single-band Hamiltonian

1
H= Z{?kCLSCkS + 5 Z Va[ja/ﬁl (k, k/) CL+%’acik+%’Bc—k'-‘r%,ﬂ”ck’—&-%,a’ (Al)
ks kk’'aBa’ B’

within mean-filed approximation, we get the mean-field Hamiltonian

1
H:ngcltscks_§ZAa5<k’q)0L+g Ckig8 T ZA (k,@)C k1 pCi 2 0 (A.2)
ks kapj kaﬁ
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where we have defined the gap function as

Aag(k q Z Vaﬁa/ﬁ’ (k k ) <c_k/+%ﬁ/ck/+%ya/> (A3)
/ﬁ/
and then
Nrgkoa) == > [Vagarsr (kK] (cobrig ponsgor) = Z Vasras (K k) (g el yg 00)  (A4)
k'a’B’ o’ B!

where (...) stands for a grand canonical ensemble average. Introduce the finite-temperature Green’s function

Gaplk,q,7) = = (Treni g alr)ch, g ,(0)) (A.5)

The operator A(7) denotes 7/ Ae=H7/" A(0) is for 7 = 0, where H is the Hamiltonian, 7 is the ‘imaginary time’
which is treated as a real quantity. T is the time ordering operator with respect to the imaginary time. Using the
Heaviside step function

o(x) = {0 v<0 (A.6)

1 >0

we can express the Green’s function as
Gaplk,a,7) = —0(r) (enrg.0(T)chy g 5(0)) +0(=7) (e} g 5(0)ckig alr)) (A7)

Using B%Gaﬂ(k, q,7), we get the equation of motion for the Green’s function

3 Ek:+% 1 + +
(50 + 2 Gosltean) + 5 ) (T 5 0 7y 140) = =00 (A8)

We can define the anomalous Green’s function
Flytk,a,m) == (Trcl g (T)ch, g 5(0)) (A.9)

Similarly, using %F l,@ (k,q,T), we get the equation of motion for the anomalous Green’s function

0 E—k-l—% + B
<87‘ h > F k ,q, T - ZAOU’Q ”B(k7q’7-) = 0 (A]_O)

o’

Transforming the Green’s function and the anomalous Green’s function from the imaginary-time-momentum space to
the frequency-momentum space, we get the Gor’kov equations

. k2 1
<_’Lwn + h) Ga,@ (k7 q, wn) - ﬁ ; Aaa” (ka q)FoTé//ﬁ (k7 q, wn) = _6056 (All)
. 7€—k+% FT (k )*EZA* (k )G (k? )70 (A 12)
W h af g4y Wn h - aa\R, Q)G (R, q,Wn) = .

where o is the Kronecker delta. We can define a second anomalous Green’s function

Fap(k, @, 7) = = (Trerg o(r)e_rig 5(0)) (A.13)

Combining the definition of the gap function, the expression of the complex conjugate of the gap function, and the
definitions of the anomalous Green’s function and the second anomalous Green’s function in imaginary-time space
and their transformations in frequency space, we can get a relationship

Flio (K q,wn) = [Farpr (K q,00)]" (A.14)
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Then, we can replace the anomalous Green’s functions with the second anomalous Green’s functions in the Gor’kov
equations to get

. €r+g 1 "
<_an + ;) Gaﬁ (kv qvwn) - ﬁ ZAaa”(kv Q) [Fﬁa” (k:v qawn)] = _(saﬁ (A15)

o’

. 5—k+% * 1 *
(—zwn i ) [Fpo (k,q,wn)]” — 7 Z Ao (k,q)Gorg (K, q,wy) =0 (A.16)

al’

The Gor’kov equations can be written in a matrix form

<7ihwn T €k+%> G — AFt = oy (A.17)

(—ihwn - 5_k+%) Bt AfG =0 (A.18)

where A is the gap matrix and og is the identity matrix. Solving this system of matrix equations, we obtain the
Green’s function and the anomalous Green’s function as

G=—h (5_k+% + zhwn> [(5—k+g + zhwn> (€k+% - zhwn) oo + AAT} - (A.19)

F=n [(e,k+g - zhwn> (E,Hg + zhwn> oo + AAT} A (A.20)

For singlet pairing, the gap matrix A(k:, q) is anti-symmetric which can be characterized by a single even function

¥(k,q),
A(k,q) = ¥ (k, q)ios = {_w 0 vlka) } (A.21)

Substituting AAT = |v|20¢ into Gand F , we get the explicit forms of the Green’s function and the anomalous Green’s
function

G= & (5*’”% + zhwn) 00 .
= - (g_k+g + Zhwn> (€k+% - zhwn) + |v(k, q)? (A.22)

hA

o (€,k+g - Zﬁwn) (5k+% ”M") * 1k g

(A.23)

For triplet pairing, the gap matrix A(k:7 q) is symmetric which can be parametrized by an odd vector function d(k, q),

where the Pauli matrix vector o = (01, 02,03). Assuming real d(k, q), we have AAT = |d|?c¢. Substitute this into
the solutions for G and F', we get the explicit forms for the Green’s functions

h (5_k+% + Zh(dn> (o)

(- brg +itwn) (crg — ihwn ) + [d(k. )

G- _ (A.25)

hA
(-nrg = ihwn) (s + ihon ) + |d(k, @)

(A.26)
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